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It is known that ultrasound techniques yield nonintrusive measurements of hydrodynamic flows. For
example, the study of the echoes produced by a large number of particles insonified by pulsed
wavetrains has led to a now-standard velocimetry device. In this paper, a new technique for the
measurement of the velocity of individual solid particles moving in fluid flows is proposed. It relies
on the ability to resolve in time the Doppler shift of the sound scattered by the continuously
insonified particle. For this signal-processing problem two classes of approaches can be used:
time-frequency analysis and parametric high-resolution methods. In the first class the spectrogram
and reassigned spectrogram is considered, and applied to detect the motion of a small bead settling
in a fluid at rest. In nonstationary flows, methods in the second class are more robust. An
approximated maximum likelihood~AML ! technique has been adapted, coupled with a generalized
Kalman filter. This method allows for the estimation of rapidly varying frequencies; the parametric
nature of the algorithm also provides an estimate of the variance of the identified frequency
parameters. ©2002 Acoustical Society of America.@DOI: 10.1121/1.1477932#

PACS numbers: 43.30.Es, 43.60.2c, 47.80.1v, 43.60.Qv@DLB#
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I. INTRODUCTION

Our original motivation stems from the need of a tec
nique to measure the velocity of individual tracer particles
complex flows, and thus to be able to study hydrodynam
in the Lagrangian frame of reference. Indeed, the Lagrang
dynamics governs the physics of transport, mixing, and
Eulerian complexity of chaotic and turbulent flows. Lagran
ian studies have been made in numerical experiments w
chaotic1 and turbulent2–5 flows have been considered. F
turbulence, the numerical studies are limited to small R
nolds number flows. Although experimental measureme
are much needed, few Lagrangian methods have been d
oped. The main ones rely on optical techniques: track
features have been adapted to particle image velocim
measurements6 and fast detectors have been used to im
short particle tracks and measure particle accelerations7 In
the first case the time resolution is low~60 frames per sec
ond! and in the second case the volume in space sample
small~;1 mm3!. Inspired by sonar principles, we propose
acoustic method that can resolve single-particle motion o
extended regions of a space~;1000 cm3! with a high time
resolution~1 ms!. The main advantages of our technique a
~i! the particle velocity is measured directly and not as
derivative of position~always quite noisy!; ~ii ! the acoustic
detection samples a larger region of space than optical
vices and can record particle motion for longer times th
high-speed cameras;~iii ! it can be used in nontranspare
media. The principle is to monitor the Doppler shift of th
sound scattered by a particle which iscontinuouslyinsoni-

a!Electronic mail: pinton@ens-lyon.fr
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fied. This is an extension of the pulsed Doppler principle t
has been developed to measure velocity profiles and tha
many applications in fluid mechanics and medicine.8 The
continuous insonification improves the time resolution of t
measurement, although it limits the tracking to a very sm
number of particles.

The measurement relies on the ability to track a Dopp
frequency and its variation in time. For this signal-process
problem two classes of approaches have been develope~i!
time-frequency analysis and~ii ! high-resolution parametric
spectral analysis. Time-frequency methods rely mainly up
the quadratic Wigner–Ville transform, or smoothed versio
of it. Numerous studies and papers have recently been p
lished, in which the theoretical issues are presented~see, e.g.,
the textbooks by Flandrin9 or Cohen10!. These nonparametric
techniques are convenient and well-suited for weakly non
tionary signals with a good signal-to-noise ratio~SNR!.
However, time-frequency representations present nume
drawbacks when it comes to extracting trajectory inform
tion. Their quadratic nature gives rise to numerous spuri
interference terms that require postprocessing. For sig
with a faster frequency modulation and a low SNR, we sh
here that an optimized parametric approach is a better cho
Parametric high-resolution spectral analysis methods t
advantage of ana priori knowledge of the spectral content o
the recorded signal, namely the emitted signal frequency p
one or many Doppler-shifted echoes. Furthermore, a tim
recursive frame for the estimation of the Doppler shift
proposed here, where the evolution of the frequency is ta
into account in the algorithm.

The two methods are tested in two experiments,
which the acoustic signals have different time scales
112(1)/108/11/$19.00 © 2002 Acoustical Society of America
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noise levels. The first experiment is a study of the trans
acceleration of a heavy sphere settling under gravity i
fluid at rest. This situation addresses the fundamental p
lem of the response of a solid particle to a step force. T
characteristic time scale of velocity variations is slow~t;50
ms! and the signal-to-noise ratio is fair~about 20 dB!; we
show that a technique of reassignment of the spectrog
gives good results. The second experiment deals with
motion of a small, neutrally buoyant sphere embedded
turbulent flow. In this case the fundamental issue is tha
the Lagrangian velocity fluctuations. There, velocity var
tions occur over times of about 1 ms and the signal-to-no
ratio is low ~less than 6 dB!. We show that the approximat
maximal likelihood ~AML ! parametric method yields ver
good results in that situation. Altogether, our techniqu
yields a direct measurement of the velocity of single partic
in complex fluid flows. It allows investigation of experimen
tally fundamental issue in fluid dynamics~the study of flow
motion in the Lagrangian frame! and has potential applica
tions in fields such as engineering~transport and mixing! and
biomedicine~the tracking of implants!.

The paper is organized as follows: in Sec. II we pres
the acoustic technique and measurement procedure. In
III we describe the signal-processing techniques, with a p
ticular emphasis on the approximate maximum likeliho
~AML ! method, which has been developed and optimized
this particle tracking problem. Examples of applications
measurements in real flows are given in Sec. IV.

II. ACOUSTICAL SETUP

A. Principle of the measurement

In the experimental technique proposed here, a part
is continuously insonified. It scatters a sound wave wh
frequency is shifted from the incoming sound frequency d
to the Doppler effect. This Doppler shift is directly related
the particle velocityvp

Dv5q•vp , ~1!

whereq is the scattering wave vector~the difference between
the incident and scattered wave vectorsq5kscat2k inc! andv
is the wave pulsation.

We choose a backscattering geometry~see Fig. 1! so that
q522k inc and the frequency shift becomes

Dv~ t !522
v~ t !

c
v0 , ~2!

FIG. 1. Principle of measurement. A large 3D measurement zon
achieved by using a transducer size of a few wavelengths.
J. Acoust. Soc. Am., Vol. 112, No. 1, July 2002
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wherec is the speed of sound,v0 is the incident pulsation,
and v(t) is the component of the velocity on the incide
direction at timet. We continuously insonify the moving par
ticle and record the scattered sound. If need be, the par
position can be obtained by numerical integration of the
locity signal.

B. Transducer characteristics and acquisition

The transducers are made of two piezoelectric eleme
of size 232 mm each, separated by 100mm. Their resonant
frequency is about 3.2 MHz and their bandwidth at23 dB is
1.5 MHz. Sound emission is set at 3 or 3.5 MHz; expe
ments are performed in water so that the wavelength
l50.50 or 0.43 mm. The corresponding emission cone
eachd52-mm-square element is 29° at 3 MHZ and 24°
3.5 MHz. In our measurements, the particle to transdu
distance lies between 5 and 40 cm, so that measurement
made in the far field (d2/l.10 mm). Given maximum flow
and particle velocities of the order of 1.5 m•s21, we expect a
maximum sound-frequency shift of the order of 5 or 6 kH
depending on whether the emission is at 3 or 3.5 MHz. T
yields a frequency modulation rate of at most 0.25%. O
transducer is used for continuous sound emission and
other for scattered sound detection. As the operation is c
tinuous~as opposed to pulsed! and the elements are locate
close to one another, we observe a coupling between
emitter and the receiver of the order of 60 dB~this is due
both to electromagnetic coupling and to acoustic surf
waves cross talk!.

When connected to a 50-V impedance, the acousti
transducers yield an electrical signal of about 8 mV. T
signal is mainly due to the electromagnetic coupling with t
emitter. The part of the signal due to the acoustic scatte
from the moving particle is of the order of 2 to 30mV—for
comparison, the noise is 1mV. Hence, the signal-to-noise
ratio is between 0 and 30 dB. The transducer output
sampled at 10 MHz over a 21-bit dynamical range~input
range 31.25 mV! and numerically heterodyned at the em
ting frequency. It is then decimated at the final sampli
frequency of 19 531 Hz. The acquisition device is an Agile
hpe1430A VXI digitizer.

C. Scattering by an elastic sphere

The study of sound scattered by a fixed solid sphere
classic but continuing area of study, and difficulties arise
the interpretation of observed phenomena especially w
trying to deal with elasticity and absorption.11–13 Complex
behavior is observed linked with resonances of Rayle
waves at the surface of the sphere. As a consequence
scattered pressure distribution varies both in directivity a
amplitude. A generic expression for the far-field pressure
the following:

pscat~r ,u!5pinc

a f~ka,u!

2r
eikr , ~3!

where r is the distance from the center of the sphere,a its
radius,pinc the incident pressure on the sphere,k the incident
wave number in the fluid,u the scattering angle, andf is a

is
109Mordant et al.: Tracking sound scatterers in a complex flow



o

f
n

hu
es
o
a
a
am

i
tio
re
-

an
d
nc
o-
s

a
re
to

in
i
s
e
o

vit
ar
ne
st
cy
ic

re

ec

a
nd
e

of
es

hel
sta-

an

s-

cal;
via
e

arly

er

al

on
e

t to

e

e is

t
b-
,
t is
form function which depends on the physical properties
the solid medium. Under very general assumptions,f can be
expressed analytically.11 Physically,f represents the sum o
the specular echo and of interferences due to the radiatio
Rayleigh waves.12,13As a result,f is a strongly varying func-
tion, particularly for high values ofka. In our experiments
we used spheres of different material~polypropylene PP,
steel, tungsten carbide, glass! with correspondingka be-
tween 7 and 15. The flow acts on the sphere motion, t
causing its acceleration and, eventually, its rotation. Th
effects may change the radiation diagram: first, there is D
pler shift for the sound received by the sphere, and, perh
more importantly, the sphere rotation may change the R
leigh emission. For these reasons, the evolution of the
plitude of the scattered sound during the particle motion
quite complex. However, the observed amplitude modula
varies slowly enough to allow a correct estimate of the f
quency modulation of the scattered sound~see the times se
ries presented in Sec. IV!.

III. SIGNAL PROCESSING

Numerous spectral estimation techniques are based
the ideas behind Fourier analysis of linear time-invari
~LTI ! differential equations. These techniques may be
vided into~i! nonparametric techniques where the basis fu
tions are implicitly the harmonically related complex exp
nentials of Fourier analysis, and~ii ! parametric technique
whose task is the estimation of the parameters of a~sub!set
of complex exponentials. The spectrogram and the re
signed spectrogram belong to the former category, whe
the maximum likelihood and its approximate form belong
the latter.

A. Time-frequency analysis

The most common time-frequency distribution~TFD!,
the spectrogram, involves a moving time window. This w
dow attempts to capture a portion of the signal which
sufficiently restricted in time so that stationarity and LTI a
sumptions are approximately met. To overcome the inh
ently poor localization in the time-frequency plane, a meth
has been proposed by Gendrinet al.,14 and extended more
recently by Auger and Flandrin.9,15 The idea is to locally
reassign the energy distribution to the local center of gra
of the Fourier transform. Despite its ability to exhibit cle
and well-localized trajectories in the time-frequency pla
this technique requires an additional image-processing
to extract the TF trajectory. For rapidly fluctuating frequen
modulations and/or low SNR, spurious clusters appear wh
makes this extraction difficult. The parametric method p
sented below is more robust.

B. Parametric spectral estimation based on
approximate likelihood

This approach is based upon maximum likelihood sp
tral estimation ~see, e.g., Kay16!. The fundamentals are
briefly recalled, as they serve as a basis for the approxim
likelihood scheme, originally developed by Clergeot a
Tressens.17 This work is extended here within a recursiv
110 J. Acoust. Soc. Am., Vol. 112, No. 1, July 2002
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estimation frame, thus allowing us to track the variations
the Doppler frequency shift induced by fast velocity chang
of a scattering sphere imbedded in a turbulent flow. Mic
and Clergeot have developed a similar approach for non
tionary spectral analysis in an array processing frame.18,19

1. Introduction

In this section, we address the problem of estimating
unknown numberM of frequencies~unknown parameters in
the sequel! f 1 ,...,f M in a signal embedded in noise. We a
sume that the signal has the following structure:

x~ t !5y~ t !1n~ t !

5 (
m51

M

am~ t !exp~ j ~2p f mt1fm!!1n~ t !. ~4!

Note that this model assumes that the signal is analyti
experimentally this is the case since data are obtained
passband~lock-in! sampling using the modulus and th
phase of the acoustic wave. The time series is regul
sampled with time periodTs , so as to insure 1/Ts.2 f max

where f max stands for the bandwidth of the antialiasing filt
used in the recording process.

The methods relies upon the identification of a sign
subspace~respectively, noise subspace!. At infinite signal-to-
noise ratio~SNR!, this subspace is spanned by theM spectral
lines; its identification requires us to build an observati
space of dimensionM11 at least. To this end, we introduc
a set ofQ K-dimensional observation vectors (Q.K.M ):

Y~ t j !5@y~ t j !,y~ t j11!,y~ t j12!,...,y~ t j1~K21!!#T

j 51,...,Q. ~5!

In this expression thet j are chosen such that theY vectors
are linearly independent and the sampling frequency is se
Ts51, and the termfrequencywill refer to normalizedfre-
quency~i.e., the actual frequency, divided byFs51/Ts!.

The signalY is completely defined by its constitutiv
frequencies and corresponding amplitudes~deterministic but
unknown!

F5$ f 1 ,...,f M%

A5@a1 exp~ j f1!,...,aM exp~ j fM !#T

~6!S~F!5@S1 ,...,SM#

5S 1 exp~2p f 1! ¯ exp~2p~K21! f 1

] ]

1 exp~2p f M ! ¯ exp~2p~K21! f M

D T

,

Y5S~F!A.

Under the infinite SNR assumption, the signal subspac
completely identified and theM frequencies are easily
calculated.16 However, we wish to build a method tha
handles situations of low SNR, for which the available o
servations areX5Y1N, whereN is an additive noise vector
statistically independent of the signal. We assume that i
complex, white Gaussian circular and iid~independent incre-
ment identically distributed! with ~unknown! variances2.
Mordant et al.: Tracking sound scatterers in a complex flow
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The distribution function of ak-dimensional vectorN de-
fined by

N~ t !5@n~ t !,n~ t11!,n~ t12!,...,n~ t1~K21!!#T, ~7!

reads

p~N!5
1

~A2ps!K
expS 2

uNu2

2s2D . ~8!

In the following, the termobservationrefers to a set of
Q K-dimensional vectorsX:

X~ t j !5@x~ t j !,x~ t j11!,x~ t j12!,...,x~ t j1~K21!!#T,

j 51,...,Q. ~9!

One observation is thus associated with a time wind
of lengthK1Q21—the actual duration of one observatio
is Tobs5(Q1K22)Ts . Although we aim at identifying fre-
quency fluctuations, we assume that the frequency par
etersf 1 ,...,f M remain constant over the duration of one o
servation. This implies that the physical signal
oversampled. Under the assumption that the noise proce
iid, the log likelihood of a subset ofQ8 independant realiza
tions of X is given by

L~P!52KQ8 log~2ps2!

2
1

2s2 (
q51

Q8

uX~q!2S~F!A~q!u2. ~10!

According to the maximum likelihood principle, the setP of
parameters must be chosen in order to maximize expres
~10!.

2. Reduced expression

Minimizing ~10! jointly for all the parameters is usuall
untractable. Most authors propose a separate maximiza
for each of the parameters. For our application, the spec
components~i.e., A and F! are the relevant variables. W
first maximize with respect toA and derive an expression fo
the optimalF; s2 is estimated independently.

The value of vectorA which minimizes the norm
uX(q)2S(F)A(q)u2 is easily obtained

A~q!5~S1S!21S1~F!X~q!. ~11!

Note that the ‘‘signal only’’ vectorY5X2N appears to be
the orthogonal projection ofX on the signal subspac
spanned by the row vectors ofS

Y5S~F!•A~q!5S~~S1S!21S1~F!X5Ps~F!X, ~12!

wherePs(F) stands for the parametric projector on the s
nal subspace.21 Let Pn(F)5I2Ps(F) be the noise subspace
I is the identity matrix. By substituting~12! and using the
definition of Pn(F) in the expression of the log likelihoo
~10!, one gets the following simplified expression to min
mize:

L~F!5
1

s2 (
q51

Q

uPn~F!X~q!u2. ~13!
J. Acoust. Soc. Am., Vol. 112, No. 1, July 2002
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Using the properties of the trace operator~hereafter denoted
Tr! and those of the projection matrixPn(F), the maximum
likelihood estimation ofF takes the common form: minimize

L~F!5
Q

s2 Tr@Pn~F!R̂x#, ~14!

whereR̂x is an estimate of the correlation matrixRx of the
vector processX(q). Minimizing L(F) in ~14! leads to the
exact valueFML , which has the maximum likelihood. Th
actual vectorsX are obtained by time shift over the recorde
time series; therefore, the observed vectors may not be
sidered as being corrupted by independent realizations o
noise process, as some ‘‘time integration’’ is performed
the estimation ofRx . The consequences and interest of su
smoothing have been studied by Clergeot and Tressens,17 and
Ouamri,20 in the frame of array processing~in this context,
time integration becomes ‘‘spatial smoothing’’!. In the re-
mainder of this paper, the development is based on Eq.~14!,
no matter howRx is estimated; see the Appendix for th
practical implementation.

3. Approximate maximum likelihood

Equation~14! is still too complicated to be solved ana
lytically in a simple way. A minimization can be easily pe
formed if L(F) has a quadratic dependance inS.17 Let Ry be
the correlation matrix of the signal vectorsY(q), the as-
sumption that signal and noise are independent allow to
tablish the following equalities:

R̂x5Ry1ŝ2I , ~15!

Ry5SPS1, ~16!

P5E@AA1#, ~17!

whereE stands for the mathematical expectation.
Substituting in Eq.~14! leads to

L~F!5
Q

ŝ2 Tr@Pn~F!SP̂S1#. ~18!

Clergeot and Tressens17 propose a second-order approxim
tion of L(F)

LAML ~F!5
Q

ŝ2 Tr@P̂nS~F!P̂S1~F!#, ~19!

in which P̂n is estimated by computing the projector spann
by the (K2M ) smallest eigenvalues of the estimated cov
riance matrixR̂x . They prove that this approach leads
more reliable estimates ofF at low SNR, and that the mini-
mization ofLAML is asymptotically efficient. In practice, th
following set of equations is used:

ŝ25
1

K2M
Tr~P̂nR̂x!, ~20!

Ps~F!5S~F!~S1~F!•S~F!!21
•S1~F!, ~21!

S~F!•P̂•S1~F!5Ps~F!~R̂x2s2I !•Ps~F!. ~22!

The approximately quadratic dependence ofLAML in
S~F!, allows a fast convergence of the minimization alg
111Mordant et al.: Tracking sound scatterers in a complex flow
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rithm by using a simple Newton–Gauss algorithm

F~k11!5F~k!2H21
•grad~LAML !uF5F~k! , ~23!

wherek stands for the iteration step in the minimization pr
cess,grad andH are the gradient and Hessian, respectiv
~see the expressions in the Appendix!.

Let us emphasize that in the previous expression,
recursion applies at a given time, and converges towards
frequency estimate for a unique observation window. T
manner in which consecutive estimates are obtained by
ing the window in time and integrating new measurement
addressed in the next paragraph.

4. Combining new measurements and estimates

In this section, it is assumed that new measurement
not allow by themselves the derivation of a good estima
The variance of such an estimate varies as 1/Tobs>(K1Q
21)21, whereas integrating new measurements to this e
mate allow a better estimation. LetF̂(t) be an estimate ofF
at timet, andN(F̂(t), G(t)) its probability density, assume
to be normal with varianceG(t).22 If a linear evolution
model is known forF(t), one has

F~ t11!5MF ~ t !1«~ t !, ~24!

pt11ut~F!5N~MF̂ ~ t !,MG~ t !M11R«!, ~25!

whereM is the evolution matrix,« is a perturbation term
which is statistically independent fromF, andR« is its co-
variance matrix.pt11ut is the probability density function tha
can be derived for timet11, if the observations are mad
until time t only. As such an evolution equation is usua
unknown,M will be set to the identity matrix in the rest o
the paper~see Michel19! for a detailed discussion!. Applying
the Bayes rule over conditional probabilities gives

pt11ut11~F!5
pt11ut~F!•pt11~XuF!

pt11~X!
. ~26!

Noting that log(pt11(XuF)) is the log-likelihood function for
which a reduced expression has been derived in the prev
section, one gets, after all reductions and identifications,
simple following expressions:

F̂~ t11ut !5F̂~ t !, ~27!

G~ t11ut !5G~ t !1R« , ~28!

G~ t11!215H1G~ t11ut !21, ~29!

F̂~ t11ut11!5F̂~ t11!5F̂~ t11ut !2G~ t11!21
•grad,

~30!

where it can be shown that the gradient function has
same expression as in the previous section. The expres
for grad is given in the Appendix.R« is an unknown matrix
which will be practically set tov2I , wherev2 will be tuned
in order to allow the algorithm to take slight changes inF
into account. Furthermore, it is interesting that the set
expression above expresses a generalized Kalman filte
estimatingF ~in the sense that it relies upon second-ord
expansion of the log-likelihood functions!. The statistical
convergence properties and numerical efficiency of these
112 J. Acoust. Soc. Am., Vol. 112, No. 1, July 2002
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proaches are described in the work of Michel and Clerge18

and Michel.19

IV. EXPERIMENTAL RESULTS

We first describe the simple case of a particle settling
a fluid at rest. It is well adapted to the reassigned spec
gram method because the acoustic signal has a good
and a slow frequency modulation. We show that it allows
extraction of the subtle interaction between the falling p
ticle and its wake. We then study the more complicated c
of the motion of a particle embedded in a turbulent flo
where the dynamics of motion is much faster and the SNR
poor. We show that the AML method is well suited.

A. The settling sphere

1. Motivation and experimental setup

When a particle is released in a fluid at rest, its dev
oping motion creates a wake. The particle velocity is then
by the balance between buoyancy forces and drag, and a
tional subtle effects: first, ‘‘added mass’’ corrections becau
the particles ‘‘pushes’’ the fluid, and second, a ‘‘history
force because the wake reacts back on the particle. Form
one can write the equation of motion as23–25

S mp1
1

2
mf D dvp

dt
5~mp2mf !g

2 1
2 pa2r f ivpivpcD~Re!1Fhistory, ~31!

where mp is the particle mass,mf is the mass of a fluid
particle of the same size,vp is the particle velocity,g is the
acceleration of gravity,a is the sphere radius,r f is the fluid
density,cD is the static empiric drag coefficient, Re is th
Reynolds number Re52avp /n ~n is the fluid’s kinematic vis-
cosity!, andFhistory is the so-called history force. In this ex
pression, the drag coefficient is usually obtained from m
surement of the forces acting on a body at rest in
hydrodynamic tunnel. The history term, however, is large
unknown. Analytic expression can only be derived in t
limit of small Reynolds numbers~less than 10! and cannot be
applied for real flow configurations~e.g., multiphase flows!
where Re@1.

We perform measurements of the motion of a settl
sphere, with the aim of evaluating the influence of the hist
forces. We use a water tank of size 1.130.75 m and depth
0.65 m, filled with water at rest~Fig. 2!. The bead is held by
a pair of tweezers, 5 cm below the transducers. It is relea
at timet50 without initial velocity and its trajectory is abou
50 cm long. The data acquisition is started before the bea
released in order to capture the onset of motion.

2. Results

Let us use as a first example the fall of a steel bead,
mm in diameter. A typical time series is shown in Fig. 3. T
frequency of the scattered sound is low at the beginning
the fall and increases as the particle accelerates. The am
tude decreases as the distance to the transducer als
creases. The Doppler shift during the bead motion is dete
Mordant et al.: Tracking sound scatterers in a complex flow
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using the spectrogram representation and a subsequent
signment scheme. The simple spectrogram and reassi
version are shown in Fig. 4. The reassignment techni
drastically improves the localization of the energy in t
time-frequency plane. In this case, the image processing
computesvp(t) as the line of maxima. The precision of th
overall measurement depends on two factors: first on
intrinsic precision of the reassignment method and secon
the dispersion of the measurements~the reproducibility of
the bead motion over several experiments!. The intrinsic pre-
cision of the reassignment method has been empirically s
ied using synthetic signals modeling the particle dynam
plus a noise that mimics the experimental data. We obse
that for our choice of parameters~a time-frequency picture
with 2563256 pixels! the rms precision is about one hal
pixel both in time-and frequency directions. The method th
allows a precise analysis of the dynamics of the fall;
describe below two sets of experiment that illustrate the
tential of the reassignment technique.

First, we show in Fig. 5 the velocity of a 1-mm ste
bead~averaged over ten falls! together with two numerica
simulations based on Eq.~31!, first without the memory

FIG. 2. Experimental setup in the case of the settling sphere. The be
released 5 centimeters under the transducers, without initial velocity.

FIG. 3. Data from a steel bead~diameter 0.8 mm! settling in water at rest.
~a! Typical time series;~b! power spectral density of the inset figure. On t
x axis, zero corresponds to the emission frequency.
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force and second with the expression of the memory fo
derived at low Reynolds numbers~called the Stokes memor
term, as in Maxey and Riley23!. The precision of the detec
tion technique is sufficient for the measured profile to
compared to the simulated curves and to draw physical c

is

FIG. 4. ~a! Spectrogram of the backscattered sound, after heterodyne d
tion. ~b! Reassigned spectrogram. In each figure the inset shows a nor
ized cross section of the spectrogram. The algorithm is that of the tf
function of theMATLAB time-frequency toolbox~Ref. 32!. To get rid of the
spectral components at zero frequency due to the coupling between t
ducers and at small frequencies around zero due to slow motion of the w
surface, we use a high-pass fifth-order Butterworth filter of cutoff freque
25 Hz ~corresponding to a velocity of 5 mm/s!. Data of an 0.8-mm stee
bead settling in water at rest.

FIG. 5. Velocity measurement of a steel bead of diameter 1 mm~solid line!,
compared to numerical simulations without memory force~dashed! and
with Stokes memory~dash-dotted!. The inset shows an enlargement ne
the onset of motion. The Reynolds number, based on the limit velocit
430. The sphere velocity profile results from averagingn510 successive
experiments.
113Mordant et al.: Tracking sound scatterers in a complex flow
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clusions about the hydrodynamical forces. At early times,
trajectory is close to the simulation with memory force. Th
is due to the diffusion away from the bead surface of
vorticity generated at the boundary.23–25 However, as the in-
stantaneous Reynolds number increases, the curve dev
from this simple regime: vorticity is advected into the wak
Memory is progressively lost and the sphere reaches a te
nal velocity in a finite time, as does the simulation witho
memory.

The measurement and signal-processing techniques
then tested on a more nonstationary motion, as in the cas
a bead whose density is closer to that of the fluid. In t
situation a stronger interaction is expected between the
ticle motion and the development of its wake. Formally, t
traces back to differences in the effective inertial mass
buoyancy mass of the particle—see Eq.~31!. In Fig. 6, we
show the velocity variation for a light glass sphere~density
2.48! compared to a tungsten bead~density 14.8!. We ob-
serve that the velocity of the glass oscillates before reach
a constant terminal value, whereas the other particle h
regular acceleration. In the case of light beads the hydro
namic forces may be large enough to overcome the gra
and change the sign of the acceleration. This is linked w
the nonstationarity of the wake, as vortex shedding is kno
to occur for Reynolds number above critical (Rec;250).

B. Turbulent flow: Lagrangian velocity measurement

1. Motivation and experimental setup

Although extensive Eulerian measurements~i.e., per-
formed at a fixed point in space! are available in turbulen
flows,26 Lagrangian data are quite scarce.6,27 Numerical
simulations are the main source of Lagrangian informatio2

FIG. 6. Fall of a tungsten carbide sphereD51 mm ~dashed! compared to a
glass beadD52 mm ~solid!, at Re;400. The velocity is nondimensional
ized by the limit velocity. Curves are not averaged over several experim
114 J. Acoust. Soc. Am., Vol. 112, No. 1, July 2002
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together with transposition to the time domain of Kolmogo
ov’s mean-field theory, developed for spatial velocity incr
ments. Of particular importance is the Lagrangian veloc
autocorrelation function, which plays a central role in t
modeling of turbulent dispersion~pollutants, contaminants
flames, cloud formation, etc.!. The main models assume a
exponential decay

^v~ t !v~ t1t!& t5urms
2 e2t/TL, ~32!

with TL a time scale characteristic of energy injection. Th
has been suggested by low Reynolds number studies2 but not
measured directly in a fully turbulent flow. Such a function
form is in agreement with arguments based on Kolmogo
phenomenology: a velocity increment over a time lagt
should depend only on the power injection per unit mae
and the time lagt itself. Dimensionally, the only possibility
is ^(v(t1t)2v(t))2& t}(et), as in Eq.~32!, when the time
lag t is much smaller than the time scale of energy inject
TL .

In order to obtain an adequate measurement of the a
correlation function, one should be able to track tracer p
ticles for times up to the largest time scales that characte
the forcing of the flow. To this end, it is helpful to choose
confined turbulent flow and to study it in the region whe
the mean velocity is almost null. The turbulent flow that w
use is a von Ka´rmán swirling flow: the water is set into
motion by two coaxial counter-rotating disks in a cylindric
tank @Fig. 7~a!#. The flow pattern~averaged in time! is made
of a differential toroidal velocity and a poloidal recirculatio
as shown in Fig. 7~b!. In our experiments, the cylindrica
vessel has a linear dimension of the order of 20 cm, and w
disks rotating at 5 Hz and above, the Reynolds number
52pR2f/n exceeds 106—where n50.891026 m2 s21 is the
water kinematic viscosity. In the core region considered he
the generated turbulence approximates isotropic and ho
geneous conditions and its statistical characteristics are c
parable to that of the largest wind tunnel experiments.28–30

The time scales of the flow range from the period of rotat
of the driving disks, about 100 ms, down to the Kolmogor
dissipative time scale, equal about 0.5 ms.

For the acoustic measurement, we use the same tr
ducers as in the previous experiments, at emitting freque
2.5 MHz. They are located at the walls, in the median pla
in order to span the central region of the flow—Fig. 7~b!
shows the geometry of the measurement zone. The cylin
and the surface of the disks are covered by 3-cm Ur
5073A and 6414B by CIBA Corp. Its relative density is 1
and the sound velocity is 1460 m s21 so that its acoustic

ts.
e

by
al

cm
re-
is

an
-

FIG. 7. Experimental setup. The inner radius of th
cylinder is 10 cm~disk radiusR59.5 cm! and the dis-
tance between the disks is 18 cm. They are driven
two 1-kW motors at a constant rotation frequency equ
to f 518 Hz. The acoustic transducers are placed 18
off-axis, in order to increase the volume of the measu
ment region. The structure of the time-averaged flow
shown in the right two pictures. Each disk creates
azimuthal motion~center picture! and generates a po
loidal recirculation~Ref. 33!.
Mordant et al.: Tracking sound scatterers in a complex flow
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impedance is close to that of the water, drastically reduc
the reflections at the interface water/ureol compared to wa
steel. The attenuation at 2.5 MHz is about 6 dB per cm,
that with a 3-cm layer, the total reflection is reduced by
factor of 60. The particle is a polypropylene~PP! sphere of
radius 1 mm and relative density 0.9.

If the turbulent motion of the particle is to be tracke
one needs to measure the Doppler shift of the sound scat
with a time resolution of the order ofdt;1 ms. This means
that the Doppler shift must be of the order of 1 kilohertz.
one imposes a velocity precision better than 5%, the
quency resolution must be of the order ofd f ;50 Hz, so that
dtd f ,1. The uncertainty principle implies that time
frequency techniques withouta priori information about the
scattered signal cannot be used in this problem. We sho
the next section that a tracking scheme using our hi
resolution parametric detection is well adapted.

2. Results

Figure 8 shows~a! a time series;~b! the corresponding
spectrogram; and~c! the reassigned spectrogram for the ca
of one particle in the ultrasonic beam. The signal to no
ratio is very poor, typically less than 6 dB@to give an idea, in
Fig. 8~a! the bead enters the ultrasonic beam att;20 ms#.
The time-frequency pictures show the trajectory of the p
ticle but the low SNR prevents it from being easily extracte

FIG. 8. Sound scattered by a 2-mm diameter PP bead in a turbulent flo
Re5106. ~a! Typical time series;~b! and~c! corresponding spectrogram an
reassigned spectrogram.
J. Acoust. Soc. Am., Vol. 112, No. 1, July 2002
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In particular, the trajectory in the reassigned picture becom
quite lacunar and extracting it would require sophistica
~and CPU-greedy! image processing techniques.

The result of the AML algorithm is plotted in Fig. 9. Th
extracted frequency modulation is of course within the e
mation in the spectrogram as in Fig. 8~b!, but one observes
that fine variations in the velocity of the bead are now d
tected. The algorithm also provides an estimate of the am
tude of the source@Fig. 9~c!#. It can be seen that there is
strong amplitude modulation and that the SNR is at mos
dB and may become less than 0 dB. As the Hessian is rel
to the Fisher information matrix,31 its inverse square root is
linked with the variance of the estimation: a large value
the Hessian indicates an accurate estimation of the mod
tion frequency and, hence, of the bead velocity. The inve
square root of the Hessian is plotted in Fig. 9~b!: very large
values are calculated in the absence of a bead in the m
surement volume at the beginning and end of the time se
~as a signature of the mismatch between the model whic
composed of at least one source and the reality: no sou!.
Local lower values~typically less than 0.1! are observed
when the variance on the estimation is small. Spurious
fects are generated when the frequency modulation

at

FIG. 9. Output of the AML algorithm for the motion of a 2-mm-diameter P
bead in a turbulent flow at Re5106. ~a! Velocity; ~b! corresponding inverse
square root of the Hessian;~c! amplitude of the source~the rms value of the
noise is 0.9mV!. AML algorithm parameters:M51, K57, Q513, v2

51025.
115Mordant et al.: Tracking sound scatterers in a complex flow
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proaches zero as the Hessian also becomes very sma
cause of the filtering operation done in order to get rid of
coupling part of the signal. Finally, one observes that
Hessian decreases as the signal-to-noise ratio increases~see
at time 0.55 s!.

In order to test the algorithm, we have applied it to
synthetic signalxs

xs~ j !5expS 2ip (
p51

j

f~p!D 1n~ j !. ~33!

The frequency modulationf(p) is chosen to mimic the tur
bulence data: it is made of a Gaussian random variable
a 1/f 2 time spectrum. The complex white noisen is a random
variable with a Gaussian amplitude and a uniformly distr
uted phase; its variance is equal to 1 so that the SNR in
test is 0 dB. The signal is processed by the AML algorith
with its adjustable parameters tuned to the same values
the turbulence detection~M51, K57, Q513, v251025!.
The output is shown in Fig. 10. One observes that the de
tion is very good. The effective low-pass filtering is due
the finite size of the observation window in the estimation
the frequency modulation and to the generalized Kalman
ter used in the tracking of its time fluctuations. The inve
Hessian varies as in the turbulence data, with a value mo
lower than 0.1, indicating that the frequency modulation

FIG. 10. Test of the AML algorithm on a synthetic signal having the sa
frequency modulation and SNR as the turbulence data.~a!: original ~upper
curve! and detected~lower curve! frequency modulation—the vertica
shift is added for clarity.~b! corresponding inverse square root of th
Hessian;~c! amplitude of the source~original set to 1!. AML algorithm
parameters:M51, K57, Q513, v251025.
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well estimated. This test establishes the performance of
AML algorithm and validates the velocity measurement p
sented above.

As a first validation of the entire particle-tracking tec
nique as a Lagrangian measurement in turbulence, we c
pute the autocorrelation coefficient of the velocity fluctu
tions ~one component only of the particle velocity
measured here!

rv
L~t!5

^vx~ t !vx~ t1t!& t

v rms
2 . ~34!

As shown in Fig. 11, the decrease of the velocity correlat
is remarkably well fitted by an exponential form. We obta
rv

L(t)51.03et/TL with TL517 ms. This behavior is in agree
ment with previous observations in direct numerical simu
tions of homogeneous isotropic turbulence@POPE#; the inte-
gral time TL is characteristic of the flow forcing~energy
injection!.

V. CONCLUDING REMARKS

As can be seen in the previous section, both metho
time-frequency analysis and parametric spectral analysis
suited for extracting the time-varying frequency modulati
due to a Doppler effect. The domain of application of ea
method depends on the degree of nonstationarity and on
SNR.

For high SNR and weakly nonstationary signals, t
time-frequency approach yields very good results. One dr
back is the need of a second processing stage to extrac
trajectory from the time-frequency picture. This stage m
become increasingly difficult if there is more than one sp
tral component or if the SNR degrades. In both cases
quadratic nature of the algorithm produces interference
terns in the image: spurious clusters and a lacunar trajec
result. Another, more fundamental, limitation is that t
length of the time window must be long enough to prese
an acceptable frequency resolution, even with the reassig
spectrogram. This limits the methods to weakly nonstati
ary signals.

e

FIG. 11. Velocity autocorrelation coefficient, for a rotation rate of 430 rp
A best exponential fit isrv

L(t)51.03e245.7t. It is shown, slightly shifted for
clarity, as the linear curve in the inset.
Mordant et al.: Tracking sound scatterers in a complex flow
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For signals with a rapid frequency modulation, the AM
spectral estimation is well suited, as long as the noise is n
iid. The size of the time window can be decreased becaus
the parametric nature of the method, sincea priori knowl-
edge has been taken into account. The performance is fu
increased by the use of a Kalman-type filter. The drawbac
the necessity to find a good dynamical model for the evo
tion of the spectral components. We have chosen here
simplest model which works well for our experiments, b
the approach can be refined by increasing the numbe
parameters in order to consider more precisely the varia
of the frequency. The AML algorithm also provides a qua
titative estimation of the quality of the demodulation and t
instantaneous power of the spectral component. It has
advantage to provide directly the frequency modulation a
function of time, in one stage.

The association of a Doppler acoustic technique w
time-frequency or high-resolution parametric sign
processing algorithms yields a resolved measuremen
single-particle velocities. We have validated this approach
two extreme cases; one example where an object moves
quiet fluid and one example where the object is set into m
tion by turbulence. In both cases, the motion of the particl
successfully tracked. This new technique has potential ap
cations in the tracking of solid bodies entrained~or pro-
pelled! in complex flows at low or high Reynolds number
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APPENDIX: AML ALGORITHM

~1! First step: calculateR̂x using the following expression:19

R̂x5
1

2Q (
i 5t11

t1Q

~X~ i !X~ i !T1X̃~ i !X̃~ i !T!, ~A1!

with

X̃~ i !5@x~ i 1K21!,x~ i 1K22!,...,x~ i !#* T, ~A2!

where* stands for complex conjugate.X̃X.
~2! Second step: diagonalizeR̂x ; one obtains the eigenvec

tors (V i) i 51,...,K and eigenvalues (l i) i 51,...,K sorted in de-
creasing order.

~3! Third step: ComputeP̂n and ŝ2, using the set of equa
tions

P̂n5 (
i 5M11

K

V iV i
T , ~A3!

ŝ25
1

K2M
Tr~P̂nR̂x!5

1

K2M (
i 5M11

K

l i . ~A4!
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~4! Fourth step: chooseF5F̂(t) as a candidate value. Com
putegrad andH using18

grad5
2Q

s2 Re$Diag~S81~F!•Pn~F!•P̂n•S~F!•P̂!%,

~A5!

H5
2Q

s2 Re$Diag~~S81~F!•Pn~F!•P̂n

•Pn~F!•S8!!!P̂* %, ~A6!

where the operator! stands for the term to term matri
multiplication, andP* is the conjugate ofP, and

S85FdS1

d f1
,...,

dSM

d fM
GT

. ~A7!

~5! Fifth step: using Eqs.~27!–~30!, computeF̂(t11) and
G(t11).

The initialization of the algorithm is done by either~i!
setting an initial value ofF~1! or ~ii ! estimating this value
using the maxima of the amplitude of the FFT of a sm
window of signal~of length 64 or 128 samples! and using the
iterative algorithm described in Sec. III B 3 to converge t
wardsF~1!.

For example, the extracted velocity of Fig. 9 is obtain
by starting at the maximum energy of the signal and apply
the algorithm forward and backward in time. The algorith
is stopped, as the mean of the inverse square root of
Hessian over a window of size 400 samples exceeds 0.5
more than 400 samples.
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