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Abstract

The RN-codings, where “RN” stands for “Round to
Nearest”, are particular cases of signed-digit representa-
tions, for which rounding to nearest is always identical to
truncation. In radix 2, Booth recoding is an RN-coding.
In this paper, we suggest several multiplication algorithms
able to handle RN-codings, and we analyze their properties.

1. Introduction

Kornerup and Muller recently introduced the notion of
RN-coding [7], where “RN” stands for “Round to Nearest”.
An RN-coding is a radix-( signed-digit representation for
which truncating is always equivalent to rounding to near-
est. For example, in radix 10, the RN-coding of 7 starts with
3.142413354410213 . . . where (as usually) 4 means —4. An
interesting property of these recodings is that when we use
them, there is no phenomenon of “double rounding”. In
this paper, we wish to present some arithmetic operators for
these RN codings. More precisely, our goal is to add the
smallest amount of hardware to a standard arithmetic and
logic unit (ALU) so that it can efficiently handle both two’s
complement numbers and RN-codings. Before going fur-
ther, let us give some definitions.

Definition 1. Let X be a radix-3 number. We define o,, (X)
as X rounded to the nearest n-digit radix-3 number.

Example 1. Consider the radix-10 number X =
12.2934524. We have og(X) = 12.293452, og(X) =
12.2935, 04(X) = 12.29, and o3(X) = 12.3.

Definition 2 (RN-codings [7]). Let § be an integer
greater than or equal to 2. The digit sequence D =
dpdp_1dp_odp_3...dg.d_1d_o...(with =3+ 1 < d; <
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3 — 1) is a radix-3 RN-coding of X if X = ) d;3" and

1=—00

| < 17 for any j.

Theorem 1 (Characterizations of RN-codings [7]). Let
0 be an integer greater than or equal to 2. If 3 is odd,
then D = d,d,_1d,_od,_3...dy.d_1d_o ... is an RN-
coding if and only if all digits have absolute value less than
or equal to (6 —1)/2.

If Bis even then D = d,,d,_1dp_od,_3...do.d_1d_o ...
is an RN-coding if and only if

1. all digits have absolute value less than or equal to

B8/2

2. if|d;| = B/2, then the first non-zero digit that follows
on the right has an opposite sign, that is, the largest
J < such that dj # 0 satisfies d;d; < 0.

Example 2. The well-known Booth recoding [4] is a radix-
2 RN-coding. Each number is written on the digit set
{1,0, 1} and the rightmost non-zero digit is 1. Each num-
ber has therefore a single finite representation [7]. Al-
gorithm 1 summarizes the conversion of a two’s comple-
ment number, where each output digit is deduced from a
constant-sized sliding window of input digits. Consider
the (n + 1)-bit two’s complement number X = 2"~ =
(010...0)9. Algorithm 1 returns the (n + 1)-digit number
Y = 2" — 271 = (110...0), whereas the n-digit num-
ber Z = 2"~ = (10...0)4 is also an RN-coding of X. If
the (n + 1)-bit numbers we have to convert belong to the
set {—2"=1 ... 2n71} it is therefore preferable to apply
Algorithm 2, which guarantees that the result is an n-digit
RN-coding [3].

In the following, we will represent a radix-2 RN-coding
X with a modified borrow-save encoding [1]. We define
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Algorithm 1 Booth recoding of a two’s complement num-
ber.

Require: An (n + 1)-bit two’s complement number X €
{—2",...,2" — 1} withz_1 =0
Ensure: An (n + 1)-digit radix-2 RN-coding Y such that X =Y
1: fori =0tondo
20y i1 — X4
3: end for

Algorithm 2 Two’s complement to radix-2 RN-coding con-
version.

Require: An (n + 1)-bit two’s complement number X €
{—2n-1 ..., 2"n 1} withz_; =0
Ensure: An n-digit radix-2 RN-coding Y such that X =Y
1: fori =0ton — 2do
20 Y Tl — T4
3: end for
4 yp — Tn(Tn-1V Tn_2) — TnTn_1Tn—2;

two bit-strings X+ and X~ such that
X=Xt—X",
B ES 1)
if z;- = 1 then 2] = 0.

This paper devoted to the multiplication of radix-2 RN-
codings is organized as follows: Section 2 describes an im-
provement of a multiplication algorithm we have introduced
previously. Its major drawback is that it does not share
many common resources with a conventional multiplier. In
Section 3, we show how to very slightly adapt a conven-
tional multiplier so that it can also handle RN-codings. Note
that an extended version including proofs of properties and
algorithms is available as LIP Research Report 2005-05 [2].

2. Improvement of the Multiplication Algo-
rithm Proposed in [3]

Our first multiplication algorithm, published in [3], con-
sists in computing XY = XtY T + X-V~ — Xty ~ —
X~Y ™ in two’s complement and in converting the result to
radix-2 RN-coding. According to Definition 2 and Equa-
tion (1), neither X+ nor X ~ contain a string of ones whose
length is greater than one (i.e. if ZL'?: = 1, then xf:_l =
:13?:_1 = 0). This property reduces the number of partial
products involved in the computation of XTY T, X~V —,
XTY~,and XY by half at the price of OR gates (Fig-
ure la).

Figure 2a depicts the architecture of the multiplier pro-
posed in [3]. Four Partial Product Generators (PPGs) tak-
ing advantage of the above-mentioned property and four
carry-save adder trees compute in parallel X YT, X~Y ~,
XY™, and X~Y*+. Then, two adders based on (4,2)-
compressors and a subtracter generate the carry-save form
of the product P = XY. The last step consists in

converting this intermediate result to radix-2 RN-coding.
Since the maximal absolute value of an n-digit radix-2
RN-coding X is 27~ ! [3], the product XY belongs to
{—227=2 . 22"=21 We use a fast adder to compute
the two’s complement representation of P and apply Al-
gorithm 2 to generate a (2n — 1)-digit radix-2 RN-coding.

Consider now the addition of X 7Y™ and XY ~. The
algorithm described in [3] computes (zgy; + = yd) +
(zoyr +a1ye) = (zgyi Vatys) + (zgyr Varyy)
with carry-save adders. This addition generates a carry iff
vy =yl =2 =yy =lora] =yd =25 =y; = 1.
In both cases, the definition of the radix-2 RN-coding guar-
antees that (zg y5 + 7 yi")+ (zg y5 +27y; ) = 0. Conse-
quently, the jth partial products of X 7Y+ and X =Y~ can
be added without carry propagation (Figure 1b). In the fol-
lowing, we respectively denote the carry bit and the sum bit
of (a;jy;r—i—xit_ly;r_l)—i—(x;y; +,51Y;_1) by ¥(i, j) and
©(i, 7). Applying this notation to our example, we obtain:
(zgyi +oyyg)+ (@ yr +21y) = 2¢(0,1) + (0, 1),
(z5ys +ayy )+ (@ yy + 27y ) = 2¢(0,2) +(0,2),
and (0,1) 4+ ¢(0,2) = ¥(0,1) V ¢(0,2). The improve-
ment proposed here is based on such properties: instead of
adding X1TY ™ to XY ~, we combine their respective par-
tial products in order to compute (XY ™+ + XY ) witha
single [n/2]-operand carry-save adder. Theorem 2, and Al-
gorithm 3 describe more precisely this partial product gen-
eration process. Compared to the scheme described in [3],
our new approach only requires half-adder (HA) cells and
OR gates, thus adding an XOR gate and an OR gate in the
critical path.

Theorem 2. Let X andY be two radix-2 RN-codings. Con-
sider two functions (i, j) and 1 (i, j) defined as follows:

e(i,j) = (xjy;‘ ij+1y;;1) & (xz_yj_ \/‘ri_+1yj_—1) 2

and

(i,5) = (Fyf valiuly) - @y Vaiay,)

T - -+ o+
= TP T VT Y Y5 3)

where 1 < j <mnandi—+ j <2n — 2. Then,

iyl varyy =afy varyy, )
eyl +ayy; +o6—1,5)

= zfyf vary; v —1,7), (5)
vlyf Fafayl ey S agayi

= 2(i,7) + (4, 5) € {0,1,2}, (6)

o(i,j) + (i —1,5) = (i, j) V(i — 1,5).  (8)
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Figure 1. (a) Computation of X tY + when n = 3. (b) Computation of XY + X~Y ~ whenn = 3.
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Figure 2. Multiplication of two RN-codings. (a) Architecture of the multiplier described in [3]. (b)

Proposed improvement.

Example 3. Let us consider two 3-digit RN-codings X and
Y. We could compute the sum of the six partial products
QiijJ“ and 2'z7Y =, 0 < i < 2, by means of a carry-
save adder tree. In this example, Theorem 2 allows to define
a single partial product (Figure 1b), whose bit of weight 27
is denoted by )\(j), 0<5<4

e According to Equation (4), we replace an addition by
an OR gate: /\(()O) =xdyd Vay -

e Since the computation of )\((30) does not generate a
carry, we have )\él) = (zdyf + 2Ty +agyr +
z1 Yy ) mod 2 = (0, 1) (Equation (6).

e We then apply twice Equation (6) to compute ©(0,2),
$(0,2), 9(1,2), and $(1,2).

e Finally, Equations (7), (8), and (5) respectively allow
to compute /\62), )\83), and )\84).

Figure 2b shows the general architecture of the multi-
plier. At the price of a more complex partial product gen-
eration, we save two carry-save adder trees and two carry-
save adders based on (4, 2)-compressors. It is worth be-
ing noticed that the critical path of our new Partial Prod-
uct Generator (two OR gates, one AND gate, and an XOR
gate) is shorter than the one of a (4, 2)-compressor (three
XOR gates). Let (U(©), U(*)) denote the carry-save form of
XTY*t + XY . Wehave XtY* + X-Y~ =200 +
U®), where ul(c) = 0 and ugs) = )\((Ji) fori € {0,1,2n —
3,2n — 2}. Algorithm 3 can also be applied to the com-
putation of (XY~ + XY ™). Thus, we obtain a carry-
save number (V(9), V(*)) such that XTY~ + X~Y+ =
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Algorithm 3 Partial product generation for the computation
of XTYt+ XYV~

Require: Two n-digit RN-codings X and Y'; two functions ¢(%, j) and
1 (%, j) respectively defined by Equation (2) and Equation (3)
Ensure: (2n—1) vectors A() = )\ffll .. )\éj), where 1 < k < [n/2]
0 — (1 2n—2
1A —afyg vagyg A < e(0 AT — ety v
T, Y1 VYP(n—2,n—1)

2: fori=1to |5 — 1] do

3: forj_:Otoi—ldo

4 AP 24,20 41 - 2) v (24,26 - 24):
5:  end for

6 AP 20 1)

7: end for

8: fori=1to[5 — 1] do

9: forj=0toi—1do

10: AP (24,2 — 25) Vv (24,2 — 2 — 1);
11: er(lgg'or

12: A\ Yo x;yg V Ty Y s

13: end for

14: fori = |2+ Jton — 2 do
15: forj=0ton—i—2do

16: AP o(2i+2j —n+1,n—2j—1)Vp(2i+2j —n,n—
2j — 1);
17:  end for

. 2 + .t - - ;
18: i\)nii—l Ty 1Y 1 VT 1Y2i ni1 Vip(n—2,2i—n+
19: end for
20: for i = ("Tfll ton —2do
21: forj=0ton—1i—2do

22: A;QHI) — (2t +2j—n+2,n—25—1) V(2 —25 —
n+1l,n—25—1);

23:  end for

24: end for

2V ()4 V() Note that the two’s complement forms of V' (*)
and V(9 are respectively defined by: 22"~ — V() =1 4
23282 @ES) and 22n—1_9y(c) — 92n—2 +8+Z?Z§3 171@1.
Thus, the carry-save form P = (P(©), P(%)) of the product
can be computed as follows:

2P+ PO = 0 (uy) 5 +05) 5 + 1270 4
2n—3

ST @ +ul) + 5+ o0))2 +
1=3

The operator implementing this equation is mainly based on
(4,2)-compressors. P is finally converted to radix-2 RN-
coding. Though this multiplier reduces the area and the
delay compared to the one published in [3], it could only
share a multioperand adder with a two’s complement mul-
tiplier available in the ALU of a processor.

3. Modified Booth Recoding Revisited

Theorem 3 (Radix-3* RN-codings). LetY =y, _1 ...
be an n-digit radix-3 RN-coding of X. The radix-/3* num-
ber Z = z[p i) -1 - - - 20, With z; = Zf;é Yri+; 3, is also
an RN-coding of X.

Example 4 (Radix-4 modified Booth Recoding). Trying
to recode one of the binary operands so that its representa-
tion contains as many zeros as possible is a common way to
design fast multipliers. The original Booth recoding was
a first attempt [4]. However, it sometimes increases the
number of non-zero digits of the operand and is not imple-
mented in modern ALUs: if we apply Algorithm I to X =
(101.0101)y = —2.6875, we obtain Y = (111.1111),. A
common solution, known as radix-4 modified Booth recod-
ing, consists in writing X on the digit set {2, . ..,2} as fol-
lows:

1
Z = Z (2(z2; — Tair1) + (T2i-1 — w2;))4"
i——2
1 .
= (y2i+1 + ygi)4l = (1111)4 = —26875, (9)
i——2

where x_5 = 0 and x3 = 1 (sign extension). We deduce
from Equation (9) and from Theorem 3 that the radix-4 mod-
ified Booth recoding is an RN-coding of X. Daumas and
Matula observed that “a digit 2 can only be followed by a
negative digit possibly preceded by a string of zeros” [5]
and that this special notation is not redundant. They ap-
plied this fact to design a circuit able to efficiently recode
both binary and carry-save operands, but did not discover
the rounding property of the representation.

3.1. Multiplication Algorithm Based on Radix-4
Modified Booth Recoding

A consequence of Theorem 3 is that a two’s complement
multiplier with radix-4 modified Booth recoding can easily
be modified so that the recoded operand is either a two’s
complement number or a radix-2 RN-coding. Partial prod-
uct generation is often performed in two steps in state-of-
the-art multipliers [6]: a Booth encoder is responsible of
writing the operand X on the digit set {2,...,2}; then,
a Booth selector chooses a partial product among 0, +Y,
—Y, +2Y, and —2Y according to a digit of the recoded
operand. Goto et al. showed that the area of the Booth
selector highly depends on the encoding of the radix-4 dig-
its [6] and proposed a solution with four bits: PL; (positive),
M; (negative), 2R; (doubled factor), and R; (unchanged
factor). Table 1 describes the computation of these control
signals from two digits of a radix-2 RN-coding X. Note
that several patterns never occur (we denote them by ¢).
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According to the definition of X, we know for instance that
rf=1= x; = 0. Building a Karnaugh map allows to

i =

compute the logic equations defining PL;, M;, R;, and 2R;:

= -+
M; = x5, V @y00,44,

ot + =
PL; = @y, 4 V23,25, 44,
gt e
R = x5, V xy;,

Figure 3 shows the implementation of the Booth encoder
proposed by Goto et al. and our Booth encoder for radix-
2 RN-codings. According to Goto et al., the Booth en-
coder occupies 1.2% of the space in a 54 x 54-bit multiplier.
Therefore, our modification does not increase significantly
the area and the delay (a multiplexer added in the critical
path) of the multiplier.

Table 1. Truth table for radix-4 modified Booth
recoding.

| x;iﬂ Xgii1 X3, X [ Func “ R; 2R, PL; M; |
0 0 0 0 0 0 1 0 0
0 0 0 1 -Y 1 0 0 1
0 0 1 0 +Y 1 0 1 0
0 0 1 1 - o ¢ ¢ ¢
0 1 0 0 | -2Y| o 1 0 1
0 1 0 1 - ¢ ¢ ¢ ¢
0 1 1 0 -Y 1 0 0 1
0 1 1 1 - » ¢ ¢ ¢
1 0 0 0 |+2Y || o 1 1 0
1 0 0 1 +Y 1 0 1 0
1 0 1 0 - o ¢ & &
1 1 1 1 - b ¢ ¢ ¢

This operator is a building block for our second multipli-
cation algorithm. We suggest to compute XY = XY+ —
XY, where X is an n-digit radix-2 RN-coding, and Y
and Y~ are n-bit unsigned numbers. Up to this point, we
assumed that X was either a two’s complement number or
a radix-2 RN-coding, and that the second operand was an
n-bit two’s complement number. Consequently, we need to
perform a sign extension so that the second operand is an
(n + 1)-bit two’s complement number. We define

v {Q”ynl +Y if Y is atwo’s complement number,

Y otherwise.

This implies a modification of the carry-save adder tree to
handle an (n + 1)-bit input. However, the number of partial
products as well as the depth of the tree remain unchanged.
Figure 3 describes an operator based on two such multiplier
blocks, a subtracter, two fast adders, and multiplexers able
to multiply two’s complement numbers and RN-codings.
Five control bits allow to select the desired operation (Ta-
ble 2).

3.2. Combining Rounding to Nearest and Partial
Product Generation

Theorem 4 (Radix-2* modified Booth recoding). Let X
be a two’s complement number with n integer bits and m
fractional bits. Choose two numbers b and k such that k >
2 and bk < m, assume that x; = Tn_1, Vj > n (sign
extension), and consider the radix-2F number Y defined as
follows:

[n/k]—1

v=y

k-2
k—1 ; ki
<—2 Thitk—1 + E 27 Thitj +$k¢1> 2",
i——b

Jj=0

Y is the radix-2F modified Booth recoding of o, i (X).
If X is exactly between two representable numbers, then
Y =X 4270

Algorithm 4 Combining rounding to nearest and radix-2*
RN-coding conversion.

Require: A two’s complement number with n integer bits and m frac-
tional bits; two integers b and k with bk < m; z; = z,—1,Vj > n
(sign extension)

Ensure: A radix-2F RN-coding Y such that Y = o,, 4 4% (X)

I: fori = —bto [n/k] —1do
k—2

20y e =2l g+ Z 2 xpi g+ Thio1;
j=0

3: end for

Example 5. Ler X = (1010.1010001011000); =
—5.3642578125. We want to multiply a 12-bit two’s com-
plement number W by o15(X). The standard solution con-
sists in rounding X to nearest and in recoding o12(X)
to select the partial products. We obtain 012(X) =
(1010.10100011)3 and Y = (11.1211)4 = —5.36328125.
Theorem 4 allows to skip the first step: applied to X with
k =2andb = 4, Algorithm 4 returns Y = (11.1211)4 =
—5.36328125.

To compute o13(X), we choose b = k = 3 and obtain
Y = (13.312)s = —5.36328125. Note that X is exactly
between two representable numbers. We check that X +
271 = X 42710 = —5.36328125.

We can for instance take advantage of Theorem 4 to eval-
uate a polynomial with Horner’s rule. Instead of round-
ing intermediate results to nearest, we slightly modify the
Booth selector of the multiplier so that it implements Al-
gorithm 4. Assume that & = 2. In standard multiplier,
the recoding cell responsible for the least significant digit is
simpler than other cells in the sense that it only requires two
bits (we assume that x_p;_1; = 0). To apply Algorithm 4,
it suffices to add a third input bit to this cell so that it takes
T_pk_1 INto account.
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Figure 3. A multiplier handling two’s complement numbers and radix-2 RN-codings. W, X, Y, and
W are n-bit two’s complement numbers. X+, X—, YT, and Y~ are n-bit unsigned numbers.

Table 2. Some operations implemented by the multiplier shown in Figure 3.

[ Operation ca [cg[ca e[ co]
PO — XY Pl —WZ ofJoJoJoTJoO
PO— XY +WZ Pl —WZ 1o of]o]o
PO— XY —WZ Pl — WZ 1 1 [ ofo0o7]o
PO— (XT - XY Pl —WZ 0 0] o] o 1
PO— (XT -—X")Y Pl—(XT-X)Z 0 0] 0 1 1
PO— (XT-X)YT-Y) | Pl (XT-X)Y"™ 1 1 1 1 1

4. Conclusion

We have shown that very slightly modified arithmetic op-
erators can efficiently handle both conventional binary rep-
resentations and RN-codings. Since RN-codings can also
be efficiently “compressed” for storage [7], we conclude
that RN-codings are a good candidate for numerical com-
putations. In a further study we will design dedicated divi-
sion and square root algorithms, as well as an ALU able to
handle RN-codings and conventional binary numbers.
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