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Abstract

This paper describes a study of a class of algorithms for
the floating-point divide and sguare root operations,
based on the Newton-Raphson iterative method. The two
main goals were:

(1) Proving the IEEE correctness of these iterative
floating-point algorithms, i.e. compliance with the
IEEE-754 standard for binary floating-point
operations [1]. The focus was on software driven
iterative algorithms, instead of the hardware based
implementations that dominated until now.

(2) Identifying the special cases of operands that require
software assistance due to possible overflow,
underflow, or loss of precision of intermediate
results.

This study was initiated in an attempt to prove the IEEE
correctness for a class of divide and square root
algorithms based on the Newton-Rapshson iterative
methods. As more insight into the inner workings of these
algorithms was gained, it became obvious that a formal
study and proof were necessary in order to achieve the
desired objectives. The result is a complete and rigorous
proof of IEEE correctness for floating-point divide and
square root algorithms based on the Newton-Raphson
iterative method. Even more, the method used in proving
the IEEE correctness of the sguare root algorithm is
applicable in principle to any iterative algorithm, not only
based on the Newton-Raphson method. Conditions
requiring Software Assistance (SWA) were also
determined, and were used to identify cases when
alternate algorithms are needed to generate correct
results. Overall, thisis one important step toward flawless
implementation of these floating-point operations based
on software implementations.

I ntroduction

The floating-point algorithms for the floating-point divide
and square root operations discussed in this paper differ
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fundamentally from those in the Intel or Hewlett-Packard
processors, in that they can be implemented in software
and are based on Newton-Raphson iterations. This
approach allows for potentially higher throughput, as the
divide, square root, and remainder operations are in this
case pipelineable. It also alows for easier modification of
the algorithms, should this be needed, and as a side benefit
reduces the size of the chip that would adopt them. The
decision to study such an approach was also influenced by
the availability of relatively new agorithms [2] that were
expected to generate the correct result and to set correctly
the IEEE status flags in any |EEE rounding mode with
only one computational sequence, and without the
necessity of performing a correction step at the end.
Performance and IEEE correctness remain the two main
characteristics that have to be ensured. The expected
levels of performance are possible in modern processors
due to advanced features in their floating-point
architecture (notably the fused multiply-add operation).
Severa variations of these algorithms can be developed,
depending on whether the goal is to maximize throughput
or to minimize latency, and also on the particular
precision of the result. For example, different variants of
floating-point divide and of floating-point square root
were designed, verified, and implemented for single
precision, double precision, and for double-extended
precision floating-point computations. Algorithms for
floating-point remainder are directly derived from those
for the divide operation. All or part of these algorithms
could be used by compilers that might inline the
appropriate sequence for each situation, for non-native
instruction emulation, for floating-point emulation
libraries used by operating systems, in mathematical
libraries, and in binary translators. The object of the work
presented in this paper was to prove the IEEE correctness
of the results generated by the divide, square root and
remainder operations, of utmost importance for modern
processors, often designed to excel also in floating-point.
This study also identified special cases of operands that
require software assistance (SWA) due to possible
overflow, underflow, or loss of precision of intermediate




results. These are situations that require aternate
algorithms to generate correct results. A mix of
mathematical proofs [3] [4], sustained by Mathematica
[5], C and assembly language programs reached the
desired goal .

The result of thiswork is a complete and rigorous proof of
|EEE correctness for floating-point divide and square root
algorithms based on the Newton-Raphson iterative
method.  Correctness, as specified by the IEEE-754
standard for binary floating-point operations, was proven
for al the proposed agorithms. This constitutes an
important step toward flawless implementation of floating-
point operations in present day processors.

Floating-Point Algorithms Correctness
Proofs

The following sections detail the issues of IEEE
correctness for floating-point divide and square root, and
outline correctness proofs for the algorithms implementing
them. Since software solutions are considered, it will be
assumed that the processor using them does not have

supported. Even thugh there is only a finite number of
real values that can be represented as floating-point
numbers (which are a finite subset of the rational
numbers), the total of order O (2 ¥' & 2% floating-
point numbers or special values for a given precision can
be huge. Verifying correctness of a binary floating-point
operation for double-extended precision by exhaustive
testing on a state-of-the-art workstation could easily take
2% years. The only operation that lends itself to such
testing from among those considered herein, is the single
precision square root.

The variable density of the floating-point numbers on the
real axis shows that it is not practical to try and set a limit
on the absolute error when approximating real values by
floating-point numbers. Instead, as will be seen in our
case, algorithms try to limit the relative error of the result
being generated.

The IEEE-754 standard requires that the result of a divide
or square root operation be calculated as if in infinite
precision, and then rounded to one of the two nearest
floating-point numbers of the specified precision that

single floating—point instructions for these operations. It surround the infinitely precise result. Special cases occur
will be assumed that it has instead instructions that can bevhen this is outside the supported range. The IEEE
used to start the iterative process of calculating the resultstandard specifies four rounding modes: to nearejtto

For divide, this instruction would have to provide an nhegative infinity (m), to positive infinity (p), and toward
initial approximation for 1/b, if a/b has to be calculated (in zero (2.

certain special situations, as will be seen, it should provide|, orqer to determine whether an iterative algorithm for an

the result for a/b). For square root, the corresponding|eeg gperation yields the correctly rounded result (in any

instruction should return an approximation fofd/if va  yoynding mode), we have to evaluate the error that occurs
approximation is in both cases the starting point in measures are commonly used for this purpose. The first is
proving that the proposed algorithms yield the IEEE the error of an approximation with respect to the exact

correct results after a prescribed number of iteration steps.regylt, expressed in fractions of an ulp, or unit in the last
place. For the floating-point number fo=0s 02 ® O Fy

General P_ropertlesof Floating-Point given above, one ulp, denoted also as u (f,N), has the
Computations. |EEE Correctness magnitude:

Floating-point numbers are represented as a concatenation N
of a sign bit, an M-bit exponent field, and an N-bit lup=u(fN)=2
significand field (it will be assumed throughout this paper The unit in the last place is defined also for real numbers
that NO Z, N = 3). Mathematically: not in Fy, but in the context of operating with floating-
f =GB point numbers ifFy For x 0 Fy if x O [2 ¢ 2 7, then

one ulp is:
where 0 = #1, s O [1,2), e O [&in Gwl N Z, _ _ gN+l
lulp=uxN)=2
s=1+k/2' kO{0,1,2,.., 2%}, ein=-2""+2, .p ON) . N
and e, = 2" — 1. LetFy be the set of floating-point When making a statement aboutx being withirdof vy,
numbers with N-bit significands and unlimited exponent the smaller of u (x,N) and u (y,N) is meant.
range, and leFyy be the set of floating-point numbers  an aitemative is to use the relative error. If the real

with M—.bit exponents and N-bit significands (no special , mper x is approximated by the floating-point number a,
values included). Note théfn U Fy U Q*. then the relative errar is determined by

The IEEE-754 standard for binary floating-point _

: . a =x[1 +¢)
computations allows a limited number of formats, but
internally several more computation models may be




The non-linear relationship between ulps and the
corresponding relative error is illustrated in Figure 1, and
also by Properties 1 and 2 below. (Note that as a marker,
we will use a smal triangle at the end of the line
concluding a property or theorem.)

Property 1. Let x 0 R*, and a0 Fy. If adx, within 1 ulp
of x, then a= x [{1 + €), with [g| < 1/ 2", A

Property 2. Let x O R*, and a0 Fy. If a= x (1 + ¢),
with [g]<1/2", then aOx, within 1 ulp of x. A

Some properties used in the correctness proofs that follow
are formulated in terms of errors expressed in ulps. On the
other hand, it is easier to evaluate the errors introduced by
each computational step in an iterative algorithm, as
relative errors. The two properties above, together with
other similar ones, are used in going back and forth from
one form to the other, as needed.

relativeerror
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Fig. 1. Relative error when approximating, within 1 ulp,
positive real numbers by floating-point numbers in F,
(N = 4). The envelopes lead to properties 1 and 2.

In order to show that the fina result generated by a
floating-point algorithm represents the correctly rounded
value of the infinitely precise result X, one has to show
that the exact result and the final result of the algorithm
before rounding, y, lie within such an interval that through
rounding, they end up at the same floating-point number.
Figure 2 illustrates these intervals when (a) only rounding
to nearest (rn), and (b) any IEEE rounding mode (rnd) is
acceptable. In addition, one has to prove that the
overflow, underflow, and inexact |EEE status flags are set
correctly as aresult of the computation. It is assumed that
the invalid and divide-by-zero status flags are set correctly
when examining the input operands in the first
computation step, and that the rest of the iterative
computation will not take place in such cases, but rather
the |EEE mandated result will be provided.

Floating-Point Divide Correctness Proof

The floating-point divide algorithms considered are based
on the Newton-Raphson iterative method. If a/lb needs to
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Fig. 2. Intervals on which conditions (a) X, = Y, and
() Xrng = Yrna are verified

be computed, a number of Newton-Raphson iterations first
calculate an approximation of 1/b, using the function

fly)=b-1ly
The iteration step is:

€= (1 - b0y)m

Ye1 = (Vo + & DY )en

where the subscriptn denotes the IEEE rounding to
nearest mode.

Once a sufficiently good approximation y of 1/b is
determined, g = &y approximates a/b. From case to case,
this might need further refinement, which requires only a
few more computational steps. The Newton-Raphson
method has the advantages of converging at an almost
guadratic rate and of being self-correcting. This latter
property allows modification of certain computational
steps to reduce latency, without affecting the correctness
of the final result. For example, the computational step
that calculatesgmay sometimes be replaced by

€1 = 61

In order to show that the final result generated by the
floating-point divide algorithm represents the correctly
rounded value of the infinitely precise result a/b in any
rounding mode, we have to prove that the exact value of
a/b and the final result g* of the algorithm before
rounding belong to the same interval among those shown
in Figure 2 (b). Then

(@b)ng = (@%)rnd
wherernd is any IEEE rounding mode.

The algorithms proposed for floating-point divide (as well
as for square root), are designed as hinted by the Newton-
Raphson iteration step shown above, assuming the
availability of a floating-point fused multiply-add




operation, FMA, that performs both the multiply and add
operations with only one rounding error.

Severa variations of floating-point divide algorithms
were proven |EEE correct. There are different variants for
different precision calculations, and different variants
depending on whether the purpose is to minimize latency,
or to maximize throughput. The cases whose correctness
is the most difficult to prove are those in which the
precision of the final result is identical to that of the
intermediate computational steps. This might be the case
of the double-extended precision calculations, but it will
be implementation dependent. After presenting a few
important properties, we will illustrate a double-extended
precision case.

As several  implementations of  Newton-Raphson
algorithms were used, there are also severa variations of
iteration steps. A number of properties, not shown here,
alow determination of the relative error of the new
approximation resulting from the iteration step, based on
the relative error of the previous approximation.
Properties 1 and 2, shown previoudly, alow trandlation of
the relative error into ulps (or vice versa). Thisis useful in
facilitating application of the theorems discussed below.

Lemma 1. Let a, b O Fy. The following hold:

(1) The exact quotient a/b represented in binary is either
representable as anumber in Fy, or it is periodic.

(2) If alb is a periodic number represented in binary, then
its infinite representation cannot contain more than N - 1
consecutive binary ones, or more than N - 1 consecutive
binary zeroes past the first binary one.

(by periodic numbers, we mean e.g. 0.(011) = 0.011011...
but also numbers that have a non-repeating part precedin

the period, as in 1.01(1011) = 1.0110111011...).

This lemma is used in the proof of Theorem 1 that
follows. It is also useful in determining how close a/b can
be to a floating-point number or to a midpoint between
two consecutive floating-point numbers, which helps

identify difficult cases for rounding [4].

Theorem 1. Let a, b0 Fy, such that a/til Fy, g* 0 R,

N; ON, N;=2[N + 1, andnd is any of the four IEEE

rounding modes for rounding to N bits.

If g* is within 1 ulp of a/b inFy; (on N, bits), then

(%) rma = (a/b)ng for any IEEE rounding modend . A

This property can be applied when the precision of the
intermediate computational steps is more than twice that
of the final result. If the final result of the iterative
algorithm, before rounding, satisfies the condition
specified above, then after rounding it will represent the
correctly rounded value of a/b, in any IEEE rounding

mode. This is the case of one of the algorithms for single
precision computations. The reason behind this property is
that if a/b is not representable as a floating-point number,
then there is an exclusion zone of known minimal width
around any floating-point number within which a/b cannot
exist. There is also an exclusion zone of known minimal
width around any midpoint between two consecutive
floating-point numbers [4]. If the result g* before
rounding and the exact a/b are closer to each other than
half of the minimum width of any exclusion zone, then
(0%)ma = (a/b)yg for any IEEE rounding modend (refer

also to Figure 2 (b) above).

The exclusion zones around floating-point numbeiiSyin
and around midpoints between consecutive floating-point
numbers are specified by the following two properties,
derived from Theorems 4 (b) and 5 (b) of [4]:

Theorem A. Let a,ldFy. If a/bdFy, then for any flFy,
the distance between a/b and f satisfies

|a/b - f+ 2N L (a/b, N) A

Theorem B. Let a,lilFy. For any milFy.-Fy  (midpoint
between two consecutive floating-point numberg=ip),
the distance between a/b and m satisfies

| a/b - m#$ 2™ L (a/b, N) A

The following theorems are expressed in terms of values
of a and b scaled by powers of 2, i.e. in terms of integers
A and B, such that & [2, 2Y), and A/BO [2VF, 2Y),
where A/B does not have to be an integer. A property not
shown here links the statements in terms of A and B, to
those in terms of a and b. Note that for values in
2", 2% n Fy, 1 ulp = 1, which simplifies somewhat the

@roofs. Properties very close or identical to Theorems 2,

, and 4 have proofs outlined in [2].

Theorem 2. Let BO Z, ¥ < B < 2" - 2. Let yO Fy,
that approximates 1/B within 1 ulp. Then, one application
of the relations:

€= (l - BEy)rn

y'=(y+eld)n
yields y' that is the correctly rounded-to-nearest value (in
the IEEE sense) of 1/B, y' = (1/{B) A

Note that the computation must be performed by an FMA
operation for floating-point numbers.

This theorem states that once the Newton-Raphson
iteration has brought the approximation y of 1/B within 1
ulp of 1/B, then one more iteration yields y' = (1/B)
This is a condition that is useful in applying Theorem 3
below. Note though that Theorem 2 excludes the case
when B = 2" - 1 (i.e. when B, represented in binary,




consists only of ones). This constitutes a “difficult” case
for the rounding to nearest, and is covered by Theorem 4.

Theorem 3. Let ADZ n Fy, A =0 (mod 2%, B O Z,
2N < B < 2", andrnd one of the IEEE rounding modes,
such that 2* < (JA/B|)mg < 2V

If y O R* is a real number within 1/2 ulp of 1/B (non-
strict relation), and dJ Fy, g O A / B, within 1 ulp of
A/ B, then one application of:

r= (A' B[t] )rn
q' =g+ Y)ma

yields q' = (A / B)ng. A

Note: for yO R* to be within 1/2 ulp of 1/B (non-strict
relation), it is sufficient to havely Fy, y = (1/B), .

Theorem 3 shows that once we have y = (4/Byhich

can be verified using Theorem 2) and q within 1 ulp of
A/B, one application of the two relations above generates
the correctly rounded result of the divide operation A/B,
in any IEEE rounding modend. Note that when
calculating r, rounding to nearest, is used.

The next theorem covers the difficult case of B'=2.

Theorem 4. Let A0 Z n Fy, A=0 (mod 2V, B O Z,
B =2"-1, yOFy, y within 1 ulp of 1/B,rn the |IEEE
rounding to nearest mode, amtl any of the four IEEE
rounding modes, such that 2< (JA/B|)ng < 2".

Let q O Fy, g within 1 ulp of A/B. Ifrnd = rn and
[al = (JA/B], or if rnd O {rz, rm, rp}, then one
application of the relations:

r= (A - B[q)rn
q' =g+ Y)ma

leads to g' = (A/B). A

when the significand of the denominator consists only of
binary ones. Figure 3 shows how close 1/B is to a
midpoint between two consecutive floating-point

numbers, making this a difficult case for the rounding to
nearest mode.

Note that according to Lemma 1, this is the closest A/B,
and in particular 1/B can get to a midpoint between two
consecutive floating-point numbers.

Double-Extended Precision Iterative Floating-Point
Divide Algorithm

Of all the algorithms implemented, one will be presented
as an example. The following algorithm receives the
double-extended precision operands a and b as inputs, and
calculates a/b. All the computational steps are performed
in double-extended precision. The algorithm is proven
correct, in that the final result, @quals (a/b)y in any
IEEE rounding modend.

(1) Yo=1/bOl +ep), Eol<2™ mOR, m=8.886
(2) &=(1-blyom

B Yi=(ot+@Wo)n

@ e=(@)n

G) Y2=(it+t ey m

(6) &=(1-bly2)n

(M) y3=(2+ e 2)m

(8) &=(1-blysgm

(9) Ya=(s+ &y 3)m

(10) Qo= (aEVo)m
(11) fo = (a - bl:q O)rn
(12) au = (p + To Byg)rn

This last theorem gives the necessary conditions for the

result of the floating-point divide operation to be correct

y2

|

N-

2 -2N+1

1+1<7x2

1/8 =0,(000..01) (VB) = 2
(N bit period)

-2N+1

N+2

Fig. 3. The value of 1/B for B =2 1.

(13) .= (a - by)m
(14) @2 = (u + 1 Ya)rna

The first step is a table lookup performed by the
instruction that gives an initial approximatiog of 1/b,
with known relative error determined by m. Steps (2) and
(3), (4) and (5), (6) and (7) and (8) and (9) represent four
iterations that generate increasingly better approximations
of 1/b in y, V2, Y3, and y. Applying Theorem 2, it is
shown that y= (1/b},, except when the significand of b is
all binary ones. Steps (10) through (14) calculate three
increasingly better approximations, gy, and g of a/b.
Evaluating their relative errors and applying Property 2, it
is shown that gis within 1 ulp of a/b. This allows
application of Theorem 3, which means that=q(a/b).q




in any IEEE rounding mode rnd. The case when the e e et N ((emer el .
significand of b consists only of binary ones is handled by ¢ s 8T
applying Theorem 4. For this, y, is shown first to be
within 1 ulp of /b. We still have g; within 1 ulp of a/b.
Starting from the known value of y,, we prove that |g,| =
(IA/B))y. This alows application of Theorem 4, which
provesthat d, = (a/b),g in this special case.

C (b) ey = Gnac 2

. (O ep=
Proofs for other variants of floating-point divide €~ ema
algorithms are derived in a similar manner. Mathematica
programs are used in evaluating the relative errors, and the
theoretical properties shown above are used to trandate
the relative error information into ulps, and to prove the

| EEE correctness of each algorithm.

The floating-point divide algorithms are the basis for
implementing floating-point remainder operations. Their
correctness is a direct consequence of the correctness of : ; _
the corresponding floating-point divide algorithms. N = emi N+1

=

€min

J(a) eh: emin- 1

Softwar e Assistance Conditions

The Software Assistance conditions for divide specify Fig. 4., . Software Assistance conditions for the floating-

cases of input operands for a/b that can cause overflow, point divide operation

underflow, or loss of precision of an intermediate result,

even though the final result of the computation calculated

with unlimited exponent range is valid. Such casesrequire (@S shown in the figure by arrows) to the origin (0,0).

alternate algorithms to generate correct results. They are  Figure 4 allows also estimating the frequency of

identified by the following conditions, which apply to the occurrence for pairs (a,b) requiring Software Assistance

cases when the precision of the intermediate computation for divide. This increases for smaller precisions: for

stepsis equal to the precision of the final result: double-extended precision floating-point numbers, it is

25%, while for single-precision, the estimated frequency

(8) & < enin—2 (y might become huge) is 31.8%. An obvious way to avoid the negative effects of

the need for Software Assistance is to use a wider internal

S _ . .
(b) & 2 €nac = 2. (y might become tiny) exponent range for calculating the result of the divide

(c) & — 8 = e (g might become huge) operation.
(d) & — & < enn + 1 (@ might become tiny) Status Flags Settings
(€) < enn+ N—1 (1 might lose precision) We will assume that the invalid and divide-by-zero status
flags are set by the instruction implementing the first step
where g is the (unbiased) exponent of a, s the  of the algorithm — the reciprocal approximation
unbiased exponent of b, and N is the number of bits in thejnstruction. The last thing to prove about the iterative
significand. algorithms for divide is that the overflow, underflow, and
Translating the conditions above into a two-dimensional INexact status flags are set correctly in the last step of the
representation, Figure 4 is obtained. computation (we will assume that the |nFermed|ate stgps
do not affect these flags). If the intermediate computation
The two dimensional space containing pairg €g) in steps use an exponent field larger than that of the final

Figure 4 is partitioned by 18 straight lines, determining result by at least two bits, then overflow, underflow, or
several polygon shaped regions. Alternate software precision loss will not occur, and the last computation step
algorithms have to be devised to compute the IEEE |l set correctly the overflow and underflow flags.

correct quotient for numbers whose exponents fall in Otherwise, the overflow, underflow, or precision loss
regions satisfying any of the five conditions above. Some sjtuations will be taken care of by the Software Assistance

of these may be coalesced having similar mathematicalmechanism (which will also set correctly the status flags).
properties, resulting in only 13 different cases that have to

be considered. Points in the different areas requiring!" order to show that the inexact status flag is set

Software Assistance are scaled by the alternate algorithmscorrectly, it is sufficient to consider the last step of the
computation. For the double-extended case, this is:




AO[22™N1 2™ A=0 (mod 2)
(14) 02 = (a2 + 11 /a)rnd ife=20u+1,udZ

If g* = g + r; Oy, isthe final result before rounding, in Theorem 5. Letad Fy, a>0,a=0 B[R ° If vaOFy,
order to show that the inexact flag is always set correctly and A is determined by scaling a as specified above, then

in the last computation step, we needed to prove that for any fO Fy, and for any integer B [2V?, 2M):
ablOFy < g* UFy (@wa =|VA-F| > 1/27% except for

If a/b O Fy, it was easily shown that g already represents A =22N-2 o pN-Life=20,u0Z,
(@b)g = @b O Fy, and r; = 0, which means that N N

* = A,=27"-2[" ife=2u+1,ubZ
02* =0 U F.

— e/2-20N +3/2

If g* O Fy, we can use the fact that (02*)ma = (@/b)mg, In (b) w,a =|Va-f| > 2 , except for
any rounding mode rnd. This implies that a/b = g,* O Fy, a=(1+2N*?) @ ° ifez2,ulZ, and
which concludes the proof that the inexact flag is always _ N2 e o

. . Ref 4 ides detail determining A; and g).
Floating-Point Square Root Correctness Proof (Reference [4] provides detals on g A anda)

The floating-point square root algorithms considered are 1 1S theorem states that if Va is not representable as a
also based on a Newton-Raphson iterative computation. If floating-point number with an N-bit significand, then there
Va needs to be computed, a number of Newton-Raphson are exclusion zones of known minimal width around any

iterations calculate first an approximation of 1/Va, using flgaFing-poi r.1t number, within which va cannot gxist. The
minimum distance between va and f, or equivaently,

the function
) between VA and F, was determined by examining instead
fly)=1y"-a the distance between A and F?, as shown in Figure 5 (the
The general iteration step is: identity |A - F| = WA — F|ONA + F| was used). This

5 property is used in conjunction with that in Theorem 6.
€ = (1/2 - 1/2:3[% )rn

Y1 = (Yn + & OYn)in f(A) =\/a

where the subscriptn denotes the IEEE rounding to 5N
nearest mode. The first computation above is rearranged A
in the real algorithm in order to take advantage of the VA

. . - F
FMA instruction capability. o N-1/2

Once a sufficiently good approximation y ofva/is
determined, S = Al approximates’a. From case to case, 2 N-1p--
this too might need further refinement.

b |d
Two main properties, Theorems 5 and 6 are used in i 22N !
proving the IEEE correctness of the floating-point square i 3
root algorithms (but the number of special points singled 2"\12 7 N A
out in each of them will be different, depending on how 2 F~ A 2

tight a relative error we can determine for the final result

of the algolrlthm calculating the square root). They are Fig. 5. The distance of A to the square of an integer
expressed in terms of a scaled value A of a: [if &y, FO[2M 2M): d> 4, except for two known values; A
a> 0, a =0 [5[2°, then a can be written as: and A, when d = 1.

a=A0Z 2MN*2 jf e =20, udZ, or

a=AD0Z ?N if e=20L+1,u0Z Theorem 6. Let al Fy, a> 0, a =0 Os 02 If A is
determined by scaling a as specified above, then for any
. midpoint m between two consecutive nhumberjn and
AD 222, 201, A=0(mod 27 for any midpoint M between two consecutive integers in
N-1 — N-1 .
fe=2m, udz and 2V Y, M=k +1/20 2" 2Y), kO Z:

where




@wa =|[VA-M|> 17 | 2V *3
except for a set of known values A’ through A7
Ap=22MN24 N tife=2M,u0Z,
Ay=22MN213@" ife=2+1,u0Z
Az = ... (depends on N) if e =1, ul Z,
e.g. A' = 7e08a50000Q0for N = 24

(b) wy = [Va-m|> 1722 -5/2
except for a set of known valuggtarough a
(corresponding to;Athrough A' above):
a=(Q+2""HY 2 ife=20u,ulZ,
a=(1+3@2V" Y@ ife=20u,udz,
g = ... (dependsonN) ife =, uldZ,
e.g. @ = 1.f82294, [»° forN =24
A
(Reference [4] provides details on determiningafd &).

This theorem states that ¥fa is not representable as a
floating-point number with an N-bit significand, then there

are exclusion zones of known minimal width around any 2

midpoint between two consecutive floating-point
numbers, within whichva cannot exist. The minimum
distance betweeda and m, or equivalently, betwe&A

and M, could be determined by examining instead the
distance between A and®Mas shown in Figure 6. Some
of the values of ;aand of the corresponding;'A(not all
shown here) were determined directly, while others were
determined by C programs, using recursion.

Note that the widths of the exclusion zones can be
increased as desired [4], by eliminating additional points

specified by the following two properties, derived from
Theorems 2 (b) and 3 (b) of [4]:

Theorem C. Let dlFy. If va OFy, then for any fIFy, the
distance between a/b and f satisfies

Va-f|>2"! b Wa, N)

Theorem D. Let dlFy. For any milFy.-Fy  (Midpoint
between two consecutive floating-point numbers=jy),
the distance betweefa and m satisfies

Va-m > 2™ u (a, N)

This property in Theorem 5 is used, as explained below,
in conjunction with that in Theorem 6. If the result R*
before rounding, of an iterative algorithm for calculating
the square root of a, and the exdatare closer to each
other than half of the minimum width of any exclusion
zone, then (R%)y = (Va),¢ for any IEEE rounding mode
rnd. See Figure 2(b) above, and Figure 7, which illustrate
the idea.

A

A

f(A) =\VA
N oo .
1
VA i
]
N-1/2 | i
i
N-1[_. i
(R |
1 | 1
| 1 1 |
L d SN
] 1
] ]
| ) |
o ! A
SN2 2 52N

Fig. 6. The distance of A to the square of M, integer +
1/2 0 [2%, 2Y: d'= 17/4, except for seven known

besides those specified in Theorems 5 and 6 (these points yalues, A' through A', when 1/4& d'< 15/4.
are those whose square roots are the closest to floating-

point numbers, or to mid-points between consecutive
floating-point numbers). For the double-extended
precision algorithm presented in the next subsection, the
exclusion zones from Theorem 5 had to be increased by {
factor of 2, which meant eliminating 9 additional points

that are difficult for directed rounding (for a total of 11

special points). The exclusion zones from Theorem 6 had
to be increased also by a factor of 32/17, which meant
eliminating 6 additional points that are difficult for

rounding to nearest (for a total of 13 special points). If no

Fig. 7. Exclusion zones around floating-point numbers

special points are singled out, then the exclusion zones and around midpoints between consecutive floating-

around floating-point numbers inFy, and around
midpoints between consecutive floating-point numbers are

point numbers




Double-Extended Precision Iterative Floating-Point
Squar e Root Algorithm

Just as for divide, of all the algorithms implemented one
will be presented as an example. The algorithm that
follows receives the value a as a double-extended
precision input operand, and calculates va. All the
computational steps are performed in double-extended
precision. The algorithm is proven correct, in that the final
result R equals (Va)ng for any IEEE rounding mode rnd.

(1) yo=WWall+eg),leo<2™ mOR, m=8.831
(20 h=(20H),

(3 tr=(Yo Bo)n

@ t,=(W2-t h),
(B y1=(o+ 00)m
(6) tz=(yth)m

(1) ta=(12-§0y1)m
8) Y2=(1+ 4y
(9) S=(a¥2n

(10) ts = (y2 Lh)n

(12) H = (1/20y2)rm
(12)d = (a- 3B}

(13) t6 = (1/2 = £ Oy2)rm
(14) § = (S + dH)m
(15) Hy=(H + & H)m
(16) di = (a- S[B5)m
(A7) R=(S+ chi[Hi)mg

The first step is a table lookup performed by the
instruction that gives an initial approximatiogof 1~a,
with known relative error determined by m. The following
steps implement a Newton-Raphson iterative algorithm.
Steps (5) and (8) improve on the approximation o1/
Steps (9), (14) and (17) calculate increasingly bette
approximations of/a. Mathematical proofs, backed by
Mathematica programs, evaluate the relative error of the
final result before rounding, R*. The distance between R*
and the exact value ofa is shown to be less than half of
the minimum width of any exclusion interval given by
theorems similar to Theorems 5 and 6 (with wider
exclusion zones, as explained). This means that
R = (a). , for any rounding modend, except possibly

for the special values identified by the two theorems. C

r

algorithms were used to generate the results for these
cases, while Mathematica programs verified their

correctness for each of the four IEEE rounding modes.
The other variants of floating-point square root algorithms

were proven to be IEEE correct in a similar manner.

Softwar e Assistance Conditions

The Software Assistance conditions for square root
specify cases of input operands a that can cause underflow
or loss of precision of an intermediate result, even though
the final result of the computation calculated with
unlimited exponent range is valid. Such cases require
alternate algorithms to generate correct results, and are
identified by the following condition, which applies when
the precision of the intermediate computation steps is
equal to the precision of the final result:

€ < enn+ N—1 (dmight lose precision)

In this condition, gis the (unbiased) exponent of a, and N
is the number of bits in the significand.

Figure 8 represents the Software Assistance condition on
an axis containing the values of the exponent of a.

[
k

Fig. 8. Software Assistance conditions for the floating-
point square root operation

Points requiring Software Assistance are scaled to the
origin, as shown by the arrow in the figure. Alternate
software algorithms have to be devised to compute the
IEEE correct square root for numbers whose exponents
fall in the region satisfying the condition above. Figure 8
allows also estimating the frequency of occurrence of
argument values requiring Software Assistance for square
root. Just as for divide, this increases for smaller
precisions. For double-extended precision floating-point
numbers, it is of only 0.05%. For single-precision, the
estimated frequency becomes 9.6%. In this case too, an
obvious way to avoid the negative effects of the need for
Software Assistance is to use a wider internal exponent
range for calculating the result of the square root
operation.

Status Flags Settings

Just as we did for divide, we will assume that the invalid
and divide-by-zero status flags are set by the instruction

programs and assembly language implementations of thﬁmplementing the first step of the algorithm — the




reciprocal sguare root approximation instruction. All that
is left to prove about the iterative agorithm for square
root isthat the inexact status flag is set correctly in the last
step of the computation (we will assume again that the
intermediate steps do not affect these flags). We till
might have accuracy loss in the intermediate computation
steps. If these steps use an exponent field larger than that
of the final result by at least one bit, then precision loss
will not occur. Otherwise, the precision loss situations will
be taken care of by the Software Assistance mechanism
(which will aso set correctly the status flags).

In order to show that the inexact status flag is set
correctly, it is sufficient to consider the last step of the
computation. For the double-extended case, thisis:

(17) R= (Sl + dl |:Hl)rnd

If R* =S; + d; [H; isthe fina result before rounding, in
order to show that the inexact flag is always set correctly
in the last computation step, we needed to prove that

valFy < R*0OFy
(which isthe sasmeidea as for divide).

If va O Fy, it was easily shown that S, already represents
(Vaynq = va O Fy, and d; = 0, which means that
R* =S, 0 Fy.

If R* O Fy, we can use the fact that (R*);ng = (V@)img, iN
any rounding mode rnd. This implies that va= R* O Fy,
which concludes the proof that the inexact flag is always
Set correctly.

Results

The main result of the work described in this paper is the
proof that the proposed algorithms for divide and square
root, in al their variations, are |IEEE correct. This also
implies correctness for the algorithms implementing the
floating-point remainder operations. A byproduct of this
study was the determination of conditions leading to the
necessity for Software Assistance (SWA). An unlimited
exponent range was considered first, and then the effect of
the limited exponent range was examined. The SWA
conditions are specifying cases when, even though the
final result (as calculated with unlimited exponent range)
isvalid and within the acceptable domain, the result of an
intermediate calculation with limited exponent range
overflows, underflows, or loses precision, possibly
preventing the final result from being correct. Alternate
algorithms, though less efficient, are devised for these
relatively few cases. These may become part of afloating-
point emulation library, and their correctness is aso a
consequence of the proofs outlined herein. In addition, the
current study allowed determination of difficult cases for
rounding for both divide (and hence remainder) and

sguare root. Operands that lead to such cases can be
systematically determined [4], and can be included in test
suites, increasing their probability of success.

Conclusion

The |EEE correctness proofs outlined above are a
summary of the proofs described in an internal document
[3] that contains lemmas, theorems, and other properties,
plus al the Mathematica, C, and assembly language
programs used. This constitutes a complete and rigorous
proof of correctness for such iterative algorithms. While
Theorems 2, 3, and 4 in the proof for the divide algorithm
are following properties presented in [2], the work
described here is possibly the first to cover all the details
following the method from that paper. By contrast, the
correctness proof for the square root operation is original
[4]. In addition, this study has facilitated determination of
SWA conditions for the divide and square root operations
based on the Newton-Raphson iterative method, and the
determination of difficult cases for rounding.

Proving |EEE correctness for this class of floating-point
algorithms is an important step in the implementation of
the corresponding floating-point operations. Alternate
approaches, careful coding, and thorough testing have to
complement the work described in this paper, should such
an approach be adopted. Remembering past problems
related to floating-point operations makes it clear why
such work is important to the scientific community in
general.
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