Contents

1 Introduction 1

2 Computer Arithmetic 9 2.1 Floating-Point Arithmetic . . . . . . . . . . . . . . . . . . . . 9 2.1.1 Floating-point formats . . . . . . . . . . . . . . . . . . 9 2.1.2 Rounding modes . . . . . . . . . . . . . . . . . . . . . 10 2.1.3 Subnormal numbers and exceptions . . . . . . . . . . 12 2.1.4 ULPs . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 2.1.5 Testing your computational environment . . . . . . . 13 2.2 Redundant Number Systems . . . . . . . . . . . . . . . . . . 13 2.2.1 Signed-digit number systems . . . . . . . . . . . . . . 14 2.2.2 Radix-2 redundant number systems . . . . . . . . . . 15

I Algorithms Based on Polynomial Approximation and/or Ta¨ ble Lookup 19

3 Polynomial Approximations 21 3.1 Least Squares Polynomial Approximations . . . . . . . . . . 22 3.1.1 Legendre polynomials . . . . . . . . . . . . . . . . . . 23 3.1.2 Chebyshev polynomials . . . . . . . . . . . . . . . . . 23 3.1.3 Jacobi polynomials . . . . . . . . . . . . . . . . . . . . 23 3.2 Least Maximum Approximations . . . . . . . . . . . . . . . . 24 3.3 Speed of Convergence . . . . . . . . . . . . . . . . . . . . . . 31 3.4 Rational Approximations . . . . . . . . . . . . . . . . . . . . 34 3.5 Actual Computation . . . . . . . . . . . . . . . . . . . . . . . 38 3.6 Example: the Cyrix FastMath Processor . . . . . . . . . . . . 41 3.7 Algorithms and Architectures . . . . . . . . . . . . . . . . . . 43 3.7.1 The E-Method . . . . . . . . . . . . . . . . . . . . . . 45 3.7.2 Estrin’s Method . . . . . . . . . . . . . . . . . . . . . 47 3.8 Miscellaneous . . . . . . . . . . . . . . . . . . . . . . . . . . . 47 v

4 Table¨Based Methods 51 4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 51 4.2 Table-Driven Algorithms . . . . . . . . . . . . . . . . . . . . 53 4.2.1 Tang’s algorithm for exp(x) in IEEE floating-point arithmetic . . . . . . . . . . . . . . . . . . . . . . . . . 55 4.2.2 ln(x) on [1, 2] . . . . . . . . . . . . . . . . . . . . . . . 57 4.2.3 sin(x) on [0, π/4] . . . . . . . . . . . . . . . . . . . . . 58 4.3 Gal’s Accurate Tables Method . . . . . . . . . . . . . . . . . . 58 4.4 Methods Requiring Specialized Hardware . . . . . . . . . . . 62 4.4.1 Wong and Goto, logarithm . . . . . . . . . . . . . . . 62 4.4.2 Wong and Goto, exponential . . . . . . . . . . . . . . 65

II Shift¨and¨Add Algorithms 69

5 Shift¨and¨Add algorithms 71 5.1 The Restoring and Nonrestoring Algorithms . . . . . . . . . 73 5.2 Simple Algorithms for Exponentials and Logarithms . . . . . 77 5.2.1 The restoring algorithm for exponentials . . . . . . . 77 5.2.2 The restoring algorithm for logarithms . . . . . . . . . 79 5.3 Faster Algorithms . . . . . . . . . . . . . . . . . . . . . . . . 81 5.3.1 Faster computation of exponentials . . . . . . . . . . 81 5.3.2 Faster computation of logarithms . . . . . . . . . . . . 87 5.4 Baker’s Predictive Algorithm . . . . . . . . . . . . . . . . . . 90 5.5 Bibliographic notes . . . . . . . . . . . . . . . . . . . . . . . . 98

6 The CORDIC Algorithm 101 6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 101 6.2 The Conventional Iteration . . . . . . . . . . . . . . . . . . . 101 6.3 Scale Factor Compensation . . . . . . . . . . . . . . . . . . . 107 6.4 CORDIC With Redundant Number Systems . . . . . . . . . . 109 6.4.1 Signed-digit implementation . . . . . . . . . . . . . . 111 6.4.2 Carry-save implementation . . . . . . . . . . . . . . . 111 6.4.3 The variable scale factor problem . . . . . . . . . . . . 112 6.5 The Double Rotation Method . . . . . . . . . . . . . . . . . . 112 6.6 Branching CORDIC . . . . . . . . . . . . . . . . . . . . . . . 115 6.7 Differential CORDIC . . . . . . . . . . . . . . . . . . . . . . . 118 6.8 Computation of cos^{−1} and sin^{−1} . . . . . . . . . . . . . . . . . 122 6.9 Variations on CORDIC . . . . . . . . . . . . . . . . . . . . . . 124

7 Other Shift¨and¨Add Algorithms 127 7.1 High-Radix Algorithms . . . . . . . . . . . . . . . . . . . . . 127 7.1.1 Ercegovac’s radix-16 algorithms . . . . . . . . . . . . 127 7.2 The BKM Algorithm . . . . . . . . . . . . . . . . . . . . . . . 131 7.2.1 The BKM iteration . . . . . . . . . . . . . . . . . . . . 133 7.2.2 Computation of the exponential function (E-mode) . . 133 7.2.3 Computation of the logarithm function (L-mode) . . . 137 7.2.4 Application to the computation of elementary functions138

III Range Reduction, Final Rounding and Exceptions 141

8 Range Reduction 143 8.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 143 8.2 Cody and Waite’s Method for Range Reduction . . . . . . . . 148 8.3 Worst Cases for Range Reduction . . . . . . . . . . . . . . . . 149 8.3.1 A few basic notions on continued fractions . . . . . . 149 8.3.2 Finding worst cases using continued fractions . . . . 151 8.4 The Payne and Hanek Algorithm . . . . . . . . . . . . . . . . 154 8.5 The Modular Algorithm . . . . . . . . . . . . . . . . . . . . . 158 8.5.1 Fixed-point reduction . . . . . . . . . . . . . . . . . . 158 8.5.2 Floating-point reduction . . . . . . . . . . . . . . . . . 161 8.5.3 Architectures for Modular Reduction . . . . . . . . . 161

9 Final Rounding 163 9.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 163 9.2 Monotonicity . . . . . . . . . . . . . . . . . . . . . . . . . . . 164 9.3 Exact Rounding: Presentation of the Problem . . . . . . . . . 165 9.4 Some Experiments . . . . . . . . . . . . . . . . . . . . . . . . 168 9.5 A “Probabilistic” Approach . . . . . . . . . . . . . . . . . . . 168 9.6 Upper Bounds on m . . . . . . . . . . . . . . . . . . . . . . . 171 9.6.1 Frequency of failures . . . . . . . . . . . . . . . . . . . 173 9.6.2 Computing with one million bits . . . . . . . . . . . . 173

10 Miscellaneous 175 10.1 Exceptions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 175 10.1.1 NaNs . . . . . . . . . . . . . . . . . . . . . . . . . . . 176 10.1.2 Exact results . . . . . . . . . . . . . . . . . . . . . . . 177 10.2 Notes on x^y . . . . . . . . . . . . . . . . . . . . . . . . . . . . 178 10.3 Multiple Precision . . . . . . . . . . . . . . . . . . . . . . . . 180