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© Motivations
Q.

o NJ

e DQ=ANJ

o LJ

@ ALJ : decoration of LJ
© Logic systems map
O MLL

@ N-IMLL, AN-IMLL

o L-IMLL, AL-IMLL
© Properties

o NJ,LJ

@ AN-IMLL,R
oR
@ Subject expansion, completeness
@ R [CAN-IMLL
@ Subject reduction, soundness

o AL-IMLL™
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intersection-based types : used to catch computational behavior

Idempotence of
A A=A

(with A =B meaning (CA - B) and (B - A))

Idea :

m idempotent intuitionistic conjunction (NJ's )
m non idempotent  tensor (LL’s )
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Logic systems map

Natural deduction Sequent calculus

Intuistionistic NJ LJ
logic (DQ) (ALJ)
Multiplicative N-IMLL L-IMLL

linear logic (AN-IMLL, R) (AL-IMLL, AL-IMLLY’

Jean-Marie Madiot (ENS de Lyon, LIPN) Embedding intersection types into MLL 26 mai 2010 4 /53



NJ (fragment —, | T)

ra A X r T !

A B r A-B T A _,
r A_B r B
r A rs r A A

r A B A Ei
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D2 : decoration of NJ

ax ﬁ

Mx:A Xx:A

Mx:A t:B /
I AXxt:A-B [ tu:B

r t:A [ t:B ,
r t:A B r t:A
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D2 : decoration of NJ

Mx:A x:AaX r t:TT
Mx:A t:B o I t:A-B I u:A S E
N Xxt:A-B I tu:B
r t:A r t:B | r t:A1 A .

r t:A B rot:A "

m Apart from Curry-Howard : some rules without constructor
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D2 : decoration of NJ

Mx:A x:AaX r t:TT
Mx:A t:B o I t:A-B I u:A S E
N Xxt:A-B I tu:B
r t:A r t:B , N t:A1 A c

r t:A B rot:A /

m Apart from Curry-Howard : some rules without constructor
m Not quite NJ : A - B - A B is provable in NJ but not in DQ
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LJ (fragment —, ,T)

r A NnA B

——aX

rA A B cut
A B rA TIB C

r A-B ¢ rALB C t
rA rs rAB C

r A B rA B c !

26 mai 2010
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ALJ : decoration of LJ

r t:A Nx:A u:B

ax
MNMXx:A x:A r u[t/x].B cut
Nx:A t:B r t:A Nx:B u:C .,
I At:A-B ry:A-B uyt/x]:C
r t:A r t:B R MNx:Ay:B t:C ,
r t:A B rz:A B t[z/x,y]:C
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Logic systems map

Natural deduction Sequent calculus

Intuistionistic NJ LJ
logic (DQ) (ALJ)
Multiplicative N-IMLL L-IMLL

linear logic (AN-IMLL, R) (AL-IMLL, AL-IMLLY’
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Natural deduction for IMLL : N-IMLL

A Aax
1, r 1 A C
A C le
A B ALCB1 A A
FALTEl LA B
r A A B r A B AAB C
A A B ! FA C E

Embedding intersection types into MLL 26 mai 2010

Jean-Marie Madiot (ENS de Lyon, LIPN)



AN-IMLL : decoration of N-IMLL

x:AI_—xl:AaX
g, rcm:1  ACEC
Lkl FA LT C £
Fx:A T B FCFEA CB1 A LA
#T 1 =1
U T It A LR rA Ctl:B
r A A [T B r Cu: A CBI AX:Ay:B L[I:C
1 =1
A I A CB] r,A Cfu/x,y]: C
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AN-IMLL : decoration of N-IMLL

— —aX
XA XI: A
g, rcm:i1  ACEC
Ll FA LT C £
Fx:A T B FCFEA CB1 A LA
#T 1 =1
U T It A LR rA Ctl:B
r A A [T B r Cu: A CBI AX:Ay:B L[I:C
1 =1
A I A CB] r,A Cfu/x,y]: C

m No structural rules : no weakening
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AN-IMLL : decoration of N-IMLL

— aX
XA [XI: A
— 1, rra:l ALTLC
Lkl FA LT C £
rx:A[Tf:B FfLA CB1 AU A
#T 1 1
U T Ikt A LR rA Cfl:B
r A A [T B [ Cul: A CBI Ax:Ay:BLIlC
1
rA Tl A [B] r,A Cfu/x,y]:C ted

m No structural rules : no weakening, multiplicative contexts
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AN-IMLL : decoration of N-IMLL

XA LxI: A ax
— 1 rCa:1 A [TI: C 1
Lokl A LCELEC E

Mx:ALCIlB A CB1 A [ul: A
#I 1 1
Tt A LB WNETHE
r A A [T B r Cu: A CBI AXx:Ay:BL[IlC

1
rA [T A CBI1 A Cflusx,y]:C ted

m No structural rules : no weakening, multiplicative contexts
m n occurences of the same variable :
o n =0 (erasing) : 1¢
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AN-IMLL : decoration of N-IMLL

XA LxI: A ax
— 1 a1 A [Tl C 1
Lokl rA L C E

Mx:ALLl:B A CB1 A [ul: A
#I 1 1
Tt A LBl WNETHE
r A A [T B M Cul: A CBI Ax:Ay:B LIlC

L1
rA LA Bl A Cfu/x,y]:C et

m No structural rules : no weakening, multiplicative contexts
m n occurences of the same variable :

o n=0 (erasing) : 1¢

e n =2 (duplication) : £

Jean-Marie Madiot (ENS de Lyon, LIPN) Embedding intersection types into MLL 26 mai 2010



AN-IMLL : decoration of N-IMLL

x:AI_—xl:AaX
1, rorm: 1 ALTLC
Lkl FA LT C £
rx:ALCTB FItA CB1 ALl A
#T 1 =1
U T It A LR AL B
r A A [T B r Cu: A CBI AXx:Ay:BL[IlC
| P =1
A I A CB] r,A Cfu/x,y]: C

m No structural rules : no weakening, multiplicative contexts
m n occurences of the same variable :

o n=0 (erasing) : 1¢

o n =2 (duplication) : £
m Still not quite IMLL : an-mmcA CBXT A1B
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L-IMLL : IMLL sequent calculus

ax rAa AA C

A A A C cut
rA B r ACB1l AB C
A LCEl R FAALCBIC Lo
rA A B rAB C
ra A B F rA B c -
15 r c
1 1 C 1
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AL-IMLL : decoration of L-IMLL

r I A A x AL C

— aX
A A X#HT cut
XA DX A Cuft/x]: C !
Mx:ALILB rca-ACB1 Ax:BL[u:C
1

HI CeIx#A
X rCAak.t: A B rAy:A CBIuyt/x]:C
Mx:Ay:B LIl C

J (=

rCfEA A [TI:B 71 X, y#T

rA LA LBl rz:A CBICEz/x,y]: C
1, rru:C
1 Mx:1Cm: C L
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AL-IMLL : decoration of L-IMLL

r I A A x AL C

CADHA T x#r FA COt/x]: C out
X#T Frl,iXXbi.':\:,EAﬂ:IEB:I e Ix#A : I:FEIAAy IfAB:IEBiAI D, X|y’;/E>;(]|:_—LCLII: : -
: EEAAEEIAAEES . Ce] X yHT Fzr);éB;EEﬂziﬂy? C L
=Y . r, xr:lf—lll:jcl:: C L

m contraction
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AL-IMLL : decoration of L-IMLL

ATaA e LEEA mﬁ-/ - AEEE
X#T Frl,iXXbi.':\:,EAﬂ:IEB:I eI : I:FEIAAy IfAB:IEBiAI D, X|y’;/E>;(]|:_—LCLII: : -
: EEAAEEIAAEES . Lo X yHT Fzr;ééE;ziﬂy$ C 0
=T . F,xr:llﬂl_:_j: C L

m contraction
m Wweakening
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Properties table

Completeness | Soundness | S. expansion | S. reduction

ANJ =DQ
ALJ
AN-IMLL
AL-IMLL
R
AL-IMLL™

Jean-Marie Madiot (ENS de Lyon, LIPN) Embedding intersection types into MLL 26 mai 2010 14 / 53



Properties table

Completeness | Soundness | S. expansion | S. reduction

ANJ =DQ
ALJ
AN-IMLL
AL-IMLL
R
AL-IMLL™

Completeness
Every head-normalizable term is non-trivially typable.
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Properties table

Completeness | Soundness | S. expansion | S. reduction

ANJ =DQ
ALJ
AN-IMLL
AL-IMLL
R
AL-IMLL™

Soundness
Every non-trivially typable term is head-normalizable.
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Properties table

Completeness | Soundness | S. expansion | S. reduction

ANJ =DQ
ALJ
AN-IMLL
AL-IMLL
R
AL-IMLL™

Subject expansion
Ifr t“Aandt - t-thenl t:A
Used for completeness
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Properties table

Completeness | Soundness | S. expansion | S. reduction

ANJ =DQ
ALJ
AN-IMLL
AL-IMLL
R
AL-IMLL™

Subject reduction
IfIr t:Aandt - tPthen” tHA
Stronger version for soundness
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Properties table

Completeness | Soundness | S. expansion | S. reduction

ANJ =DQ
ALJ
AN-IMLL
AL-IMLL
R
AL-IMLL™
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Properties table

Completeness | Soundness | S. expansion | S. reduction

ANJ =DQ
ALJ
AN-IMLL
AL-IMLL
R
AL-IMLL™
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Properties table

Completeness | Soundness | S. expansion | S. reduction
ANJ =DQ 1
ALJ
AN-IMLL
AL-IMLL
R
AL-IMLL™

Jean-Marie Madiot (ENS de Lyon, LIPN) Embedding intersection types into MLL 26 mai 2010 17 / 53



Properties table

Completeness | Soundness | S. expansion | S. reduction
ANJ =DQ 1 11 1 1
ALJ
AN-IMLL
AL-IMLL
R
AL-IMLL™
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Properties table

Completeness | Soundness | S. expansion | S. reduction
ANJ =DQ 1 11 1 1
ALJ
AN-IMLL
AL-IMLL
R
AL-IMLL™
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Properties table

Completeness | Soundness | S. expansion | S. reduction
ANJ =DQ 1 11 1 1
ALJ L1 L1 L1 L1
AN-IMLL
AL-IMLL
R
AL-IMLL™
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Properties table

Completeness | Soundness | S. expansion | S. reduction
ANJ =DQ 1 11 1 1
ALJ L1 L1 L1 L1
AN-IVLL T
AL-IMLL
R
AL-IMLL™
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Subject reduction in AN-IMLL

x(12)(x(12)) - xz(x(1z))
ax
x:D x:D z:C 1z:C 1
z:C,x:D x(lz):A (A BN a:Ab:A[B1ba:B
z:C,x:D=C (A1 (A CB)Y x(Uz)(x(z)):B

21:C,2,:C,x1:C CAX,:C CAT B1x2:(x2(z1)) : B
z::C,z:C,x:(C A1 (C AT B)Y xz1(x(1z1)): B
z:C C,x:(C A (C AT B) xz(x(lz)):B
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Properties table

Completeness | Soundness | S. expansion | S. reduction
ANJ =DQ 1 11 1 1
ALJ L1 L1 L1 L1
AN-IVLL =
AL-IMLL
R
AL-IMLL™
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Soundness

Theorem (Soundness)

If T an-me t: A and A is non trivial then t is head-normalizable.

Proof : Krivine’s realizability
m N = head-normalizable terms
m Nog={yu;...u,}

Lemma (Adequation)

If X1 : A1, ..., Xn i Ay an-mmeL t:Band iou; [[A,']] then
tlui/xa, ..., us/x,] A
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Properties table

Completeness | Soundness | S. expansion | S. reduction
ANJ =DQ 1 11 1 1
ALJ L1 L1 L1 L1
AN-IMLL IEER x
AL-IMLL
R
AL-IMLL™
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Properties table

Completeness | Soundness | S. expansion | S. reduction
ANJ =DQ 1 11 1 1
ALJ L1 L1 L1 L1
AN-IMLL =l x
AL-IMLL
R
AL-IMLL™
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Properties table

Completeness | Soundness | S. expansion | S. reduction
ANJ =DQ 1 11 —1 1
ALJ L1 L1 L1 L1
AN-IMLL 11 ? x

AL-IMLL
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from : Daniel de Carvalho
Origin : relational semantics of the linear logic

— aX
X A X:A

MNMx:A1,...x:A, t:B

r AXxt:A - A,,I:Bif\

r t:Ar -+ A, B A, u:A; i [1,n]
MA,...,\, tu:B

XHT

@n
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Properties of the system R

Theorem (Subject expansion)
fIr gtY:Aandt - tHthen T gt:A.

Proof sketch :
m induction on ™ T t™: A, following the structure of t.

m substitution lemma for the expansion :
If ¥ t[u/x]: A then there exists n, (B;), (A)),T s.t. :
o [ X:By,..., x:B, t:A
o A; u:B;foralli [1,n]
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Properties of the system R

Lemma (Typing head normal forms)

If t isin head normal form then T pt: A

Proof : ifviy#x

ax
y: 1 LA LCIT T ARBy:1 1 C1T 1 A1

@

y:l LA CIT L ARyuw...

Um—1 11 III@
0

y:il A LT L ARy ...

Up—1Um * A

yil Cod CLT AR Axp. y t3 ...

um -1 AT

y:il Cod CE AR A ... Axy. y Uy - . .

um 1 3 CIT A1

yi 1l EC CIT AR AIAXR . .. AXp. Yy U - ..

upm s 1 L C1I AT
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Properties of the system R

Lemma (Typing head normal forms)
If t isin head normal form then T pt: A

Proof : y=x

ax

@

i1l A CI T AR X1 1 C1T 1A

xi 11 ol AR X up ...y 01 A
X1l el LT AR X U] ... Up—1Um : A
X1l A CLT AR A xjup...um:1 LA

@o

A ANy X Ut l e A N
n=
FAXIAXD - - AXy X U -t ]l Ced O CT LA 1 LT LAl
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Properties table

Completeness | Soundness | S. expansion | S. reduction
ANJ =DQ 1 11 —1 1
ALJ L1 L1 L1 L1
AN-IMLL 11 ? x

AL-IMLL
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R AN-IMLL

Theorem (R AN-IMLL)
If r R t A then r N-IMLL t AQWhereAljfL the syntactic translation of A)

(R’s rules not directly provable in N-IMLL) Proof :
m simple induction on size(m)
m + lemma : If
n:lhx:Bg,...,x:B, gpt:Athen
m: Xy i By, ..., %, : B, ptEA
where t = tx/x1 ... X,]
and size (Y = size ()
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Properties table

Completeness | Soundness | S. expansion | S. reduction
ANJ =DQ 1 11 —1 1
ALJ L1 L1 L1 L1
AN-IMLL 11 ? x

AL-IMLL
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Properties table

Completeness | Soundness | S. expansion | S. reduction
ANJ =DQ 1 11 1 1
ALJ L1 L1 L1 L1
AN-IMLL 1 11 ? x
AL-IMLL
R 1
AL-IMLL™
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Properties of the system R

Theorem (Subject reduction)
IfIr gt:Aandt - tFthen t&: A,
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Properties of the system R

Theorem (Subject reduction)
IfIr gt:Aandt - tFthen t&: A,

Theorem (Subject head reduction)

Ifm:l gt:Aandt -, tPthen there exists mMsuch that :
it gtH A
s m(nY < m(n).
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Properties table

Completeness | Soundness | S. expansion | S. reduction
ANJ =DQ 1 11 1 1
ALJ L1 L1 L1 L1
AN-IMLL 1 11 ? x
AL-IMLL
R 1
AL-IMLL™

Jean-Marie Madiot (ENS de Lyon, LIPN)

Embedding intersection types into MLL

26 mai 2010

36 / 53



Properties table

Completeness | Soundness | S. expansion | S. reduction
ANJ =DQ 1 11 1 1
ALJ L1 L1 L1 L1
AN-IMLL 1 11 ? x
AL-IMLL
R 1 1 1 C(m)
AL-IMLL™
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N-IMLL=L-IMLL

Theorem (NL equivalence)

F v t:A=T e t:A

Proof.
rules provable in each other system preserving decoration
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Properties table

Completeness | Soundness | S. expansion | S. reduction
ANJ =DQ 1 11 1 1
ALJ L1 L1 L1 L1
AN-IMLL 1 11 ? x
AL-IMLL 1 11 ? x
R 1 1 1 C(m)
AL-IMLL™
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AL-IMLL

ax r oA Ax:ALU:C

XCADEA xH# A Caft/x]: C cut
. e
(BE1_rM
AT ATer - T xr T
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Properties table

Completeness | Soundness | S. expansion | S. reduction
ANJ =DQ 1 11 —1 1
ALJ L1 L1 L1 L1
AN-IMLL 1 11 ? x
AL-IMLL 1 11 ? x
R 1 1 1 C(m)

AL-IMLL
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Subject expansion

Theorem (Subject expansion)
Ifr t-Aandt - ttthenl t:A

Proof : separation lemmas + substitution lemma
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Completeness

Lemma (Typing HNF)

If tisin head normal formthen LA ' t: A

Theorem (Completeness of N-IMLLY
If t is head-normalizable then LA ' t: A
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Properties table

Completeness | Soundness | S. expansion | S. reduction
ANJ =DQ 1 11 —1 1
ALJ L1 L1 L1 L1
AN-IMLL 1 11 ? x
AL-IMLL 1 11 ? x
R 1 1 1 C(m)

AL-IMLL

Jean-Marie Madiot (ENS de Lyon, LIPN)

Embedding intersection types into MLL

26 mai 2010

44 / 53



Properties table

Completeness | Soundness | S. expansion | S. reduction
ANJ =DQ 1 11 —1 1
ALJ L1 L1 L1 L1
AN-IMLL 1 11 ? x
AL-IMLL 1 11 ? x
R 1 1 1
LML N
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Subject reduction

with this restriction on the LC_rule :

Theorem (Subject reduction)
Ifr t:Aandt - tSthen T t™ A

Proof :
m induction on t

m arrow lemma : If I CAk.t : A B dhen
Mx:ALLl:B

m tensor lemma : If I',x : A [BI1LTl: C then
Mx:Ax:B LIl C

m splitting lemma : If T [ A [Bland I is [=frée then
M L Aand I, [ B with T =T,

m application lemma :I' (Il : B and I, B is [=frée then
[Al T, (I A CBAand I, [: A
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Properties table

Completeness | Soundness | S. expansion | S. reduction
ANJ =DQ 1 11 —1 1
ALJ L1 L1 L1 L1
AN-IMLL 1 11 ? x
AL-IMLL 1 11 ? x
R 1 1 1
LML 1 I
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Properties table

Completeness | Soundness | S. expansion | S. reduction
ANJ =DQ 1 11 1 1
ALJ L1 L1 L1 L1
AN-IMLL 1 11 ? x
AL-IMLL 1 11 ? x
R - L(m) - L(m)
AL-IMLL™ 1 11 1 1
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Properties table

Completeness | Soundness | S. expansion | S. reduction
ANJ =DQ 1 11 1 1
ALJ 1 11 1 1
AN-IMLL 1 (I ? weaker ?
AL-IMLL 1 (I ? weaker ?
R - L(m) - L(m)
AL-IMLL™ 1 1(m?) 1 1

Weaker subject reduction
IfIr t:Aandt - tPthere exists tTsuch that :

u t0_ T
sl tTA
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Any question ?
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Realisability

(No, N) adapted
mNyo N
m Ng (N - Np)
m(No - N) N
m[A-B]={tla [A]jta [B]
| [[G]] = Np
m [A B]=[A]n[B]
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Definition
Trivial types are :
ml(Q)
m A LT {A - T)whereT is trivial
m T TET TY where both T and T Mare trivial
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Properties of the system R and pals

Properties (head normalization) :
m Subject reduction (with decreasing mesure)
m Soundness
m Subject expansion
m Completeness
Alternative systems :
m R\1 (terms without 1 in the typing relation)
- characterise the weakly normalizable terms

m R™R without the @ rule)
— characterise the strongly normalizable terms
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