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intersection-based types : used to catch computational behavior

(head, weak, strong normalizability)

Idempotence of [
ALAI=A

LL=11?

(A=B)= (A=< B) and (B =< A) where
m A< B means (Lfl: B -~ A) where t =g, Ax.x
m A< B means ([£l: X) (Il X[A/B])
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Main idea :
m A [Al= A (idempotent) [inkuitionistic conjunction (NJ’s D1
m A [CAIZ A (non idempotent) [tehsor (LL’s D)1

Jean-Marie Madiot (ENS de Lyon, LIPN) Embedding intersection types into MLL CONCERTO, June 10, 2010 3/55



Logic systems map

Natural deduction Sequent calculus
Intuistionistic NJ LJ
logic (DQ) (ALY)
Multiplicative N-IMLL L-IMLL
linear logic | AN-IMLL = MQ, R) | (AL-IMLL, AL-IMLL== MQD
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Properties table

Completeness | Soundness | S. expansion | S. reduction

DQxnay
ALJ
M Qow-mLL)
AL-IMLL
R
MQ I%L-lMLL O
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Properties table

Completeness | Soundness | S. expansion | S. reduction

DQxnay
ALJ
M Qow-mLL)
AL-IMLL
R
MQ I%L-lMLL O

Completeness
Every head-normalizable term is non-trivially typable.
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Properties table

Completeness | Soundness | S. expansion | S. reduction

DQxnay
ALJ
M Qow-mLL)
AL-IMLL
R
MQ I%L-lMLL O

Soundness
Every non-trivially typable term is head-normalizable.
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Properties table

Completeness | Soundness | S. expansion | S. reduction

DQpngy
ALJ
MQow-mLL
AL-IMLL
R
MQ AL MLy

Subject expansion
If r CeH: Aand t —p t“then T CE: A
Used for completeness
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Properties table

Completeness | Soundness | S. expansion | S. reduction

DQpngy
ALJ
MQow-mLL
AL-IMLL
R
MQ AL MLy

Subject reduction
If T CE: Aand t - t"then I CEH: A
Stronger version for soundness
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NJ (fragment -, [, T)

FALA =~ rco |
rALCB rCA-B LA
FCA- B r CB
rca rrAa r 4, C4p
raca L4 Le ]

Jean-Marie Madiot (ENS de Lyon, LIPN) Embedding intersection types into MLL CONCERTO, June 10, 2010



DQ : decoration of NJ

Fx AL A X rca v |
Mx:ALL:B . rCt:A- B FCu:A
rcaAk.t: A - B rCca: B
r e A I B r Ay 4
N £ A CH b It A terd
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DQ : decoration of NJ

ax

Mx:A L A ToaT !
Mnx:ALL:B . rCt:A- B FCu:A
FrAx.t:A- B ri:B

rCaA T LEB Mz Ay C4p

[ £l A Bl b I CE: A el

m Apart from Curry-Howard : some rules without constructor
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DQ : decoration of NJ

Fx AL A X rca v |
Mx:ALL:B . rCt:A- B FCu:A
rcaAk.t: A - B rCca: B
r e A I B r Ay 4
N £ A CH b It A terd

m Apart from Curry-Howard : some rules without constructor
m Not quite NJ : A - B - A [Blis provable in NJ but not in DQ
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DQ : decoration of NJ

Fx AL A X rca v |
Mx:ALL:B . rCt:A- B FCu:A
rcaAk.t: A - B rCca: B
r e A I B r Ay 4
N £ A CH b It A terd

m Apart from Curry-Howard : some rules without constructor
m Not quite NJ : A - B - A [Blis provable in NJ but not in DQ
m No structural rule for contraction and weakening

Jean-Marie Madiot (ENS de Lyon, LIPN) Embedding intersection types into MLL CONCERTO, June 10, 2010 7 /55



LJ (fragment -, [,T)

rCA rnALCH

——F ax

rACA R cut
MACE rca r.Bra
rca-B - F Ao BLCd -

r CA LB rALBLd
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ALJ : decoration of LJ

ax Mtk A Nx:ALd:B ;
Mx:ALx: A F Calt/x]: B cu
Nx:ALL: B Mzl A F,x:BI__uI:C_)L
FAkt:A-B - My A B Ciyt/x]: C

r £ A r £ B MNx:Ay:B Lkl C
e ALB el MNz:ALB Lfz/x,y]: C b
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Properties table

Completeness | Soundness S. reduction

S. expansion

DQxnay
ALJ
M Qow-mLL)
AL-IMLL
R
MQ I%L-lMLL O
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Properties table

Completeness | Soundness | S. expansion | S. reduction

DQxnay
ALJ
M Qow-mLL)
AL-IMLL
R
MQ I%L-lMLL O
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Properties table

Completeness | Soundness S. reduction

S. expansion

DQxnay
ALJ
M Qow-mLL)
AL-IMLL
R
MQ I%L-lMLL O
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Properties table

Completeness | Soundness | S. expansion | S. reduction
DQxnay L1
ALJ
M Qow-mLL)
AL-IMLL
R
MQ%L-IMLLL)_—'

Jean-Marie Madiot (ENS de Lyon, LIPN) Embedding intersection types into MLL CONCERTO, June 10, 2010 13/ 55



Properties table

Completeness | Soundness | S. expansion | S. reduction
DQwy) 1 1] 1 1
ALJ
M Qow-mLL)
AL-IMLL
R
MQ%L-IMLL[—)_—'
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Properties table

Completeness

Soundness

S. expansion

S. reduction

DQ iy

T

M Qow-mLL)

L1

LI 1

L1

L1

AL-IMLL

R

MQ %L-IMLL O
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Properties table

Completeness | Soundness | S. expansion | S. reduction
DQwy) 1 1] 1 1
ALJ L1 L1 L1 L1
M Qow-mLL)
AL-IMLL
R
MQ%L-IMLL[—)_—'
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Natural deduction for IMLL : N-IMLL
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MQ = AN-IMLL : decoration of N-IMLL

—_—ax
X:AFXA

— 1 fr-u:1 ALt:C 1
Ftil FAFt:C E
Mx:AFt:B rFt:ACB1 Abu:A
st ATEl FAFt: B te 1
r-t:A AFt:B rN-u:A®B Ax:Ay:BFt:C
X, YHNA
NnMAFt:AB Y rAFtu/x,y]l:C e
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MQ = AN-IMLL : decoration of N-IMLL

— aX
X:AEFEX:A
— 1 fr-u:1 ALt:C 1
Ftil FAFt:C E
Mx:AFt:B rFt:ACB1 Abu:A
st ATEl FAFt: B te 1
r-t:A AFt:B rN-u:A®B Ax:Ay:BFt:C
X, YHNA
NnMAFt:AB Y rAFtu/x,y]l:C e

m No structural rules : no weakening
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MQ = AN-IMLL : decoration of N-IMLL

— ax
X:AFXA

— 1 MFu:1l AFt:C 1
Ftil FAFt:C E
Mx:AFt:B rFt:ACB1 Abu:A
ot ATEI FAFt:B te 1
Frt:A AFt:B X VHA I’NFu:A®B Ax:Ay:BFt:C
MAFt:A®B Y M AFtu/x,y]:C :

m No structural rules : no weakening, multiplicative contexts

Jean-Marie Madiot (ENS de Lyon, LIPN) Embedding intersection types into MLL CONCERTO, June 10, 2010 18 / 55



MQ = AN-IMLL : decoration of N-IMLL

—_—ax
X:AFXA

— 1 MFu:1l AFt:C 1
Ftil FAFt:C :
Mx:AFt:B rFt:ACB1 Abu:A
ot ATEI FAFt: B te 1
r-t:A AFt:B rN-u:A®B AX:Ay:BFEt:C
X, YHNA
NnMAFt:AB Y rAFtu/x,y]l:C e

m No structural rules : no weakening, multiplicative contexts
m n occurences of the same variable :
o n=0 (erasing) : 1
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MQ = AN-IMLL : decoration of N-IMLL

—_—ax
X:AFXA

— 1 fr-u:1 ALt:C 1
Ftil FAFt:C E
Mx:AFt:B rFt:ACB1 Abu:A
st ATEl FAFt: B te 1
r-t:A AFt:B X VHA I’NFu:A®B Ax:Ay:BFt:C
NAFt:A®B Y rAFtu/x,y]l:C :

m No structural rules : no weakening, multiplicative contexts
m n occurences of the same variable :

o n=0 (erasing) : 1

@ n =2 (duplication) : g1
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MQ = AN-IMLL : decoration of N-IMLL

—_—ax
X:AFXA

— 1 fr-u:1 ALt:C 1
Ftil FAFt:C E
Mx:AFt:B rFt:ACB1 Abu:A
st ATEl FAFt: B te 1
r-t:A AFt:B rN-u:A®B AX:Ay:BFEt:C
X, YHNA
NnMAFt:AB Y rAFtu/x,y]l:C e

m No structural rules : no weakening, multiplicative contexts
m n occurences of the same variable :

o n=0 (erasing) : 1

o n =2 (duplication) : g1
m Still not quite IMLL : ThN-m: A BT _ATHBI

Jean-Marie Madiot (ENS de Lyon, LIPN) Embedding intersection types into MLL CONCERTO, June 10, 2010



Properties table

Completeness | Soundness | S. expansion | S. reduction
DQwy) 1 1] 1 1
ALJ L1 L1 L1 L1
Mo IS 2
AL-IMLL
R
MQ%L-IMLLL)_—'
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Subject reduction in AN-IMLL

x(Iz)(x(Iz)) - p xz(x(Iz))

x:D XD z:ClI.le:C =1
z:C,x:D X(Iz) : A (A B) a:Ab:A LCBIbh:B
z:C,x:D=C AIA B)) XIz)(x(Iz)) : B

Lel

z1 . C,ZZ : C,X]_ :C II"Z e mzl(XZ(IZZ)) B
z21:Cz: Cox: (C CAINC@ AT BIlxk(x(I1z)): B
z:CLOx:(C AN CAT BILxk(x(I2): B

ax, [g1
ax, L1
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Properties table

Completeness | Soundness | S. expansion | S. reduction
DQwy) 1 1] 1 1
ALJ L1 L1 L1 L1
Mo I I S
AL-IMLL
R
MQ%L-IMLLL)_—'
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Soundness

Theorem (Soundness)
IfT Gwlomue t: A and A is non trivial then t is head-normalizable.

Proof : Krivine’s realizability
m N = head-normalizable terms
m No={yur...un}

Lemma (Adequation)

Ifx1: A1, ..., : An GName t: B and Lk CIA; Cthen
tlur/x1, ..., un/xy] CLA; ]
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Properties table

Completeness | Soundness | S. expansion | S. reduction
DQwy) 1 1] 1 1
ALJ L1 L1 L1 L1
M Qow-mLL) _ %
AL-IMLL
R
MQ%L-IMLL[—)_—'
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Properties table

Completeness | Soundness | S. expansion | S. reduction
DQwy) 1 1] 1 1
ALJ L1 L1 L1 L1
M Qow-mLL) E %
AL-IMLL
R
MQ%L-IMLLL)_—'

Jean-Marie Madiot (ENS de Lyon, LIPN)

Embedding intersection types into MLL

CONCERTO, June 10, 2010

24 / 55



Properties table

Completeness | Soundness | S. expansion | S. reduction
DQwy) 1 1] 1 1
ALJ L1 L1 L1 L1
?
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The system R

from : Daniel de Carvalho

Origin : relational semantics of the linear logic
A A D

Mx:A1,...x: Ay 2

H ST Allzllzmljzf‘

MCek A 3 LAl B A L A i LT, n]
MA,...,Ay CH B

Jean-Marie Madiot (ENS de Lyon, LIPN) Embedding intersection types into MLL CONCERTO, June 10, 2010 26 / 55



Properties of the system R

Theorem (Subject expansion)
IFT Rt Aand t —p tBthen T [g @ A.

Proof sketch :
m induction on ™ I C£F: A, following the structure of t.
m substitution lemma for the expansion :
If >~ CfJu/x] : A then there exists n, (B;), (&), T s.t.:
o Lx:By,..., x:B, 1 A
o A\ [ul: B for all i T4, n]
o X =0,0,...,0
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Properties table

Completeness | Soundness | S. expansion | S. reduction
DQwy) 1 1] 1 1
ALJ L1 L1 L1 L1
?
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Properties of the system R

Lemma (Typing head normal forms)
If t is in head normal form then ' [g1t : A

Proof : iwoyex

ax

y:1 LA CITTATyED 1 1T A1

y:1l 34 CIT ALy, ...

@

Up—1 1 III@
o

y:l =34 CTLALyl,...

Un—1Um @ A

y:il L4 CTELALAK. YU ...

um 1 A

y:1l A CI L ATAK ... AXy. Y Uy ...

um 1 3 CTOT A1

y:1l - CT T ATAKIAX ... AXp- Y U ...

up o1 0 CIT1AT
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Properties of the system R

Lemma (Typing head normal forms)
If t is in head normal form then ' [g1t : A

Proof :  iy=x
ax
@o

Xl Cd CITrATX 1 - 1T 1A

Xi i1l C—=d CI T ALXU ... .Up—1:1 CA
Xji 01 C—1 CI T ATXlu...Up—1Um : A
i1l - CIT AT AKy. Xj Ug...um 1 AT

@o

[CAK) ... AXn. Xj Up...Um @1 [ LA
n=
CAKIAX) - . AXnXj Up ..U i1 Eoed (I —d CTEAIL -4 CTLAL

A

CONCERTO, June 10, 2010
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Properties table

Completeness | Soundness | S. expansion | S. reduction
DQwy) 1 1] 1 1
ALJ L1 L1 L1 L1
?
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R CAN-IMLL

Theorem (R [CAN-IMLL)
IfT [glt: Athenl v t: A

(R’s rules not directly provable in N-IMLL) Proof :
m simple induction on size(T)

m + lemma : If
m:l,x:By,...,x: By [gt: A then
M T,xg B, ..., xn: By DA
where t = tPx/xq ... xq]
and size(ny = size(1)
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Properties table

Completeness | Soundness | S. expansion | S. reduction
DQwy) 1 1] 1 1
ALJ L1 L1 L1 L1
?
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Properties table

Completeness | Soundness | S. expansion | S. reduction
DQwy) 1 1] 1 1
ALJ L1 L1 L1 L1
M Qon-mLL —1 (I | ? x
AL-IMLL
L1

R
MQ I%L-lMLL O
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Properties of the system R

Theorem (Subject reduction)
IfT [glt:Aandt g tYthen I CEF: A.
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Properties of the system R

Theorem (Subject reduction)
IfT [glt:Aandt g tYthen I CEF: A.

Theorem (Subject head reduction)

Ift T [Rdt: Aandt -y, tPthen there exists T such that :
m it T R A
m m(nY < m(n).
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Properties table

Completeness | Soundness | S. expansion | S. reduction
DQwy) 1 1] 1 1
ALJ L1 L1 L1 L1
M Qon-mLL —1 (I | ? x
AL-IMLL
L1

R
MQ I%L-lMLL O

Jean-Marie Madiot (ENS de Lyon, LIPN) Embedding intersection types into MLL CONCERTO, June 10, 2010 35755



L-IMLL : IMLL sequent calculus

ax rCA AALCA
ALCA FALCd cut
R
e e
O 1r %h
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AL-IMLL : decoration of L-IMLL

rt:A AX:AFuU:C

— aX
CAREX A XHT cut
x: X F,Al—u[t/x]:C !

Mx:AFt:B M-t:A LB AX:BlFu:C
X#T ’ Cr _Ix#A ’ [ 1
MN-xx.t:A CB1 rAy:A CBRulyt/x]:C
Fr=t:A A+-t:B MNMx:Ay:BrFt:C
® X, y#HI
NMAFt:A®B R y rz:A®BHkt[z/x,y]:C -
— 1R Mu:C
Ft:l Mx:1Fu:C L
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AL-IMLL : decoration of L-IMLL

rt:A AX:AFuU:C

— aX
CAREX A XHT cut
x: X F,Al—u[t/x]:C !

X:AFt:B r-t:A LB A x:Bru:C
X#T ’ L _Ix#A ’ [ 1
MN-xx.t:A CB1 rAy:A CBRulyt/x]:C
Fr=t:A A+-t:B Mx:Ay:BFt:C
& X, y#HI
NAFt:A®B R y rz:A®BFt[z/x,y]:C oL
— 1R Mu:C
Ft:l Mx:1Fu:C L

m contraction
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AL-IMLL : decoration of L-IMLL

rt:A AX:AFuU:C

— aX
CAREX A XHT cut
x: X F,Al—u[t/x]:C !

X:AFt:B r-t:A LB A x:Bru:C
X#T ’ Cr _Ix#A ’ [ 1
MN-xx.t:A CB1 rAy:A CBRulyt/x]:C
Fr=t:A A+-t:B MNMx:Ay:BrFt:C
& X, y#HI
NAFt:A®B R y z:A®BFtz/x,y]:C =
— 1R M~u:C
Ft:l Mx:1Fu:C L

m contraction
m Wweakening
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Properties table

Completeness | Soundness | S. expansion | S. reduction
DQwy) 1 1] 1 1
ALJ L1 L1 L1 L1
M Qon-mLL —1 (I | ? x
AL-IMLL
R 1 1 1 [(m)
MQ%L-IMLLL)_—'
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N-IMLL=L-IMLL

Theorem (NL equivalence)

Findve t:A =T L t: A

Proof.
rules provable in each other system preserving decoration
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Properties table

Completeness | Soundness | S. expansion | S. reduction
DQwy) 1 1] 1 1
ALJ L1 L1 L1 L1
M Qow-mLL) —1 11 ? %
AL-IMLL —1 11 ? x
R 1 1 1 C(m)
MQ%L-IMLL[—)_—'
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AL-IMLLY

Fr=t:A AX:AkFu:C
ax J
- - X#HT cut
XTAEXA FAFut/x]:C !
Nx:AFt:B r-t:A LB AXx:BFu:C
X#H ’ L _Ix#A ’ 1
MN-=Xxx.t:A B rAy:A CBRulyt/x]:C
B#l_-®.)
FrEt:A AFt1:B MHx:Ay:Brt:C
® X, yHT
NmMAFt:A®B R Y rz:A®BFt[z/x,y]:C -
1r Fu:C

rFt:1 1

Mx:1+u:C
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Properties table

Completeness | Soundness | S. expansion | S. reduction
DQwy) 1 1] 1 1
ALJ L1 L1 L1 L1
M Qow-mLL) —1 11 ? %
AL-IMLL 1 11 ? x
R 1 1 1 C(m)
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Subject expansion

Theorem (Subject expansion)

IfFT O£ A and t -8 tUthen T [CE: A

Proof by induction on t, using proof reversing and [=elimination
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Completeness

Theorem (Completeness of N-IMLLY’
If t is head-normalizable then [LJA I £l A

Lemma (Typing HNF)
If t is in head normal form then [CJA T £l A
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Properties table

Completeness | Soundness | S. expansion | S. reduction
DQwy) 1 1] 1 1
ALJ L1 L1 L1 L1
M Qow-mLL) —1 11 ? %
AL-IMLL 1 11 ? x
R 1 1 1 C(m)
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Properties table

Completeness | Soundness | S. expansion | S. reduction
DQwy) 1 1] 1 1
ALJ L1 L1 L1 L1
M Qow-mLL) —1 11 ? %
AL-IMLL 1 11 ? x
R L1 L1 L1
VOEETC— e
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Subject reduction

with this restriction on the L _rule :

Theorem (Subject reduction)

IfT Lt Aand t -3 tUthen T [CEH: A

Proof :

m induction on t about proof tree reversing and ® elimination
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Properties table

Completeness | Soundness | S. expansion | S. reduction
DQwy) 1 1] 1 1
ALJ L1 L1 L1 L1
M Qow-mLL) —1 11 ? %
AL-IMLL 1 11 ? x
R L1 L1 L1
VT — e
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Properties table

Completeness | Soundness | S. expansion | S. reduction
DQwy) 1 1] 1 1
ALJ L1 L1 L1 L1
M Qon-mLL —1 (I | ? x
AL-IMLL —1 11 ? x
R L1 L(m) L1 L(m)
MQ%L-IMLL[—)_—' 1 11 1 1
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Properties table

Completeness | Soundness | S. expansion | S. reduction
DQxng) 1 11 1 1
ALJ 1 (11 1 1
MQow-mLL 1 (I | ? weaker ?
AL-IMLL 1 11 ? weaker ?
R L] L(m) L1 L(m)
MQ AL m 1 I(m?) 1 1

Weaker subject reduction
If I CE: A and t —g tUthere exists tPsuch that :

[ | tmaﬁm
s 7 A
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Conclusion

= Soundness of MQ™{bound ?)
m Subject expansion for MQ

m Weaker subject reduction for MQ
If T C&l: Aand t —p tPthere exists t™such that :
° t/ _}* tl/
o FH:A
m MLL’s cuts for subject reduction
m: T £l A, it cut-free, A non trivial [£ih head normal form
+ MLL cut elimination

=+ link reduction to cut elimination

m Approximation lemma : ' Gpkerr A LT dnGvbe A
DQ - MQ CIWELL - IMLL
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Any question ?
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Realisability

(No, N) adapted
= Ng

= No (M - No)
s (No — N) CNI

@A - B[E {t|[AI[TAta CIBC]
@3 N
= [A (B (A4 (B
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Definition
Trivial types are :
ml(Q)
m A LT{A - T)where T is trivial
m 7 CTH(T 19 where both T and T are trivial
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Properties of the system R and pals

Properties (head normalization) :
m Subject reduction (with decreasing mesure)
m Soundness
m Subject expansion
m Completeness
Alternative systems :

m R\1 (terms without 1 in the typing relation)
- characterise the weakly normalizable terms

m R™R without the @ rule)
— characterise the strongly normalizable terms
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