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RIGID CHARACTER GROUPS, LUBIN-TATE
THEORY, AND (p,I)-MODULES

Laurent Berger, Peter Schneider, Bingyong Xie

Abstract. — The construction of the p-adic local Langlands correspondence for GLy(Q,)
uses in an essential way Fontaine’s theory of cyclotomic (i, I')-modules. Here cyclotomic
means that I' = Gal(Q,(1,)/Q,) is the Galois group of the cyclotomic extension of Q,,.
In order to generalize the p-adic local Langlands correspondence to GLg(L), where L is a
finite extension of Q,, it seems necessary to have at our disposal a theory of Lubin-Tate
(p,T')-modules. Such a generalization has been carried out to some extent, by working
over the p-adic open unit disk, endowed with the action of the endomorphisms of a Lubin-
Tate group. The main idea of our article is to carry out a Lubin-Tate generalization of
the theory of cyclotomic (¢, I')-modules in a different fashion. Instead of the p-adic open
unit disk, we work over a character variety, that parameterizes the locally L-analytic
characters on or. We study (¢, I")-modules in this setting, and relate some of them to
what was known previously.
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INTRODUCTION

The construction of the p-adic local Langlands correspondence for GL2(Q,) (see [Brel0],
[Col10], and [Ber11]) uses in an essential way Fontaine’s theory [Fon90] of cyclotomic
(p,')-modules. Here cyclotomic means that I' = Gal(Q,(pp~)/Q,) is the Galois group
of the cyclotomic extension of Q,. These (¢, I')-modules are modules over various rings
of power series (denoted by &, &', and %) that are constructed, by localizing and com-
pleting, from the ring Q, ®z, Z,[[X]] of bounded functions on the p-adic open unit disk
8. The Frobenius map ¢ and the action of I" on these rings come from the action of
the multiplicative monoid Z, \ {0} on 8. The relevance of these objects comes from the
following theorem (which combines results from [Fon90], [CC98], and [Ked05]). Let

GQp = Gal(Qp/Qp)

Theorem. — There is an equivalence of categories between the category of p-adic rep-

resentations of Gq, and the categories of étale (¢, I')-modules over either &, ET, or R.

In order to generalize the p-adic local Langlands correspondence to GLy(L), where
L is a finite extension of Q,, it seems necessary to have at our disposal a theory of
Lubin-Tate (¢, ')-modules, where Lubin-Tate means that I' is now the Galois group of
the field generated over L by the torsion points of a Lubin-Tate group LT attached to a
uniformizer of L. Such a generalization has been carried out to some extent (see [Fon90],
[KRO09], [FX13], [Ber16| and [Col16]). The resulting (¢, I')-modules are modules over
rings &,(B), & (B), and Z,(B) that are constructed from the ring of bounded analytic
functions on the rigid analytic open unit disk B, over L, with an oy, \ {0}-action given
by the endomorphisms of LT. If M is a (¢, ')-module over % (8), the action of I' is
differentiable, and we say that M is L-analytic if the derived action of Lie(T") is L-bilinear.

We can also define the notion of an L-analytic representation of G = Gal(Q,/L). In
this setting, the following results are known (see [KRO9] for (i) and [Ber16] for (ii)).
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Theorem. — (i) There is an equivalence of categories between the category of L-linear
continuous representations of G and the category of étale (¢, I")-modules over &(%8).
(7i) There is an equivalence of categories between the category of L-linear L-analytic

representations of G and the category of étale L-analytic (p,I")-modules over Zr(*B).

The main idea of our article is to carry out a Lubin-Tate generalization of the theory
of cyclotomic (¢, I")-modules in a different fashion. The open unit disk B ,q,, with its
Z, \ {0}-action, is naturally isomorphic to the space of locally Q,-analytic characters on
Z,. Indeed, if K is an extension of Q,, a point z € B(K) corresponds to the character
K, : a — (14 z)* and all K-valued continuous characters are of this form. In the
Lubin-Tate setting, there exists ([STO01]) a rigid analytic group variety X over L, whose
closed points in an extension K/L parameterize locally L-analytic characters op — K*.
The ring O%(X) of bounded analytic functions on X is endowed with an action of the
multiplicative monoid oy, \ {0}, and can also be localized and completed. This way we
get new analogs &,.(X), & (%), and 2, (%) of the rings on which the cyclotomic (p,T)-
modules are defined, and a corresponding theory of (¢, [')-modules.

Note that the varieties B/, and X are quite different. For instance, the ring O () of
rigid analytic functions on B, is isomorphic to the ring of power series in one variable
with coefficients in L converging on 6(C,), and is hence a Bezout ring (it is the same for
an ideal of Op(B) to be closed, finitely generated, or principal). If L # Q,, then in the
ring O (X) there is a finitely generated ideal that is not principal. It is still true, however,
that Op(X) is a Priifer ring (it is the same for an ideal of Op(X) to be closed, finitely
generated, or invertible). The beginning of our paper is therefore devoted to establishing
geometric properties of X, and the corresponding properties of &7 (X), &, g(%), and Z(X).

Although the varieties B, and X are not isomorphic, they become isomorphic over
C,. This gives rise to an isomorphism Zc,(B) = Zc,(X) (and likewise for & and &7;
the subscript —¢, denotes the extension of scalars from L to C,). In addition, there
is an action of G, on those rings and Z.(B) = Zc,(X)“:. There is also a “twisted”
action of G, and Z1(X) = Zc,(B)“+*. These isomorphisms make it possible to compare
the theories of (¢, I')-modules over Z(B) and Z(X), by extending scalars to C, and
descending. We construct two functors M — My and N +— Ng from the category of
(, I')-modules over Z,(8) to the category of (p,I')-modules over Z(X) and vice versa.

Theorem A. — The functors M — Mx and N — Ny from the category of L-analytic
(¢, I')-modules over Z1,(B) to the category of L-analytic (p,1")-modules over Zr(X) and

vice versa, are mutually inverse and give rise to equivalences of categories.
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Theorem B. — The functors M +— My and N — Ny preserve degrees, and give
equivalences of categories between the categories of étale objects on both sides. There is
an equivalence of categories between the category of L-linear L-analytic representations

of G, and the category of étale L-analytic (o, I")-modules over Zr,(X).

One way of constructing cyclotomic (¢, ')-modules over Z is to start from a filtered
¢p-module D, and to perform a modification of # ®q, D according to the filtration on
D (see [Ber08]). The generalization of this construction to %L (28) has been done in
[KRO09] and [Kis06]: They attach to every filtered ¢ -module D over L a (¢r,['1)-
module Mg (D) over Or(*B) (we can then extend scalars to % (8)). We carry out the

corresponding construction over O (X), and show the following.

Theorem C. — (i) The functor D — Mx(D) provides an equivalence of categories
between the category of filtered pr-modules over L and the category (defined in 3.39)
1\/Iod“/03§’rL’{‘m of (¢r,T'r)-modules M over Or(X).

(it) The functors D — Z1(B) @0, ) Mxs(D) and D — Z1(X) ®o, x) Mx(D) are

compatible with the equivalence of categories of Theorem A.

Working over X instead of B has several advantages. For example, the oy, \ {0}-action
on B depends on LT, and therefore on the choice of a uniformizer of o,. The o, \ {0}-
action on X, however, is canonical and does not depend on any choice.

In addition, there is a natural of, \ {0}-equivariant embedding oy [[oL]] = OL(X). The
(¢, I'p)-modules resulting from our constructions can therefore be used to construct some
representations of the Borel subgroup of GLy(L), by analogy with [Col10]. In particular,
the constructions of [Col16], which are carried out at the level of Z¢,(B) = Zc,(X),

can be descended canonically from C, to L.

Notations and preliminaries

Let Q, € L C K C C, be fields with L/Q, finite Galois and K complete. Let
d = [L : Q,], or, the ring of integers of L, and 7, € o, a fixed prime element. Let ¢ be
the cardinality of k;, := oy /7y, and let e be the ramification index of L. We always use
the absolute value | | on C, which is normalized by |p| = p~*.

For any locally L-analytic manifold M we let My denote M but viewed as a locally
Q,-analytic manifold.

For any rigid analytic variety ) over L, let Ok (%)) denote the ring of K-valued global

holomorphic functions on ). Suppose that ) is reduced. Then a function f € Ok (9)) is
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called bounded if there is a real constant C' > 0 such that |f(y)| < C for any rigid point
y € Y(Cp).

Remark. — Let A be an affinoid algebra over K whose base extension Ac, := A®kC,
is a reduced affinoid algebra over C,. Then A is reduced as well, and the corresponding
supremum norms || ||sup,x o0 A and || [[sup,c, on Ag, are characterized as being the
only power-multiplicative complete algebra norms on A and Ac,, respectively ((BGR84]
Lemma 3.8.3/3 and Thm. 6.2.4/1). It follows that || |lsup.c, 4= || [lsupk-

On the subring
O% () := {f € Ox(2) : f is bounded}

we have the supremum norm

[fllp = sup [f(y)l-

y€Y(Cp)

One checks that (O%(2), || |ly) is a Banach K-algebra.



CHAPTER 1

LUBIN-TATE THEORY AND THE CHARACTER
VARIETY

In this chapter, we recall the definition of the character variety X, which comes from
p-adic Fourier theory, and we prove some properties of the ring of functions on X. We
start with some general statements about the ring of functions on certain curves, then
recall what we need from p-adic Fourier theory, and finally study the action of oy, \ {0}
on Ok(X%).

1.1. Global functions on a one dimensional smooth quasi-Stein space

Let ) be a rigid analytic variety over K which is smooth, one dimensional, and quasi-
Stein. In this section we will establish the basic ring theoretic properties of the ring
Ok (). For simplicity we always will assume that Q) is connected in the sense that
Ok (9) is an integral domain. We recall that the quasi-Stein property means that )
has an admissible covering ) = U,, 2. by an increasing sequence 2); C ... C 9, C ...
of affinoid subdomains such that the restriction maps Ok (1) — Ok (Dn), for any
n > 1, have dense image.

An effective divisor on 2) is a function A : Y — Zso such that, for any affinoid
subdomain 3 C 9), the set {x € 3 : A(z) > 0} is finite. The support supp(A) := {z €
2 : A(x) > 0} of a divisor is always a countable subset of ). The set of effective divisors
is partially ordered by A < A’ if and only if A(x) < A’(x) for any = € ).

For simplicity let O denote the structure sheaf of the rigid variety 2) and O, its stalk
in a point z € 2 with maximal ideal m,. Since ) is smooth and one-dimensional every
O, is a discrete valuation ring. For any element 0 # f € Ok (2)) we define the function
div(f) : 9 — Z>o by div(f)(z) = n if and only if the germ of f in z is contained in

m?\ m? L

Lemma 1.1. — The function div(f) is a divisor.
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Proof. — Let Sp(A) C ) be any connected affinoid subdomain. Then Sp(A) is smooth
and one dimensional. Hence the affinoid algebra A is a Dedekind domain. But in a

Dedekind domain any nonzero element is contained in at most finitely many maximal
ideals. O

For any effective divisor A, we have the ideal

In:={f € Ox(P)\ {0} : div(f) = A} U{0} in Ok (D).
It also follows that for any nonzero ideal I C Ok(2)) we have the effective divisor
A(I)(x) := mingzer div(f)(x).
Being the projective limit O () = lim Ok (2,) of the Banach algebras O (2),), the
ring Ok () has a natural structure of a K-Fréchet algebra (which is independent of the
choice of the covering (9),,)n). In fact, Ok () is a Fréchet-Stein algebra in the sense of

[ST03]. Any closed ideal I C Ok(9)) is the space of global sections of a unique coherent
ideal sheaf I C O. Let fx C O, denote the stalk of I in the point z.

Lemma 1.2. — For any closed ideal I C Ok () and any point v € ) the map I —
fx/mmfz induced by passing to the germ in x is surjective, continuous, and open, if we
equip the finite dimensional K-vector space .E/t’rtgjr with its unique Hausdorff vector

space topology.

Proof. — Let Sp(A) = 2, € 2 be such that it contains the point z, and let m C A
be the maximal ideal of functions vanishing in z. By [BGR84| Prop. 7.3.2/3 we have
Al /mAI = I, /mxfx. The continuity of the map in question follows since the restriction
map [ — AI is continuous and any ideal in the Banach algebra A is closed ([BGR84]
Prop. 6.1.1/3). Moreover, Theorem A for the quasi-Stein space %) says that the map
I — AI has dense image (cf. [ST03] Thm. in §3, Cor. 3.1, and Remark 3.2) which
implies the asserted surjectivity. The openness then follows from the uniqueness of the

Hausdorff topology on a finite dimensional vector space. O]

Lemma 1.3. — Let I C Ok() be any nonzero closed ideal and let Z C ) be any
countable subset disjoint from supp(A(I)); then there exists a function f € I such that

A(I)(z) if x € supp(A(T)),

div(f)(@) = {0 ifreZ.

Proof. — It follows from Lemma 1.2 that V(z) := I \ m,I,, for any point = € ), is an

open subset of 1. It is even dense in I: On the one hand, the complement I\ V(x) of its

closure, being contained in m,I,, projects into the subset {0} C I, /mxfm. On the other
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hand, by Lemma 1.2, the image of the open set I\ V(z) is open in fx/mxfx. But I being
nonzero the vector space I /m,I, is one dimensional so that the subset {0} is not open.
Hence we must have V(z) = I.

The topology of I being complete and metrizable, the Baire category theorem implies
that, for any countable number of points z the intersection of the corresponding V()
still is dense in I and, in particular, is nonempty. Since V(z) = {f € I : div(f)(z) =

A(I)(z)}, any f € Nyesupp(a(nuz V() satisfies the assertion. O

Proposition 1.4. — The map A —— Ix is an order reversing bijection between the
set of all effective divisors on %) and the set of all nonzero closed ideals in Ok (). The
inverse is given by I — A(I).

Proof. — The map I —— Tisa bijection between the set of all nonzero closed ideals and
the set of all nonzero coherent ideal sheaves in O. Let 9),, = Sp(A,,). Then a coherent
ideal sheaf 7 is the same as a sequence (I,),>1 where [,, is an ideal in A, such that
I,1A, = I, for any n > 1 the bijection being given by Z —— (Z(Sp(A,)),. On the
other hand, an effective divisor on ) is the same as a sequence (A,),>1 where A, is an
effective divisor supported on Sp(A4,) such that A, ;| Sp(4,) = A, for any n > 1. Since
IA = @n IA|sp(4,) this reduces the asserted bijection to the case of the affinoid varieties
Sp(A,). But each A, is a Dedekind ring for which the bijection between nonzero ideals
and effective divisors is well known. The description of the inverse bijection follows from

Lemma 1.2 which implies that

goin div(f)(z) = min  div(f)(z),

provided = € Sp(A,,). ]

Lemma 1.5. — Any finitely generated submodule of a finitely generated and free Ok (2))-

module s closed.

Proof. — Note that any finitely generated free Ok (2))-module carries the product topol-
ogy which is easily seen to be independent of the choice of a basis. Our assertion is a
general fact about Fréchet-Stein algebras (cf. [ST03] Cor. 3.4.iv and Lemma 3.6). O]

Proposition 1.6. — An ideal I C Ok () is closed if and only it is finitely generated.

Proof. — If I is finitely generated then it is closed by the previous Lemma 1.5. Suppose
therefore that I is closed. We apply Lemma 1.3 twice, first to obtain a function f € I
such that div(f) = A(I)+A; with supp(A(Z))Nsupp(A;) = () and then to obtain another
function g € I such that div(g) = A(I)+ Ay with (supp(A(I))Usupp(Al)) Nsupp(Asg) =
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(). By the first part of the assertion the ideal (f, g) is closed. Its divisor, by construction,

must be equal to A([). It follows that I = (f, g). O
Proposition 1.7. — A nonzero ideal I C Ok () is closed if and only it is invertible.
Proof. — In any ring invertible ideals are finitely generated. Hence [ is closed if it

is invertible by Prop. 1.6. Now assume that I # 0 is closed. Again by 1.6 we have
I = (g1,...,9m) for appropriate functions g;. Fix any nonzero function f € I. Then
div(f) — A(I) is an effective divisor and the closed ideal J := Igiy(s)—a(r) is defined. Then
1J =73, 9;J. Using once more 1.6 we see that J and therefore all the ideals g;.J as well as
>; giJ are finitely generated and hence closed. We have A(g;J) = div(f) —A(I)+div(g;),

and we conclude that
A(D " g:J) =min A(g;J) = min(div(f) — A(L) + div(g;))

=div(f) — A(I) + min div(g;) = div(f) — A(I) + A(J)

= div(f) .
This implies IJ = (f) and then I(f~'J) = (1) which shows that I is invertible. O
Corollary 1.8. — The ring Ok () is a Prifer domain. In particular, we have:

a) Ok (9) is a coherent ring;
b) an Ok ()-module is flat if and only if it is torsionfree;
¢) any finitely generated torsionfree Ok (Q))-module is projective;
d) any finitely generated projective Ok (2))-module is isomorphic to a direct sum of

(finitely generated) ideals.

Proof. — See [FS01] Thm. II1.1.1 for the main assertion, Example IV.2.2 for a), Thm.
VI.9.10 for b), and Thm. V.2.7 for ¢) and d). The assertion d) can also be found in
[CE99] Prop. 1.6.1. O

Lemma 1.9. — Any closed submodule of a finitely generated projective O ())-module

is finitely generated projective.

Proof. — Because of Lemma 1.5 we may assume that P is a closed submodule of some
free module Ok (Q))™. We now prove the assertion by induction with respect to m. For

m = 1 this is Prop. 1.6 and Cor. 1.8. In general we consider the exact sequence

0— PNOKQ)™" ' — P Ok (D) .
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By the induction hypothesis the left term is finitely generated projective. On the other
hand, by [STO03] Cor. 3.4.ii and Lemma 3.6 the image of pr,, is closed and therefore
finitely generated projective as well (by the case m = 1). O

In fact, Ok (9) is a Priifer domain of a special kind. We recall that a Priifer domain
R is called a 1% generator Priifer domain if for any nonzero finitely generated ideal I of

R and any 0 # f € I, there exists another element g € I such that f and g generate [.
Proposition 1.10. — The ring Ok () is a 1% generator Priifer domain.

Proof. — Let I C Og(2) be an arbitrary nonzero finitely generated ideal and 0 # f € [
be any element. Our assertion, by definition, amounts to the claim that there exists
another element g € I such that f and g generate I.

As before, let I C O be the coherent ideal sheaf corresponding to I. By Thm. B we
have (O/1)(2) = Ox()/I. According to [BGR84] Prop. 9.5.3/3 the quotient sheaf
O/I is (the direct image of) the structure sheaf of a (in general nonreduced) structure
of a rigid analytic variety on the analytic subset supp(A(7)) of ). But topologically,
supp(A(1)) is a discrete set. We deduce that

Ox(D)/1 = (0/D)(Y) = [] Op/mz V).
)
We now repeat the corresponding observation for the principal ideal J := fOg(9)). By
comparing the two computations we obtain
1/f0x(Q) = T[] mp®@ /mf0@ € T 0, /m D = Ok (D)/0x (D) -
z€Q) z€9)
This shows that for g, we may take any function in I whose germ generates the space
m2 @) fmdv(N@) for any 2 € Ox (D). O

Corollary 1.11. —

i. If I C Ok() is any nonzero finitely generated ideal, then in the factor ring
Ox()/I every finitely generated ideal is principal.
ii. For any two nonzero finitely generated ideals I and J in Ok () we have an isomor-

phism of Ok ()-modules I & J = Ok () & 1J.

Proof. — i. This is immediate from the 1% generator property. ii. Because of i. this is
[Kap52] Thm. 2(a). O

We also recall the following facts about coherent modules on a quasi-Stein space, which

will be used, sometimes implicitly, over and over again.
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Fact 1.12. — If9M is a coherent O-module sheaf on ) and M :=M(Y), then:

i. For any open affinoid subvariety 3 C Q) we have M(3) = O(3) @0 ) M;
ii. for any point x € ) the stalk of M in x is M, = Op Qo () M;
iii. 9% = 0 if and only if M = 0 if and only if M, = 0 for any point x;
iv. if M is a finitely generated projective O (2))-module then

M(3) = O(3) o,y M

for any admissible open subvariety 3 C Q).

Proof. — i. By the quasi-Stein property the claim holds true for any 3 = 9),, (cf. [ST03]

Cor. 3.1). A general open affinoid 3 is contained in some %),,, and we have

M(3) = O(3) @0k @) M(Yn)E
= 0(3) ®0x@.) (O (Dn) R0y @) M)
0(3) ROk () M

(using [BGR84] Prop. 9.4.2/1 for the first identity). ii. This follows immediately from
i. by passing to the direct limit. iii. Use [BGR&84] Cor. 9.4.2/7. iv. Choose admissible
affinoid coverings 3 = U; 3; and 3,13, = Uy 3ij¢. The sheaf axiom gives the upper exact
sequence

00— M(3) IL, 9m(3:) Hi,j,e M(3i,j,)

o 4

0—=0(3) @0k M —=11:(03:) ®o (@) M) —11; ;,(O3i,) ®or () M).

Since the tensor product by a finitely generated projective module is exact and commutes
with arbitrary direct products the lower sequence is exact as well. The middle and the

right arrow are bijective by i. So the first arrow must be bijective as well. [

Proposition 1.13. — The global section functor MM —— M(Q) induces an equivalence
of categories between the category of locally free coherent O-module sheaves on %) and the

category of finitely generated projective O (2))-modules.

Proof. — This is a special case of [Gru68] Thm. V.1 and subsequent Remark. O

1.2. The variety X and the ring Ok (X)

Let G := oy, denote the additive group oy, viewed as a locally L-analytic group. The

~

group of K-valued locally analytic characters of G is denoted by G(K).
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We have the bijection
(1.1) B,(K) @z, Homg, (or, Z,) — Go(K)
2@ B — Xa8(g) = ~B(9)
where B, is the rigid Qp-analytic open disk of radius one around the point 1 € Q,. The
rigid analytic group variety
Xy := By ®z, Homg (0, Z,)
over Q, (noncanonically a d-dimensional open unit polydisk) satisfies Xo(K) = Xo,1(K) =

Go(K) and therefore “represents the character group Gy’ It is shown in [STO01] §2 that,

if t1,...,tq4 is a Zy-basis of oy, then the equations

(B(ti) —t;- B(1)) -log(z) =0  for1<i<d
define a one dimensional rigid analytic subgroup X in Xy, which “represents the character

group G”

Remark 1.14. — Even more explicitly, if we use the basis 1, ..., B4 dual to ¢; in order
to identify Xy with B¢, then X identifies with

1
{(21,...,24) € B, : ZBJ )log(z;) 'log(z,-) for 1 <7 <d}

={(z1,...,2q) € %(f/L :log(z;) = Zlog(zl) for 1 <i<d}.
In particular, restriction of functions induces a surjective homomorphism of rings
Ok (Xg) — Ok (%)
which further restricts to a ring homomorphism
O (Xo) — Ok (%) .
There is the following simple, but remarkable fact.
Lemma 1.15. — The restriction map O%(Xo) — O%(X) is injective.

Proof. — By Fourier theory (cf. [ST01] and [Sch06a] App. A.6) the vector space O (X)
is the continuous dual of the locally convex vector space of locally L-analytic functions
C™(G, K) whereas O%(X,) is the continuous dual of the K-Banach space C°"(G, K)
of all continuous functions on G. It therefore suffices to show that C**(G, K) is dense in
C"(G, K). In fact, already the vector space C°(G, K) of all locally constant functions,
which obviously are locally L-analytic, is dense in C®™ (G, K). This is a well known

fact about functions on compact totally disconnected groups. Let ¢ > 0 be any positive
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constant and f € C°"(G, K) be any function. By continuity of f we find for any point
x € G an open neighbourhood U, C G such that |f(y) — f(x)| < e for any y € U,. The
covering (U,), of G can be refined into a finite disjoint open covering G = ViU ... UV,,.
Pick points z; € V; and define the locally constant function f. by requiring that f.|V;
has constant value f(z;). Then ||f — fe|| < € in the sup-norm of the Banach space
C"(G, K). O

For any r € (0,1) N pQ we let B (r), resp. B(r), denote the Q,-affinoid disk of radius
r around 1, resp. around 0, and we put X(r) := X N (B1(r) ®z, Homg, (or,Z,))/r. In
fact, each X(r) is an affinoid subgroup of X. For small r its structure is rather simple.

By [STO01] Lemma 2.1 we have the cartesian diagram of rigid L-analytic varieties

X é‘ %1 (%9 HOHIZP(OL, Zp)

dl llog@id

-
Al — Al &® HOInzp (OL, Zp)

where d is the morphism which sends a locally analytic character x of oy, to its derivative
dx(1) = 4x(t)|,_, and where the lower horizontal arrow is the map a — Y%, at; ® f3;
with fi,..., 84 being the basis dual to ti,...,t;. Consider any r < p_p%l. Then the
logarithm restricts to an isomorphism B4 (r) = B(r) with inverse the exponential map.

The above diagram restricts to the cartesian diagram with vertical isomorphisms

X(r =, B, (r) ® Homz, (or, Zp)

|

B(r) <. B(r) ® Homg, (o, Zy).

~—

R

Nilog@id

Lemma 1.16. — For anyr € (O,p_ﬁ) N pQ the map

B(r) — X(r)

y — Xy(9) = exp(gy)

is an isomorphism of L-affinoid groups.

Proof. — Obviously we have x, € X(r) and dx,(1) = y. Hence the map under consider-

ation is the inverse of the isomorphism d in the above diagram. O
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1.3. The LT-isomorphism

Let LT = LT, be the Lubin-Tate formal o;-module over o; corresponding to the
prime element 77. If B denotes the rigid Q,-analytic open disk of radius one around
0 € Qp, then we always identify LT with 95,7, which makes the rigid variety 95,7, into an
or-module object and which gives us a global coordinate Z on LT. The resulting oz-action
on B, denoted by (a,z) — [a](2) is given by formal power series [a](Z) € or[[Z]]. In
this way, in particular, the multiplicative monoid oy, \ {0} acts on the rigid group variety
B,. For any r € (0,1) N p? the L-affinoid disk B(r),;, of radius r around zero is an
or-submodule object of B .

Let T be the Tate module of LT. Then T is a free or-module of rank one, and the
action of Gal(L/L) on T is given by a continuous character xrr : Gal(L/L) — o} . Let
T’ denote the Tate module of the p-divisible group dual to LT, which again is a free
or-module of rank one. The Galois action on 7" is given by the continuous character

T = Xeye - X711, Where Xeye 18 the cyclotomic character.

Remark 1.17. — We always normalize the isomorphism of local class field theory by
letting a prime element correspond to a geometric Frobenius. Then, by [Ser98| I11.A4

Prop. 4, the character xr coincides with the character

~

Gal(L/L) — Gal(L/L)™ = L* = o} x n% 2 0% .
in particular, Ny q, © X1 = Xeye if and only if Ny q, (71) € p?.

The ring O (B) is the ring of all formal power series in Z with coefficients in K which
converge on B(C,). In terms of formal power series the induced or, \ {0}-action on Ok (B)
is given by (a, F') — F o [a]. We define

Zi(B) = Ox(B\ B(r))

which is the ring of all formal series F\(Z) = > ,,cz a,Z", a, € K, which are convergent
in (B \ B(r))(C,) for some r < 1 depending on F'. It follows from [STO1] Lemma 3.2
that the o \ {0}-action on Ok (B) extends to Zk(*B).

By the maximum modulus principle (cf. [Sch06a] Thm. 42.3(i)) O%(B) is the ring of
all formal power series F(Z) = 3,50 a,Z", a, € K, such that sup, - [a,| < oo, and the
supremum norm satisfies

[Flls = sup [F(z)] = sup|an| .

2€B(Cyp) n>0
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The norm || || is known to be multiplicative (cf. [vVR78] Lemma 6.40). We define
Ex(B) = Ok(B\ B(r)
and
| F[[y = ll_fg HFH%\%(T)
for F' € éf((%) Using the maximum modulus principle for affinoid annuli one shows
that an element in Zk (B) written as a formal Laurent series F\(Z) = Y, cz a,Z" lies in
&L (B) if and only if sup,cz |an| < oo and that, in this case, |[F; = sup,eg |an| < 0.
Since || F||; = lim, 1 ||F||, is the limit of the multiplicative norms || F||, := sup,,cgz |an|r"
we see that || [|; is a multiplicative norm. We now let
& (B) := completion of & (B) with respect to || ||,
and
& (B) = {F € 6x(B) : ||F|. <1} .
Again by [STO01] Lemma 3.2 the o, \ {0}-action on O%(B) extends to a || ||;-isometric
action on & (B) which respects the subrings &-(B) and &'(B).

Lemma 1.18. — The ring &Ex(B) is the ring of formal series F(Z) = Y ,cz anZ™,
a, € K, such that sup, ez |a,| < oo and lim,,_o a, = 0, and || F||1 = sup,cz |a.| is a

multiplicative norm.

Proof. — This is well known. See a formal argument, for example, in the proof of
[Sch06b] Lemma 10.4. O

Remark 1.19. — Suppose that K is discretely valued. Then & (B) and & (B) are
fields. (Cf. [Sch06b] §§9-10 for detailed proofs.) This is no longer the case in general.

By Cartier duality, 7" is the group of homomorphisms of formal groups over oc, from
LT to the formal multiplicative group. This gives rise to a Galois equivariant and oy-
invariant pairing

(,): T ®,, B(C,) — B1(C,) .
We fix a generator t{, of the or-module 7. Thm. 3.6 in [STO01] constructs an isomorphism
KB /Cp i X /Cp
of rigid group varieties over C,, which on C,-points is given by
%(CP) — %(Cp) = G(Cp)
2+ ka(g) = (t, [9](2)) -
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In fact, we need a more precise statement. We define
R, = pQ N [pfq/e(qfl),pfl/e(qfl))l/q”’ for n > 0.
Note that these sets are pairwise disjoint; any sequence (r,,),>o with 7, € R,, converges
to 1. We also put w := p'/ela=D-1/(p=1)
Sy = Row = pQ N [pfl/efl/(pfl),pfl/(pfl)) C pQ N [pfp/(pfl)jpfl/(pfl)) 7

and S, = Sé/ P for n > 0. Again these latter sets are pairwise disjoint such that any

sequence (s,),>0 with s, € S, converges to 1. The map
S, — R,
§ s H/PIT ymP

for any n > 0, is an order preserving bijection.

Proposition 1.20. — For any n > 0 and any s € S, the isomorphism k restricts to

an isomorphism of affinoid group varieties

R BTG 6, =5 X(s) 0

L -
Proof. — Although formally not stated there in this generality, the proof is completely

contained in [STO01] Thm. 3.6 and App. Thm. part (c). We briefly recall the argument.
We have:

— For any 7 € Ry the map [p"] : B(r/4™) = [p"]"1(B(r)) — B(r) is a finite etale
affinoid map ([STO01] Lemma 3.2).

— For any s € Sy the map p" : X(s/P") = (p")~1(X(s)) — X(s) is a finite etale
affinoid map ([STO01] Lemma 3.3).

— For any r € p@ N (0,p~/¢@=1) the map & restricts to a rigid isomorphism

B(r),c, — X(rw)c,
([ST01] Lemma 3.4 and proof of Lemma 3.5).
Exactly as in the proof of [ST01] Thm. 3.6 it follows from these three facts that the

horizontal arrows in the commutative diagram
B(rt") o, —= X((rw)"") sc,
[/P"]l J{p”
B(r),c, u X(rw),c,,

are rigid isomorphisms for any n > 0 and r € Ry. It remains to observe that, if s =

(rw)Y/?" | then r/a™" = /P77 = 1/p" O
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Remark 1.21. — If L/Q, is unramified then U,>q R, = p@N[p~7“~Y 1) and U,>o Sn =
pRN[p~?/P=1 1), Hence in this case X(s),c,, for any radius s € p2N (0, 1), is isomorphic

via k to an affinoid disk.
In the following we use the notation
SBn = %(p_l/e(q_l)qen_l) and :{Tl = x(p_(l"’_e/(p_l))/epn),

for any n > 1M); the two radii are the left boundary points of the sets R, and S,,

respectively, and they correspond to each other under the above bijection. From now

on we treat s as an identification and view both Ok (X) and Ok (8) as subalgebras of

Oc,(B). The standard action of the Galois group G := Gal(K/K) on Oc,(B) is given

by (0,F) — °F := 0o Foo™' (in terms of power series F = Y,50a,Z" we have

TF =3 ,500(a,)Z"), and Ok (B) is the corresponding ring of Galois fixed elements
Ok(B) = O, (B)°* .

The latter is a special case of the following general principle.

Remark 1.22. — For any quasi-separated rigid analytic variety ) over K we have

Ok(9) = Oc, ().

Proof. — See [STO01] p. 463 observing that CgK = K by the Ax-Sen-Tate theorem
([Ax70] or [Tat67]). O

As explained before and in [STO01] Cor. 3.8 the twisted Galois action on Oc,(B) is
given by (0, F) — 7*F = (“F)([t(c71)](*)) (recall that T = Xy - Xr) and we have

(1.2) OK(:{) = Ocp(%)GK’* .

Obviously we also have Obcp(%) = Og, (B) (isometrically). The twisted Galois action on

O%p(%) is by isometries, and we have
(1.3) Ok(X) = O, (B)“<* .

Corollary 1.23. — For any n > 1, the norms || ||x on O%(X) and || ||x, on Ok (X,)

are multiplicative.

Proof. — Because of (1.3) the multiplicativity of || || implies the multiplicativity of || ||x.
y Yy

In view of Prop. 1.20 the argument for the || ||x, is exactly analogous. O
Corollary 1.24. — We have Og(X)* = 0% (X)*.

(W Everything which follows also works for n = 0. We avoid this case only since the symbol X, already
has a different meaning.
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Proof. — For any fixed f € Og(X) the supremum norms || f||x¢) on the affinoids X(r)
form a function in r which is monotonously increasing. If f is a unit this applies to f~! as
well. In Cor. 1.23 we have seen that there is a sequence r; < ... <r, < ... converging to
1 such that the norms || ||x(,,) are multiplicative. It follows that the sequence (|| f||x(,))n
at the same time is monotonously increasing and decreasing. Hence it is constant which
shows that f and f~! are bounded. O

Lemma 1.25. — For any n > 1 we have
Og(X\ X,) = Oc, (B \ B,)95* andE O% (X\ X,,) = O%p(‘B \ B,,)Cx*,
Proof. — As a consequence of Prop. 1.20 the isomorphism « restricts to isomorphisms
(B\Bn)se, — (X\Xn)sc,

On the other hand every unit a € of with 28,,/;, also preserves the admissible open subset
(B\B,,),. Hence the twisted Galois action on Oc, (B\B,,) is well defined. The assertion

now follows in the same way as (1.2). O

1.4. The monoid action on Ok (X)

The rigid variety X is smooth and one-dimensional by [ST01] paragraph before Lemma
2.4. As a closed subvariety of an open polydisk X,k is quasi-Stein. By [ST01] Cor. 3.7
the ring Ok (X) is an integral domain. Therefore X,k satisfies the assumptions of section
1.1. Hence the ring Ok (X) has all the properties which we have established in section
1.1 (and which were listed, without proof, at the end of section 3 in [ST01]).

For any a € of, the map g — ag on G is locally L-analytic. This induces an action
of the multiplicative monoid oy, \ {0} on the vector spaces of locally analytic functions
C(G,K) C C(Gy, K) given by f +— a*(f)(g) := f(ag). Obviously, with y € G(K),
resp. € Go(K), also a*(y) is a character in G(K), resp. in Go(K). In this way we obtain
actions of the ring oy, on these groups. It is clear that under the bijection (1.1) the action
on the target, which we just have defined, corresponds to the obvious og-action on the
second factor of the tensor product in the source. This shows that the action on character
groups in fact comes from an op-action on the rigid character varieties Xy and X which,
moreover, respects each of the affinoid subgroups X(r). Moreover, from these actions on
character varieties we obtain translation actions by the multiplicative monoid oy, \ {0}
on the corresponding rings of global holomorphic functions, which will be denoted by
(a, f) — a.(f). Note also that these actions respect the respective subrings of bounded

holomorphic functions.
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Observing that k) = a*(k.) one checks that the isomorphism x : B¢, =, X/c,
from section 1.3 is equivariant for the or-action on both sides. It follows that our identi-

fication
OCP(%) = (’)cp(%) ,

induced by k, is equivariant for the action of the monoid of \ {0}. The latter also
commutes with both, the standard and the twisted, Galois actions.

Traditionally one thinks of an oy, \ {0}-action as an action of the multiplicative group

[y := o] together with a commuting endomorphism ¢ which represents the action of
Tr,.
Lemma 1.26. —

i. The ring homomorphism ¢, : Og(X) — Ok (X) makes Ok (X) a free module over
itself of rank equal to the cardinality of the residue field op /7oy .
ii. The ring homomorphism v, : Og(X) — Ok (X) is unramified at every point of
;{/K'@)
iii. For any 0 # f € Ok(X) and any point x € X, we have

div(p(f))(z) = div(f)(rL(z)) -

Proof. — i. This is most easily seen by using the Fourier isomorphism which reduces the
claim to the corresponding statement about the distribution algebra D(op, K). But here
the ring homomorphism ¢, visibly induces an isomorphism between D(oy, K) and the
subalgebra D(mpor, K) of D(or, K). Let R C o, denote a set of representatives for the
cosets in oy, /mror. Then the Dirac distributions {d,}4er form a basis of D(or, K) as a
D(mpor, K)-module.

ii. Since a power of ¢ times an appropriate automorphism is equal to p, it suffices
to show that the latter homomorphism is everywhere unramified. But X is a closed
subvariety of Xy = B¢, Hence it further suffices to observe that the endomorphism of
O (Xy) induced by the pth power map (z1, ..., 2q) — (27,...,2%) on B is everywhere
unramified, which is clear.

iii. This follows immediately from the second assertion. [

(2)For a torsion point x the subsequent Lemma 1.28.i, which says that m, = logy O, allows the following
elementary argument. Using assertion ii. of the same lemma we have

goL(mﬂz(I))Om = @L(logx)oz =T log% O, =m, .
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The Lie algebra g = L of the locally L-analytic group G = oy, embeds L-linearly into
the distribution algebra D(G, K) via
g — D(G,K)
v 0(f) = (=2(f))(0) -
Composing this with the Fourier isomorphism in [STO01] Thm. 2.3 we obtain the embed-
ding
g — Ok(X)
t— 2 0(Xa) = dxa(¥)]
where we denote by x, the locally L-analytic character of G' corresponding to the point

x (cf. [STO1] §2).

Definition 1.27. — Let logy € OL(X) denote the holomorphic function which is the
image of 1 € g = L under the above embedding.

Using (1.1) we compute

dX:0p(1) =log(z) - B(1) = log(z"") = log(x.es(1)),
and we obtain the formula
logx(z) = log(x.(1)) .

We see that the set of zeros of logy coincides with the torsion subgroup of X.

Lemma 1.28. —

i. All zeros of logy are simple.

ii. For any a € oy, we have a,(logy) = a - logy.

Proof. — i. By the commutative diagram after Lemma 3.4 in [ST01] the function log
corresponds under the LT-isomorphism  to the function 2 log, ;. The simplicity of the
zeros of the Lubin-Tate logarithm log; ;- is well known.

ii. The locally analytic endomorphism g — ag of G = oy, induces on the Lie algebra
g the multiplication by the scalar a. On the other hand, the map ¢ — D(G, L) is

functorial in G. Hence we have g = a.(d;). O






CHAPTER 2

THE BOUNDARY OF X AND (¢;,I'1)-MODULES

In this chapter, we define the analogue for X of the Robba ring, and carefully study

the action of oy, \ {0} on it. This allows us to define (¢, ';)-modules in our context.

2.1. The boundary of X

Recall that the complement of an affinoid domain in an affinoid space is an admissible
open subset (compare [Sch93] §3 Prop. 3(ii)). Thus X(r) \ X(ro), for any pair of r > ry
in (0,1) NpQ, is an admissible open subset of X(r). As {X(r)}, is an admissible covering
of X, a subset S of X is admissible open if and only if S N X(r) is admissible open
in X(r) for any r. Hence X \ X(r) is an admissible open subset of X and the rings
O5 (X \ X(r)) C O (X \ X(r)) are defined.

The ring

R (X) = Ok (X\ X(r))

is called the Robba ring for L (and K). In the case of L = Q,, this definition coincides
with the usual one. Observe that every affinoid subdomain of X is contained in some
X(r), so Zk(X) is isomorphic to hglgj Ok(X\ ), where 9 runs through all affinoid
subdomains of X.

Next we define

LX) = O (x\ X(r)) .

T

We obviously have || |lx\x¢y < || [|x\x(r), for any ' > 7 in (0,1) N p®, and therefore may
define

£l = T [ f ] ey
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for any f € &}(X). Later on, before Prop. 2.9, we will see that || ||; is a multiplicative
norm on &;-(X). We finally put

&x (%) := completion of &(X) with respect to || ||

as well as
S (X) = {f € Ex(X) : Iflh <1} .
There is a natural topology on Zx(X) which we discuss next. We first need to collect
a few facts about the rigid topology of the varieties Xy and X. In the following all radii

like 7, 7', 79, and r; will be understood to lie in (0,1) N pR. Besides B(r) we also need
the open Q,-disk B (r) of radius r around 1. We introduce the subsets

%0(7“) = %1(7’) ®Zp HOHIZP (OL, Zp),
X, (r) :== B (r) ®gz, Homg, (0, Z,),
Xo(r,r") :=Xo(r")\ X5 (r) forr <7’

of Xy. The first two obviously are admissible open. We also noted already that X\ Xo(r)

is admissible open in X,. In order to understand X,(r, ') we list the following facts.

— If z1,. .., z4 are coordinate functions on X, then X,(r, ) is the union of the d affinoid

subdomains
X0 (r,r') = {z € Xo(r') : |zi()| > 7}
of Xo(r"). ((BGR84] Cor. 9.1.4/4)

— In particular, Xo(r,7") is admissible open in Xy(r’) and hence in X,.

— IfY — X\ Xo(r0) is any morphism from a Q,-affinoid variety into X\ Xo(r9) then
its image is contained in X (r, ") for some ro < r < r’. We apply the maximum
modulus principle in the following way. Let a denote the morphism in question.
First by applying the maximum modulus principle to the functions a*(z;) we find an
" > 1o such that «(2)) is contained in X (7). Next we observe that Xo(r")\ Xo(r¢) =
UL, 4 with &4 = {x € Xo(r') : |zi(z)| > 7o} is an admissible covering ([BGR84]
Prop. 9.1.4/5). Then 9 = UL, a'(4;) is an admissible covering and therefore,
necessarily, can be refined into a finite affinoid covering ) =0, U...UY,,. For any
1 <j<mlet1<i(j) <dbesuch that o(U;) C ;). By applying the maximum

modulus principle to the function zz_(;) pulled back to U, we obtain that
a(P;) C %éi(j))(rj,rl) for some ro < r; < r'.

We deduce that (%)) C Xo(r,r’) with 7 := min; ;.

— In particular, Xo \ Xo(70) = U,y<r<iv<1 Xo(r,7’) is an admissible covering.
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With X(r) being defined already we also put
X (r)=xXnX,(r) and  X(r,r") =XNXo(r,r") ) =X\ X (1),
and we have a corresponding list of properties:

— X(r,r") is a finite union of affinoid subdomains and is admissible open in the L-
affinoid variety X(r’).
- If Y — X\ X(ro) is any morphism from an L-affinoid variety ) then its image is
contained in X(r, ") for some ro < r <r’. In particular,
(2.1) Ok (X\ X(ro)) = Jim Ok (X(r,r")) .
ro<r<r'<1
For simplicity we now use the fact that X and hence each X(r’) is a connected, smooth,
and one dimensional rigid variety (cf. [ST01]). Therefore ([Fie80] Satz 2.1) any finite
union of affinoid subdomains in X(7’) again is an affinoid subdomain. It follows that
each Ok (X(r,r')) is a K-affinoid algebra which is a Banach algebra with respect to the
supremum norm. This together with (2.1) permits us to equip Ok (X \ X(r¢)) with the
structure of a K-Fréchet algebra by viewing it as the topological projective limit of these
affinoid algebras. By construction the restriction maps Og (X\ X(r9)) — Ok (X\X(r1)),

for rqg < rq, are continuous. Let S,, be the sets defined in section 1.3.

Proposition 2.1. — For any n > 1, the rigid variety X \ X,, is a quasi-Stein space
(w.r.t. the admissible covering {X(s,s')} where p~U+e/e=D)/er" < g < g < 1, 5 € S,
and s € Upsn Sm).

Proof — We have to show that for any p~(*+e/-D)/er" « ¢ < p < ¢/ < ¢ < 1 with
r,s € S, and ', s" € Uysp Sm, the restriction map O (X(s,s")) — Og(X(r,7’")) has
dense image. First of all note that affinoid algebras are Banach spaces of countable type.

In a first step we check that we may assume that K = C,. Quite generally, let
£ : By — By be a continuous linear map between K-Banach spaces such that B, is of
countable type. By [Sch02] Prop. 10.5 there is a closed vector subspace C' C B, such
that By = im(3) @ C topologically. It follows that

Moreover, [Sch02] Cor. 17.5.iii implies that C, ®x C is nonzero if C' was. We see that 3
has dense image if id ® 3 has.

So for the rest of the proof we let K = C,. We first observe that, quite generally,
X(r0) = Upy<ro X(r1). Due to the conditions we have imposed on the radii r,r’, s, s’ we

may apply Prop. 1.20 and we see that X(s,s’),c, is isomorphic to a one dimensional
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affinoid annulus in such a way that X(r,r’),c, becomes isomorphic to a subannulus. It
follows that X(r,7’),c, is a Weierstrafl domain in X(s, s"),c,, and the density statement
holds by [BGR84] Prop. 7.3.4/2. m

The rigid variety X\ X,, is smooth and one dimensional since it is admissible open in X.
It is quasi-Stein by the above Prop. 2.1. The isomorphism O¢, (X \ X,,) = Oc, (B \ B,),
which is a consequence of Prop. 1.20, implies that Ok (X \ X,,) is an integral domain.
Therefore (X\ X,,)/x satisfies the assumptions of section 1.1. Hence the ring Ok (X \ X,,)

has all the properties which we have established in section 1.1.

Corollary 2.2. —

i. For anyn>1, Og(X\ X,) is a 15 generator Prifer domain.
. Zk(X) is a 1% generator Prifer domain. In particular, the assertions of Cor. 1.11

analogously hold over % (X).

Proof. — i. Prop. 1.10. ii. This follows by a direct limit argument from i. ]

We will view Zk(X) as the locally convex inductive limit of the Fréchet algebras
Ok (X \ X,,). We note that the multiplication in Z(X) is only separately continuous.
In order to analyze the functional analytic nature of the Ok (X \ X,,) and of Z(X) we

need a few preliminary facts.

Lemma 2.3. — Let C C B be a bounded subset of a K-Banach space B; if the im-
age 1(C) of C under the canonical map + : B — C,®p B is compactoid, then C is

compactoid.

Proof. — We fix a defining norm on B. Note ([Sch02] Prop. 17.4) that the map ¢ is norm
preserving. As a consequence of [PGS10] Thm. 3.9.6 it suffices to show that, for any
t € (0,1] and any sequence (cy)nez., in C which is t-orthogonal ([PGS10] Def. 2.2.14),
there exists a ¢’ € (0, 1] such that the sequence (¢(c,)), is t'-orthogonal in C,&x B.

Let By C B be the closed subspace generated by (c,),, and let ¢o(K) denote the
standard K-Banach space of all O-sequences in K. By the boundedness of (¢,), the

linear map
a: co(K) — By

()\1,)\2, .. ) — Z)\ncn

i=n
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is well defined and continuous. The t-orthogonality then implies that «, in fact, is a
homeomorphism (cf. the proof of [PGS10] Thm. 2.3.6). Hence

1d®& . Cp®KCO(K> i) Cp®KBO

is a homeomorphism. By [BGR84]| Prop. 2.1.7/8 the left hand side is equal to ¢;(C,).
Hence (i(cy,))n is a basis of C, ®x By in the sense of [PGS10] Def. 2.3.10 and hence, by
[PGS10] Thm. 2.3.11, is #-orthogonal in C, @y By for some t' € (0,1]. Using [Sch02]
Prop. 17.4.iii we finally obtain that (i(c,)), is t-orthogonal in C, @ B. O

For two locally convex K-vector spaces V and W we always view the tensor product
V @k W as a locally convex K-vector space with respect to the projective tensor product
topology (cf. [Sch02] §17), and we let V&g W denote the completion of V ®@x W.

Lemma 2.4. — Let...—V,—...—=>Viand... - W, — ... = Wj be two sequences
of locally convex K -vector spaces, V = Mn Vi, and W .= @n W, their projective limits,
and o, V. — V,, and B, : W — W,, the corresponding canonical maps. We then have:
i. The projective tensor product topology on V @k W is the initial topology with respect
to the maps a, @ B : V Qg W — V,, @ W,;
ii. the canonical map V Qg W — @n Vi, @k W, is a topological embedding;
iii. suppose that, for any n > 1, the spaces V,, and W, are Hausdorff and the maps v,
and B, have dense image; then VW = l&ln V@ W,,.

Proof. — i. Because of [Sch02] Cor. 17.5.ii we may assume, by replacing V,,, resp. W,,,
by a,(V), resp. B,(W), equipped with the subspace topology, that V,, = a, (V) and
W, = (W) for any n > 1.

Let {Ly;}ier and {M,, ;};es be the families of all open lattices in V,, and W,,, respec-
tively (cf. [Sch02] §4). Then {a,*(Ln;)}ni and {8, (M, )}n; are defining families of
open lattices in V and W, respectively, and {a, (L) ®o B, (M) }nij is a defining
family of open lattices in V ®x W. We therefore have to show that o' (L, ;) ®, 5, (M, ;)
is open for the initial topology of the assertion. Since, by construction, (a,, ®3,) (L, ®,

M,, ;) is open for this initial topology it suffices to prove that
(QH X ﬂn)il([’n,i R0 Mn:j) - aﬁl(Lm’) ®o 5;1(anj)

(the opposite inclusion being trivial we then, in fact, have equality). Let x € V xx W
such that

(an ® Bn)(z) = Z v, @ W, with v, € L, ; and w, € M, ;.
p=1
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By our additional assumption we find v, € V' and wj, € W such that a,(v},) = v, and
Bn(w;) = w,. Hence 2’ := }_, v;, ® w:) € o, (Ln;) ®, B, (M,,;) and

r—12' € ker(a, ® B,) = ker(a,) @ V + W @k ker(5,) .

But the right hand side (and therefore z) is contained in a;,'(Ly,;) ®, 8, (M, ;). This

follows from the general fact that for any K-subspace V; C V and any lattice L C W we

have
WOk W =W, W=V, L.

ii. It remains to check that the map in question is injective. Let x € V ®x W be a
nonzero element. We fix a K-basis (¢j);es of W and write x = ;¢ v; ® e; with an
appropriate finite subset Jy C J and nonzero elements v; € V for j € J;. We may choose
n large enough so that o, (v;) # 0 for any j € Jy. Then y := o, ® idw (z) # 0. We now
repeat the argument with y and a K-basis of V,, in order to find an m > n such that
idy, ®5,(y) # 0. It follows that a,, ® f5,,,(z) # 0 and hence that a,, ® 5,,,(z) # 0.

iii. With V,, and W, also V and W as well as V,, ® x W,, (cf. [Sch02] Cor. 17.5.1) and
@n V,, @k W, are Hausdorff. In particular, V,, ®x W,, is a subspace of V,,®xW, and,
consequently, l&nn V., @ W, is a subspace of 1&171 V,&xW,. Hence, by ii., the composite
map

VeorgW — l'glvn Qr Wy —>1'&nvn®KWn

is a topological embedding. Since the right hand space is complete it suffices to check
that V ® W maps to a dense subspace. But our assumption on «,, and 3, implies that

each map

V®KW &L% Vn ®K Wn i) Vn®KWn

has dense image. O]

As a special case of this lemma (together with the Mittag-Leffler theorem [BouT71]
I1.3.5 Thm. 1) we obtain that the functor C, @ (-) commutes with projective limits of
sequences of K-Fréchet spaces such that the transition maps have dense image. Note
([PGS10] §10.6) that the scalar extension C, @ V of any locally convex K-vector space

V is a locally convex C,-vector space.

Proposition 2.5. — For any n > 1 we have:

i. The Fréchet space Ok (X\ X,) is nuclear; in particular, it is Montel, hence reflezive,
and in O (X\X,,) the class of compactoid subsets coincides with the class of bounded

subsets;



2.1. THE BOUNDARY OF X 33

ii. Oc,(X\X,) = C,®x Ox(X\ X,), and the inclusion Ox(X\ X,) C Oc, (X \ X,) is
topological.

Proof. — The Fréchet space O (X \ X,,) is the projective limit of the affinoid K-Banach
spaces Ok (X(s,s’)) with the radii s < s’ as in Prop. 2.1. In the proof of Prop. 2.1 we
have seen that the transition maps Ok (X(s,s’)) — Og(X(r,1")), for s <r <r' < ¢, in
this projective system have dense image. For a K-affinoid variety ) we have Oc, () =
C, ®x Ok () by construction of the base field extension (cf. [BGR84] 9.3.6). Hence we
may apply Lemma 2.4 and obtain the equality in part ii. of the assertion. The second
half of ii. then follows by direction inspection or by using [Sch02] Cor. 17.5.iii.

We now assume that the radii satisfy s < r < 1’ < s’ and show that then the restriction
map Ok (X(s,s")) — Og(X(r,r")) is compactoid. Recall that this means (cf. [PGS10]
Thm. 8.1.3(vii)) that the unit ball in Og(X(s,s’)) for the supremum norm is mapped
to a compactoid subset in Ok (X(r,7")). Because of Lemma 2.3 we may assume that
K = C,. But then, according to Prop. 1.20, X(s, s") is isomorphic to a one dimensional
affinoid annulus. This reduces us to the following claim. Let a < b < b/ < d/ be any
radii in pQ and let B(a,d’) := {z € C, : a < |2| < d}; then the restriction map
Ok (B(a,ad')) — Okg(B(b,V')) is compactoid. Let a = |u| for some v € C,. The
Mittag-Leffler decomposition (which is directly visible in terms of Laurent series) gives

the topological decomposition

Ox(B(a™)) & Ox(B(a')) = Ox(Bl(a,a))
(Fl, Fg) — UZ_1F1(2_1> + FQ(Z) .

It further reduces us to showing that the restriction map Ox(B(da’')) — Ox(B(V)) is
compactoid. But this is a well known fact (cf. [PGS10] Thm. 11.4.2).

We have established that Ok (X\ X,,) = lim By, is the projective limit of a sequence of
K-Banach spaces B,, with compactoid transition maps. In order to show that Ox(X\ X,,)
is nuclear we have to check that any continuous linear map a : Ok (X \ X,,) — V into
a normed K-vector space B is compactoid (cf. [PGS10] Def. 8.4.1(ii)). But there is an
n > 1 such that « factorizes through B,,:

X\ X))

\/

n+1 >

Since the transition map B, — B, is compactoid it follows that « is compactoid as well.
The remaining assertions in i. now follow by [PGS10] Cor. 8.5.3 and Thm. 8.4.5. O
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Next we investigate the inductive system of Fréchet spaces

with locally convex inductive limit % (X). Note that all transition maps in this system

are injective.

Proposition 2.6. —

i Zi(X) = lim Ok (X\ X,,) is a regular inductive limit, i.e., for each bounded subset
B C ZK(X) there exists an n > 1 such that B is contained in Og (X \ X,,) and is
bounded as a subset of the Fréchet space Ok (X \ X,).

ii. Zc,(X) is complete.

ili. Zk(X) is Hausdorff, nuclear, and reflezive.

Proof. — 1i. and ii. We first reduce the assertion to the case K = C,. For this we consider

the commutative diagram

Ox(X\ X)) Or(X\ X,) e R ()

| |

Oc,(X\ X)) — ... —> Oc, (X \ X,) — ... —> Zc, ()

P P

in which all maps are injective and continuous and the two left vertical maps are topo-
logical embeddings. Let us suppose that the lower inductive limit is regular, and let B C
Xk (X) be a bounded subset. Then B is bounded in Z¢, (X) and hence, by assumption, is
bounded in some Og, (X \ X,,). Using Remark 1.22 we see that B C Zk(X) = Zc,(X)“*
and hence B C O¢, (X \ X,)9 = Og(X\ X,).

In the following we therefore assume that X' = C,. By Lemma 1.25 we now may
replace X and X,, by B and ‘B,,, respectively. This time the Mittag-Leffler decomposition

is of the form
Oc, (B~ (rn)) @ Oc, (B) = Oc, (B \ B,,)

with B (r,) denoting the open disk of radius 7, := p'/ e@=1¢""" around 0. Hence
A, (%) = Ac,(B) = (1lim Oc, (B (1)) © Oc, (B) .

This reduces us to showing that lim Oc, (B~ (r,)) is a regular inductive limit which,

moreover, is complete. But the restriction maps

Oc, (B (1)) — Oc, (B~ (rn41))

P
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go through two affinoid disks for which the corresponding restriction maps are compactoid
as recalled in the proof of Prop. 2.5. Hence lim Oc, (B~ (r,)) is a compactoid inductive
limit and, in particular, is regular and complete by [PGS10] Thm. 11.3.5.

iii. This follows from i. and Prop. 2.5.1 and [PGS10] Thm. 11.2.4(ii), Thm. 8.5.7(vi),
and Cor. 11.2.15. O

The reflexivity of Zx(X) already implies that Z (X) is quasicomplete. To see that it,
in fact, is always complete, we need an additional argument. Since Zx (X) is an inductive
limit it is not surprising that the inductive tensor product topology will play a role. For
two locally convex K-vector spaces V' and W let V @, W denote their tensor product
equipped with the inductive tensor product topology (cf. [Sch02] §17) and let V&x W
denote its completion. Note that for Fréchet spaces V and W we have VW = Vg W
(cf. [Sch02] Prop. 17.6).

Proposition 2.7. —

i. Zc,(X) = C, @k, Zx(X).

ii. Zr(X) C Zc,(X) is a topological inclusion.
iii. Zr(X) = Zc,(X)9% is closed in B, (X).
iv. ZK(X) is complete.

Proof. — i. So far we know from Prop. 2.5.ii and Prop. 2.6 that
Hc,(X) =1im Oc, (X \ X,) = lim C, @k Ox(X\ X,) = lim C, @k, O (X \ X,)

is Hausdorff and complete. The inductive tensor product commutes with locally convex
inductive limits ([Emel7] Lemma 1.1.30) so that we have

li_n; C, ®k, Ox(X\ X,) =C, ®k, Zx(X)
and hence
(lim C, ®x, Ok (X\ X,)) = C,8x, Zx (%) -

It therefore remains to check that, for any inductive system (F,), of locally convex
vector spaces such that the locally convex inductive limit @n E;L of the completions E\n

is Hausdorff and complete, we have
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By the universal properties we have a commutative diagram of natural continuous maps

E\ v

which all three have dense image. By our assumption on the upper left term the map

ligl

a extends uniquely to a continuous map [ : @n — hgn E,. Of course, 3 h/a\s
dense image as well. On the other hand it necessarily satisfies v o 5 = id. Since %ﬂn E,
is assumed to be Hausdorff this implies that § has closed image. It follows that [ is
bijective and therefore that 5 and v are topological isomorphisms.

ii. This is a consequence of i. and [Sch02] Cor. 17.5.iii.

iii. The identity follows from Remark 1.22. The second part of the assertion then is

immediate from the fact that G acts on Zc,(X) by continuous (semilinear) automor-

phisms.
iv. This follows from ii./iii. and Prop. 2.6.iii. O
Corollary 2.8. — We have Z5(X) = E®, Zx(X) for any complete intermediate

fieldl K C E C C,.

Proof. — Now that we know from Prop. 2.7.iv that Zg(X) is complete we may repeat
the argument in the proof of Prop. 2.7.i with E instead of C,. m

We summarize the additional features of the LT-isomorphism, which we have estab-
lished by now:
— As explained in the proof of Lemma 1.25 the isomorphism x induces compatible

topological identifications
Oc,(X\ X,) = Oc, (B \ B,) ,

which restrict to isometric identifications between the subrings of bounded functions.
The twisted Galois action is well defined on the right hand side and corresponds to the
standard Galois action on the left hand side.

— By passing to the inductive limit we obtain the twisted Galois action by topological

automorphisms on Zc, (2B) as well as the topological identification

Kc,(X) = Zc, (B) .
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— By restriction from Zc,(.) to gép() we obtain the twisted Galois action by || ||;-

isometries on é"ép(‘B) as well as the || ||;-isometric identification
6¢,(X) = 6¢,(B) .
Both, by completion, extend to &¢,(.). Since we know that || ||; is a multiplicative norm

on the right hand side it must be a multiplicative norm on &x(X) as well.

Proposition 2.9. — We have
R, (X) = C, Rk, Zx(X) and Bk (X) = Xc,(B)°<*.

Proof. — This is a restatement of Prop. 2.7.i/iii. O

2.2. The monoid action on Zx(X)

Each unit in o] with X(r) also preserves the admissible open subset X \ X(r). The
of-action on O%(X) C Ok(X) therefore extends first to the rings O% (X\ X(r)) C Ox(X\
X(r)) (being isometric for the supremum norm || ||x\x(-) on the ring of bounded functions)
and then to the rings Z (%), &H(X), Ex(X), and &' (%) (being isometric in the norm

I112)-

Lemma 2.10. — For anyry € [p~/*=V/®=Y 1)NpQ, the of -action on the ring Ok (X\

X(ro)) is continuous.

Proof. — Coming from an action on the variety X \ X(r9) each unit in o] acts by a
continuous ring automorphism on Ok (X \ X(ry)). Since o5 is compact and Ok (X\ X(r))
as a Fréchet space is barrelled it remains, by the nonarchimedean Banach-Steinhaus
theorem (cf. [Sch02] Prop. 6.15), to show that the orbit maps
pr:op — Ok (X\ X(ro))
ar— a.(f),
for any f € Og(X\ X(ry)), are continuous. But in the subsequent section 2.3 we will

establish, under the above assumption on rg, the stronger fact that these orbit maps even
are differentiable. O

Lemma 2.11. — For any r € [p~"/®Y 1) N pQ we have

(rp) 7NN X (r) 2 X\ X(r17).
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Proof. — Suppose there is an z € X\ X(r'/?) such that 7ix € X(r). Since 7 as well as
any unit in o] preserve X(r) it follows that p*z € X(r). This contradicts Lemma 3.3 in

[STO1). O

The lemma implies that the action of 7y and hence of the full multiplicative monoid
o \ {0} extends to the rings Zx (%), &H(%), &x(X), and &'(X). By construction
the action of 7, on &x(X) is decreasing in the norm || |;. But the action of p, as a
consequence of [STO01] Lemma 3.3, is isometric. It follows that the full monoid oy, \ {0}
acts isometrically on &x(X). In particular, ¢ is injective on &x(X) and a fortiori on

Ok(X).
Lemma 2.12. — The o, \ {0}-action on Zx(X) is continuous.

Proof. — Each a € o] acts continuously on Ok (X \ X(r¢)) and therefore gives rise, in
the limit, to a continuous automorphism of Zx(X). The prime element 7, by Lemma
2.11, maps X \ X(rg) to X\ X(r}), for any pfp%l < rg < 1, and therefore again gives rise

to a continuous endomorphism of Zx (X). The continuity of the orbit maps

py oy — Rk (X)

a"—>a’*(f)7

for any f € Zk(X), follows immediately from Lemma 2.10. As a locally convex inductive
limit of Fréchet spaces Z(X) is barrelled so that the assertion now follows from the

nonarchimedean Banach-Steinhaus theorem. O

It follows from the isomorphism  : B ,c, = x /c, from section 1.3 that the ring
isomorphisms as summarized after Cor. 2.8 all are equivariant for the actions of the
monoid oy, \ {0}.

For later purposes we need to discuss, for any n > 1, the structure of the 7}-torsion

subgroup
X[n}] :=ker(X E) X) .
Lemma 2.13. — We have X[n}](C,) = or/7}or as or-modules.
Proof. — Since the [r}]-torsion of the formal or-module LT is isomorphic to or/7}or

this follows from the isomorphism & : B ¢, = x /c, in section 1.3. But there also is the

following much more elementary argument. As a consequence of [ST01] Lemma 2.1 the
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bijection (1.1) induces an og-isomorphism
x[x3)(C,)
= ker [%1(01,) ®z, Homg, (o1, Z,) e, B,(C,) ®z, Homz, (oy, Zp)} :
The short exact sequence 0 — oy, 7r_2> o, — or/mtor, — 0 gives rise to the short
exact sequence
0 — Homg, (o, Zy) i, Homg, (o, Z,) — Ethzp(OL/TFZOL, Z,) —0
which in turn leads to the exact sequence

0 — Tor?(%,(C,), Bxth, (o /w0, Zy)) —

id ®7rz

%1(Cp) ®Zp HOI’HZP(OL, Zp) E— %1(Cp) ®Zp HOI’HZP(OL, Zp) .

We deduce that X[7}](C,) = Torlz”(%l(Cp), Extlzp(oL/WfoL, Z,)). Since the or-module
Homg, (o1, Z,) is free of rank one we have Extlzp(oL/ﬂgoL, Z,)) = or/7}or as or- and, a
fortiori, as Z,-module. On the other hand the torsion subgroup of B,(C,) is the group
of p-power roots of unity which is isomorphic to Q,/Z,. It follows that

X[n7)(C,) = Tor("(B1(C,), o /7}0L)
= Tor!”(Qp/Zy, o1 /7}01)
= torsion subgroup of oy /7o,

= OL/WZOL .

2.3. The action of Lie(T'y)

We begin by setting up some axiomatic formalism. In the following we view I'y, = o] as
a locally L-analytic group. Its Lie algebra is L. Let (B, || ||z) be a K-Banach space which
carries a ['z-action by continuous K-linear automorphisms. We consider the following

condition:
(2.2) There is an m > 2 such that, in the operator norm on B, we have
Iy — 1| < p_P%l for any v € 14 p™oy.

If B has the orthogonal basis (v;);c; then (2.2) follows from the existence of a constant
0<C< pfp%l such that [[(y — 1)(v;)||z < C||vi|| g for any v € 1 + p™oy and any ¢ € I.

Lemma 2.14. — If (2.2) holds, then the I'-action on B is locally Q,-analytic.
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Proof. — The main point is to show that the orbit maps

prFL—>B
¥ — b,

for any b € B, are locally Qp-analytic. Since the multiplication in I'z, is locally L-analytic
it suffices to show that py|14+p™oy, with m as in the assumption is locally Q,-analytic. On
the one hand we fix a basis 71, . .., 74 of the free Z,-module 14 p™oy, of rank d = [L : Q,)]

and write 1+p™or, 3 v = vflm .

"szcd(w' Then v — (21(7), ..., z4(7)) is a global Q,-
chart of 1+ p™or. On the other hand we consider the K-Banach algebra A of continuous

linear endomorphisms of B with the operator norm. We have the bijections
{d e A:|d| <p 7 1} pa H{acd:fa—1] <p T}

given by the formulas @’ — exp(a’) = 32,59 %(a’)” and a — log(a) = log(1+4 (a — 1)) =
— Y u>1 2(1—a)™, which are inverse to each other and which “preserve” norms (cf. [Bou72]

11§8.4 Prop. 4). By our assumption we have in A the expansion

1
(2.3) v = exp(log(y)) = >_ —log(7)"
n>0 1
- 5 (S
_ 3 C(na,...m ﬁ log(7:))™ ﬁx( K
= (1 +. + ng)l 11 g (i i i\Y

(nl,...,nd)ez‘éo

on 1+ p™or, where the integers c(,, .. n,) denote the usual polynomial coefficients. Since
D := max; || log(7:)| < p_p%l by assumption the coefficient operators

d

C(n1,...,nq) ng
VB,n ng) T 1 i)
B,(n1,...,nq) (nl o+ nd)' g( Og('Y ))

satisfy

||VB,(n1,...,nd)|| < |(TL1 +...+n )l|_1Dn1+--.+nd

< (Dl it

where the last inequality comes from |p|7-T < |n!| (cf. [Bou72] 11§8.1 Lemma 1). Evalu-
ating (2.3) in b € B therefore produces an expansion of p, into a power series convergent

on 14 p™or.
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It follows in particular that the orbit maps p, are continuous, i.e., that the I'z-action
on B is separately continuous. But, since I'j, is compact, the nonarchimedean Banach-
Steinhaus theorem (cf. [Sch02] Prop. 6.15) then implies that the action I'y, x B — B is

jointly continuous. O

The operators Vg (n,,...n,) 00 B which we have constructed in the proof of Lemma 2.14

have the following conceptual interpretation. First we observe that

d d 1

n;

vB,(m,...,nd) = H VB,(...,O,ni,O,‘..) = H EVB@
=1 =1 """

where 7 := (...,0,1,0,...) is the multi-index with entry one in the ith place. On the
other hand the derived action of the Lie algebra of I';, on B is given by

d :
b = 77 ©XPr, (t;)b’t_o fory € Lie(I',) =L and b€ B

where expp, is an exponential map for I', (cf. [FAL99] §3.1) and where ¢ varies in a small
neighbourhood of zero in Z,. Note that the usual exponential function exp : Lie(I'y) =
L——— > of =Ty is an exponential map for the locally L-analytic group I'y, (cf. [Bou72]
I11§4.3 Ex. 2. The broken arrow indicates that this map is only defined locally around
zero). We put g; := log~;. Using the expansion (2.3) we compute

d
expr, (tr))b=" > V() [T wi(exp(ty;))™
(m,...,nd)ezgo =1
d
= D> Vs ®) [T zilexp(;))™
(n1, ,'I’Ld)ez‘éo 1=1
d
= Z vB,(m,--.,nd)(b) H Iz(V;)nz
(n1, ,nd)EZ‘éo 1=1
= 1 n n
- TLX:%) E B,j(b)t
and hence
d
(2.4) It €XPr, (t?j)b‘to = VB,z(b) :

This proves the following.

Corollary 2.15. — If (2.2) holds, then the operator Vp; coincides with the derived
action of logy; € L = Lie(I'y) on B.

The commutativity of I'; implies that the operators Vg, . ) commute with each

other. It follows that the derived Lie(I'z)-action on B is through commuting operators.
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In the following we denote by Vg, or simply by V, the operator corresponding to the
element 1 € L = Lie(I'y).

We remark that, although I'y is a locally L-analytic group, the action on B only is
locally Q,-analytic so that the derived action Lie(I') — Endg(B) only is Q,-linear in
general.

Next we consider the situation where B in addition is a Banach algebra such that
| ||z is submultiplicative and M is a finitely generated projective B-module. We choose

generators eq, ..., e, of M and consider the B-module homomorphism

Bl — M

l
(bl, e ,b[) — szel .
=1

On BY we have the maximum norm ||(by, ..., b)| g := max; ||b;||5 and on M the corre-

sponding quotient norm

¢
|x||ar = inf{m?x 1bs]| 5 - =D bies}

=1

To see that || ||as indeed is a norm we observe that the above map, by the projectivity of M,
is the projection map onto the first summand of a suitable B-module isomorphism B* =X
M & M’'. This isomorphism is continuous if we equip M and M’ with the corresponding
quotient topologies. By the open mapping theorem it has to be a topological isomorphism.
Hence the quotient topology on M is Hausdorff and complete (cf. [Sch02] Prop. 8.3). In
particular, || ||as is a norm. This construction makes M into a K-Banach space whose
topology is independent of the choice of basis. We assume that I';, acts continuously by

K-linear automorphisms on M which are semilinear with respect to the I';-action on B.

Proposition 2.16. — If (2.2) holds for B, then also the I'-action on M satisfies (2.2)

and, in particular, is locally Q,-analytic.

Proof. — Let the natural number m be as in the condition (2.2) for B in Lemma 2.14.
By the continuity of the T'-action on M we find an m’ > m such that ||(y—1)(e;)||ar < p~2
(and hence ||v(e;)|[ar = ||&i||lsr = 1) for any v € 1 4 p™ oy, and any 1 < i < ¢. For any
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such v and any x = Zle b;e; € M we then compute

6= D@lar = 120 = Dl
= Z (v = D@)y(en) +bily = 1)) s

< max(m;.o»x Iy~ 1>|||rbz-HB|w<ei>uM,mgx [5ll511¢y = 1)) )
< max(l[y — 1],p) - max b5

It follows that

_ I
10y = D (@) lar < max(lly = 1, p7%) - lzllar < p77 7 lzflar -

]

In a first step we apply this formalism to the o} -action on the open disk 8. For any
ro < rin (0,1) N pQ let B(rg,r),, denote the L-affinoid annulus of inner, resp. outer,

radius rg, resp. r, around zero. It is preserved by the o] -action.

Proposition 2.17. — The I'-actions on Og(B(r)) and on Ok (B(rg,r)), induced by
the Lubin-Tate formal or-module, verify the condition (2.2) and are locally L-analytic.

Proof. — The other case being simpler we only treat the I'z-action on the ring Ok (B(ro, r)).
First of all we verify the condition (2.2).

The elements of Ok (B(rp,r)) are the Laurent series in the coordinate Z that converge
on B(rp, r)(Cp). The maximum modulus principle tells us that {Z"},cz is an orthogonal
basis of the K-Banach space Ok (B(ro,7)) with respect to the supremum norm || ||. It
therefore suffices to find an m > 2 such that

lv(Z™) — Z"|| < p_2||Z"|| for any n € Z and any v € 1 + p"oy..

We have v(Z) = W|(Z) =vZ + ... = Zu, with u, = v+ ... € 0r[[Z]]*, and we compute
N ZMuy = D(uy ™+ .o+ 1) ifn>0
R A A T
Z™Muy = 1) (=ul — ... —uz') ifn<O.

It follows that ||v(Z") — Z™|| < |luy — 1||||Z"||. By the proof of Lemma 2.1.1 in [KR09]
there exists an m > 2 such that |Ju, —1|| = ||% —1|| < p~2. This shows that (2.2) holds
true. Lemma 2.14 then tells us that the I'z-action is locally Q,-analytic.

Next we establish that the derived Lie(I'y)-action is L-bilinear. Since Lie(I';) acts by
continuous derivations it suffices to check that rZ = ¢ - 17 holds true for any ¢ € L =
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Lie(I'y) (where - on the right hand side denotes the scalar multiplication). We compute

7 = CZ fexpr, (t;)](Z)‘tZO = CZ[eXP(tZC)](Z)‘tZO
_ jteXpLTaogLT([exp(tm<Z>>>‘t:0
= % expyp(expl) oz (Z)_,
=1 -logrr(2) expyp(logr(Z))
=r-1Z

where exp’  denotes the formal derivative of the power series exp;,. The fourth identity
uses the fact that the logarithm log; of LT is “or-linear” ([Lan90] 8.6 Lemma 2). We

remark that
NZ +rrY)

exppr(logpr(Z)) = )% ‘YzO

with +,7 denoting the formal addition in LT
Finally, by looking at the Taylor expansion

eXp(zc)bznZ:Omx bznzzoazc 1%
we see that the orbit maps p; are locally L-analytic. O
Lemma 2.18. — For anyr € (O,p_ril) N pQ the T'p-action on Ok (X(r)) verifies the

condition (2.2) and is locally L-analytic.

Proof. — Lemma 1.16 reduces us to proving the assertion for the I'-action on O (B (1))
which is induced by the multiplication action of o} on the disk ®B(r). But this is seen by

an almost trivial version of the reasoning in the proof of Prop. 2.17. O]

According to Prop. 2.17 we have derived Lie(I'y,)-actions on O (B(r)) and Ok (B (ro, 7))

which are L-bilinear. For r{ < ry < r <7’ the inclusions
Ok (B(r')) € Ok (B(r)) and Ok (B(ry,7")) € O (B(ro, 7))

respect these actions. By first a projective limit and then a direct limit argument we

therefore obtain compatible L-bilinear Lie(I'z)-actions on

Next we use the LT-isomorphism in section 1.3 to obtain L-bilinear Lie(I'j,)-actions on
Ok(X,), Ok(X(s,s")) (with s, s" as in Prop. 2.1), and Og(X) C Og(X\ X,,) C Zk(X).
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Recall that Zk (B) and Zk(X) are the locally convex inductive limits of the Fréchet
spaces Ok (B \ B(r)) and Ok (X \ X,,), respectively. Hence all the above locally convex
K-vector spaces are barrelled ([Sch02] Examples at the end of §6). The orbit maps
pp for the I'z-action on these spaces (with the exception of Ok (X,) and Ok (X(s,s')))
are no longer locally L-analytic but they still are differentiable ([FAL99] 3.1.2). Hence
these actions still are derived in the sense that they are given by the usual formula
(r,b) —> tb = L expp, (tr)by . The I';-action on each Ok(X,) and each O (X(s,s'))

=0
satisfies the condition (2.2) and is locally L-analytic.

For convenience we introduce the following notion.

Definition 2.19. — A differentiable (continuous) I',-action on a barrelled locally con-
vex K-vector space V is called L-analytic if the derived action Lie(I'y) x V. — V is

L-bilinear.

We observe that with V' the induced I'j-action on any I'j-invariant closed barrelled
subspace of V' is L-analytic as well.
If X +.7Y denotes as before the formal group law of LT then W(Z7 0) is a

unit in or[[Z]] and we put gpr(Z) = (W(Z, 0))_1. Then gp7(Z)dZ is, up to
scalars, the unique invariant differential form on LT ([Hazl12] §5.8). As before we let
log;(Z) = Z+. .. denote the unique formal power series in L[[Z]] whose formal derivative
is grr. This log; ;- is the logarithm of LT and lies in Oy (B) ([Lan90] 8.6). In particular,
grrdZ = dlog;r and OL(B)dZ = O (B)dlog;r. The invariant derivation di,, on O (B)

corresponding to the form dlog; , is determined by

F
dF = 8inv(F)dlogLT = 8inv(F)gLTdZ = gZdZ
and hence is given by
_,OF
Oy (F) = gL%a? :

The identity
Vorm) = logpr Oy
is shown in [KR09] Lemma 2.1.4.

Since the rigid variety X is smooth of dimension one its sheaf of holomorphic differ-
ential forms is locally free of rank one. The group structure of X forces this sheaf of
modules to even be free (cf. [DGT70] IT §4.3.4). Hence the O (X)-module Q(X) of global
holomorphic differential forms on X is free of rank one. We claim that the differential
form dlogy is invariant (for the group structure on X) and is a basis of Q. (X). By the

commutative diagram after Lemma 3.4 in [STO01] the function logy corresponds, under
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the LT-isomorphism &, to a nonzero scalar multiple of log; . This implies our claim over
C, and then, by a simple descent argument with respect to the twisted Galois action,

also over L. The invariant derivation 0y, on Ok (X) corresponding to the form dlogy is
defined by

df = Oy (f)dlogy .
Using the LT-isomorphism it follows that

Vo) = logy Oy -

2.4. (¢r,I'r)-modules

Let M be any finitely generated module over some topological ring R. The canonical
topology of M is defined to be the quotient topology with respect to a surjective R-
module homomorphism « : R™ — M. It makes M into a topological R-module. If
the multiplication in R is only separately continuous then the module multiplication
R x M — M is only separately continuous as well. Any R-module homomorphism
between two finitely generated R-modules is continuous for the canonical topologies. We

also need a semilinear version of this latter fact.

Remark 2.20. — Let ¥ : R — S be a continuous homomorphism of topological rings,
let M and N be finitely generated R- and S-modules, respectively, and let o : M — N
be any t-linear map (i.e., a(rm) = (r)a(m) for any r € R and m € M); then « is

continuous for the canonical topologies on M and N.

Proof. — The map
Oélm : S@R’¢ M — N
s ®m +— sa(m)

is S-linear. We pick free presentations A : R® = M and p : S™ —» N. Then we find an
S-linear map S such that the diagram

4
RSt = S@p, R s gm

/\i id®)\i iﬂ
lin

m—1®m a
M2 S @py M N

(67

is commutative. All maps except possibly the lower left horizontal arrow are continuous.
The universal property of the quotient topology then implies that o must be continuous

as well. 0
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Suppose now that M is finitely generated projective over R. Then the homomorphism
a has a continuous section ¢ : M — R™. Hence M is topologically isomorphic to the
submodule o(M) of R™ (equipped with the subspace topology). Suppose further that R
is Hausdorff, resp. complete. Then R™ is Hausdorff, resp. complete. We see that (M)
and M are Hausdorff. Furthermore it follows that (M) = ker(idys —o o «) is closed in
R™. Hence, if R is complete, then also M is complete.

In our applications R usually is a locally convex K-algebra. If such an R is barrelled
then the canonical topology on any M is barrelled as well (cf. [Sch02] Ex. 4 after Cor.
6.16).

Definition 2.21. — A (¢, ['r)-module M over Zx(X) is a finitely generated projec-
tive Zr (X)-module M which carries a semilinear continuous (for the canonical topology)
or, \ {0}-action such that the Z (X)-linear map
i+ R (X) @ity M —+ M
fem— fou(m)

is bijective (writing the action of 7, on M as ¢p;). Let Modp(Zk (X)) denote the category
of all (¢, ')-modules over Zk (X).

The (¢r, 'r)-modules over Zx (X) are Hausdorff and complete. They also are barrelled
since Z (X) as a locally convex inductive limit (Prop. 2.6.i) of Fréchet spaces is barrelled
(cf. [Sch02] Ex. 2 and 3 after Cor. 6.16).

We briefly discuss scalar extension for (¢, 'z)-modules. Let K C E C C, be another

complete intermediate field. First we make the following simple observation.

Remark 2.22. — Let Vi and V5 be two barrelled locally convex K-vector spaces; then
Vi ®k, Va is barrelled as well.

Proof. — The inductive tensor product topology on Vi ® V5 is the finest locally convex

topology such that all linear maps
Vi—ViQk Vs and Vo — Vi @k Va for any v; € V;
V>V Q Uy Vv QU

are continuous. It is basically by definition that any locally convex final topology with

respect to maps which originate from barrelled spaces, like the above one, is barrelled. [

Lemma 2.23. — For any (v, I'r)-module M over Zx(X) we have:
1. %E(X) ®,@K(£) M = E®K,L M;'
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ii. ZE(X) @) M is a (¢r,'r)-module over Zp(X).

Proof. — i. Obviously we have the algebraic identity
(FE @k Zk (X)) @z M = EQk M.
We claim that this is a topological identity
(F @k, Zr(X)) Qux) M = E®k, M,
which extends to a topological isomorphism
(E @k, Zx (X)) Qurexy M = EQp, M.

Note that on the left hand sides the topology is given as follows: By viewing M as a
topological direct summand of some Z (X)™ we realize the left hand sides as topological
direct summands of (F ®p, Zr(X))™ and (E @k, Zx(X))™, respectively. Hence our
claim reduces to the case M = Zx(X) where it is obvious. It remains to recall from Cor.
2.8 that Zy(X) = E Qk, Zr(X).

ii. Clearly Zp(X) ®s,x) M is finitely generated projective over Zg(X). The o, \ {0}-

action extends by semilinearity to Zg(X) ®z,x) M and satisfies

Kr(X) Qap) e (Ze(X) @z x) M) = Be(X) @z (x) (£ (X) @z (x).00 M)
= KHp(X) Qe xy M

It remains to establish the continuity of the of \ {0}-action. Because of i. we may
view it as the completed E-linear extension of the oy \ {0}-action on M. Hence each
individual element in oy, \ {0}-action certainly acts by a continuous linear endomorphism
on V = F ®g, M and then also on V= E@K,LM. We still have to check that the
resulting group actions o] x V. — V and o] X V — V are continuous. Since M
is barrelled it follows from Remark 2.22 that V is barrelled. For the continuity of the
action on V' it therefore suffices, by the usual Banach-Steinhaus argument, to check the

continuity of the orbit maps
py:0f — E®g, M for any v e E®k, M
a— a(v) .

But this follows easily from the continuity of the of-action on M. Let C.(o},V) denote
the locally convex K-vector space of all continuous V-valued maps on o] equipped with

the compact-open topology. By [Bou61] X.3.4 Thm. 3 the continuity of the action
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o] XV — V is equivalent to the continuity of the linear map
V — C.(07,V)
V> Py .

Hence all solid arrows in the diagram

V ——C.(o},V)

1k

‘77 7>CC<OE>‘7)

are continuous linear maps. Since C,(0},V) is Hausdorff and complete (cf. [Sch02] Ex-
ample in §17) there is a unique continuous linear map V— Cc(of, \7) which makes the
diagram commutative. It corresponds to a continuous map o; X V — V which is easily

seen to be the original o} -action on V. The latter therefore is continuous. ]
At various points we will need the following technical descent result.

Proposition 2.24. — Let M be a (¢, 'r)-modules over Zk(X).
There exist a p™?/P~Y) < ry < 1, a finitely generated projective O (X \ X(ro))-module

My with a semilinear continuous oy -action, and a semilinear continuous homomorphism
orty + My — Oxc(B\ X(rg"")) @ vyxiro)) Mo
such that the induced Ok (X \ %(ré/p))—linear map
Or(X\ X(10")) @0y \x(ro)) 00 Mo —> O (X \ X(rg/?)) @0y (x\x(r0)) Mo
is an isomorphism and such that
Rk (X) @0 (x\x(ro)) Mo = M
with the of -actions on both sides as well as ¢ @ @, and @y corresponding to each

other.

Proof. — For some appropriate integer m > 1 we can view M C Z(X)™ as the image
of some projector IT € M, xm(Zx(X)). The matrix II lies in M xm(Ox (X \ X(ro))) for
some 1y > p~?/P~1) "and we may define finitely generated projective O (X\X(r))-modules
M(r) == H(Og(X\ X(r))™) for any 7o < r < 1. We have M = Zk(X) @0, x\x(r)) M(r)
and M = U, <q<1 M(r).

Since M (r) is finitely generated we further have @y (M(r)) C M(r") for some 1’ > r.

But any set of generators for M (r) also is a set of generators for M (r'). It follows (cf.
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Lemma 2.11) that @p(M(r')) € M(r"*/?). The associated linear map
Ox(X\X("7)) @0 nxtr) e, M(r') — M(r''/7)
f@mv— fou(m)

has the property that its base change to Z(X) is an isomorphism. The cokernel being
finitely generated must already vanish after enlarging ' sufficiently. Then the map is
surjective and, by the projectivity of the modules, splits. Hence the kernel is finitely
generated as well and vanishes after further enlarging r’. By enlarging the initial ry we

therefore may assume that
Ok (X \ X(r'/?)) @0y \x(r)er M(r) = M(r'/?) for any ry < r < 1.

By Remark 2.20 the map ¢y : M (r) — M (r'/P) is continuous.

By assumption the orbit map p,, : of — M, for any m € M, which sends a to a(m),
is continuous. Hence its image is compact and, in particular, bounded. But M is, as a
consequence of Prop. 2.6.i, the regular inductive limit of the M (r). It follows that the
image of p,, already is contained in some M (r) and is bounded in the canonical topology
of M(r) as an Ok (X \ X(r))-module. Using Prop. 2.5.1 we obtain that the image of p,,
is compactoid in M (r). If we apply this to finitely many generators of M (ry) then we
see that, by further enlarging ry, we also may assume that the o} -action on M preserves
M(r) for any r > r9. By [PGS10] Cor. 3.8.39 the continuous inclusion M(r) C M
restricts to a homeomorphism between the image of p,, in M (r) and its image in M. It
follows that p,, : of — M(r) is continuous. On the other hand, for each individual
a € o}, the map a : M(r) — M(r) is a,-linear and hence continuous by Remark 2.20.
Together we have shown that the of-action on M (r) is separately continuous. Since o}
is compact and the Fréchet space M (r) is barrelled it is, in fact, jointly continuous by

the nonarchimedean Banach-Steinhaus theorem. O

Proposition 2.25. — Any continuous (for the canonical topology) semilinear I'f-action
on a finitely generated projective module M over any of the rings Ox(X\ X,,), forn > 1,
or B (X) is differentiable.

Proof. — First we consider M over Zk(X). As seen from its proof the descent result
Prop. 2.24 holds equally true without a ¢,;. Hence, for some sufficiently big ng, we find
a finitely generated projective O (X \ X,,,)-module M,, with a continuous semilinear
['z-action such that M = Zk(X) @0 (2\x,,) Mn, as I'r-modules. For any n > ng, the

finitely generated projective module

Mn = OK(% \ %n) ®OK(X\%nO) Mno
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over O (X\X,,) carries the continuous semilinear (diagonal) I'y-action. The I'j-equivariant
maps M,, — M, .1 — M are continuous (by Remark 2.20), and M = U M,,. This
reduces the differentiability of M to the differentiability of each M,,.

So, in the following we fix an n > 1 and consider M over Ok (X \ X,,). We abbreviate
) = X\ X,,. According to Prop. 2.1 the quasi-Stein space ) has an admissible covering

n>ng

by an increasing sequence of I'z-invariant affinoid subdomains
X(s1,87) C ... C X(s;,8,) C ...

such that the restriction maps Ok (X(si41, ;1)) — Ok (X(s;,s;)) have dense image.

i

We then have the finitely generated projective modules
M; = Ok (X(si, 7)) o) M

over Ok (X(s;, s;)) with a continuous semilinear (diagonal) I'z-action. The covering prop-
erty implies that M = l&nZ M; holds true topologically for the canonical topologies (as
well as I'p-equivariantly). This reduces the differentiability of M to the differentiability
of the I'p-action on each M;. But, as we have discussed before Def. 2.19, the I';-action
on Ok (X(s;, s;)) satisfies the condition (2.2). Hence, by Prop. 2.16, the I';-action on M;
even is locally Q,-analytic.

Addendum: First suppose that M over Zk(X) is L-analytic. Then each M, is L-
analytic since M, is a Lie(I'y)-invariant K-vector subspace of M. Next suppose that
M over Ok (X \ X,,) is L-analytic. Then each M, is L-analytic since the natural map

M — M; has dense image (cf. [ST03] Thm. in §3). O

This result allows us to introduce the full subcategory Mody, o, (Zx (X)) of all L-analytic
(Def. 2.19) (¢r,I'r)-modules in Mod (Zk(X)).

There is a useful duality functor on the category Mod (Zx(X)). Let M be (¢r,I'1)-
module over Zk(X). The dual module M* := Homgy, (x)(M, Zr (X)) again is finitely

generated projective over Zg (X).

Remark 2.26. — For any finitely generated projective Mod(Zx(X))-module N the
canonical topology on Homg, (x)(N, Zk (X)) coincides with the topology of pointwise

convergence.
Proof. — Since the formation of both topologies commutes with direct sums it suffices
to consider N = Zk(X), in which case the assertion is straightforward.. ]

It is a (¢, 'r)-module with respect to

V(@) :=yoaoy™ and @y (@) == " o (idg, 1) ® @) 0 (@)~
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for any v € I'y, and any o € Homg, () (M, Zk(X)). Each individual such operator on M*
is continuous by Remark 2.20. If we use @47 and @™ to identify Homy, x)(M, Zk (X))

and

Homy, (x)(Z K (X) @y (x),01, My i (X) Qe (2),01, Zrc (X))
= Homgy, (x)(M, Zi (X) @z (2).0r, Zi (X))

then o4 becomes the map

‘@K(x) ®%K(3E),90L HOIHQK(%)(M, %K(%))
— Homg, (x) (M, Zk (X) @y (x)0r, Zic (X))

given by f ® a — [m — f ® a(m)], which does not involve the (¢, '1)-structure any
longer. To see that the latter map is bijective we may first reduce, since M is projective,
to the case of a finitely generated free module M and then to the case M = Zk(X),
in which the bijectivity is obvious. Since I'y is compact and M* is barrelled it remains,
by the nonarchimedean Banach-Steinhaus theorem, to show, for the joint continuity of
the 'z -action on M*, that for any « € M* the map 'y, — M* sending 7 to v(«) is
continuous. Because of Remark 2.26 it suffices to check that, for any m € M, the map
I';, — M sending v to y(a(m)) = y(a(y~*(m)) is continuous. This is a straightforward
consequence of the continuity of the I'r-action on M and on Zk(X).

As an application we make the following technically helpful observation.

Remark 2.27. — For any M in Mody(Zk (X)) the (¢r,'r)-module M & M* is free
over Zk(X).

Proof. — As a module M is isomorphic to a direct sum of invertible ideals. Hence it
suffices to consider an invertible ideal I in Zg(X). Then [ & [* X [ & [ =2 Zi(X) @
IT7' = Zk(X) ® ZKk(X) by Cor. 2.2.i. O

Of course, everything above makes sense and is valid with 28 instead of X. In particular,
we have the categories Mody, 4,,(Zk(B)) € Mod(Zk (%)) of all L-analytic, resp. of all,
(pr,'p)-modules over Zk (B).

We also add the following fact which will be crucial for the definition of etale L-analytic

(¢, T'z)-modules in section 3.3.
Proposition 2.28. — We have Zx (X)* = &L(X)*.

Proof. — Let f € Zx(X)*. We have f € Og(X\ X,,)* for some sufficiently large n. It
suffices to show that f is bounded. By symmetry then f~! is bounded as well so that
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feOb(X\%,)* C &%), Since boundedness can be checked after scalar extension to
C, we may assume that K = C,. Using the LT-isomorphism this reduces us to showing
that any unit in Ok (B \ B,,) is bounded. But this is well known to follow from [Laz65]
Prop. 4.1). O






CHAPTER 3

CONSTRUCTION OF (y;,I';)-MODULES

In this chapter, we prove theorems A, B and C'. The main idea is to compare (¢, '1)-
modules over B and X using the Colmez-Sen-Tate method. We start by reviewing this
method, and then apply it to our situation. After that, we explain how to construct

(pr,'p)-modules from filtered ¢r-modules.

3.1. An application of the Colmez-Sen-Tate method

In the following the Colmez-Sen-Tate formalism as formulated in [BCO08] will be of cru-
cial technical importance. In this section we therefore recall it, complement it somewhat,
and prove an essential additional result.

Let A be an L-Banach algebra with a submultiplicative norm || ||4. For any complete
intermediate field Q, € K C C, we denote by Ax = K ®r, A the tensor product

completed with respect to the tensor product norm || |4, :=||® | [|a-

Remark 3.1. — There is a subtle point here which one has to keep in mind. Let A
be a reduced affinoid L-algebra with supremum norm || |sup,a. The affinoid K-algebra
Ay again is reduced ([Con99] Lemma 3.3.1(1)). But, in general, the supremum norm
| |lsup.ag is NOT equal to the tensor product norm || |[a, = || ® || [lsup.a; the two are
only equivalent ((BGR84] Thm. 6.2.4/1).

Suppose that K/L is unramified. Then gr |(K) = kx ®y, gr| |(L), where &k, denotes
the residue class field of L. We therefore have

97 1a, (Ar) = g7 |(K) @gr (1) 97 flaupa (A) = ke @k, g7 (o 4 (A) -

The supremum norm being power-multiplicative the algebra gry ... ,(A) is reduced.
Since kg /ky is unramified the above right hand algebra is reduced as well. Hence
97| a, (Ax) is reduced, which in turn implies that || [|a, is power-multiplicative and

therefore must be equal to || ||sup, Ay -
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If Q, € ' C C, is an arbitrary intermediate field then F' denotes its completion.
The Galois group G, acts continuously and isometrically on C, and hence continuously,
semilinearly, and isometrically on Ag, (through the first factor). Of course, it then also

acts continuously on GL,,(Ac,) for any m > 1.
Remark 3.2. — We have (Ac,)“% = Ag.

Proof. — Tt suffices to show that (C, ®x A)“% C A. It is easy to see that any element of
C, ®x A is contained in C, ®x Ay for some Banach subspace of countable type 4y C A.
Hence we may assume that A is of countable type. The case of a finite dimensional A being
trivial we then further may assume, by [PGS10] Cor. 2.3.9, that A = ¢y(K) (notation
as in the proof of Lemma 2.3). In this case we have (C, ®x c¢o(K))“% = ¢o(C,) % =
co(K). O

We put L, := L(pyn) and LY := {J, L,, and we let H;”® := Gal(L/L%) and 'Y’ :=
Gal(L%¢/L). According to [BCO8] Prop.s 3.1.4 and 4.1.1 the Banach algebra Ac, verifies
the Colmez-Sen-Tate conditions for any constants c;,co > 0 and c3 > zﬁ' It is not
necessary to here recall the content of the Colmez-Sen-Tate conditions; for the sake
of clarity we only point out that in the notations of loc. cit. we have A = Ac, and

A Heven = Ln®y A = Ar,. What is important is that this has the following consequences.

Proposition 3.3. —

i. For any sufficiently large n there is a G -invariant decomposition into Ay, -submodules

reve
Arme = Ap, © X, in particular, X, 7» = 0.
ii. Given any continuous 1-cocycle ¢ : G, — GLy,(Ac,) there exists a finite Galois

extension L'/L and an integer n > 0 such that there is a continuous 1-cocycle on

G, which is cohomologous to ¢, has values in GLm(AL/n), and is trivial on H7°.

Proof. — 1. This is immediate from the condition (T'S2) in [BCO08] §3.1. ii. This is a
somewhat less precise form of [BCO8| Prop. 3.2.6 (the k there is irrelevant since p is
invertible in A). O

Let P be a finitely generated free Ac,-module of rank r and consider any continuous
semilinear action of Gy, on P. Note that P as well as End Ac, (P) are naturally topological

Ac,-modules.

Corollary 3.4. — We have:

. HCyC . . . HCyC o
i. P s a projective Arz.-module of rank r, and Ac, ®Afc\yc PHL = P.
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ii. For any sufficiently large n, PYL"™ contains a T -invariant Ay, -submodule Q,, which
satisfies:
a) @, is projective of rank r,
b) A ®a,, Qn = PUL", and
c) there is a finite extension L'/L,, such that Ap ®p, Q, is a free Ap-module.
iii. for any Q, as in . there is an m > n such that Pt C Ap,, ®a,, Qun; in particular,

P s a submodule of a finitely generated free A-module.

Proof. — i. and ii. We fix a free A-module F; of rank r such that Ac, ®4 I = P, and

we let act G, continuously and semilinearly on Endsg (P) by
G X EndAcp(P) — EndACp(P)
(0,a) — (0 ®@idp,) oo (07! @idp,) .
Then
¢: Gy — Autag (P)
o+ oo (0t ®idp,)
is a continuous 1-cocycle. By Prop. 3.3.ii there are a finite Galois extension L'/L, a

natural number n > 0, and an element § € Autag (P) such that the cohomologous

cocycle
d(o)=pBoc(o)o(c®idp)o B o(c ' ®idp)=BocoB  o(c' ®idp,)

on G has values in Auty , (A, ®4 Fy) and is trivial on H/°. It follows that o =
Bl o (0 ®idp,) o B for any o € H;9® and hence that

cyc

PHL’ _ Bfl(PHz?jC(@idPO:l) _ B—1<Ag§ic %4 PO) _ 671(14/\ R4 PO) .

Freve
In particular, P 2 is a free A ae-module of rank r and Ac,® A~ P = p. Moreover,
the residual action of G1/H7/ on PP 1eaves the free A 1,-submodule Q" := 71 (AL, ®4
Py) of rank r invariant.

By the usual finite Galois descent formalism (cf. [BCO8] Prop. 2.2.1 and [Bou85|

I1.5.3 Prop. 4) we conclude that PEY" is a projective A——-module of rank r with

Lecye
Ac, ®a_— PP = P and that the I'¥“-action on PP leaves invariant the projec-
Leye
cyc cye
tive Af,L -submodule Q := (Q')"%" of rank r. By construction we have Are ® pove Q =
" A
Ly

cyc cyc
PHL” . By enlarging n we achieve that Af,f =Ar,.

iii. We fix a @, as in ii. We may assume that L'/L,, is Galois and that LY N L' = L,,.

By assumption the Ap-module Q" := Ap ®4, @, is free. For any sufficiently big m > n
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P = A @4 P = A @4, Qu = A, ®a,, @
= (ALin XA, Q,) S (XL',m QA Ql) ’

where the first and the last identity uses finite Galois descent and Prop. 3.3.i, respectively.
Suppose that we find sufficiently big integers m > ¢ > n such that

cyc

(3.1) (XL’,m ®4,, Q/) Ly — 0.

We then obtain

Y

PGL g (ALin ®AL/ Q,)szc = (ALin ®ALn QH>H2 ) = ALm ®ALn Qn

with the last identity again using finite Galois descent.
In order to establish (3.1) we note that the group I'%® acts Ap-linearly on Q. The
same computation as in the proof of Prop. 2.16 shows that for a sufficiently big ¢ > n we

have
(v = D (@)llg < p~%|zlor for any v € FZC and z € Q'.

We fix an element 7y € FcLy; of infinite order. The Colmez-Sen-Tate condition (TS3) in
[BCO8] §3.1 says that, for m > ¢ sufficiently big, we have

160 = D(@)llag, = pllallag,  for any a € Xy,

We claim that vy has no nonzero fixed vector in X/, ®4,, Q.

Let e1,...,e, be a basis of Q" over Ap,. We equip P = Ac,e; @ ... @ Ac,e, with
the norm || 337_; a;e;f| := max; [[a;l|ag,. We may assume that || [[or = || [[|o- For any
0#y=>,0ai€ € Xpm®a,, Q (With a; € Xy/,,) we have

13200 = @) - eil| = max||(vo = 1)(ai) [ ag, > p~* max [la;] 4,
and l
13- v0(a:)(v0 — D(e)ll < max [laillac, - [1(vo = D(ex)llgr < p~* max [|ai ac, -
It follow; that
(70— 1)(y) = (%0 — 1)(; aie;)
= Xi:(% — 1)(ai) - e + Zi:%(az-)(% —1)(es)
£0.
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We fix an n together with @, as in Cor. 3.4.ii and such that, for simplicity, I'?’" is
topologically cyclic. The group I'’® is locally Q,-analytic since it is, via the cyclotomic
character Xy, an open subgroup of Z. It acts Ap, -linearly on @,. The condition (2.2)

trivially holds for the trivial I'’*-action on Ay, . Therefore Prop. 2.16 applies so that:
Corollary 3.5. — The I'"-action on @, is locally Q,-analytic.

In particular, we have the linear operator Vg,., on (), which is given by the derived
action of V. := Lie(Xeye) ' (1) € Lie(I'f’"). If 7 is a topological generator of I'Y* then
Vsen 18 explicitly given by

log(7"")

vSen - ;
10g Xeye(7?)

for any sufficiently big j € Z>.

The notation Vg, is justified by the fact that, being defined by deriving the action of

'Y, these operators for various n and @, all are compatible in an obvious sense.

Lemma 3.6. — Suppose that Ve, = 0. Then PCt is a projective A-module of rank r
CbndAcp ®APGL = P.

Proof. — The assumption implies that 'ypj for any sufficiently big j fixes ),,. Replacing
n by n+jand Q, by Az, ., ®4,, @, we therefore may assume that @, C PC%n and that
n satisfies Prop. 3.3.i. We then compute

PG = ( pHEyC)F?Lf = (A @4, Qn)Fiyj
= ((AL, © XLn) ®4,, Qn)FCLy:

= Qn S (XL,n ®ALn Qn)FCLy”c

cyc

r
= Qn D (XL7Lnn ®ALn Qn)
= n

where the fourth identity uses the projectivity of @),,. The assertion follows from this by
Galois descent. O

Now we suppose given an L-Banach algebra B (with submultiplicative norm) on which
the group o] acts continuously by ring automorphisms. By linearity and continuity this
action extends to a continuous oy -action on Bg, (compare the proof of Lemma 2.23.ii).

It allows us to introduce the twisted G'z-action on Bg, = Cp® B by

*(c®b) = o(c)@T(c1)(b) force C,, be B,and 0 € Gy.
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The fixed elements A := Bgﬁ* in Bg, with respect to this twisted action form an L-

Banach algebra. We assume that
(3.2) Ac, = Bg, -
We also suppose that our free Ac,-module P is of the form
P = Bc, ®p I

for some finitely generated projective B-module F, which carries a continuous semilinear
action of of. By the arguments in the proof of Lemma 2.23 this action extends to a
continuous semilinear action on P (and we have P = C, ®rp Py with vy €'y, = o} acting

as idg, ®7). We then have a twisted G'z-action on P as well by
*b®x):=""bR (0 ") (z) for b € Be,, v € Py, and 0 € G.

It commutes with the I';-action.
The corresponding fixed elements P%Z* form an A-module. For an element in P of the

form ¢ ® z with ¢ € C, and = € F, we, of course, simply have
“(e®a)=o(c)@7(07")(2).

Using this observation (and again the reasoning in the proof of Lemma 2.23.ii) one checks
that this twisted G-action on P is continuous. It follows that P¢L* is closed in P.
Obviously the I'z-action on P%L* then is continuous for the topology induced by the
(canonical) topology of P. In our later applications we will show that the A-module
PGr* s finitely generated projective. As a consequence of the open mapping theorem
there is only one complete and Hausdorff module topology on a finitely generated module
over a Banach algebra (cf. [BGR84] 3.7.3 Prop. 3). Hence in those applications we will
have that the I';-action on P2 is continuous for the canonical topology as an A-module.

Our goal is the following sufficient condition for the vanishing of Vg, = 0.

Proposition 3.7. — If the actions of o on B and Py are locally L-analytic then
Vsen =0 on Q.

We start with some preliminary results. First we consider any p-adic Lie group H,
any L-Banach space representation X of H, and any L-Banach space Y. Then X®.Y
becomes an L-Banach space representation of H through the H-action on the first factor.
We denote by X the Banach subspace of H-fixed vectors in X and by Xj, the H-

invariant subspace of locally analytic vectors with respect to H. As in [Emel7] Def.
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3.5.3 and Thm. 3.5.7 we view X, as the locally convex inductive limit
Xla =1 XUfom )
7

where U runs over all analytic open subgroups of H, U denotes the rigid analytic group
corresponding to U, and Xy_g, is the L-Banach space of U-analytic vectors in X (loc.
cit. Def. 3.3.1 and Prop. 3.3.3). If C*"(U, X) = O(U)®q, X denotes the L-Banach space
of X-valued rigid analytic function on U then the orbit maps * — p,(h) := hx induce

an isomorphism of Banach spaces
Xuyan — C(U, X)V

where the right hand side is the subspace of U-fixed vectors for the continuous action
(hy f) = (hf)(W) := h(f(h'R')). The subspace Xy_4, of X is U-invariant. But the
inclusion map Xy_qn 5 X only is continuous in general (and not a topological inclusion).
Furthermore, Xy_,, is a locally Q,-analytic representation of U (loc. cit. the paragraph
after Def. 3.3.1, Cor. 3.3.6, and Cor. 3.6.13). In particular, we have the derived action
of the Lie algebra Lie(U) = Lie(H) on Xy_4,. We also remark that, if Xy_,, = X as

vector spaces, then this is, in fact, an identity of Banach spaces (loc. cit. Thm. 3.6.3).

Lemma 3.8. — For any analytic open subgroup U of H we have:
i (X Y)V =XV, Y;
i (XOLY)van = Xv-an &1 Y
iii. if Xy_an = X then, with respect to the U-action
UxC™U,X)— C"™U,X)
(h, f) — h(f (7)),
we have C(U, X)y—_an = C*(U, X).
Proof. — i. This follows by considering a Banach base of Y (cf. [Sch02] Prop. 10.1).
ii. Using i. we compute
(X®LY Jy—an = C"(U, X®. Y)Y = (O(U)®q,X®1Y)"
= (O(U)®q,X)"&.Y = C™(U, X)V&.Y
= Xy_an®LY .
iii. This is a consequence of [Emel7] Prop. 3.3.4 and Lemma 3.6.4. O

Next we suppose given an L-Banach algebra D with a continuous action of H together

with an H-invariant Banach subalgebra C'. Further, we let Z be a finitely generated
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projective C-module (with its canonical Banach module structure) which carries a con-
tinuous semilinear H-action. Then D ®¢ Z is a Banach module over D with a semilinear
continuous diagonal H-action. The dual module Z* := Hom¢(Z, C) is finitely generated
projective as well. The natural semilinear H-action on Z* is continuous; this follows
from Remark 2.20 and an analog of Remark 2.26 by the same arguments as those before
Remark 2.27. Corresponding properties hold for Z}, := Homp(D ®¢ Z, D).

Lemma 3.9. — If Zy_on = Z then also (Z*)y_an = Z*.

Proof. — The assumption Cy_,, = C implies, by Lemma 3.8.iii, that, with respect to
the U-action

UxC™UC)— C"™U,C)
(h, f) = h(f(h71))
we have C"(U, C)y_on = C*(U,C). Let z € Z and a € Z*. Applying this to the map
f(h) := a(hz), which by assumption lies in C**(U, C), we obtain that
[h— (ha)(2)] € C*™(U, C)

for any z € Z. Let now 21, ..., 2, be C-module generators of Z. Evaluation at the z; gives
a topological inclusion of Banach modules Z* — C”. What we have shown is that the
continuous orbit map p, composed with this inclusion lies in C**(U, C"). It then follows
from [Emel7] Prop. 2.1.23 that p, must lie in C**(U, Z*). Hence a € (Z*)y—_an. O

Lemma 3.10. — Suppose that there is an analytic open subgroup U C H such that
Cu—an = C and Zy_,, = Z; then the natural map Dy_., Qc Z =N (D ®¢ Z)y—an 18 an

isomorphism of Banach modules over C'.

Proof. — It follows from [FAL99] 3.3.14 or [Eme17] Prop. 3.3.12 that Dy_,, is a Banach
module over Cy_,, = C and that the obvious map Dy_,, ®c Z — D ®¢ Z factorizes
continuously through (D ®¢ Z)y—_an. Since Z is projective, and hence flat, the latter map
is injective.
Step 1: We show that (id ®a)((D ®¢ Z)vu—an) € Dy_an for any o € Z*. The map
Z* — Homp(D ®¢ Z, D) = Zj,

a— id Qa

is a continuous map of H-representations on Banach spaces. Since (Z*)y_sn = Z* we

obtain that id @« € Homp(D ®¢ Z, D)y_an. By the same references as above the obvious
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H-equivariant pairing
Homp(D ®¢ Z,D) @p (D ®@c Z) — D

induces a corresponding pairing between the spaces (.)y_qn-

Step 2: We have that, for any (abstract) C-module S and any nonzero element u €
S ®c Z, there exists an o € Z* such that (id ®«)(u) # 0 in S. This immediately reduces
to the case of a finitely generated free module Z, in which it is obvious.

We now apply Step 2 with S := D/Dy_,,. Because of Step 1 we must have (D ®¢
Z)—an € Dy_an ®c Z. Hence the asserted map is a continuous bijection. The open

mapping theorem then implies that it even is a topological isomorphism. O

Consider any infinitely ramified p-adic Lie extension Lo, of L, and let I' :== Gal(Ls/L).
The completion L., of Lo is an L-Banach representation of I'. Following [BC16], we
denote by f)f‘o the set of elements of Lo, that are locally analytic for the action of I'. The
structure of L is studied in [BC16], where it is proved that, informally: L' looks like
a space of power series in dim(I') — 1 variables. In particular, there is ([BC16] Prop.
6.3) a nonzero element D € C, ®q, Lie(I') such that D = 0 on L* . This element is the
pullback of the Sen operator attached to a certain representation of I'.

Now let Lo, be the Lubin-Tate extension of L such that Gal(L/L,,) = ker(xzr). Then
xor : DET .= Gal(Lo /L) = T = of, and dxyr : Lie(T¥T) = Lie(Ty) = L. With
¥ := Gal(L/Q,) we have the L-linear isomorphism

by

(3.3) L®q, Lie(Ti") = P L
— (ao(dxrr(x)))o -

a®r
For any o € ¥ we let V,, denote the element in the left hand side which maps to the tuple

with entry 1, resp. 0, at o, resp. at all ¢’ # o (it should be considered as the “derivative

in the direction of ¢”). Then

1@r=> o(dxirk)) -V, foranyre Lie(I'[").

oeX
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Therefore, for any locally Q,-representation V of I't”, the Taylor expansion of its orbit
maps ([STO02] p. 452) has the form

=3 oy (1) = 3 (5 oldvir(logeyr (1) - Vo)
= 3 (3 ollog(xur(1) - V)"
=v+ Y log(o(xer(7))) - Vo(v) + higher terms

for any v € V, and any small enough v € T't7.

Let L™ be the compositum of L., and LY.
Lemma 3.11. — If L,NL%* is a finite extension of L, then Vig+V e = 0 on (W)la.
Proof. — As a consequence of our assumption we have
Lie(Gal(L™**/L)) = Lie(I'}") & Lie(I'°) .

By [BC16] Prop. 6.3, there exists a nonzero element D € C, ®q, Lie(Gal(L™** /L)) such
that D = 0 on (E"\W)la. We claim that D is a scalar multiple of Viq + V.. For each
element o € ¥\ {id}, the field (Loo)™ contains the variable z, such that

YT, = 1o +log(o(xrr(y)))
for any v € I'ET ([BC16] §4.2). Tt follows that V,(z,) = 1 and V,/(z,) = 0 if 0/ # 0.

By our assumption we also have V ,.(z,) = 0.

The character 7 = chcXZjl“ has a Hodge-Tate weight equal to zero, so that there exists
z € C) such that g(z) = z - 7(g) for any g € G. It is then obvious that z € (W‘f)la.
Secondly this implies that

12 =dr(x) - 2 = dXeye(r) - 2 — dxrr(r) - 2,

for any ¢ € Lie(Gal(L™** /L)), and hence Viq(z) = —2 = —Vyc(2).

Write D = Y ;e5Co - Vo + Ceye - Veye Applying D to z,, with o € £\ {id}, we find that
ce = 0. Applying D to z, we find that c;q = c¢ye. This implies that D is a scalar multiple
of Viqg + Vye, and therefore that Vig+ V. = 0 on (ﬁ”‘?x)la since D = 0 on (Wv)la. O

Proof of Proposition 3.7. — Let H™** := Gal(Q,/L™*"). Using Remark 3.2 we have
PHmuw _ (Acp ®B PO)HTVLaw _ (ACP)H"Luw ®B PO _ (A@LW) ®B PO '

We have to consider the twisted action of the p-adic Lie group Gal(L™* /L) on the above
terms. On Q, C PP C PH™" the group Gal(L™* /L) acts through its quotient T'%°.
By Cor. 3.5 the I'}“-action on @, is locally Q,-analytic. Moreover, by assumption the
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Gal(L™ /L)-actions (through the map 77') on B and P, are locally Q,-analytic. We
therefore find, by [Emel7] Cor. 3.6.13, an analytic open subgroup U C Gal(L™* /L)
such that @, = (Qn)u—an, B = Bu_an, and Py = (Py)y_an. Using Lemma 3.8.ii and
Lemma 3.10 we then obtain that

Qn C (P NVy_an = (ARLL™) @5 Py)y_an = (AQLL™)y_an @5 Py
= (A®L(Lmam>Ufom) ®p .

Recall that the twisted Gp-action on Py is given by %*z = 7(¢~!)(x). Since, by our
assumption, the oj-action on P is locally L-analytic this twisted Gal(L™* /L)-action on
Py is locally Q,-analytic with the corresponding derived action of L®q, Lie(Gal(L™** /L))
factorizing through the map

id®—dr a®b—ab

(3.4) L ®q, Lie(Gal(L™ /L))

L®QpL

L = Lie(o})

id®pr®id®prl

L Lie(T') @ L Lie(T9¥*
®QP le( L )EB ®QP le( L ) (Zgaa)+Cb—>aid—c

(3.3) @ id ®dxcye l
(ZJEE L) D L

We now distinguish two cases, according to whether there is a finite extension M of
L such that L¥¢ C M - L., or whether there is a finite extension M of L such that
LN Lo = M. Since 'Y’ is an open subgroup of Z, we always are in one of these two
cases.

First case: By [Ser98] II1.A4 Prop. 4 the character x 1 corresponds, via the reciprocity
isomorphism of local class field theory, to the projection map of x W% P 0%, One deduces
from this that, in the present situation, x.y. differs from Np,q, o xzr by a character
of finite order. It follows that 7 = chcXZ% is equal to a finite order character times
[Tyesona0 © xor. We also have Lie(Gal(L™** /L)) = Lie(T';") in this case. By feeding
this information into the above commutative diagram (3.4) one easily deduces that Viq
acts as zero on Py. On the other hand, by [BC16| Cor. 4.3, we have Viq = 0 on (17”\”)13.
This implies that Vig = 0 on (A® L(W)U_an) ®p Py. The result now follows from the
fact that the natural map

Lie(Gal(L™** /L)) = Lie(T%") — Lie(I'?)

sends Viq to Vgen. To see this why this fact is true, consider a locally analytic represen-

tation W of I'?’°, which we can view as a locally analytic representation of I'¥” via the



66 CHAPTER 3. CONSTRUCTION OF (¢r,I't)-MODULES

map ['E7 — TP°. If w € W and g € T'ET| then
g(w) = w 4 10g Xeye(9) - Vsen(w) + higher terms.

Since Xeye(9) = Ils 0(xzr(g)) up to a character of finite order, the above formula becomes
g(w) =w+> logo(xrr(g)) - Vsen(w) + higher terms,

so that V, maps to Vg,, for all o.

Second case: This time the perpendicular maps in the diagram (3.4) are bijective. One
immediately deduces that Viqg + V., = 0 acts as zero on F,. On the other hand we
know from Lemma 3.11 that Vig + V. = 0 on (17”\‘””)1&. Hence Vig + Ve = 0 on
(A@L(W)U_(m) ®p Py. The natural map Lie(Gal(L™** /L)) — Lie(T'{") sends Viq to
0 and Ve to Vge,. This again implies the result. O

We now can state our main technical result.

Theorem 3.12. — If the o} -actions on B and Py are locally L-analytic then PYt* is
a finitely generated projective A-module of the same rank as P and Ac, ®4 PCr* = P,
Proof. — This follows from Lemma 3.6 and Prop. 3.7. O

Remark 3.13. — All of the above remains valid if we replace 7 by 771.

3.2. The equivalence between L-analytic (¢, [';)-modules over 6 and X

We now explore the diagram
Cp XQp%%)CP XL%
B, X

in order to transfer modules between the two sides. As in section 1.3 we treat s as an
identification. Recall also that k is equivariant for the oy \ {0}-actions on both sides.

As a consequence of Remark 1.22 we have (cf. Lemma 1.25)
R (B) = %Cp(%)GL and R (X) = %Cp(%)GL’* 7

where the twisted Galois action is given by (o, f) — 7*f := (7 f)([7(¢7'](.)); it commutes
with the oy, \ {0}-action. By extending the concept of the twisted Galois action we will
construct a functor from Mod(Zx(B)) to Mod(Zk(X)).

Let M be a (¢, I'r)-module over Z(8). Then

Mcp = '@Cp(%) ®ﬂL(%) M
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is a (¢r,'r)-module over Zc,(*B) by (the analog for B of) Lemma 2.23.ii. One easily
checks that the twisted G'p-action on Mc, given by

(o, f@m)r—ox(f@m):=""feT(c"")(m),
for o € G, f € %#c,(B), and m € M, is well defined. Observe that this twisted Galois

action and the action of o \{0} on M¢, commute with each other. Hence the fixed
elements

= (Zc,(B) @, ) M)
form an %, (X%)-module which is invariant under the oy, \ {0}-action.

In order to analyze My as an Zr,(X)-module we use the result from the previous section

3.1.

Theorem 3.14. —

i. My is a finitely generated projective Zr(X)-module.
ii. If M is L-analytic then the rank of Mx is equal to the rank of M and

K, (X) @z, x) Mx = #c,(B) @) M

Proof. — By the analog for B of Prop. 2.24 we find an n > 1 and an O(B \ B,)-
submodule M,, € M such that

— M, is finitely generated projective over O (B \ 9B,), and
R1(B) @0, (3\8,) Mn = M,

— M, is of -invariant, and the induced o} -action on M,, is continuous,

— ) restricts to a continuous homomorphism
o, + Mn — OL(B \ Bni1) o, (m\8,) Mn
such that the induced linear map
(3.5) OL(B\ Bri1) @0, 3\2,).0, Mn — OL(B\ Bri1) Qo m\2,) M
is an isomorphism.

For any m > n we define
= O0L(B\ B) Qo w\8,) My
The above three properties hold correspondingly for any m > n. Each
My, ¢, = Oc,(B\ B,,) @0, (3\8,,) Mm
carries an obvious twisted Gr-action such that the identity

Mc, = %c,(B) Q0c, (B\Bm) Mm,c,
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is compatible with the twisted Gp-actions on both sides. The fixed elements M, GL & form
an O (X \ X,,)-module (cf. Lemma 1.25), and

MG = (| M) = U MS%,.

m
m>n m>n

We claim that it suffices to show:

iii. M GLC’; , for any m > n, is a finitely generated projective O (% \ X,,)-module.

m

iv. For any m > n, the natural map
OL(X\ Xit1) @0, (x\2,) Mlds — Mgty

is an isomorphism.
v. If M is L-analytic then O¢, (X \ X,) ®o, (x\x,) MGép = M,c,.

n

Suppose that iii. - v. hold true. By iv. we have
Mgish = OL(X\ X) ®o, x\x) My

m

for any m > n. Hence

MGE" = | (OL(x\ %) @0, 0\2,) MYE))

m>n

= (U 0ux\ %)) o, MIE

m>n
= ZL(X) Qo x\x,) M )
and iii. therefore implies i. Assuming that M is L—analytic we deduce from v. that
K, (X) @y MS) " = Ao, () Go, e, Mg

= %c,(X) ®og, (x\x,) Mn,cp

= %c,(B) ®og, (m\3,) Mnc,

= Mg, ,
which is the second part of ii. Since all rings involved are integral domains the first part
of ii. is a consequence of the second part by [Bou85] I1.5.3 Prop. 4.

In order to establish iii. - v. we fix an m > n and abbreviate  := X \ X,, and
A =B\ B,,. We recall from Prop. 2.1 and its proof that we have increasing sequences
D, C...CPY,C...CcPYandA; C ... CA; C ... CAof open affinoid subdomains
(over L) which form admissible open coverings of ) and 2, respectively, and such that:

a. All restriction maps Ok (2);+1) — Ok(2);) and Ok (A;j11) — Ox(AU;) are com-

pactoid (proof of Prop. 2.5.i) and have dense image. In particular, these coverings

exhibit ) and 2 as Stein spaces.
b. Each 2; is a subannulus of 2.
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c. Every 9); and every ; is o -invariant, and the induced oj-actions on O (2);)
and Op(2(,) satisfy the condition (2.2) and are locally L-analytic (Prop. 2.17 and
discussion before Def. 2.19).

d. The LT-isomorphism « : X/,c, = B Jc, Testricts, for any j > 1, to an isomorphism
;/c, 5 2;,c,. With respect to the resulting identifications

C,®10L(Y;) = Oc,(9;) = Oc, () = C, &1 Oc, (Ay)
the G r-action through the coefficients C, on the left hand side corresponds to the
twisted G-action on the right hand side; in particular, O(9);) = Oc, ()%=
As explained, for example, in [STO01] §3 to give a coherent sheaf S on a quasi-Stein space

3 with defining admissible affinoid covering 3; C ... C 3, C ... C 3 is the same as giving
the finitely generated O(3;)-modules S(3;) together with isomorphisms
O(3)) ®o3,.1) S(3511) = S(3) -
Then
S§(3) =1lmsS(3;) and  S(35) = O(3;) o) S(3) -

Moreover, by Prop. 1.13, the coherent sheaf S is a vector bundle if and only if S(3) is a
finitely generated projective O(3)-module.

In our situation therefore the modules M,, and M,, ¢, are the global sections of vector
bundles M,, and M,, c, on & and 2,c,, respectively. As a consequence of property

c. and Prop. 2.16 the continuous o -action on M, extends semilinearly to compatible

locally Q,-analytic o -actions on the system
(M (2;) = OL(;) oy @) Mim);-
For later use we note right away that, as explained in the Addendum to the proof of

Prop. 2.25, each M, () is L-analytic if M is L-analytic. As explained before Prop. 3.7

these give rise to compatible (continuous) twisted G'z-actions on the system

(Mumsc,(Jj/c,) = Oc, (%) @o,@) Mm = Oc, (%) @oc, @) Mm.c,);-
By construction the latter is a system of finitely generated projective modules (all of
the same rank, of course). But because of the property b. the rings Oc¢,(9);) =
Oc, (%) are principal ideal domains. Hence we actually have a system of free modules.
Each member of this system therefore satisfies the assumptions of the previous section
3.1. The second half of Cor. 3.4.iii then tells us that by passing to the fixed elements
for the twisted Gr-action we obtain a system (M,,/c,(%;/c,)“*); of OL(;)-modules
Mnsc,(2/c,)%* which are submodules of finitely generated free modules. The affinoid

2); being one dimensional and smooth the ring O(2),) is a Dedekind domain, over which
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submodules of finitely generated free modules are finitely generated projective. Hence

(Mo, (U5 /CP)GL’*) ; is a system of finitely generated projective modules. We obviously

have
1.&.n/\/lm/cp(Qlj/cp)GL’* = (lim Munjc,(j/c,))
J J
= Muc,(¥/c,)
-,
If we show that the transition maps
(3.6) OL(Y;) ®0,@, 1) Mum/c,(Wj1/0,) 7" — Munyc, (Ujyc,)

are isomorphisms then the system (M,,;c,(A;,c,)“"*); corresponds to a vector bundle
My on 2 with global sections Mgfc*p In view of Prop. 1.13 this proves iii.

To see that (3.6), for a fixed j, is an isomorphism we use Cor. 3.4 again which implies
the existence of finite extensions L C Ly C Ly, C C, and of a finitely generated projective
(Gr,*)-invariant Op, (2 ;11)-submodule Q of M,,,c, (A;11/c,) with the properties a) - c)
in Cor. 3.4.ii and such that

Mm/Cp (Q(jJrl/Cp)Gwk - OLz (QJJ'H) ®0L1(@j+1) Q
C Myyc,@j41/c,)
= 0c,(Yj+1) QoL (V1) Q

and hence, in particular, that

Mm/cp(QlJJrl/Cp)GL,* — (OL2 (23]+1) ®0L1(2)j+1) Q)GL,* .

We deduce that

(3.7) Msc,(@jc,) = Oc,(D;) ®oc, ;1) Mmsc,(&j+1/c,)
(3.8) = OCp (2)]) ®OL1(%‘+1) Q
= Ocp (@]) ®OL1(@J') (OL1 (QJJ) ®OL1 Dj+1) Q) .

We claim that for P := M,,/c,(,/c,) we may take as input for Cor. 3.4.ii the
submodule O, (9);) ®o,, @,,,) Q- The properties a) and c) are obvious. For b) we have

to check that the inclusion

cyc

Oﬁ\yc (2]]) ®OL1(%) (OLl(Q«Jj> ®0L1(%+1) Q> - Mm/Cp (Q[j/cp)HL

is an equality. Since the ring homomorphism

0:5:(9;) — 0c, ;) = C, ©75:075: ()
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is faithfully flat ([Con99] Lemma 1.1.5(1)) it suffices to see that the base change to
Oc,(9);) of the above inclusion is an equality. But both sides become equal to M.,,,c,(2;/c, )
the left hand side by (3.7) and the right hand side by Cor. 3.4.i.

As output from Cor. 3.4.iii we then obtain the first identity in

Mm/Cp(Q[j/Cp)G[”* = <0L2 (2]3) ®0L1(ij+1) Q)GL,*
= (0L(9)) ®0,®,.1) (OL,(Djs1) @0, @,41) @) .
Since the twisted Gp-actions are continuous and since the profinite group Gy, is topo-

logically finitely generated (cf. [NSWO08] Thm. 7.5.14) we, after picking finitely many

topological generators oy, ..., 0, of G, may write

Moc, (Qji1/c,) " = (O1,(Djn1) @0y, @,41) @)

Hlfoi r
= ker (C’)Lz(@jﬂ) QoL j+1) Q —— H Or,(Yj+1) Do, (V41 Q)'
i=1

The ring homomorphism O ();4+1) — OL();) is flat ((BGR84] Cor. 7.3.2/6). Hence
the formation of the kernel above commutes with base extension along this homomor-
phism. It follows that

OL(Y5)®0, @, Mum/c,(™j1/c,) "
= OL(;) ®0,@,11) (OL,(Dj11) oy, @,41) @)
= (01(9;) ®o,®@;.1) (Or,(Dj+1) ®or, @;41) Q)
= Musc,(Uj/c,)"" .

This settles the isomorphism (3.6).

To check the isomorphism in iv. we temporarily indicate the dependance of our cov-
erings on m by writing @gm) and ﬂgm) . Examining again the proof of Prop. 2.1 one
easily sees that, for a fixed m, these coverings can be chosen so that mgmﬂ) c9 jm) and
Q[(m+1

J ) C ng-m) for any j. But then the exact same argument as above for (3.6) shows

that the natural maps

(m+1) (m) \Gp,*
0L i, g, M, (B )
= m-+1 * m—+1 *
— Mm—i—l/cp (Q[E./CP ))GL: — Mm/Cp <Q[§/Cp ))GL,

are isomorphisms. This means that the restriction to X \ X,,.1 of the vector bundle
Max\x,, on X\ X,,, coincides with the vector bundle My\x

equivalent to the isomorphism in iv.

i1~ On global sections this is
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Now we assume that M is L-analytic. Earlier in the proof we had observed already
that then each M,,(2(;) is L-analytic. In this situation Thm. 3.12 tells us that

(39) OCP (@J) ®OL@JJ') Mm/Cp (Qlj/cp)Gh* = Mm/Cp (mj/cp) :

Being finitely generated projective, Oc, () ®o, ) My(2) must be the global sections
of a coherent sheaf on 9),c, = 2/c,. But one easily deduces from (3.9) that this sheaf is
Mpn/c,. It follows that

Oc, (D) ®o,m) Mulie = 0c,(D) ®o,) My(D) = Munsc,(c,) = Mg, ,

which shows v. O
Lemma 3.15. — For any M in Mod(ZL(B)), Mx is in Modp(ZL(X)).

Proof. — It remains to show that:
a) The 'z -action on My is continuous for the canonical topology of My as an % (X)-
module.
b) The map
Pty RL(X) @y )0, Mx — Mx
is an isomorphism.

We will use the notations in the proof of the previous Thm. 3.14.

(a): By Remark 2.20 each individual v € I'y acts by a continuous automorphism.
Since My is barrelled it therefore suffices, by the Banach-Steinhaus theorem, to check
that the orbit maps v — vz, for x € My, are continuous. But Mx = U5, MGL’
and the inclusion maps M, GL ol  — Mx are continuous for the canonical topologies (agam
by Remark 2.20). This reduces us to showing the continuity of the orbit maps for each
MGL’ Now we use that, by (3.6), we have

My —L Minjc,(%i/c,)

GLy*

at least algebraically and (cf. Fact 1.12.1)

* Gr,
Monsc,@jsc,) " = OL(D;) Qo @\xm) Ma'd, -

In fact, the first identity holds topologically if we equip the left hand side with the
canonical topology and the right hand side with the projective limit of the canonical

Gr* a5 a direct summand

topologies. This is most easily seen by writing M,,,c,(4;/c,)
of a finitely generated free module in which case the corresponding identity is evidently
topological. This finally reduces us further to the continuity of the orbit maps of I';, on the

Or(9;)-module M., ¢, (2; /CP)GL’*. Since this module is finitely generated projective over
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the Banach algebra O1(9);) = Oc, (2;)%* we have pointed out the required continuity
already in the discussion before Prop. 3.7.

(b): This time we choose the coverings {@gm) }; and {Ellgm) };of X\ X, and B\ B,,,
respectively, in such a way that WEQJY”U C iDg-m) and WZngmH) C ngm) for any j.

In a first step we show that the map

(m+1) (m) \Gp,» = (m+1)\Gp,,*
OL(D;") B, imy 4, Minjc,(Ujye,)™ " = Mumsye, (Aj)c, )™

fem— fou(m)
is an isomorphism. As listed in (3.5) at the beginning of the proof of Thm. 3.14 we have
the isomorphisms
OL(B\ Brnt1) oL (B\Bm)0r, Mm = Myyy
hence
Oc,(B\ Bmi1) ®og, ®\5,) 01 Mm/c, — Mni1/c,
by base change to C,, and then by restriction

OC (Ql(m+1)

(m) | = (m1)
i) ®og,@im) o, Mmc,Hjic,) = Mmiije,(¥c,”)

J

induced by . Since the of, \ {0}-action commutes with the twisted G'z-action the latter

map restricts to the isomorphism
(m+1) (m)
[OCP (A ) ®Ocp(m§m)),m Muc, (Qlj/czo>

This reduces us to showing that the obvious inclusions induce the isomorphism

GL7* >~ m—+1 *
} — Mmﬂ/cp(i)g/cp))GL’ :

(m+1) (m) \Gpx
OL(@j ) ®OL(Y~D§m))#’L Mm/Cp (Qlj/cp) -

}GL,*

o (m+1) (m)

For this we proceed entirely similarly as in the argument for (3.6) in the proof of Thm.
3.14. By Cor. 3.4 we find finite extensions L C L; C Ly, € C, and a finitely generated
projective (G, x)-invariant OLl(@g-m))—submodule Q of

X 1= My, (A7)
with the properties a) - ¢) and such that
Xt C O, @gm)) Do, @) QE X =0c, (ng'm)) Do, @) @

and hence, in particular, that

X1 = (01,(9)") @, o) Q" -
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We deduce that
(m—+1)
Oc, (Y; ) ®Ocp @) 0r X
o (m+1)
o OCP (@] ) ®0L1(@;m))7<ﬁL Q
m+1 m+1
= Og¢, (2); * )) ®0L1@;m+1) (Or, (Q,Jg )) ®0L1®§m))’% Q) .

This shows that for P := Oc, (‘Qg-mﬂ)) ®Oc @)

ARG

3.4.iii the submodule Oy, (@;mﬂ)) R0, @™, @ and as output we obtain the first
1 J ’

. X we may take as input for Cor.

identity in
(m+1)
[OCP (233 ) ®Ocp (@;m))ﬁ% X
_ (m+1) Gpr,*
= (OLQ(@j ) ®OL1(@§-m>)790L Q) L
_ (m+1) (m) Gp
- (OL(QJJ ) ®OL(2)§-m))v<ﬂL (OLQ (@] ) ®0L1(‘Q§-m>) Q)) L
Choosing finitely many topological generators o, ..., o, of G we may write

X" = (O, (D™ Doy, @iy @7

}G’L,*

m HlfUz’ " m
— ker (OL2(2]§- )) ®OL1(@<-’“>) Q = ? H Or, (2)5 )) ®OL1(2)(.’")) Q)
i i=1 !

As a consequence of [ST01] Lemma 3.3 the ring homomorphism ¢ : OL(QJ§m)) —
(’)L@jgmﬂ)) is flat. Hence applying the functor (’)L(@g-mﬂ)) Do, @001 () commutes
J b

with the formation of this kernel, and we obtain

OL(@('mH) xens

i) ®o, @)L

_ (m+1) (m) Gr
= (OL(QJJ' ) ®OL(2J§'M))7SDL (OL2 (237 ) ®OL1(Q~)§'M)) Q>> ’

(m+1) }G’L,*

- [OCP@J )®ocp@§’”))m X

This finishes the first step.

Still fixing m but varying j, what we have shown amounts to the statement that ¢,
induces an isomorphism

(WZ)*Mx\xm — Maxx,,,.
of vector bundles on X \ X,,11. We deduce that, on global sections, we have the isomor-
phism
GrLx = G ,*

Or(X\ Xint1) ®op@\xm)er M, — Mpiic,

By passing to the limit with respect to m we obtain the assertion. O
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The above construction is entirely symmetric in 8 and X. Starting from a (¢, I'z)-
module N over Z(X) we obtain by the “inverse” twisting the (¢, 'z )-module
Ny = (%Cp(:{) ®%’7L(x) N)GL’*
over Zr(*B).

Theorem 3.16. — The functors M —— My and N —— Ng induce equivalences of

categories
MOdL,[m(%L<%)) ~ MOchm(L@L(%))
which are quasi-inverse to each other.
Proof. — We have
(Mx)s = (%o, (X) @, x) Mx) 2" = (Ko, (B) @y m) M)H
= X, (B) @y M =M,

where the second last identity uses the fact that M is free. Correspondingly we obtain

(Ng)x = N since we may first reduce to the case of a free N by Remark 2.27. O

3.3. Etale L-analytic (¢, [';)-modules

In the previous section, we have constructed an equivalence of categories (Thm. 3.16)
between Mody, 4, (%1 (9B)) and Mody, 4n(ZL(X)). In this section, we define the slope of an
L-analytic (¢, 'p)-module, as well as étale L-analytic (¢r,';)-modules, and prove that
the above equivalence respects the slopes as well as the condition of being étale. Before

we do that, we show that our equivalence implies the following theorem.

Theorem 3.17. — Any L-analytic (o, I'r)-module M over Z1,(X) is free as an X (X)-

module.

Before proving this theorem, we need a few preliminary results. Let § : L* — L* be a
continuous character. We define a (¢, 'r)-module Z(X)(d) of rank 1 over Zx(X) as
follows. We set Zk (X)(0) = Zk(X) - es where ¢ (es) = 6(mp) - e5 and y(es) = 0() - es
if a € T',. We likewise define a (¢, 'r)-module Zk(96)(0) of rank 1 over Zx(B) by
R (B)(0) = ZKk(B) - es where pr(es) = §(mp) - es and y(es) = d(y) - es if v € I',. Note
that Zk(X)(0) is L-analytic if and only if § is L-analytic, and likewise for Z (B)(9).

Proposition 3.18. — If M is a (¢r,')-module of rank 1 over Zr(*B), then there
exists a character § : L* — L* such that M ~ Z,(*B)(9).

Proof. — This is [FX13] Prop. 1.9. O
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Lemma 3.19. — Ifd : L* — L* is a locally L-analytic character, then there exists
a € C) such that g(a) = - 6(7(g)) for all g € Gy.

Proof. — Recall that since 7 has a Hodge-Tate weight equal to 0, there exists 5 € C;
such that g(8) = 8- 7(g) for all g € G. Since ¢ : L* — L* is locally L-analytic, there
exists s € L and an open subgroup U of o] such that d(a) = exp(s-log(a)) for any a € U.
By approximating $ multiplicatively by an element in L we find a finite extension L’ of
L and a 8" € C such that

(1) g(B") = p"-1(g) for g € G/, and
(2) s-log(f') € p-oc,.
Let o = exp(s - log(3')). We then have g(a') = o - 6(7(g)) for all g € Gr,. The map

g Ll))) therefore is a 1-cocycle on GG, which is trivial on G /. By inflation-restriction

o’-5(1(g
its class then contains a 1-cocycle Gal(L'/L) — (C;)% = L"*. Due to Hilbert 90 this
class actually is trivial, which implies the assertion. O

Proposition 3.20. — Ifd: L* — L* is a locally L-analytic character, then the equiv-
alence in Thm. 3.16 satisfies Z1(B)(0)x = ZL(X)(9).

Proof. — Let a € CJ be the element afforded by Lemma 3.19. Then a®e; € (Zc, (B)®z, (»)

M), We now compute
Z1(B)(0)x = (Zc,(B) - e5)7"
= (%Cp(%) -oze(;)GL’*
= R, (B - aes

=X (X) - aes .
The o, \ {0}-action on Z(B)(J)x is given by a(f @ aes) = a(f) @ ad(a)es for 0 # a € o
Hence My = Z1(X)(9). O
Proposition 3.21. — If M is an L-analytic (¢r,1'1)-module of rank 1 over the ring

R (X), then there exists a locally L-analytic character § : L* — L* such that M =
A (X)(9).

Proof. — If Mg is the (¢r,')-module of rank 1 over Z(*8) that comes from applying
Thm. 3.16 to M, then My is an L-analytic (¢, I'r)-module of rank 1 over Z.(%8). By
Prop. 3.18, there exists a character ¢ : L* — L* such that M = % (28)(d). Prop. 3.20
now implies that M = Z(X)(0). O
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This proposition implies theorem 3.17 for L-analytic (¢, ' )-modules of rank 1 over

%1 (X).

Proof of theorem 3.17. — Since %1 (X) is an integral domain the projective module M
has a well defined rank r. We may assume that r» # 0. We have seen in Cor. 2.2.ii that
A (X) is a 15 generator Prifer domain. Hence M is isomorphic to a finite direct sum
of invertible ideals in Z(%X) (cf. [CE99] Prop. 1.6.1). By induction with respect to the
number of these ideals one easily deduces from this, by using the analog of Cor. 1.11.ii,
that

MR (X)) ol
for some invertible ideal I C % (X). Moreover, I is isomorphic to the exterior power
A" M of M (cf. [Bou70] IIT §7). The latter (and therefore also I) inherits from M the
structure of an L-analytic (¢, I'r)-module M over Z(X). This reduces the proof of our

assertion to the case that the (¢r,'r)-module M is of rank 1, which follows from Prop.
3.21. L]

We consider now a (¢, ['r)-module M over Zk(X) that is free of rank(M) = r.
If we pick a basis eq,...,e,. of M then the isomorphism in Def. 2.21 guarantees that

omler), ..., om(er) again is a basis of M. The matrix
Ay = (ay;)  where pu(e;) = aze;
i=1

therefore is invertible over Z (X). If we change the given basis by applying an invertible
matrix B then Ay gets replaced by B~'Ay o1 (B). By the above Prop. 2.28 we have
det(Ayy), det(B) € &4(%)*. We compute

I det(B™" Apror (B))llr = [ det(B) [l - [ det(Anr)[l1 - [lpr(det(B))[l
= [ det(B)|l; " - [| det(An)]1 - || det(B)]x
= [[det(An)l

where the first, resp. second, identity uses that the norm || ||; is multiplicative, resp. that

¢r, is || ||1-isometric. This leads to the following definitions.

Definition 3.22. — Let M be a free (¢, ')-module over Zg (X).
1. The degree of M is the rational number deg(M) such that
p~ 4D = |[det(Anr)r -

2. The slope of M is u(M) := deg(M)/rk(M).
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Definition 3.23. — An L-analytic (¢, I'r)-module M over Zr(X) is called étale if
M has degree zero and if every sub-(yp,['r)-module N of M has degree > 0. Let
Mod? ,,,(%.(X)) denote the full subcategory of all étale (L-analytic) (¢, ' )-modules

over Zr(X).

Remark 3.24. — Every sub-(pr,I'r)-module N of an L-analytic (¢r,I'r)-module M

is L-analytic and hence is free by Thm. 3.17, so that we can define its degree.

As before this makes equally sense for B instead of X so that we also have the category
Mod¢'

L.an

the usual definition in the case of B.

(ZK(B)). By the subsequent remark, the definition of étaleness coincides with

Remark 3.25. —

i. Any finitely generated submodule of a finitely generated projective module over
K1, (B) is free.

ii. Let M be an étale (¢, 'r)-module over Z(B); then any sub-¢r-module N of M
has degree > 0.

Proof. — i. It is well known to follow from Lazard’s work in [Laz65] that Z(B) is
a Bezout domain (compare [Sch06b] Satz 10.1). But it is a general fact that finitely
generated projective modules over Bezout domains are free (cf. [Lam99] Thm. 2.29).
Moreover, even over a Priifer domain, finitely generated submodules of finitely generated
projective modules are projective.

ii. For sake of clarity: A sub-¢r-module N of M is a finitely generated -invariant
submodule N C M such that %1 (8) ®z, (%), N = N. By i. any such N is free of rank
< rank(M).

Let now N C M be an arbitrary but fixed nonzero sub-¢r-module. We have to show
that u(N) > 0. By [Ked08] Lemma 1.4.12 it suffices to consider the unique largest
sub-py-module M; C M of least slope. We claim that M; is ['p-invariant. Let g € ['f,
and let eq,...,e, be a basis of M;. Then gey,...,ge, is a basis of the sub-¢;-module

gM. By the I'p-invariance of the norm || ||; we obtain
[ det(Agan)lls = [lg det(Anr) [l = | det(Ans)[l1 - and hence  p(gMy) = p(My) -

It follows that gM; C M;. This shows that M; is a sub-(¢pp, ['r)-module. By the étaleness
of M we then must have pu(M;) > 0. O

Proposition 3.26. — If M € Mody ,,(Z1(B)), then deg(Mx) = deg(M).
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Proof. — The degree of My depends only on Zc,(X) ®%, x) Mx, and we have
%Cp(%) Q. (x) Mx = ‘%)Cp(%) Rz, (3) M .

m
Theorem 3.27. — The functors M —— My and N — Ny induce an equivalence of
categories
Modf,,,(ZL(%B)) ~ Mod{,,,(%1(X))

Proof. — By Prop. 3.26, we have deg(Nx) = deg(N) for every sub-(¢r,'r)-module N
of M. If M is étale, then this shows that deg(Mz) = 0 and that deg(Nx) > 0 for every
sub-(pr,')-module N of M. As a consequence of Thm. 3.16, if N runs over all sub-
(pr,'r)-modules of M, then Ny runs over all sub-(¢r,'z)-modules of My. It follows
that My is étale. By symmetry, the same holds with N and Nyg. Hence the equivalence

in Thm. 3.16 restricts to the asserted equivalence. O

Corollary 3.28. — There is an equivalence of categories:

Mod%

L,an

Proof. — This follows from Thm. 3.27, and Thm. D of [Ber16| according to which

there is an equivalence of categories ModeLt,an (%1,(%8)) ~ {L-analytic representations of

of GL} [

(%#1,(X%)) ~ {L-analytic representations of G}

3.4. Crystalline (¢r,[';)-modules over O (%)

In [KRO09] and [Kis06] they attach to every filtered ¢ -module D over L a (¢, T'1)-
module M(D) over O (*8). We carry out the corresponding construction over O (X). In
the next section, we show that the two generalizations are compatible with the equivalence
of categories of Theorem A, after extending scalars to % (8) and Z(X). We now give
the analogue over X of Kisin’s construction over 8. It is possible to replace everywhere
in this section X by B, and we then recover the results of [KR09]. If Y = supp(4) is
the support of an effective divisor A on X of the form

Ax) 1 ifxey,
x) =
0 otherwise,

then we simply write Iy = In = {f € OL(X) : f(z) = 0 for any z € Y} for the
corresponding closed ideal, and let I,;* denote its inverse fractional ideal. We introduce
the Op(%X)-algebra Op(X)[Y '] := Ups Iy™ and, for any O (X)-module M, we put

MY =0, (X)[Y ] ®0, ) M .
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Lemma 3.29. — The ring homomorphism Or(X) — Op(X)[Y '] is flat.

Proof. — The assertion is a special case of the following fact. Let I C A be an in-
vertible ideal in the integral domain A and consider the ring homomorphism A —
Ar == U1 I7™. We have Y7, fig; = 1 for appropriate elements f; € I and ¢; € 17,
The f; then generate the unit ideal in the ring A;. Hence Spec(A;) = U; Spec((A4r)y,).
But Af; C I implies 17! C Af;!, hence A; C Ay, and therefore (A;);, = Aj, and
Spec(A;) = U;Spec(Ay,). Since the localizations A — Ay, are flat it follows that

A — Aj is flat. O

In this section we will construct (¢r,,I'r)-modules over Z(X) from the following kind
of data.

Definition 3.30. — A filtered ¢y-module D is a finite dimensional L-vector space
equipped with
— a linear automorphism ¢p : D — D

— and a descending, separated, and exhaustive Z-filtration Fil® D by vector subspaces.

In the following we let Z C X denote the subset of all torsion points different from 1,
ie, Z = (Uns1 X[3]) \ {1}. We define the function n : Z — Zso by = € X[z )\
X [7‘(’2(36)]). We keep the notations introduced in the section 1.4 (with K = L). We always
equip the field of fractions Fr(O,) of the local ring O,, for any point z € Z, with the
m,-adic filtration.

Let D be a filtered ¢ -module of dimension dp. We introduce the Op(X)-module

M(D):={s€ Or(X)[Z 1@ D:
(id ey ") (s) € Fil’(Fr(O,) @, D) for any = € Z},

where the Fil” refers to the tensor product filtration on Fr(O,)®r D. Suppose that a < b
are integers such that Fil® D = D and Fil®™ D = 0. Then

(3.10) I;®, D C M(D)CI,"®. D .

Lemma 3.31. — M(D) is a finitely generated projective Or(X)-module of rank dp. If
./(/IV(D) denotes the corresponding coherent O-module sheaf and MVZ(D) its stalk in any
point x € X, then MI(D) =0,®, D foranyx & Z.

Proof. — The definition of M(D) shows that
M(D) = ker (I," @1, D — [[I;"OL(X(r)) @1 D/OL(X(r)) ®o,x) M(D)).
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Since the above map is continuous and since over the noetherian Banach algebra Op (X(r))
any submodule of a finitely generated module is closed it follows that M(D) is closed in
the finitely generated projective O (X)-module I,°®;, D. Hence Lemma 1.9 implies that
M(D) is finitely generated projective. The second part of the assertion is an immediate

consequence of (3.10). O
We may also compute the stalks of ./W(D) in the points in Z.

Lemma 3.32. — For any x € Z we have
Mvw(D) = 0, Qo) M(D)
= {s € Fr(O0,) ®, D : (id®y,"™)(s) € Fil’(Fr(0,) @, D)}

Proof. — We temporarily define
M,(D) :={s € O,(X)[Z7"] @, D : (id®y,"™)(s) € Fil’ (Fr(O,) ®,, D)}.

We pick a function f € Op(X) whose zero set contains Z \ {z} but not x (Lemma 1.3).
Then

M(D)
This shows that O, ®o, x) M(D)
commutative diagram

Fil~°(Fr(0,)) ®1 D Fil~°(Fr(0,)) ®1 D

- ]

Op 0, (1) Ma(D) — {s € Fr(0,) @1, D : (id@pp" ) (s) € Fil'(Fr(O,) ®1, D)}

: -

Fil=%(Fr(0,)) ®1, D = Fil=%(Fr(0,)) ®1, D

N

M. (D) C f~=9M(D) .
= 0, ®o,x) Mg(D). Due to (3.10) we have the

In particular, the middle horizontal arrow is injective. But it also is surjective as follows
casily from the surjectivity of the map I,° — Fil™*(Fr(0,))/ Fil"*(Fr(0,)) (compare
the proof of Lemma 1.2). O

The injective ring endomorphism ¢y, of O (X) extends, of course, to its field of fractions.
Using Lemma 1.26.iii one checks that ¢, (I;') C I;'. Hence the module O (X)[Z'|®, D

carries the injective @-linear endomorphism ¢ ® ¢p. We define Z := {x € Z : n(x) =
0} = X[mo] \ {1}.
Lemma 3.33. — The map pr ® pp induces an injective pr-linear homomorphism

PM(D) M(D) — I%O./\/“D) .
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Proof. — Let s € M(D). We show that I;'(pr ® ¢p)(s) is contained in M(D). Since
I} C I;" we certainly have I;*(or ® ¢p)(s) € Or(X)[Z7'] ®1 D. Hence we have to
check the local condition for any x € Z. First we assume that n(x) > 1 or, equivalently,
that © € Zy. Then

“(pr ®@id)(id @, ") (s)

(1 ®id)(id @ ) (s)

I ®id)(Fil° (Fr(Ors ) @1, D))
C I,*Fil’(Fr(0,) ®. D)

= Fil’(Fr(0,) ® D) .

(id @pp" ™) (78 (pr @ 9p)(s) = I, (
Iy, (

N

If n(z) = 0 then, using that 7} (z) =1 ¢ Z, we have

I (o1 @ op)(s) = Iz, (v ®id)(id @¢p)(s)
C I(¢r ®id)(Oxs (o) @1 D)
Cl 0, @ D=m,"®, D
C Fil’(Fr(0,) @ D).

O

Let n(1) € Op(X) denote the (closed) maximal ideal of functions vanishing in the point

Lemma 3.34. — We have Iz, = Or(X)pr(n(1))n(1)~L.

Proof. — Since ¢ (n(1)) € n(1) we have
Or(X)er(n(1))n(1)™ S n(l)n(1) " = O(X).

Hence the right hand side of the asserted identity is a finitely generated and therefore
(Prop. 1.6) closed ideal in Op(X) as is the left hand side. By Prop. 1.4 this reduces us
to checking that both ideals have the same divisor. But this follows immediately from
Lemma 1.26.iii. [

In view of this Lemma 3.34 the Lemma 3.33 can be restated as saying that ¢ ® ¢p

induces a ¢y-linear endomorphism

omp) : 1) M(D) — n(1)"*M(D) ,
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and we therefore may define the linear map
P+ OL(X) ®o, )., n(1) " M(D) — n(1)"*M(D)
f@s— fomm(s) -

Note that n(1)~*M(D) is a finitely generated projective O (X)-module by Lemma 3.31
and Cor. 1.8.

Remark 3.35. — Let ¢ := 7] : X — X; for any coherent O-module 9t such that
M(X) is a finitely generated projective Op(X)-module the coherent O-module ¢*9N has
global sections O(X) ®o, (%), TM(X).

Proof. — Let ¢, denote the restriction of ¢ to X(r). We compute

(6°9M) (X) = Lim (") (X(r))
= lim (6} (M) (X(r))
= lim Or(X(r)) ®o, (x(r) 0 M(X(T))
= lim OL(X(r)) Qo (x)0, PUX)
= (1m 01(X(r)) @m L M(X)
= OL(X) ®oy2),00 M) -
Here the fourth identity comes from Remark 1.12.i, and the fifth identity uses the fact that

the tensor product by a finitely generated projective module commutes with projective
limits. O

Let N denote the coherent O-module with global sections
N(X) =n(1)"*M(D).

Using Fact 1.12 and Remark 3.35 we see that ¢ q(p) is the map induced on global sections
by a homomorphism ® : ¢*N — A of coherent O-modules (here ¢ := 7).

Proposition 3.36. —

i. On stalks in a point x € X the map ® is an isomorphism if v & Zy and identifies
with
m*®, D> m@, Fi¥ D,
J
whose cokernel is Oy -isomorphic to Z?;S O, /m. @p er® D, if v € Z,.

ii. The map P pqpy s injective and its cokernel is annihilated by I%g“.
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Proof. — i. The map under consideration between the stalks in a point z is

) . Nﬂ* (D Nm D
Os @0, )., Mrii)(D) 5t MalD)

if © & Zy U {1}, resp.

0, ®o, . my*My(D) ——— M,(D)
Ox®(P (D))

if x € Zy, resp.

01 ®o, . m;*M;(D) ——— m;*M, (D
1 01,0, 't 1 )Ol®(@M(D))1 1 (D)

itz =1.
First suppose that x ¢ Z. Then also 7} (z) € Z, and the above map identifies with the

isomorphism

0, @D —— 0, @, D .
id®¢p
if © # 1, resp.

O1®0,,, M ® D =01p.(m)" @ D - ‘@D

=~ my
id®¢p

if x = 1, where the identity comes from the flatness of ¢, (Lemma 1.26.i).
Next suppose that x € Z \ Zj so that 7} (x) € Z as well. Then, by Lemma 3.32, we
have the commutative diagram

— Oz@(epm(p))e —~

Or @0, (1) 0, M@ (D) M,(D)

—n(z)+1 o I~ —n(x)

id®¢], id®¢p,

Ox ©0,; (2),0, Fil’(Fr(Ors (o)) ®1 D) Fil’(Fr(0,) ®L D)

7‘7 11 o

id®prid | =

Z(OxSOL(mwz(z)))_j @y Fil D

J

Smy’ @ Fil D
J

where the lower left vertical map is an isomorphism again by the flatness of ¢p.
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Finally we consider the case x € Z,. Then the corresponding diagram is

—~ 0z 3( o —~
O, ®017@L m;aMl(D) PM(D) M:p(D)
&~ ~ | ideey
0, ®o,,, m*®L D Fil’(Fr(O,) ®1 D)

m;“ X7, D

S m;’ @ Fill D.
J

(Note that we have used several times implicitly that ¢y, is unramified by Lemma 1.26.ii.)

ii. This follows from i. by passing to global sections. [

Corollary 3.37. —

i. We have I M(D) C Or(X)omp)(M(D)) C I3 M(D).

ii. The Op(X)-linear map OL(X) ®o, (%), M(D) — I3 M(D) induced by o) is
injectz've with cokernel annihilated by Igoa.
. The OL(X)[Zy*]-linear map

OL(X)[Z5 "] ®0, )0 M(D) — M(D)[Z5"]
induced by pa(py s an isomorphism.

Proof. — i. The right hand inclusion was shown in Lemma 3.33. For the left hand

inclusion we observe that Prop. 3.36.ii implies that
I7,"“0(1)"*M(D) € Or(X)er(n(1)™)ppmum) (M(D)) .
Using Lemma 3.34 we deduce that
I3, M(D) C (Or(X)pr(n(1))*OL(X)or(n(1)™)pru(p)(M(D)) .
But one easily checks that (Or(X)er(n(1))*On(X)er(n(1)~%) = OL(X).

ii. The annihilation property of the cokernel is clear from i. To establish the injectivity
we may assume without loss of generality that a < 0. We consider the commutative
diagram

PM(D)

OL(X) @0 (x)0, M(1) " M(D) —=n(1)"*M(D)
|e
OL(X) ®0, @), M(D) 13, M(D),
and we pick a function 0 # f € n(1). Then ¢ (f~*) # 0 in OL(X). Suppose that s is a

nonzero element in the kernel of the lower horizontal map. Then ¢ (f~%)s is a nonzero
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element in this kernel as well since M(D) is a projective O (X)-module. But ¢ (f~%)s
lifts to an element in O (X) ®o, (x)p, 1(1)"*M (D) which necessarily lies in the kernel of
Pamp)y- This contradicts the injectivity assertion in Prop. 3.36.ii.

iii. This immediately follows from ii. since O (X)[Z;"] is flat over OL(X) by Lemma
3.29. 0

For any ¢ € o] the map ¢* is an automorphism of X which respects the subset Z as
well as the function n : Z — Z5. It is straightforward to conclude from this that ¢, ®id

induces a semilinear automorphism cypy of M(D) such that the diagram

(3.11) M(D) —22 13 M(D)
CM(D)i lc,k@CM(D)
M(D) —2 15 M(D)

is commutative. Clearly these constructions are functorial in D.

Recall that Vec(Fil, ¢ ) denotes the exact category of filtered ¢ -modules as introduced
in Definition 3.30. For any D in Vec(Fil, ;) we have constructed a finitely generated
projective O (X)-module M (D) together with an injective ¢ -linear map

Yoy - M(D) — M(D)[Z5"]
(cf. Lemmas 3.31 and 3.33) such that the induced O (%)[Z;']-linear map
Ean) : OL(X)Z51] @0, (x),6, M(D) — M(D)[Z, ]
f®s— fomm(s)

is an isomorphism (Cor. 3.37.iii). We also have the group I'y acting on M (D) by semi-

linear automorphisms 7 p) such that the diagrams

M(D) —2 o M(D)[Z7]
YM(D) J/ l’Y*(@'\/M(D)
M(D) —2 o M(D)[ 7]

are commutative (cf. (3.11)). Being a finitely generated module M (D) carries a natural

Fréchet topology.

Lemma 3.38. — The I'-action on M(D) is continuous and differentiable, and the

derived Lie(T'p)-action is L-bilinear.

Proof. — By the proof of Lemma 3.31 the module M(D) is a closed submodule of the

finitely generated projective module I;°®; D for some b > 0. This reduces us to showing
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that the T'z-action on I, has all the asserted properties. Multiplication by the function
(logy)? induces a continuous bijection I, — n(1)’. By the open mapping theorem it has
to be a topological isomorphism. By Lemma 1.28.ii the [';-action on [/ gb corresponds to
the natural I'z-action on the closed ideal n(1)® in O (X) twisted by the locally L-analytic
character I'y, = of — L* sending v to y=°. By the discussion after Lemma 2.18 the
['z-action on O (X) and a fortiori the natural action on the closed ideal n(1)® and hence

the twisted action all have the wanted properties. O]

There is one additional important property. By Lemma 3.32 we have M 1(D) =01 ®y
D. We see that the induced I';-action (note that the monoid action on X fixes the point
1) on M(D)/n(1)M(D) = My (D)/myM,(D) = D is trivial.

Definition 3.39. — We therefore introduce the category Mod7y Tran of finitely gener-
ated projective O (X)-modules M equipped with an injective ¢y-linear map
on M — M[Z57]

as well as a continuous (w.r.t. the natural Fréchet topology on M) action of 'y by

semilinear automorphisms ~,, such that the following properties are satisfied:
a) The induced O (X)[Z;']-linear map
ur  OL(X)[ 23] @0y o0 M — M[Z; "]
f®s— fou(s)

is an isomorphism.

b) For any v € I';, the diagram

M e M2
™M l i Y @Y M
M M)

is commutative.
¢) The induced T'z-action on M /n(1)M is trivial.

Remark 3.40. — There are integers a < 0 < ¢ such that the map ¢, restricts to an

injective map Or(X) ®o, (x),0, M — 1% M whose cokernel is annihilated by I5 .

Proof. — Since M is finitely generated we find an a < 0 such that oy (M) C I M.

Since M is projective we have

OL(X) ®o, )0, M C OL(X)[Zy ] @0, (2).6.. M.
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Hence the injectivity follows from condition a). Tensoring the resulting map
OL(%) QoL (X)L M — I%OM

with OL(X)[Zy!] gives back the isomorphism @y, (recall that Op(X)[Z;] is flat over
O (%) by Lemma 3.29). Hence the cokernel N of this map satisfies N[Z;'] = 0. For any
function 0 # f € Iz, we have I;] C Op(X)f~" and consequently that the localization N;
vanishes. Since N is finitely generated we find a c¢(f) > 0 such that f<¥)N = 0. Finally,

since Iz, is finitely generated, we must have a ¢ > 0 such that I5 N = 0. O
Lemma 3.41. — The ' -action on M is differentiable.

Proof. — We put M, := Or(X,) ®0,x) M. The I';-action extends semilinearly to an
action on each M, by automorphisms vy, := v« ® yps. Since M, is a finitely generated
projective Op(X,)-module (and I'y acts continuously on Op(X,,)) any individual vy, is
a continuous automorphism of the Banach module M,,. On the other hand, the orbit
maps for M,, are the composite of the, by assumption, continuous orbit maps for M and
the continuous map M — M, and hence are continuous. It therefore follows from the
nonarchimedean Banach-Steinhaus theorem that the I'p-action on each M, is (jointly)
continuous. From the discussion after Lemma 2.18 we know that the ' -action on Or(%,,)
satisfies the condition (2.2). We then conclude from Prop. 2.16 that the I';-action on M,
is locally Qp-analytic. The asserted differentiability now follows from the fact that the
Fréchet module M is the projective limit of the Banach modules M,,. O

As we have seen above we then have the well defined functor

M : \/éC(Fﬂ7 QOL) - Mod;ﬁi,l—i,an
D+— M(D) .

On the other hand, for any M in Mod% TLA we have the finite dimensional L-vector

space
D(M) == M/n(1)M .

Since M /n(1)M = M[Zy"]/n(1)M[Z;*] the map ¢y, induces an L-linear endomorphism
of M/n(1)M denoted by ¢p(ar. The condition a) implies that ¢p) is surjective and
hence is an automorphism.

By Lemma 3.41 we have available the operator Vj; on M corresponding to the derived
action of the element 1 € Lie(I'z).
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In X we have the Zariski and hence admissible open subvariety X\ Z, which is preserved

by 77 and by the action of I';,. Therefore ¢, and the action of I';, extend semilinearly to
M{Z™'} = Op(X\ Z) ®o, x) M.

The inclusion of coherent ideal sheaves Iy C O is an isomorphism over X\ Z. It follows,
using Fact 1.12.iv, that Op(X\ Z) ®o, x) 1z = Or(X\ Z) and hence that I, generates the
unit ideal in O (X \ Z). This shows that O (X)[Z7'] C Or(X\ Z). Hence the condition
a) implies that the map

ot

id @ - OL(% \ Z) QoL (x).pL M = OL(%\ Z) QoL (%\2),01 M{Zil} — M{Zil}

is an isomorphism.

Proposition 3.42. — We have OL(X\ Z) @, M{Z*}'t = M{Z~'}.
In particular, the projection map M{Z '} — D(M) restricts to an isomorphism
M{ZY'r = D(M) such that the diagram

M{Z-}'t —=+ D(M)

PM i J/SDD(M)

M{Z7}" —~D(M)
is commutative. In fact, we have
M[Z7We = M{Z Y and  OL(X)[Z7Y @y M[Z'E=M[Z7Y.
Proof. — Let r € (0,1) N pQ. We put

M(r) == Or(X(r)) ®o,x) M and
M(r){Z7"} = OL(X(r) \ Z) @o,x) M = OL(X(r) \ Z) ®o,x() M(7) -

We semilinearly extend the I'z-action to M(r) and M(r){Z~'}. At first we suppose that
r < pfﬁ. Using Lemma 2.18 the same reasoning as in the proof of Lemma 3.41 shows
that this I';-action on M (r) is locally Q,-analytic. In particular, we have the operator
V(- By possibly passing to a smaller r we may assume that M (r) is free over O (X(r)).
By Lemma 1.16 we may view M (r) as a finitely generated free differential module over
OL(%B(r)) for the derivation yd%. The p-adic Fuchs theorem for disks ([Ked10] Thm.
13.2.2) then implies, again by possibly passing to a smaller r, that the L-vector space
M (r)VM@»=0 contains a basis of the Op(X(r))-module M(r) (observe that, as a conse-

quence of the condition c), the constant matrix of this differential module is the zero
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matrix). By [Ked10] Lemma 5.1.5 (applied to the field of fractions of O (X(r))) we, in
fact, obtain that

OL(X(r)) @ M ()"0 =" = M(r) .
It follows that the projection map restricts to an isomorphism
M (r)¥uo=0 =5 M(r) /()M (r) = M/n(1)M .

Since, on the one hand, I'j, acts trivially on M/n(1)M by condition c¢) and, on the other
hand, the I';-action commutes with V) it further follows that M (r)'e = M (r)Va@=0
and hence that

o

OL(X(r)) @ M(r)'e = M(r) and M(r)'e — M/n(1)M .

Observe that X(r) N Z = 0 and hence M (r) = M(r){Z~'}.
We now choose a sequence r =79 < 1 < ... < I'm < ... < 1in pQ converging to 1

such that p*(X(r;a1)) € X(r,,) for any m > 0. By induction we assume that
OL(X(rm) \ Z) @1 M(ra{Z7"}' " = M(ra){Z7'}

holds true. We temporarily denote by ¢ the ring endomorphism of O (X \ Z) induced
by the morphism p* : X — X. It extends to a ring homomorphism

¢ OL(X(rm) \ Z) — OL(X(rm1) \ 2).
As a consequence of the condition a) we have the O (X \ Z)-linear isomorphism
OL(X\ Z) ®o,(x)1.0 M — M{Z7}
f&s— fp(s)
which base changes to the Or(X(741) \ Z)-linear isomorphism
OL(X(rms1) \ Z)@LM (r){Z7 1}

= OL(X(rim11) \ 2) @0, (xrmn2).6 M(rn){Z 7'}
— OL(X(rmi1) \ Z) ®op )0 M = M(rm){Z7'},

where the first identity is our induction hypothesis, denoted by a,,. On the one hand the

restricted map
2 M(ri) {271} = OL(X(rm) \ Z) @op) M — M (rpi1){Z7"}
satisfies

(3.12) am(f®@s)=o(f)p(s) for any f € Op(X(r,,) \ Z) and s € M.
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On the other hand the further restriction to M(r,,){Z !}t fits into the diagram

Qam

M(rp) {271 = M(rp {271 0= M (rp ) {271

| ]

MM ——= M/n(1)M

YD)

where e denotes the ramification index of L/Q,. The left square is commutative as a con-
sequence of conditions b) and c¢). The right upper horizontal arrow is given by restriction
from X(7p,11) to X(r,,); it is injective since M is projective. The right part of the diagram
is trivially commutative. The indicated perpendicular isomorphisms hold by the induc-
tion hypothesis. It follows that all arrows in the diagram are isomorphisms. We see that
the original isomorphism a,, sends M (r,,,){Z 1}t isomorphically onto M (r,,+1){Z*} 't

which implies that
OL(X(rmr1) \ Z) ©1 M(rime){ 27} = M(rap){Z7'}
Moreover, the restriction maps induce isomorphisms
M(rm {27 = M) {271}

as well.
Let 9 denote the coherent Ox-module with global sections M. According to Fact
1.12.iv we have M(X \ Z) = M{Z7'} and M(X(r,,) \ Z) = M(r,,){Z~'}. Since the

X(rm) \ Z form an admissible covering of X \ Z we have
MX\Z) = @m(%(rm) \ Z).
It follows first that
M{Z7 Y =l M (rp){Z 7 = M(ra){Z 7}
for any n, hence
OL(X(rm) \ Z2) @, M{Z7}0 = M(r,,){Z7'},

and finally, by passing to the projective limit in the latter identity, that we have O (X \
Zy@p M{Z 1\t = M{Z~1}.

For any j > 0 we set Z; == {x € Z :n(x) < j} = X[x}"'], and Z_, := 0. Lemma 1.26
implies that

OL(%)SOL(I%) = [éjﬂ\zo and OL@)@LU@\@) = Ié\zj+1
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for any ¢ € Z. If e denotes the ramification index of L/Q, then we have p = nfu for

some u € of. We deduce inductively that

OL(X)o(Iz) = OL(X)pL(Iz) =7z, -
For the more precise form of the assertion we use Remark 3.40 with the integers a < 0 < ¢,
which says that
I55°M C Or(X)pm(M) C I3, M .
By induction with respect to j > 1 let us assume that ¢}, (M) C I3 M holds true. We

compute
ohr (M) Cou(Iy, M) =I5 Jeu(M) C 15, 5 I3 M =13 M .
In particular, we obtain that

p(M) = ¢y (M) C Iz M .

e—1

A similar induction shows that

Or(X)phr ' (M) = Or(X)par(Or(X) ¢ (M)

2 Op(X)pm (17, M)

= I3\ Pm (M)

2 I\ o M

= IyM
and hence that

OLX)p(M) D 157 M .

For the identity M[Z 't = M{Z~*}'t it suffices to show that [,*- M{Z '}'t C M
which further reduces to the claim that I,* - M(r,){Z '}'t C M(r,,) for any m > 0.
This holds trivially true for m = 0. Any element in M (r,,;1){Z 1}t can be written as
am(s) for some s € M(r,,){Z7'}'t. By induction we may assume that 1;%s C M(r,,).
Take f € 1, C Op(X) and write fs = Y¢_, ¢; ® s; with g; € Op(X(r,,)) and s; € M.
Using (3.12) we compute

O(flam(s) = am(fs) = &(g:)p(s:) € OL(X(rms1))p(M) S Iy M(rmi) -
We see that ¢(1,")am(s) € I M(rm41) and hence that

M(rms1) 2 I 61" am(s) = I Iy am(s) = I;m(s) .
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Next we consider the commutative diagram

OL(X)[ 27 01 M2 —= M[Z7]
] -

Op(X\ Z2) @ M{Z '}t — M{Z71}
where the right vertical inclusion comes from the projectivity of M. We have seen that
Op(X) @, M[Z7Y't C I¢M. In order to recognize the upper horizontal arrow as an
identity it suffices to show that I§™°M C Or(X) @, M[Z~!'c. This reduces to the claim
that I3°M(r,,) € Op(X(rm)) @ M(rp,)[Z ' for any m > 0. This is clear for m = 0.
By induction we compute

OL(X(rm41)) @ M(rmed) (2711

@1, (M (1) [Z71])
OL(X(rm)) @1 M(ry)[Z7']"F)
I3 M (rm))

i
—~

= OL(X(rms1) Iz, ,p(M(rm))
2 I%J\rge—ll%jflM(rm“’l) - I%+CM(Tm+1) .

]

Remark 3.43. — The derived Lie(I')-action on any M in 1\/[od“/03§’FL’an is L-bilinear.

Proof. — We use the notations in the proof of Prop. 3.42, in particular, the radius r = ry.
Since M C M(r) it suffices to prove the analogous assertion for M (r). But in that proof
we had seen that M(r) = Or(X(r)) @7 M(r)'* which further reduces us to the case of
the derived action on Op(X(r)). This case was treated in Lemma 2.18. O

We now define a filtration on D(M). In fact, using the isomorphism in Prop. 3.42 we
define the filtration on the isomorphic M[Z~1]'2. We pick a point zy € Z,. Passing to
the germ in xg gives an injective homomorphism M — O, ®o, (x) M. This map extends
to a homomorphism M[Z~'] — Fr(O,,) ®o,x) M, which still is injective, leading to

the commutative diagram

M Ozo R0 (x) M

| 5

M[Z-1 < M[Z7Y ——=Fr(O,,) ®0, x) M.
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The my,-adic filtration on Fr(O,,) ®o, (x) M induces, via the injective composition of
the lower horizontal arrows, an exhaustive and separated filtration Fil®* M[Z~1]'z on
M[Z~'"t which we transport to a filtration on D(M). Since I', acts transitively on Z

this filtration is independent of the choice of x(. In this way we obtain a functor
D : Mod 7"+ — Vec(Fil, @)
M v+— D(M) .

Theorem 3.44. — The functors M and D are quasi-inverse equivalences between the

categories Vec(Fil, o) and MOd/@i’FI"an'

Proof. — Given any D in Vec(Fil, ¢ ) we put M := M(D). It follows from (3.10) and
Lemma 3.29 that
D CM(D)[Z Ve =Mz We C M{Z}'r=2DWM) .

By Lemma 3.31 the rank of M is equal to the dimension of D. Hence the outer terms in
the above chain have the same dimension, and so we have to have equality everywhere.

Obviously, ¢y induces ¢p. As a consequence of Lemma 3.32 we have

m;o ®OL(_’£) M = m;o(oxo ®OL(%) M)
= m}, Fil’(Fr(0,,) ®1, D) = Fil'(Fr(0,,) @, D)
for any i € Z. This shows that the m’ -adic filtration on Fr(O,,) ®o, x) M coincides with
the tensor product filtration on Fr(O,,) ®, D and therefore induces the original filtration
on D. We conclude that the above isomorphism D = D(M(D)) is a natural isomorphism
in the category Vec(Fil, pr).
Now consider any M in Modf£"#*" and D" := M{Z~'}'x = M[Z~]"* in Vec(Fil, ¢.,).
Using Prop. 3.42 we see that
M(D') = {s e M[Z]: (idee,™)(s) € Fil’(Fr(0,) ® D') for any z € Z} .
The identity Op(X)[Z7 @ D' = Op(X)[Z7'] Qo x) M gives rise, for any z € Z, to the
identity Fr(O,) ®r D' = Fr(O0,) ®o, (x) M. We claim that
(id @' ™) (s) € Fil'(Fr(O,) @, ') ifand only if s € O, ®p, @) M .

This shows that M(D’) = M. It is straightforward to see that this identity is compatible
with the monoid actions on both sides. Hence we obtain a natural isomorphism M =
M(D(M)) in the category Mod%’rban. To establish this claim we first consider the case
x € Zy. We need to verify that

Fil’(Fr(0,) ®1 D) = O, ®o, x) M.
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But this is a special case of the subsequent Lemma 3.45. For a general x € Z we put
zo = (75)" ) (z) € Zy. Then (id ®<p57(m))(s) € Fil’(Fr(0,) ® D') if and only if s lies in

(ild @) Fil°(Fr(0,) @, D) = 3 mi, @, @i (Fil ™ D)
=3 Oup) " () @1 o (Fil ™ D)
= O,(pr ® o))" Fil’(Fr(0,,) @1, D)
= O,(p1 ® o))" (Osy ®0,,(x) M)
=0, Qo (x) M- .

Here the second, resp. fourth, resp. last, identity uses that ¢y is unramified (Lemma

1.26.ii), resp. the previous case of points in Zy, resp. an iteration of Remark 3.40. O]

Consider any point x € Z,, which is the Galois orbit of a character x of or. Since
X has values in the group p, of pth roots of unity, the residue class field L, of O, is
equal to L, = L(f,), and we have x = Gal(L,/L)x. On the other hand, by Lemma 2.13
we have X(71)(C,) = ki as or-modules, where kj, denotes the residue field of or. We
see that I';, acts on Zy(C,) through its factor group k;. The stabilizer I', of x satisfies
1+ mpop, CT'y CTI'p. Since the I', /1 + mpop, = kjf-action on Zy(C,) is simply transitive

there is a unique isomorphism
0y : Tp/1+ 70, = Gal(L,/L)

such that v*(x) = 0.(7)(x) for any v € I',. On the other hand the I'z-action on X

induces a I';-action on O, and hence on L,. The identities

(O = F(7 () = floa(M (X)) = o=(1)(f (X))

for any f € O, and v € I', show that this last action is given by the homomorphism
o, 'y — Gal(L,/L).

Lemma 3.45. — Let x € Zy, let V be a finite dimensional L-vector space, and equip
Fr(0,) ®, V with the I'y-action through the first factor. Suppose given any I',-invariant
O,-lattice L C Fr(O,) @1 V and define Fil'V := V NmlL for any i € Z. We then have

L= m @ Fil V.
i€Z
Proof. — Let {, € O, denote the germ of logy. By Lemma 1.28 we have m, = ¢,O, and
Ye(lz) = v - £, for any v € I',. We find integers n < 0 < m such that

07O, @V C LU0, @,V .
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Let O, = L,[[(,]] be the m,-adic completion of ©,. We then have the I'y-invariant

decomposition
GO0, = (0,070, = (L, @ G L& .. @ 7L, |

The I',-action on ¢’ L, is given by 7. (¢ c) = 2 ~7-0,(7)(c). Since Gal(L,/L) acts semisim-
ply on L, we see that the above decomposition exhibits the left hand side as a semisimple
[',-module with the summands on the right hand side having no simple constituents in

common. The same then holds true for the decomposition
00, QL V)P0, @,V = (2L, @, V)® ... ® (7 'L, @, V) .
It therefore follows that
L0, @V =0 (L, R V)y@ ... &l (Ly @1 V) (1)
with Gal(L,/L)-invariant L,-vector subspaces (L, ®.V)_; € L,®;V. By Galois descent
we have (L, ® V)_; = L, ® V_; for a unique L-vector subspace V_; C V. Hence
LIO, @V = (L, QL Voyp)® ... ® (0 Ly @p Voim-1)) -

Multiplying this identity by ¢, shows that V_; C V_(;;1). We deduce that

L=(0, R Vop)+ ...t ({270 @L Vo)) + (20, @ V)
= Zm; Xr, V,Z'

i€Z
with V_; := V resp. := {0}, for i > m, resp. ¢ > n. In particular, we obtain m’ @ V_; C
L, hence V_; C m;°L, and therefore V_; C Fil™* V. We conclude that

LCY mie Fil'V.

1€Z

The reverse inclusion is immediate from the definition of Fil® V. OJ

3.5. Crystalline (¢, I'r)-modules over Z.(X)
We now consider the %, (X)-module
Mf[(D) = %L(:{) R0 (x) M(D) .

Let 7o € (0,1) N p? be such that Zy C X(ry). Then the inclusion of coherent ideal
sheaves I, C O is an isomorphism over X \ X(ro). It follows, using Fact 1.12.iv, that
OL(X\ X(r0)) ®o,(x) Izo = Or(X \ X(r)) and hence that I, generates the unit ideal
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in Op(X\ X(rg)). This implies that O (X)[Z5'] € OL(X\ X(ro)). Using Cor. 3.37.ii we

deduce that the Or(X \ X(r))-linear map

(313)  Pamw) s OL(X\ X(r0)) B0, (21,6, M(D) =+ OL(X\ X(r0)) @0, x) M(D)
f®s— fomw)(s)

is an isomorphism.

We now define the finitely generated projective module
Mz (D) := Z1(X) @0, x) M(D)

over the Robba ring. Its rank is equal to the dimension dp of D. The ¢-linear endo-
morphisms Y, (p) 1= @ @ Pm(p)y and cpq,, (D) = C« @ Cpm(py, for ¢ € of, which by (3.11)
commute with ¢, (p), together define a semilinear action of the monoid oy, \ {0} on
Mz (D) (which does not depend on the choice of 7). As a consequence of (3.13) the
induced Zp(X)-linear map

‘@L(%) ®QL(-%)7SOL MW(D) ; M%(D)

1d ®p g, (D)

is an isomorphism.
Corollary 3.46. — The module My (D) is a (¢r,I'1)-module over Z1(X).

In this way we have constructed a functor

from the category of filtered ¢ -modules into the category Mod (% (X)), which is exact
as can be seen from the description of the stalks in Lemmas 3.31 and 3.32. By Lemma
3.38, My(D) is L-analytic.

The construction of the equivalence of categories
My := M : Vec(Fil, 1) — Mod%ﬁ’FL’aLn
in Thm. 3.44 works literally in the same way over 8 producing an equivalence
Mg : Vec(Fil, o) = Modfgh ™

with the property that %1 (8) ®o, (s) Mws(D) is a (¢, I'r)-module over % (B). This
case is due to [Kis06]| and [KR09] §2.2.

Lemma 3.47. — Under the identification B ,c, = X,c, via k we have

Ocp(%) Qo (1) Mx(D) = OCP(%) Qo (%) Mg (D).
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Proof. — Let S be either X or B over L with structure sheaf Og. Let tg denote logg
and recall that logy = € - logy (compare the proof of Lemma 1.28.i). We consider the
Oc, (S)-module

Mc, (D) :={s € OCP(S)[tgl] ®r D :
(id ®pp")(s) € Fil'(Fr(Os,, ,) @1 D) for all y € Z(C,)}.
It is, in fact, independent of the choice of S. Therefore it suffices to show that
Oc, (S) ®o,(s) Ms(D) = Mg, (D) .

The left hand side is obviously included in the right hand side. By redoing Lemmas 3.31
and 3.32 over X ¢, we see that M, (D) is a finitely generated projective Oc, (S)-module
such that the stalks /WCM(D), for y € S(C,), of the corresponding coherent module

sheaf on S,¢, satisfy

s :OS/Cp’y ®LD lfy gZ(CP%
Mae, (D) ———— Fil’(Fr(Os,c,,) ®. D) if y € Z(C,).
id®p,"Y !

On the other hand we deduce directly, by base change, from these same lemmas that
the stalks of the coherent module sheaf corresponding to the finitely projective O, (S)-
module Oc, (S) ®o, ) Ms(D) satisfy the very same formula as above. This shows the
asserted equality. O]

Theorem 3.48. — The (¢r,'1)-modules
%L(%) ®(/)L(x) Mx(D) and %L(%) ®(’)L(%) M%(D)

correspond to each other via the equivalence in Thm. 3.16.

Proof. — Given the construction of our equivalence, it is enough to show that
Kc,(X) @0, x) Mx(D) = Zc,(B) o, ) Mz(D) .
But this is immediate from Lemma 3.47. O

Let D be a 1-dimensional filtered ¢ -module, and let v be a basis of D. Let ty(D)
denote the unique integer 7 such that gr'(D) # 0, and let ¢ 5 (D) = vr(«) where ¢p(v) =
av. If D is any filtered ¢-module, let t5 (D) = ty(det D) and tn(D) = ty(det D). We
say that D is admissible if ty(D) = tx(D) and if ty(D’) < ty(D') for every sub filtered
wr-module D" of D.



3.5. CRYSTALLINE (¢.,T)-MODULES OVER 2, (%) 99

Proposition 3.49. — If D is a filtered pp-module, then
deg(Mg(D)) = tn(D) — ty(D).
In particular, Mg(D) is étale if and only if D is admissible.

Proof. — Given Thm. 3.48 and Prop. 3.26, this is a consequence of the analogous claim
over B, which is proved in §2.3 of [KR09]. O

Let V' be a crystalline L-analytic representation of G, and let
D= (Bcris,L L V)GL-

The filtered ¢-module D is admissible (see §3.1 of [KR09]; note that D is not De;s(V)
but the two are related by a simple recipe given in ibid.). By Prop. 3.49, the (¢r,['1)-
module Mg(D) is étale. This gives us a functor from the category of crystalline L-
analytic representations of G, to the category of étale L-analytic (¢, 'r)-modules over
X1, (X). By Thm. 3.48, this functor is compatible with the one given in Cor. 3.28.
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