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Introduction

The goal of this talk was to recall part of Breuil’s “mod p” and “continuous” p-adic
Langlands correspondences (in the supersingular case), and to explain the proof of the
conjecture relating the two. Note : most relevant articles are in the bibliographies of the
three articles given as references, the first two of which contain the proofs of the two main

results discussed in the lecture.

1. Objects in characteristic p

On the GL2(Q,)-side, the objects which we're interested in are the smooth irreducible
Fp—representations of GLy(Q,) having a central character. Choose r € {0,--- ,p—1} and
let x be a smooth character of Q. Define

e i GL2(Qp) rg2
7T(7’, X) T |:<1ndGL2(Zp)QI>; Sym Fp> /T:| & (X e} det),

where T' is a Hecke operator defined by Barthel and Livné. The representations m(r, x)
are called supersingular, and any smooth irreducible F,-representation of GL,(Q,) hav-
ing a central character is either one-dimensional, a special series, a principal series or

supersingular. Furthermore, the intertwinings between the m(r, x)’s are given by

m(rx) =mp—1—rxw)=7(p—1-rxwp)=mnrlrxu1),
where w is the mod p cyclotomic character and jy is the unramified character of Q,
sending p to .
On the Galois side, it is easy to classify the irreducible 2-dimensional Fp—representations
of Gal(Qp/Qp). Let wq be Serre’s fundamental character of level 2, and for s € {1,--- | p}
let ind(wj) denote the unique irreducible 2-dimensional F,-representation of Gal(Qp /Qp)

whose determinant is w® and whose restriction to inertia is wi ®wb”. Iif r € {0,--- ,p—1}
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and if x is a continuous character of Gal(Q,/Q,), let p(r, x) = ind(wy™) ® x. Any
irreducible 2-dimensional F,-representation of Gal(Qp /Q,) is isomorphic to some such

p(r, x) and the intertwinings between the p(r, x)’s are given by

p(r,x) =plp—1—r,xw") =pp—1—7rxw'p_1) = p(r,xp-1).

It is therefore natural to define a correspondence : 7(r, x) <> p(r, x). Breuil has also
defined a correspondence between special & principal series and reducible representations

but this was not covered in the talk due to lack of time.

2. Objects in characteristic 0

Let E be a finite extension of Q,, choose k > 2 and a, € E such that val(a,) > 0.
We start by defining the objects on the Galois side, they are 2-dimensional crystalline

representations of Gal(Q,/Q,). Let Dy q, be the filtered p-module Dy ,, := Fe; © Eey

where

( ) k—1 Dk,ap if ¢ < 07

€1) = e )

{90( 1) _p _i and Fil'Dy, = FE-e if1<i<k-—1,
ple2) = —€1 apea 0 iy S .

We define Vj,, as the crystalline representation such that DcriS(Vk’j%) = Dy, (note that
then V'~ = Vi, (1 — k)) so that Vj,, is a crystalline representation whose Hodge-
Tate weights are 0 and £ — 1. Choose a Gal(ﬁp/Qp)—stable lattice T' of Vj.,, and set
Via, == (Fp ®0, T)*®. This representation does not depend on the choice of T' by
Brauer-Nesbitt.

We now move to the GL2(Q,)-side, and we define the following locally algebraic rep-

resentation :
. GL2(Q _97=2
My, == (deLzEZ:))Q; Sym” 2Qp> /(T — a,).

Breuil has studied this representation and conjectured the existence of a zp—lattice. This
is now a theorem (see [1] — and note that for simplicity, we assumed that ¢ is semi-simple
on Dy, ) and we then set I, := [F, ®z, (this lattice)]*. This does not depend on the
choice of lattice by Brauer-Nesbitt. Breuil’s conjecture regarding the compatibility of the
correspondences Il ., < Vi, and 7(r, x) < p(r, x) is then the following :
Conjecture — We have I, ,, = 7(r, x) if and only if Vi, = p(r, ).

Note that there is also a conjecture concerning the “reducible” cases. The above
conjecture is now a theorem (see [2]); it was first proved for k& < p by Breuil, who also
computed ﬁk,a,, for k < 2p+ 2.
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3. A new model for II;,,

We start by explaining the proof of the existence of a lattice in II; ,,. The idea of the
proof (based on a similar construction carried out by Colmez in the semi-stable case) is
to construct a Banach representation I1(V},,) of GL2(Q)) with a map Il ., — (Vi 4,)-
One then uses the theory of (o, I")-modules to prove that II(V;,,) # 0 and is irreducible
(and admissible) which shows the existence of a lattice of Il o, (the map Il ,, — I(Vi,,)
being injective with dense image).

Let O :={} .z a; X"*, where a; € Op and a; — 0 as i — —oo}. We endow this ring
with a frobenius ¢ such that p(X) = (1 + X)? — 1 and an action of I := Z such that
la] - X = (1+X)*—1. A (¢,I')-module is an O-module D of finite type, endowed with
a frobenius ¢ and an action of I' which are continuous, semi-linear, commute with each
other, and such that ¢*(D) = D. Recall that Fontaine constructed an equivalence of
categories between the category of Og-representations of Gal(ap /Q,) and the category
of (p,I')-modules. If V= EF ®¢p, T is an E-linear representation, we’ll call D(V) :=
E ®0, D(T) the associated (¢, I')-module.

One can show that if D is a (¢, ')-module and y € D, then there exist uniquely deter-
mined elements yo, - - - ,y,—1 such that y = Zf:_ol(l + X)'p(y;) and we define ¥(y) := yo,
which makes ¢ into a I'-equivariant left inverse of ¢. Let Vi, be the representa-
tion defined in the previous section and let (lim “ D(Vi,q,))? denote the set of sequences
(vg, 1, -+ ) such that ¥ (v;) = v;_; and such that the sequence {vg, vy, -} is bounded
for the “weak topology” (which one can think of as the (p, X)-adic topology). We make
(lim . D(Vi,q,))? into a representation of the Borel subgroup of GL»(Q,) in the following
way; if v € (llnw D(Via,))", then :

= 2§ %0, where x = p"®

. )n
((5 p)) = v =t
((5 o) -v) =Gl

((é i) ' “>n =" (1+ X)), ntm > —val(z).

Zo;

The Banach space I1(V;,,,) alluded to above can be shown to be isomorphic to another
Banach space of “class C" functions” (for an r depending on k and a,) on P! satisfying a
number of conditions, together with an action of GL(Q,). Using ideas of Colmez, we can
interpret elements of (lim v D(Vi,))? as distributions on P!, i.e. elements of the dual of

this new Banach space and thus we have II(V},,)* ~ Qinw D(Via,))" as representations
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of the Borel subgroup of GL3(Q,). A classical result allows one to interpret g, as a
space of locally polynomial functions on P! satisfying similar conditions as those used
to define 11(V}4,) and this explains why Il ., injects into II(V,,) (the image is dense

because II(V;q,) is irreducible).

4. Proof of the conjecture

Using the isomorphism II(V;, 4, )" ~ @inw D(Vk,q,))", one can show (see [3]) that ﬁz’ap ~
(lln “ D(kaap))b and this already proves one implication in the conjecture. Now suppose
that Il o, = m(r, x) for some r, x. By examination, we see that there exists &' € {2,--- ,p}
such that 7 (r,x) = ﬁk/70 and the conjecture in this case results from computations of
Breuil. In particular, Vo =~ p(r, x) on the one hand and ﬁz,ﬁ ~ Qinw D(V))b on the
other hand so that (h;nw D(Via,))" =~ (@w D(V}0))® and using the theory of (p,T)-
modules it is not hard to show that Vi, = Vi g so that Vi, = p(r, x). This proves the

other implication in the conjecture.
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