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A LINEAR MODEL OF DYNAMICAL SEA WAVENUMBER SPECTRA

GEOFFREY BECK, CHARLES-EDOUARD BREHIER, LAURENT CHEVILLARD, RICARDO GRANDE,
AND WANDRILLE RUFFENACH

ABSTRACT. We propose linear dynamics that can generate a given sea wavenumber spectrum via
a linear partial differential equation stirred by an additive random forcing term that is §-correlated
in time. In particular, the correlation structure of the solution to this linear dynamics converges
towards the target spectrum as time passes. The main linear mechanism is a transport in Fourier
space, which models the transfer of energy from large scales towards small scales. The proposed
linear dynamics generalize previous works for power-law spectra in the context of hydrodynamic
turbulence to more general spectra, possibly non-radial, including sea wavenumber spectra such
as the JONSWAP spectrum. Finally, we present simulations of the correlation structure of the
solution to these dynamics in 2D, whose spectrum converges towards the JONSWAP spectrum.
These simulations are based on a finite volume method in the Fourier domain and a splitting method
in time, following a recently proposed numerical method by the same authors which improves on
pseudospectral simulations.

1. INTRODUCTION

1.1. Background. Turbulence is often understood as the intricate motion of vortices in fluid
dynamics when the Reynolds number is large. From a phenomenological point of view, one of
the main objects of study is the transfer of energy from such vortices to smaller and smaller
vortices. This is known as energy cascade, a widely studied phenomenon since the pioneering work
of Richardson, Kolmogorov and others [19, 10].

In a more general setting, the word turbulence also refers to the chaotic behavior of systems
having a large number of degrees of freedom. In the case of linear water wave systems, the surface
elevation can be decomposed into independent oscillating waves (Fourier modes) whose evolution
can be exactly computed. Gravity water waves equations are however nonlinear and thus Fourier
modes do not evolve independently, but they interact with each other, generating new Fourier
modes as time passes. Some of these interactions allow for the transfer of energy to higher and
higher wavenumbers, which is reminiscent of Kolmogorov’s work on energy cascades.

Due to the large number of interactions between these Fourier modes, a deterministic description
of the evolution of the energy is not suitable and a stochastic approach is needed. Thus the
natural object in wave turbulence is not the evolution of each individual mode but of its statistical
average. Averaging allows one to carry out a kinetic theory of colliding waves in the same fashion
as Boltzmann’s kinetic theory for particles.

In the 1960s, Hasselmann heuristically derived a wave-kinetic equation for gravity water waves,
which describes the effective evolution of the average energy of each Fourier mode of the system
[12, 13]. At the same time, Zakharov made a connection between hydrodynamic turbulence and
the interaction of waves in the general context of nonlinear dispersive Hamiltonian PDEs. Thus the
kinetic theory for colliding waves became known as wave turbulence. The first rigorous derivation
of a wave-kinetic equation was obtained by Deng-Hani [7, 8] in the context of the cubic nonlinear
Schrodinger equation (see also [5, 6, 11, 18]) but analogous results for the gravity water waves system
are not yet available due, in no small part, to its quasilinear nature. Even if rigorous derivation is
not avaible, such wave kinetic equations are used in practical for weather forecasts by météo france
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(Wavewatch III, see [20]). Zakharov found stationary solutions to such wave kinetic equations
which capture the mean energy transfer from small wavenumbers towards large wavenumbers once
the wave system reaches a statistically stationary state. Such stationary solutions, also known as
spectra, represent the correlation structure of the energy of the wave system.

Statistically homogeneous fields are a fundamental object in the phenomenology of homogeneous
and isotropic turbulent flows [3, 10, 17]. In this idealized situation, the underlying probability law
of the turbulent velocity field is invariant by spatial translations and rotations, and has been
repeatedly observed in laboratory flows and in simulations of the forced Navier-Stokes equations.
Given a spatial field u which is statistically homogeneous, we call its wave number spectrum the
function S(k) such that

Ela(k)a(k)] = S(k) Sk—p
where 4 is the spatial Fourier transform of u, k is the wave number and d;_;s stands for the Dirac
delta distribution. In the context of the velocity field of a fluid with a large Reynolds number, it is
experimentally observed that the fluid reaches a statistically stationary, homogeneous and isotropic
state in the absence of boundary. In such cases, the wave number spectrum of the Eulerian velocity
only depends on |k|. More precisely, according to Kolmogorov’s 41 theory [15], the wavenumber
spectrum is a curve which may be roughly decomposed into three regions:

e Injection range: for small |k|, the shape of the curve S(k) is determined by the forcing.

e Inertial range: for intermediate values of |k|, energy is transferred from large wavenumbers
towards small wavenumbers. In this range, the spectrum is observed (and predicted by
Kolmogorov’s theory) to be a power law of the form |k|=4=2H with H ~ 1/3.

e Dissipative range: for large |k|, viscous dissipation damps the energy coming from small
wavenumbers, effectively smoothing the spatial velocity profile.

Sea wavenumber spectra are often written as follows
(1.1) S(k) = Se(w(k))Sp(k),
where w(k) is the dispersion relation of the system [16]. For gravity water waves in the ocean with
infinite depth, the dispersion relation is w(k) = \/g|k| where g is the gravity, whereas one has

w(k) = g|k|? in the shallow water regime. Different dispersion relations are possible if one considers
surface tension or other phenomena.

The angular part Sg (k) of the spectrum (1.1) typically describes the energetic spreading of the
waves as a function of the wind direction [2, 9]. The most widely used radial spectrum S;(w(-)) for
fully developped sea is the JONSWAP (Joint North Sea Wave Observation Project) spectrum:

2 4 (w(k)—wp)?
O[g 5 wp exp |:_ 20202 :|
1.2 (k) = —— —_
(1.2) Sy(w(k)) WL exp Lok ol b

where v = 3.3, and the parameters a,wy, o depend on the speed of the wind and its fetch [14].
The Pierson-Moskowitz spectrum corresponds to v = 1. The choice v = 1 and w, = 0 leads to the
Phillips spectrum!, which describes white capping. In intermediate range of |k|, the JONSWAP
spectrum S, (w(k)) ~ w(k)~* which corresponds to the Zakharov stationary solutions to the wave
kinetic equation associated to the water waves equations, also known as the Hasselmann spectrum.

A great number of wave spectra are based on observations and do not (yet) admit a rigorous
mathematical justification. In particular, in the context of wave turbulence, there is no rigorous

K uznetsov argues that the Phillips spectrum in deep water should be taken with w ~ |k| instead of w ~ +/|k|, as
the most common slope breaks occur on 1D lines/ridges, not on 0D point/peaks, and that wave crests are propagating
with preserved shape.
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derivation of such spectra for the gravity water waves system. Similarly, in the context of hydrody-
namic turbulence, no mathematical proof of the regimes described in Kolmogorov’s theory exists
starting from the Navier-Stokes equation in 3D. For this reason, the construction of toy models
which feature such spectra is of fundamental importance. A large number of such models are
static, in the sense that the model is already in a statistically stationary state featuring the desired
spectrum. Other models are dynamic but only in the form of discrete dynamical systems.

The main result of this paper is the construction of a PDE driven by a random additive force
whose solution converges to a statistically stationary state featuring the desired spectrum.

1.2. Main results. Before we present our model, we introduce the main hypotheses on the target
spectrum and the forcing.

The forcing term (t,z) — &£9(t,x) is a statistically homogeneous and stationary field whose
correlations satisfy
E[E?(t,2)E%(s,2")] = Cp(x — ') 61— Vt,s >0, x,2’ € RY,
where 9§ is the delta Dirac distribution and

(%@ﬂ=A;ﬂw+wﬂwd% VzeR:

Note that the correlations of the forcing term are distributions. In Section 2.1, we construct such a
forcing term as the spatial convolution of a space-time white noise with the function . We make
the following assumptions on the latter.

Assumption 1.1. The function ¢ is a real-valued, spectrally supported function. More precisely,
we assume that its Fourier transform @ is continuous and compactly supported away from the origin,
i.e. there exist K, > K > 0 such that

P(k) =0 if |k| < k or |k| > K.
Given a fixed wavenumber spectrum k — S(k), we make the following assumptions:
Assumption 1.2. S : R? — R is a continuous function which is strictly positive in the region

R9\ {0}. We further assume that k — S(k) is integrable in the region |k| > x > 0, with k defined
in Assumption 1.1. Moreover, for every a > 0, the following property holds:

|k|+a
(1.3) sup S< i k> <
k‘ERd, S(k)
|k[>k

We are ready to introduce our PDE in wavenumber space:
Oyu(t, k) + cOpu(k) +cV(k)u(t, k) = @(t, k) t>0,keR |k >k >0,
(1.4) u(t,k) =0 t>0,ke R k| <k,
u(0,k) = 0.

where Oy, = ﬁ - Vi stands for the transport with respect to the radial variable and

(1.5) V(k) = O log(o(k)) where o(k) = [k|“Z S(k)™2.

Note that (1.4) must be interpreted in a weak sense since the source @(t, k) is delta-correlated
in t and k. An important part of this work is thus to give a rigorous meaning to (1.4) and to define
a notion of solution.
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Our main goal is to show that the solution to (1.4) exhibits the desired spectrum S(k) as t — oo.
The main result of this paper can be formally formulated as follows:

Formal Theorem (Description of the spectrum). Under Assumption 1.1 and Assumption 1.2,
there exists a solution to (1.4) whose inverse Fourier transform is a well-defined Gaussian field.
Moreover, the solution has the following asymptotic correlations:

(1.6) lim E[a(t, k)a(t, K)] = S(k) 0(k)
where

k| E\12 1 ds

(1.7) D(k) = Lion 5(s— )| ——=.

i / ’9”( m)’ 5(sk) ©

A mathematically rigorous statement of this theorem may be found in Proposition 2.2 (in Fourier
space), Proposition 2.4 (in physical space) and Corollary 2.9 (asymptotic correlations). An example
of energy cascades in the case S(k) = |k|~(@+2H) may be found in Proposition 2.10.

In Section 4, we present numerical simulations to illustrate the results in this theorem in the

case where S(k) is the JONSWAP spectrum (1.2).

Remark 1.3. If the spectrum S is radial away from the injection range, namely S(k) = Sy(|k|) for
all |k| > Ky, then ¥ in (1.7) only depends on the angular variable away from the injection range,

1.e.
k R kY12 1 ds
=50 () m [T (B v
() 0 |]€| . |]€| ‘S(Sk)c || ®

K]
Remark 1.4. If the spectrum S and @ are radial, then V(k) = € is constant for all |k| > Ky, where
e [*IE,
wocS(sy)

for an arbitrary unit vector v € S*1. In particular, this means that away from the injection range
the solution u to (1.4) has the following spectrum:

lim E[ (t ]{) (t k,)] Q:S(k) Op—pt Y ‘k| > K-

t—o00

Remark 1.5. For a continuous function k € R? — S(k) € R which is strictly positive in R?\ {0},
it suffices to check (1.3) for a sufficiently large |k| > Ko. If S is a radial function, a sufficient
condition for (1.3) to hold is for S to be non-increasing. Combining these observations, (1.3) is
easily shown to hold in the case of the JONSWAP spectrum (1.2).

1.3. Outline. In Section 1.4 we introduce the notation used throughout this article. In Section 2
we present a rigorous analysis of the model (1.4) in Fourier and physical space, including detailed
definitions of the forcing and notion of solution. In particular, Section 2.3 contains the asymptotic
analysis of the correlations, including the proof of (1.6). In Section 3 we present the numerical
method used to conduct numerical simulations of our model (1.4). Finally, in Section 4 we present
and discuss said simulations in the cas of the JONSWAP spectrum in dimension d = 2.
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1.4. Notation. Given two functions ¢, ¢': R? — C, define the convolution product ¢ % ¢’ and the
correlation product ¢ ¢’ by

oxd@)= [ ola-pdWdy  oxd@)= [ olatn) W)y
R Rd
One has
(1) [ era = [ otexe)
for any function ¢, ¢, ¢’ : R¢ — C such that the above integrals are well-defined.

The indicator function of a set B is denoted by 1. We let RT = [0, 00).

Given K = R or K = C, let L}(R%;K), resp. L*(RS x R%;K), denote the spaces of square-
integrable functions ¢: € R% i ¢(z) € K, resp. ¢: (t,2) € RT x R? = ¢(t,z) € K. The inner
products in L?(R%;C) and L?*(R;” x RY%;C) are denoted by (-, )rz and (-,-)r2 and defined by

(6.0 = [ o) @ de, V6.6 € REC)
(®,8)2 = /m o(t,2) @ (t,2)dtde, V &,& € LX(RS x R C),
. 0 Rd

and the associated norms are denoted by || - [[zz and || - || 2 respectively.

The Fourier transform of an integrable function ¢: R¢ — C is defined by
o(k) = Fo(k) := /R ) e kT y(r)de, YV keR
Whenever defined, the inverse Fourier transfg(c)rm of an integrable function ;#5 : RZ — Cis
o) = 3" (x) = F1o(x) = /R TR Gk dk, Vo€ R
K
It is well know that the Fourier transform is an isometry from L*(RZ) to L*(RY) :

(6,812 = (6,8)12, V6,0 € L*(RY;C).

Let (Q,]—", IF’) denote the probability space. Given K = R or K = C, let L?(Q;K) be the space
of square-integrable random variables with values in K.

The equation studied in this article is driven by Gaussian real-valued space-time white noise
£(t,x) for (t,z) € RT x R%. Formally, this Gaussian noise is characterized by its mean E[¢(t,2)] = 0
and its covariance

E[g(tv x)g(tla :E/)] = 5(t - t/)é(k - kl)?
where ¢ stands for the Dirac pulse distribution. The formulation above is formal and shows that
white noise needs to be understood in a distributional sense. A more rigorous interpretation consists
in considering a Gaussian process
2. LARf xRELGR) —  L2(Q;R),
® = E(®) = (¢ ®),
that satisfies

e for any N € N and any ®1,..., 05 € L?2(Rf x RE R), (<§, Dq),..., (&, <I>N>) is a R%valued
Gaussian random variable,
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e for any ® € L?(R) x R R),
E[(§, ®)] =0,
e for any ®, ¢’ € L2(R] x R R),
E[(& @)(¢, )] = (2,9) 2

Such a Gaussian process is called an isonormal Gaussian process.

Setting
(&, @) = (§,Re(®)) + (¢, Im(P))
for any complex-valued square-integrable function ® € L?(R; x Rg; C) extends the definition of £
as an isonormal Gaussian process defined from L2(R* x R C) to L?(Q;C).

The Gaussian random variable Z(®) = (¢, @) is sometimes written as a stochastic Wiener integral

&, P) = /+OO/Rd (t,z) d&(t, x).

Note that it is sufficient to consider functions ® = ¢ ® ¢, such that ®(¢,z) = ¢ (t)¢p(x), given
square-integrable functions ¢ € L2(R;;C) and ¢ € L2(R%;C). It is then possible to define the

Fourier transform & (t k) of the space-time white noise £(t,7) as follows: for any v € L*(R;;C)
and ¢ € L2(R¢; C), set

(D ®¢) = (£ ¢ @)
The notation £ (t, k) is formal, since this is a white noise, with mean E[A(t, k)] = 0 and the covariance
E[E(t, k)E(H, k)] = 8(t — )3(k — k).
The above expression is a formal version of the property
E[(&, ¢ ® )€, ¢ © ¢)] = E[(€,¥ ® $)(6, %' ® §)]
— (@6, 0 @),
—We sy ed),,

which follows from the definition of the Fourier transform of the white noise and of the isometry
property of the Fourier transform.

=

Being the Fourier transform of a real-valued white noise £(¢,z), a property § (t, k) = E (t,—k) is
satisfied, in a weak sense, therefore it is not necessary to deal with E[£(¢, k)£(¢/, k)] in the description

of £(t, k).
Define the subspace H of L%(RY) by

(1.9) H={feL*R}) | f(k)=0if |k < r}.
Let also H be the subspace of L2(R%) defined by
(1.10) H={fecL*RY|fecH}

Let us mention a useful change of variables formula which is used several times below: given a
function F : (ky, k2) € RE x RY — F(ky, ko) € [0, 00], one has

d-1
—ct t
(1.11) /F k’M;{; ]]-|k|—ct>/4dk:/ k| +c I ’k|+Ctk:,k: Lo db
R || ra \ |kl ||
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The identity (1.11) is due to a change of variables in spherical coordinates, letting r = |k| € RT and
0= % € S 1 for all k € R?. If i denotes the surface measure on the sphere S¥!, using successively

the changes of variables k — (r,0) = (|k|, |—Z|), (r,0) — (r',8) = (r —ct,0) and (1',0) — k' = r'6,

one obtains

/ F <l<:, Mk‘) Ly — et dk = F(r0,(r — ct)0) L_asp v dr dp(0)
R4 || R+ xSd-1

:/‘ P + ct)0,70) Tyoe (r + ) dr du(6)
R+ xSd-1

K|+ et (K| +ct
:iéd< & F(Fpr Kok ) T a
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0014-01 of the French National Research Agency (ANR). C.-E. B. and R.G. would like to thank
MARGAUx-Fédération Mathématique de Recherche en Région Nouvelle-Aquitaine for funding R.
G.’s visit at Université de Pau et des Pays de I’Adour. L.C. is partly supported by the Simons
Foundation Award No. 1151711.

2. ANALYSIS OF THE MODEL

2.1. In the Fourier domain. The objective of this section is to give a meaning to the model
when considered in the Fourier domain. This formulation will be considered for the numerical
approximation. Looking for the solution as a Gaussian random field (¢,k) € R* x R? s U(t, k)
is not convenient, indeed there is no regularization mechanism in the dynamics, and at any time
t > 0 the mapping k — U(t, k) would have the same irregularity of white noise: more precisely one
would have

E[U(t, k)T (¢, k)] = T(t, k)d(k — k),
for a function (¢, k) € RT x R? s T'(t, k). As in the description of the white noise £(¢, z) and of its
Fourier transform E (t, k) in Section 1.4, it is more convenient to consider, at each time ¢ > 0, the
Gaussian random variable U (t) : L (R{; C) — L%(%;C), i.e. the complex-valued random variables
({U(t), ¢) for all ¢ € L2(R$;C). Tt is even sufficient to deal with functions ¢ that belong to the
subspace H. In the sequel, we show how U (t) is defined and we justify the following identity: for

all t € RT and all ¢, ¢ € H one has
BT 0).0) (00 0)] = [ (e ko) E) di

In order to define the process (ﬁ (t)) several ingredients need to be introduced: a Wiener process

and its adjoint (ﬁ;)

t>0’

(W(t))tzo’ the linear operator A, the semigroup (ﬁt)

t>0 t>0"

For any t € R* and any ¢ € L%(RY), set
(2.1) (W(1),9) = (€L, © ¢)-
where (]1[0771 ® gzb)(s, k) = 1o4(s) ¢(k). For all t,t" € RT and any ¢, ¢’ € L?(R), it follows that
E[(W (t), 9)(W (¢'), ¢)] = E[(€, Ljp.q ® O)(E, Lo © ¢')]
= (Ljog @ ¢, L @ ¢/)L§7k
— (tAE) (6 )e,
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where ¢ At = min(¢,¢'). The above means that W behaves like Brownian motion in the time
variable ¢ and like white noise in the wave number variable k. The identity above is a rigorous
version of the formal expression for the correlations

E[W (¢, kYW (¥, k)] = (t A t)6(k — k).

Next let us introduce the linear operator A given by

~

A f—s (Af)(k) = ediv <’Z’f(k)>+cé?|klog(a(k))f(k)—c 7 Fk)

~ ~

— (@ ) (k) + eV (k) ()

(2.2)

with domain

D(A\) = {fG 7:2 | a|k|f€ 712, VJ?E 7:2 and ﬁm:n =0},

where j] - stands for the trace

~

Flo (k6) == lim F((k+2)8), Vo st

e—0t

which is well defined since ]?E H and 8|k|]?6 H.

2.1.1. Well-posedness in Fourier domain.

Lemma 2.1. Suppose that the function k — S(k) satisfies Assumption 1.2. Then the operator A
generates a C°-semigroup of H given by

A i PV ;
(2.3 (fed) (1) = o 6 (BT k) Do VR ERE
whose dual operator is given by
(2.4) (T;0) (k) = (W)d 1 - (flfkl(f)tk) 5 (IM;%) Ljsn, ¥k €RZ
Ik
More precisely, one has for all ,¢' € H
(2.5) (T, &)z = (6, T07¢) 2

Proof. Our first goal is to show that for any qAﬁ € ’;—Z, the function ﬁt$ defined by (2.3) is indeed an
element of H. It is straightforward to check that ﬁ,@(k) = 0 if |k| < k. Applying the change of
variable formula (1.11) with

g (k‘g
(k1)

~—

2
F(kq, ko) Z‘ ‘

o(k»)

)

Q

one obtains

7 (58) = |
o~ o~ 2 o~ —C
/Rd [Lp(k)|” dk = /Rd - ) ¢ < ] k) Lk —ct>k dk

2

_ B+t o (k) I
_/]Rd< k| ) W [o(K)| Lig>r dk
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|k|+ct

-/ s (i) >|$<k>2 d,
R4

S(k)

and the desired result follows from (1.3) in Assumption 1.2.

It is straightforward to check (ﬁt) is a CY-semigroup, whose generator is given by

t>0
&g[ﬁt(ﬂ = —03|k|QAS— Vo= —Ap,for any ¢ € D(A\)

Finally, (2.5) follows from (1.11) with

d(k2)@ (k1),  ¢,¢ € H.

F(ky,ks) = -

Lemma 2.1 guarantees that the initial value problem

(2.6) {@ﬂ(t) +Au(t) =0, Vt=0,

u(0) = wo,
is wellposed in C%([0, 00), H), the space of space of time continuous function with value in the

Hilbert space H, for any initial condition ug € ﬁ, and that its solution is given by u(t) = M, ip.
This is by definition the mild solution of (2.6).

We are ready to introduce our stochastic model, given by the following stochastic evolution
equation

AU+ AUt dt = dW (L), Yt >0,
(2.7)
A formal mild solution of the stochastic evolution equation is given by the expression
¢
(2.8) 0(t) = [ ua(@)di(s), Vezo
0

which is interpreted in a weak sense: for any ¢ € H, <(7 (t), ¢) is given by
t —_~ A~
(2.9) O0).0) = [ @), 20T 0. Vezo

Note that the expression above is well-defined since @3(-)II*_,¢ € 7 as consequence of @ € H N Lge
and the Holder inequality.

2.1.2. Correlation structure in Fourier domain.

Proposition 2.2. Suppose that p and S satisfy Assumption 1.1 and Assumption 1.2, respectively.
Then the process defined by (2.8)-(2.9) satisfies

(2.10) BUT0.(00. )] = [ Te.0omd@m s, Voo e A
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where
L (k| —es 2 Sk
F(tak):/ ‘90 | ’ k ‘ (7> ]l|k\—cs>nd5
0 i S (‘k;mcsk)
(2.11) "
st [ e (o) [y s
|k|—ct |k| S (3%) o c’

Moreover, sup;so I'(t,-) € L'(RY).
Proof. From (2.9), one obtains

(2.12) E[(U(t), p)(U(t), /)] = /O (PO, P()ILF_,¢') ds.

Combining (2.12) and (2.4), and applying the change of variables formula (1.11) with

d—1 2
P k) =l (1) (24 ) o) @G
one obtains

E[(T (1), 6)(0(1), )] = /0 GO o6, 30T o) ds

t k| + cs 2(d-1) |k:|+cs |k| + cs
= 5(k 2(‘ ) ) /( k)]l L dkds
;Lo (B w+csk )T ) e

//Rd <|k|_03 ))2 <|k;||]ilcs> (G(kk)) ¢ (k) & (k)L jg|—csor dk ds
/ /Rd <‘k’ T ) ’2 S(S(k) )¢(k) ¢ (k)L ) —cs>r dk ds.

|k|—cs
TR
Setting

Mok - /Ot ‘@ (k‘\“; CSk:) ‘QS <i|(kc)sk> Lk —essr ds.

|K|

By Assumption 1.1,
supp(p) C {k € R? | & < [k| < rp}.

Since S is continuous, cf. Assumption 1.2, there exists a positive constant c¢(k, k) such that

k|l —
inf S (’ | csk> Lpse > inf  S(K') = c(k, Ky,) > 0.

Ogsgmin{t,“ﬂ%} ‘k’ r<|K <Ky

( w) /‘“’( w) o

Since @ is continous, the function ®(t,-) : S~! — R is continuous. As a result,

< IKE <i(k)> (1) < <S(k)> (v )

Define

T(t,k) <
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Thanks to the continuity of ®(k, ), there exists some constant C' > 0 such that ® (/i@, ﬁ) <C
for all k£ € R%. In particular,

supI'(t, k) <
tzg (&%) c(k, ki)

which is in L'(R?) by Assumption 1.2.

The second line in (2.11) follows from the change of variables s — |k| — cs. O

2.2. In the spatial domain. In this section, we consider a physical space formulation of the model
(2.7). One advantage of this point of view is that the mild solution may be viewed as a Gaussian
random field, i.e. the random variable U(t,z) will be well-defined for all ¢ € Rt and z € R%.

First, let us introduce a Wiener process (W(t)) 1~ defined as follows:

(2.13) (W(t),¢) = (¢ 1py®¢), forteR" and ¢ € L.

Since the space-time white noise £ is assumed to be real-valued, W (t) is also real-valued and it
suffices to deal with functions ¢ € L2 which are-valued.

For any ¢,#' € RT and ¢,¢' € L2, one has
E[(W (1), )W (t),¢")] = (t A ) (b, ¢) 12

Note that the Wiener process (/W(t))
of the Wiener process (W (t))

1>0 defined by (2.1) can be seen as the Fourier transform

1>o defined by (2.13) above, indeed one has

(W(t), ) = (W(t), ).

In the evolution equation (2.7) considered in the Fourier domain, the forcing is given by @()W(t),
therefore in the physical domain it should be given by the convolution W% (t) = ¢« W (t), which is
defined as follows: for all t € R and ¢ € L?(R%)

(2.14) (We(t), d) = (W(t), o x ),

where % ¢ denotes the correlation product defined in Section 1.4. For any ¢, € R* and ¢, ¢’ € L2,
one has

E[(W?#(t), o) (WP(t),¢")] = E[(W (1), o x o)W ('), o % ¢')]
= ({tA)(o*d,ox¢) 2

=(tAt) / Cy(z — 2")p(x)P(2") da da’,
R¢ JRE
where the mapping C,, is given by

Cy(x) = /d e@+y)ey)dy = (p*¢)(x), VzeR

T

Note that the Fourier transform of U is given by ap(k) = |<p/(?)]2 for all k € R%.

One may interpret (W¥(t),¢) as the integral [pq W¥#(t,2)¢(z) dz, where (W?(¢,z))
a spatially homogeneous Gaussian random field which satisfies

EW?(t,x)WP({t,2')] = (t At)Cp(x —2), Vt,t' € RT V2,2’ € R%

t>0,zcRd 1S
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Next, let us introduce the operator A in physical space, corresponding to (2.2) in Fourier space,
as follows:
(2.15) A=F'AF
that is to say
Af = FVAf], VfeD(A) :={feHM|feDA)?}

It turns out that the operator A may be written as a pseudo-differential operator of the form:

Af@) = [ alo ) Uy T
R
with symbol
2mik-x+(d—1)
||

a(x, k) = — +cV(k),

for regular function f.

Remark 2.3. When S(|k|) = |k|® for some a € R, V(k) = a|k|™! and the principal symbol of

a(x, k) is —c 2”‘2]‘” k which is a degree 0 symbol. See [1, Proposition 4.6] and the comments therein.

Let us introduce the C%-semigroups

(2.16) (M) o = (F'LF) oy and  (117) o = (F'TGF) o

of linear operators on H. Lemma 2.1 shows that A generates the C*-semigroup (Ht) and (H;‘)

is the dual of (Ht) >0 in the sense that

(2.17) (T, &) 2 = (9, T ) 12,

for all t € RT and ¢, ¢’ € H as a consequence of the fact that the Fourier transform is an isometry
from L2 to L3.

t>0 t>0

2.2.1. Wellposedness in space domain. We are ready to introduce the initial value problem:

AU (t) + AU () dt = AW?(t), ¥t >0,
o1 AR

which corresponds to (2.7) in physical space. In the spirit of the expression of the solution (2.8) in
the Fourier domain, we claim that there exists a mild solution to (2.18) given by

t
(2.19) U(t) :/ I; ,dW¥(s), VtecR",
0
which as to be interpreted in a weak sense: for all ¢ € H one has
¢
(220) W) = [ @m0

The definition above can be used to derive a more convenient expression for (U(t), ¢): one has with
(1.8)

U(t), ) = / AW (s), 0% (IT;_,0)),

where the last stochastic integral above can be written as

t ~+o0 +o00
[ a@weres @) = [ awe. e = o= [ [ oy,
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with @,(s,y) = Lj4(s) (¢ * (I;_,¢))(y) for all s € RT and y € R<. In particular, for all s € [0, ]
and all y € R%, one has

Dy(s,y) = /Rd oz +y) () (z) dz = (o(- + y), I} ¢) = (W—spo(- +¥), P)

where the last equality follows by duality, cf. (2.17). We may therefore introduce the kernel G
defined by:

(2.21) G(t,z,y) = (p(- +y))(x), VteR"VazyecR

Combining the results above, one obtains

v = [ [ (G-t =([ [ G-z

The last equality is justified by the following result.

Proposition 2.4. The function

(2.22) U(t,x):/ RdG(t—s,x,y)dg(s,y),

is a well-defined Gaussian random field which is a mild solution to (2.18) in the sense of (2.19)-
(2.20). Moreover, for any multi-index 3, any t1,ts > 0 and any 1,29 € R? there exists a (locally
uniform) constant C > 0 such that

(2.23) E\an(tl,xl) — 85U(t2,x2)]2 S C (|t1 - tQ‘ + ’1‘1 — xg‘z) .
It remains to justify that the computations above are valid. Properties of the mapping G

are given in Lemma 2.5 below. Moreover, one needs to show that the Gaussian random field
(U (t, :c)) +>0.2€RA is well-defined and to study its regularity properties.

Lemma 2.5. Suppose that ¢ and S satisfy Assumption 1.1 and Assumption 1.2, respectively, and
let G(t,xz,y) be defined by (2.21). Then the following statements hold:
(i) The Fourier transform in the x-variable of G is given by

|k|—ct
(2.24) G(t,k ):e—%k'k“k-y(’( K ’“) et 4
. ) 7y O'(k) SD ‘k| |I€‘*Ct>/{ .

(ii) The Fourier transform in the y-variable of G is given by

~ LI k| + ct -1 o(k -5
(2.25) G(t,z, k) = e 2T T il k< c)t PK) Ly e
k] (M)

(i4i) For each multi-index B and for fived (t,z) € RT x R, &EG(t,x, ) € L2(RY).
(iv) For ally € RY, the mapping Gy : (t,x) € RY x R? 5 G(t,z,y) is a solution to
(8t+A)Gy:07 Vit>0,

G0,z,y) =p(z+y), VazyecR!xRE
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Proof. (i) Using (2.3), (2.16) and (2.21), we obtain

k|—c

k| —ct
o lkl=et U( 17l k) k| — ct
2.26 G(t = [ erikw P R k) Lig—ersrn dk
( ) ( ,1'7:1]) /]Rd O'(k) P “{Z‘ |k|—ct>kK )

from which the Fourier transform in the z-variable follows.

(ii) In order to compute the Fourier transform of G in the y variable, it suffices to perform the
change of variables (1.11) on the right-hand side of (2.26). More precisely,

m\k|+ct k £\ 41 k R
G(t,z,y) —/ ik y ¢ b <’ |+ ) o (£) @ (k) Ly dk,
R ]k‘ o (\kﬁ;-‘ct@

from which G(t, z, k) follows.
(iii) By (1.3), there exists a constant C(t) > 0 such that

|k|+ct
) P
kerd S (k)

By the continuity of S, cf. Assumption 1.2, the function ¢ — C(t) is also continuous.

Differentiating (2.25) and using the Plancherel theorem, we obtain
2

2 ~
2.2 : = (o7 :
(2.27) 076021 gy = 026020
]k\—i—ct 2(d—1)+2|,3| O'(k)2 R )
<[ (M — T B L dk
‘ 7 (i)
|k|+ct
d—
[ (e s (M) G2 1o,
= e UK Sy T e
o\ 4 1H218] )

(2.28) < C(t) <1+H> lellz2

(iv) Note that
(O + cOy) {(|k:| - ct)|:’] =0.
Applying the operator 9; + ¢ J)| to both sides of (2.24), it easily follows that:
(0: + O ) G(t, k. y)

_ omiltlee (|k’|k_!d ) (p(\kl‘];' ct ) Lo (91 4+ O [U(k)—l}

= 6727”;' e (W > P <‘k“k_| ct > Ljk)—ct>k O [U(k‘)_l}

= G(t,k,y)colk) Oy |o [ (k)™ 1}

Finally, it suffices to use the observation that

o (k) Oy [o (k)] = = (k)" Byo (k) = ~ By (log o (k) = ~V (k).
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Proof of Proposition 2.4. The fact that U(t, z) in (2.22) is a well-defined Gaussian random variable
follows from point (iii) in Lemma 2.5 and the It6 formula. Similarly, the proof that U(t,z) solves
(2.18) is a straight-forward application of (v) in Lemma 2.5. Finally, property (2.23) follows from
the representation (2.22) and Lemma 2.5; the proof is similar to that of [1, Corollary 4.9] and we
omit it. O

Remark 2.6. Introducing an appropriate notion of weak solutions to (2.18), one may prove that
weak solutions are unique, which implies that (2.22) is the unique solution to (2.18) in this class.
See Subsection 4.1.1. in [1] for additional details.

2.2.2. Correlation structure in space domain. By Proposition 2.4, U(t,z) in (2.22) is a well-defined
Gaussian random field. Next we compute its two-point correlation.

Proposition 2.7. Suppose that p and S satisfy Assumption 1.1 and Assumption 1.2, respectively.
Then the solution U(t,x) to (2.18) has the following correlation structure

(2.29) E[U(t,2)U(t,2')] = /R ) 2™k @t k) dk,

where I'(t, k), given by (2.11), is absolutely integrable.

Proof. Using the expression (2.22), the Plancherel theorem and (2.25), one obtains
t
BUGLaU ()] = [ [ Glt=sam)Ge - sy dsay
R4

/ G(t sa:k)é’(t—sm k)dsdk
R

d
k| 4e , 2(d-1) 2
= [ [ et (BRI WL oy akas
0 JR || ‘0<|k|+ctk>‘

Using the change of variable formula (1.11), one then obtains

E[U(t,z)U(t,2)]

/ / 2mik-(x—z')
Rd
t
:// 62m'k-(:vfm’)
0 JRd

:/ 627rik~(:c—ac’)r(t7 k‘) dk,
Rd

(e ) (LY o (M=)
k _— 7 1 dkd
*0< B k] — cs o (k) e E5

_ 2
o Fl=csy Sy dkds
] T
]

where we use formula (2.11) in the last step. The use of the Fubini theorem is allowed since
['(t,-) € LY(R?) by Proposition 2.2. O
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Note that the above result coincides with (2.10). Indeed, for all ¢, ¢’ € H, (2.29) yields

E(T (1), )T (1), ¢)] = E(U (1), B (1), §)]
[, @3 v U6 dr ar

¢ )& (k) T(t, k) dk.

The two formulations of the problem studled above are thus consistent.
2.3. Asymptotic behavior.

2.3.1. Limiting correlation structure. Under Assumption 1.1 and Assumption 1.2, one may use the
dominated convergence theorem on the expression (2.11) to take the limit as t — oo, which yields:

(2.30) T(00, k) i= lim T(t, k) = Ty S(k) /k ’«p ( !M) ‘2<1k>dcs.
STk]

If ¢ and S are radial, one has

(2.31) Fgof];)k) = /

As a result, the ratio g‘j(of ) is constant for all |k| >

|~

kY12 1 d
%) <s> ‘ S ¢ for all |k| > k.
kT s (spty) ©

=

Remark 2.8. For the purpose of numerical simulations, we will normalize © in such a way that

the ratio % =1 for large |k|, cf. (4.9).

Corollary 2.9. Suppose that ¢ and S satisfy Assumption 1.1 and Assumption 1.2, respectively.
Then the solution U(t,x) to (2.18) has the following asymptotic correlation structure

(2.32) lim E[U (¢, 2)U(t,2')] = /R , 2™k @=2) (1) 9 (k) dk,

t—o00

where ¥ was defined in (1.7).

Proof. By Proposition 2.7,
E[U(t, z)U(t,2')] = / 2™k @2 (¢ k) dk,
Rd

where I'(t, k) is given in (2.11).

By Proposition 2.2, sup;»o ['(t,-) € L'(R%) and we may thus use the dominated convergence to
take the limit ¢ — co inside the integral, namely

lim E[U(t, 2)U(t,z")] = / 2™k @) (o0, k) dk.
t—o0 Rd

Finally, by (2.30),
I'(oo, k) = S(k) ¥(k)
for 9 as in (1.7). O
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2.3.2. Loss of regularity. In the case S(k) = |k|~(@*2H) our next result shows that the energy
cascade results in a loss of regularity phenomenon at infinite time.

Proposition 2.10. Suppose that S(k) = |k|=@*t2H) for H € (0,1) and suppose that ¢ satisfies
Assumption 1.1. Then the solution U(t,z) to (2.18) converges in law to zero-mean Gaussian field
Uso(z) with correlation structure given by

(2.33) E[Us (2) Uso(2')] = / 2tk (=) | || =d=2H (k) dk
Ry

where
|kl E 2

(2.34) 19(]4;):]1|k|>n/ 3d+2H‘@<s|k|>‘ ds.

Moreover, a loss of regularity phenomenon takes place: while x — U(t,x) is smooth for each
finite time t > 0, x — Uso(x) is only a-Hdélder continuous for any 0 < o < H, namely

, C
(2.35) E|Uss(2) — Uss(a")[? < HO—)

where the constant C > 0 depends of H and d without blowing up when H tends to 0 or 1.

|t —2'|*" + C |l — 2'|?, Va2

Proof. Formulas (2.33) and (2.34) follow from Corollary 2.9 since S(k) = |k|~972H satisfies As-
sumption 1.2. Next we set

Vi) = [ [ Gl dcis),

where G was defined in (2.21). Note that V(¢,x) has the same distribution as U(t,z) in (2.22),
as they are both Gaussian fields whose mean and correlations coincide by construction. Moreover,
the It6 formula quickly shows that V (¢, x) converges to

(2.36) Une(z) = / Gs, 2, ) dE(s, y),
0 Rd
in L?(Q2; C), since
1
EV(t,2) — Use(@) = = / (K] + ct) 25 K25+ (k)2 dk.
2CH RZ

See [1, Corollary 4.11] for additional details.

Finally, using (2.32) together with the fact that E[U(t,z)U(t,2)] = E[V (t,x)V (¢, 2")], the field
(2.36) is shown to be a zero-mean Gaussian field with the desired correlation structure.

The proof of (2.35) may be found in [1, Corollary 4.12]. O
Remark 2.11. [t is easy to show that the inequality (2.35) is sharp as |v — 2’| — 0 by choosing $
to be a (possibly regularized) indicator function over an isotropic region.

Indeed, setting { = x — x’, one has

E|Uso(2) — Uso(2')|? > /Rdu — cos(2rk - 0)] |k| 74 2H (k) dk.

Assuming that @(k) = 1y 9)(|k|), we have that

|/€’_2H_d 19(]{:) > ‘k’—QH—d 11|k|>2 (22H+d+1 _ 12H+d+l)_
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As a result, for any ¢ € R with (] < 1,

oo g B _
BWonle) = Ul 2 [ [ |1 = cos (2mlblel - )| o 621 ) i

& l
Zu |07 / / 1—cos (2mry - — || Lrsor 2" Vdu(y) dr 2p 67
0 Jsa1 €]

after changing variables to spherical coordinates so that k-¢ = |k||¢| cos @ and performing a dilation
in the radial direction r = |{||k|. Finally, one may repeat this argument with a slightly regularized
L1,9/(|k[) in order to make o continuous.

3. NUMERICAL METHOD

In this section, we describe a numerical method which allows us to obtain numerical simulations
for the model analyzed above. We explain below how the method introduced in the recent article [4]
by the authors of this article can be generalized to deal with a general class of spectra which are
not power laws.

To define the numerical method, it is more convenient to consider the formulation of the model
in the Fourier domain.

3.1. Spatial discretization: finite volume approximation. To define the numerical scheme,
it is convenient to consider a conservative form of the first-order differential operator: one considers
(3.1)

N k ~ . _
AU (t, k) + ¢V, - (\kl (t, k)) dt + cV (k) U(t, k) dt = (k) AW (£, k), V¢ > 0,k > K >0,

Ut,k) =0, V |kl <r,
U(0,k) =0,

where the modified potential V is given by

14

Given a cell K C R%, we denote by |K| its volume, by 9K its boundary and by n the local unit
outward normal vector to 9K. Due to the boundary conditions imposed in the evolution equation,
all the cells are assumed to be subsets of {k € R? | |k| > «}.

To define a finite volume approximation, it is standard to consider averages of the solution over

cells K, i.e. to set
IC (t,k)d
~ 751 .

However the Gaussian random field U is not defined pointwise. In this setting it is more convenient

to consider .
Ux(t) = (U({1), w]lzc%

however for the first steps of the construction of the scheme let us make formal computations and

assume that U has a pointwise meaning.

Note that applying the Stokes formula, one obtains

k ~ ) 1 k-n
\V4 Ut k))dk = Utk: dk.
|f<|/ k: (wc\ Ultoh) ) dk = ey | Uk r
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The integration of the evolution equation over a cell K then gives

(3.2) AUk (t) + — [ U, k)@ dkdt + / U(t, k)V (k) dk dt = AWE(t)
IICI oK k| K]

where /W,‘é (t) is defined as

WEt) = <W<t>,¢‘,1q

It is straightforward to check that (W;é’ (t)) >0 18 a complex-valued Wiener process, with

1e).

= tAE) (tAt) 5(
BT OTEO] = g e, eue) = ) [ ampar

Moreover, if K1, o are disjoint cells (K1 N Ko = ), then one has

E[WE, (DWE, ()] = 0.

The evolution equation (3.2) for Uk (t) above is exact but cannot be implemented, two terms on
the right-hand side need to be approximated. This requires to impose a choice for the cells.

As explained in [4], it is convenient to consider spherical coordinates, i.e. to write k # 0 as
k = rf where r = |k| > 0 is the radial component of k and 6 = k/|k| € S ! is the angular
component of k. Due to the boundary conditions in the model, one only need to consider a mesh
of the set {k € R? | |k| > k}. The finite volume mesh is denoted by (ICW)Z.>1 wed» Where Ais a
finite set, and the cell K; , is defined by -

a={k=1k0]p;_1 <[k] <pi 1;0 €O},

where (pl is an increasing sequence such that p1 = k and p,_ —  +o00, and where
2

2 i——+00
(@a)aEA is a mesh of the sphere S¥~1. It is assumed that (@a)aeA is symmetric with respect to
the origin, and that it is uniform. For instance, if d = 2, this mesh can be defined by setting

O, = {(cos¥,sind); aAV < V¥ < (a + 1)Ad},
for all a € {0,...,2Ny — 1}, with angular resolution AY = 7/Ny.

izt

The numerical scheme provides an approximation (Uiva)z’ZLae A of (U’Ci,a)izl,a A The main
observation is that the boundary 9K; , of a cell K; , defined as above can be decomposed into three
parts, and that k- n vanishes on one of these parts. Then using an upwind approximation, one can
approximate the advection contribution as
c ~ k Usa(t) = Ui_1.4(t .
U(t,k)m-ndk ~ Yial®) o La(t) + diUs o(t),
i

(3.3)
"Ciua| 8’Ci’a

with the convention ﬁ(],a(t) = 0, where h; and d; are defined for all i > 1 by

Pl =l pf;i —pi]

(3.4) hi = 2d1 , di = cd— d2'
Pi1— P,

P%% it+g i-1

We refer to [4] for the details.

Concerning the last term that remains to be dealt with in (3.2) when I = K; 4, one can approx-

imate R
1 / ~ ~ Ui.a(t) ~
U, &)V (k) dk ~ —& / V (k) dk.
Kial Jiia (Kial Jiia
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For all i > 1, set
Piyl T P2
5 ;
and for all a € A let 0, € O, be the center of ©,. Recalling the definition of f/ one has

1 ~ 1
V(k)dk = / V(k)dk — /
Kol S, V=1 S V) il Jr, |k:|

1 pd 1

(2 7 L

— / V (k) dk — d7+2 -
\Kial Jic; 4 ply =l

H——
~ V(pib,) — d;.

pi =

For all7 > 1 and a € A, set
W7, (t) = Wg (), Vit>0.

Combining the approximations above, the spatial discretization of the model is given by the system
of stochastic differential equations

(3.5)
~ U;a(t) —U;—1.4(t ~ = .
dU@a(t) + c— ( ) . L ( ) dt + CV(piea)Ui,a(t) dt = dVVfa(t), Vt>0,i>1, ac A,
Una(t) =0, Vt>0, acA,

0,
Uia(0)=0, Vi>1, ac A

The cells (Ki,a)i>1 acA in the finite volume mesh are pairwise disjoint. Moreover, each cell K; ,
has a symmetric cell with respect to 0 in the mesh, which can be denoted by K; _,. If i # j, for
all a,b € A, the Wiener processes W-‘p and W‘pb are independent. Moreover, for any ¢ > 1, given

a,b € A, if b ¢ {a,—a}, the Wiener processes W‘p and W‘p are independent. Finally, W‘p = Wi,—a
for all # > 1 and a € A. The properties above are summarlzed writing

(tAs)
|Ki,a|2

E[WE,(6)WF,(5)] = 811005 / BR)Edk, s3>0, 05> 1, abe A
’ ]Ci,a

WE () =Wia(t), Vt>0,i>1, € A

3.2. Temporal discretization: splitting algorithm. Let us now present the temporal dis-
cretization scheme applied to the semi-discrete approximation (3.5). The time-step size is denoted
by At, and for all n > 0 set t,, = nAt. Like in [4] we propose to use a Lie-Trotter splitting scheme,
which on each interval [t t,11] combines solutions of two systems. First, one considers the system
of Ornstein—Uhlenbeck stochastic differential equations

(3.6) AULL() + ¢V (piba)ULa(t) dt = AW/, (), Y t>0,i>1, a€ A.
Second, one considers the deterministic linear system of differential equations

CUza() U'Ladla(>
h;
U3d(t)=0, Vt>0, ac A,

80X (t) +

= > , > 1
3.7) 0, Vt>0,i>1, a€ A,

which takes into account only the advection dynamics.
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Numerical approzimation for (3.6). Given i,j7 > 1 and a,b € A, the stochastic differential equa-

tions (3.6) for (ﬁﬁg(t))t>0 and (Af}jl(t))po are driven by independent Wiener processes /I/I?Z,‘Pa and

/W?;f’b, except if one has i = j and a € {—b, b}.

Given i > 1 and a € A, the solution of (3.6) is given by

t
O2a(t) = e~V P (0) + / e VIS AW, (5).
0

The solution at time t,41 given the solution at time t,, can be expressed as
~ I Int1 —~
U;?};(tm) — e‘cv(plea)AtU{f}j(tn) + / e~V (pifa)(tni1—5) dea(s).
t'll

Given i > 1 and a € A, the random variables fttn”“ e~V (pifa)(tnt1=5) d/Wfa(S) indexed by n > 0 are
independent complex-valued Gaussian random variables, which can be expressed as

tn+1 —
[ e aie o) = 1.

where

1— e—QAtV(piea)
(3.8) 0; = . / B(k)|2dk, Vi>1, ac A,
2V (pifa) |Kial ia

~ . . .
and (’yi,a)nzo,izl,a c4 are Gaussian random variables that satisfy

(2

E[ﬁ?@ﬁ] = 5i7j5a,b(5n,m7 Vin,m=>0,4j>1 abeA,
T Yn20i21cA

If one defines

i,a
~

U =020), Vi>1, ac A,

i,a

{Un“’(’“ = e VIOIBTEN 0 Ay, ¥ 120,021, a€ A,

£yn,ou

then for any n > 0 the Gaussian random variables ( i )i>1 wea and (Ufg(tn)) are equal

i>1,aeA
in distribution.

Numerical approzimation for (3.7). The system of differential equations (3.7) cannot be solved
exactly. Applying the standard explicit Euler method, one obtains the numerical scheme

7 n+1,ad 7n,ad cAt 7n,ad n.ad \ .
Ui - U, —i—h—i(Um _Ui—l,a) =0, Vn>0,i>1, acA,

. ad
Up© =0, Yn>0,acA,

which can be interpreted as the fully discrete upwind scheme for linear advection equation in
dimension 1

8,0 (t, 1) + e, UM (t,r) =0, V>0, r>r,
U(t,k) =0, 1 >0,

which describes the advection in the radial variable r = |k|, for any fixed a € A, on a mesh with
cells of length h; for ¢ > 1. It is well-known that ensuring the stability of the above the scheme
requires to impose the Courant—Friedrichs—Lewy stability condition

cA

)

<1, Vi>1.
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To avoid numerical dissipation and preserve the fundamental properties of the model at the discrete
time level, we choose to impose the stronger condition

(3.9) 1, Vi>1.

As a result, the sequence (pi 41 )i>0 is chosen such that h; = cAt is independent of ¢ > 1, depending
2712

on the choice of the time-step size At: owing to (3.4), this holds if the sequence is defined recursively
by

d d—1\gq

— TS
(3.10) Pitrl = (Pi_% + CAtpi_%) , >,
p1 =K.

1
2

Due to the condition (3.9), the solution of the fully discrete upwind scheme above is given by the
simple formula

gntlad _ gnad g s 0,i>1, ac A

1,0 1—1,a°

Splitting scheme. The fully discrete scheme is constructed using a splitting method. Let (ﬁ{‘a)i>1 wed

denote the numerical solution at iteration n > 0, which is meant to be an approximation of the

solution (ﬁi,a(tn))i>1 ac.4 At time ¢y to the semi-discrete system (3.5). Given the numerical solution

at iteration n, the numerical solution (U;‘;l) at iteration n + 1 is defined by

(Uirfa)izl,aeA i>1,acA
integrating first (3.6) and second (3.7), on the time interval [t,, ¢,+1], using the numerical methods
described above. We obtain the following numerical scheme: for all n > 0,4 > 1 and a € A,

An"—% _ —cV(piba)AtTin ~n
(3.11) Uio * = 7 Uig + i Vi
. rrn+1 An"‘%
Ui,a = Uifl,m

which is supplemented with the boundary conditions and the initial values

U, =0, Vn>0,acA,
(3.12) ’

U° =0, Vi>1, ac A

4. NUMERICAL SIMULATIONS: APPLICATION TO THE JONSWAP SPECTRUM

The objective of this section is to illustrate the behavior of the model proposed numerical
scheme (3.11)-(3.12) to generate the JONSWAP spectrum given by (1.1). Note that this spectrum
is radial. In addition, @ is chosen in the sequel to be radial, i.e. one has (k) = p(|k]).

Before presenting the numerical simulations, two important aspects are discussed: how to com-
pare the numerical and theoretical spectra, and how to retrieve an approximation in the spatial
domain from the finite volume approximation in the Fourier domain.

4.1. Wave-number spectrum and physical space representation. The results of numerical
simulations need to be compared to the theoretical predictions obtained for the continuous model
and the expression of the spectrum. At any time ¢ > 0, the power spectral density (PSD) is defined
by

(4.1) D(t, k) = /]R ) e 1T (U (¢, 0)U (8, 2)] da.
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When computing the second order moment of the Gaussian random variable ﬁ;g(t), which is the
average of U(t, k) over a finite volume cell K, one obtains

(4.2) T(t) = E ‘UK(t)’Q - UC12 /Kr(t, k) dk.

From (4.2), to compute the average of the PSD I'(¢, k) over a finite volume cell K, one needs to
consider || 'k (¢), which is therefore the appropriate quantity employed below when comparing
the numerical and theoretical spectra. The additional factor |K| is due to the distributional nature
of the field U which is delta correlated and thus of infinite variance. In addition, since the JON-
SWAP spectrum depends on the radial variable only, we consider the angle averaged version of the
spectrum, which is defined by

acA

It is worth mentioning that the proposed finite volume discretization in the Fourier domain is
not associated with a natural method to provide a numerical field defined in the spatial domain,
since the finite volume mesh is not a standard Cartesian mesh. To obtain a representation of the
numerical solution in the physical space, we propose the field defined by

N
(4.4) Ult,z) = Z Z e2i7rk"“'x(7;gn’a t)p AP, AB,, Yz e R

n=1acA
In the expression above, N is the numerical resolution in the radial direction, A is the set indexing
the finite volume discretization of the unit (d—1)—dimensional sphere and A@,, is the corresponding
differential solid angle at the angular coordinate a. The field constructed this way is statistically
homogeneous. In addition, it satisfies a discrete isotropy property: its correlation function is
invariant under the discrete set of rotations that preserve the mesh (©,),c 4. Numerically, the
variable € R? will be discretized on a Cartesian box of size L With step Ax 1n every direction.
In practice, we choose the mesh in physical space such that L ~ - and Az < py N The discretized

version of the continuous field U will be denoted U, A-

4.2. Numerical results. We are now going to provide numerical illustration in dimension d = 2
of the model for the JONSWAP spectrum

(4.5) Sy(Ik]) = ag ™3 |k|~ S/Qexp< 5(,’2,)2> 7[( '”

given by (1.2) with the dispersion relation w(k) = 1/g|k|. The potential function V defined by (1.5)
is given by

2
(16) V()= o <d+33(’€”)2>+mexp(2;< = 1>>( \’fl_1>.

2[k| 2 k| 402 Ik /Ky ky

We will also consider Pierson-Moskowitz spectrum that will be denoted by Spy obtained by
choosing v =1 in (4.5). Owing to (2.30), in the large time regime one has
(4.7) P(oo, k) = lim T(t, k) = Lsgs.e Sy(1K]) ] . ds

. o0, - t—gl—noo ) = Lkl>k 2J 90 S

At this point, we have to take care of two points to compare S(|k|) and F( ,|kl). First of all,
the forcing ¢ is compactly supported in Fourier space. Therefore, the integral on the right hand
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N Ny h K ¢ a vy kh g 0° p po

23 2% 1072 1/2 1 1 3.3(1) 5 981 0.09 k,/2 p1+1
TABLE 1. Simulations parameters. For ~, the two values correspond to the JON-
SWAP and Pierson-Moskowitz spectra.

side of (4.7) depends on |k| but is constant for large enough |k|. Secondly, it is clear from (4.7)
that multiplying S;(|k|) by a multiplicative constant does not modify I'(oco, |k|). The value of a
multiplicative constant in I'(oo, |k|) can be settled by the choice of the forcing @. In the following,
the forcing term will be based on a bump function z/p\ given by

1
|kl = p1)(p2 — [KI)

exp T ],if Vo1 < |k| < p2,

(4.8) (k) =
0 else.
The forcing @ is then chosen such that,

(4.9) Co(kl) = 1B(RDI* = N(k])?, N =

+o0 ’
[ s e
By doing so, the PSD (4.7) satisfies
(oo, [k[) = Sy([KDI([K]), ¥ [k] = &,

where the auxiliary mappping I satisfies

||

(4.10) I(Jk) = 2= -
/ Sy(s)"10(s)? ds

SJ<S>71w<S)2dS 1. if |]€| >p2
) o, if |k <pu

Through this mapping, and therefore the forcing support, one controls the regions Wher/e\ the model
coincides with the desired spectrum. The simulations presented below are run with Cy given by
(4.9) and V by (4.6). The parameters used in the simulations for the JONSWAP and Pierson-
Moskowitz spectra are given in Table 1 along with the parameters of the numerical approximation
procedure.

Let us now present the results of numerical simulations performed with these parameters.

In Figure 1, we present the results of numerical simulations conducted with the set of parameters
given in Table 1. The left panel of the figure compares the expected spectrum Sy (dotted lines) with
the estimation of the angle averaged power spectral densities (solid lines) in the JONSWAP and
Pierson-Moskowitz cases. In order to have a statistical estimation of these spectra, we first integrate
the dynamics until the time ¢* = py/c is reached. For times larger than t*, we consider that we
are in a statistically steady state. Once in the statistically steady state, the PSD are estimated
by averaging M = 500 realizations of the squared modulus of the finite volume field every ¢*/5
units of time. By doing doing so we consider that waiting t* units of time is sufficient for the
instances of the field to be independent — which is not the case but is convenient numerically. The
left panel of Figure 1 shows a good agreement between the estimated spectra obtained numerically
and the expected ones. In particular, for p > ps the spectra coincide with the JONSWAP and
Pierson-Moskowitz one while it vanishes for p < p; and is different from Sy for p;1 < p < pa. The
shape of the spectra obtained by the numerical method for p; < p < p9 is settled by the forcing.
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FIGURE 1. Left, Angle averaged spectra obtained numerically (solid lines) compared
to the JONSWAP and Pierson-Mosowitz spectra (4.5) (dotted lines). The black lines
correspond to the JONSWAP (v = 3.3) case while the brown lines are the Pierson-
Moskowitz (7 = 1) case. The vertical dotted lines corresponds to the radii p; and
p2 entering the definition of the forcing term. Right, physical space representation
Ua of the JONSWAP field at a given time in the statistically steady state. o, is
the expected standard deviation for the solution of the dynamics.

On the right panel of Figure 1, we show the physical space representation of a snapshot of the

Fourier space field. This field is obtained using (4.4) in dimension d = 2. The displayed field indeed
exhibit statistical homogeneity and isotropy.
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