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We develop, simulate and extend an initial proposition by Chaves et al. (J. Stat. Phys., vol.
113, no. 5-6, 2003, pp. 643—-692) concerning a random incompressible vector field able to
reproduce key ingredients of three-dimensional turbulence in both space and time. In this
paper we focus on the important underlying Gaussian framework. Presently, the statistical
spatial structure of this velocity field is consistent with a divergence-free fractional
Gaussian vector field that encodes all known properties of homogeneous and isotropic fluid
turbulence at a given finite Reynolds number, up to second-order statistics. The temporal
structure of the velocity field is introduced through a stochastic evolution of the respective
Fourier modes. In the simplest picture, Fourier modes evolve according to an Ornstein—
Uhlenbeck process, where the characteristic time scale depends on the wave-vector
amplitude. For consistency with direct numerical simulations (DNS) of the Navier—Stokes
equations, this time scale is inversely proportional to the wave-vector amplitude. As a
consequence, the characteristic velocity that governs the eddies is independent of their size
and is related to the velocity standard deviation, which is consistent with some features
of the so-called sweeping effect. To ensure differentiability in time while respecting
the Markovian nature of the evolution, we use the methodology developed by Viggiano
et al. (J. Fluid Mech., vol. 900, 2020, A27) to propose a fully consistent stochastic
picture. We finally derive analytically all statistical quantities in a continuous set-up and
develop precise and efficient numerical schemes of the corresponding periodic framework.

© The Author(s), 2026. Published by Cambridge University Press. This is an Open Access article,

distributed under the terms of the Creative Commons Attribution licence (https://creativecommons.org/
licenses/by/4.0/), which permits unrestricted re-use, distribution and reproduction, provided the original

article is properly cited. 1030 A23-1

Check for
updates


https://orcid.org/0009-0008-8261-786X
https://orcid.org/0000-0001-9442-7694
https://orcid.org/0000-0003-1970-4203
https://orcid.org/0000-0002-2555-5905
mailto:laurent.chevillard@ens-lyon.fr
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/jfm.2026.11261&domain=pdf
https://doi.org/10.1017/jfm.2026.11261

https://doi.org/10.1017/jfm.2026.11261 Published online by Cambridge University Press

M. Chatelain and others

Both exact predictions and numerical estimations of the model are compared with DNS
provided by the Johns Hopkins database.

Key words: homogeneous turbulence, isotropic turbulence, turbulence theory

1. Introduction

Fully developed fluid turbulence is emblematic of fluid mechanics and out-of-equilibrium
statistical physics. It is usually observed in various natural flows and studied, in simpler
situations than those of geophysical flows, in laboratory experiments and numerical
simulations of the forced Navier—Stokes equations. An ancient tradition of measurements
and observations has allowed the development of a very precise and self-consistent
phenomenology capable of describing its statistical structure with few free parameters
(Monin & Yaglom 1971; Tennekes & Lumley 1972; Frisch 1995; Pope 2000). From
the theoretical side, the velocity of a turbulent fluid can be seen as the vanishing
viscosity limit of the statistically stationary, isotropic and homogeneous solution of the
incompressible Navier—Stokes equations sustained by a random (Eswaran & Pope 1988),
possibly deterministic (Vincent & Meneguzzi 1991), force. Because of the interplay
between nonlinear and non-local aspects of this dynamics, with a non-trivial influence
of viscosity, the rigorous study of these solutions remains a fantastic mathematical
challenge. The main purpose of this paper is the presentation, extension and simulation of a
spatio-temporal turbulent velocity, which Fourier modes evolve according to a Markovian
dynamics in the simplest situation, supplemented by additional underlying layers in a
way that we will make precise in a more sophisticated version, able to reproduce several
key statistical signatures. This stochastic model encompasses the spatial multiscale nature
of the observed turbulent velocity field and an associated random evolution in time. In
the infinite Reynolds number limit and when the analysis is restricted to second-order
statistical laws, as captured in particular by a Gaussian framework, and assuming the
model to evolve according to a single-layer Markovian dynamics, the present approach
becomes equivalent to that proposed by Chaves et al. (2003). As far as we know, such
models are unrelated to Navier—Stokes solutions and we will therefore consider them as
being synthetic, although they reflect important aspects of fluid turbulence.

Before presenting the proposition of Chaves et al. (2003), let us mention that synthetic
turbulence has a long tradition in the literature, probably starting with fractional Brownian
motions (Mandelbrot & Van Ness 1968), known to have been initially proposed by
Kolmogorov (1940) to describe the expected irregular nature of the velocity field, and
later formulated in terms of spatial fields by Kraichnan (1968). Such fields, called
fractional Gaussian fields, are at the core of turbulent phenomenology and give a precise
random picture of the spatial structure of a turbulent velocity field, including in particular
the famous power-law behaviour of the power spectral density (PSD) ‘k~>/>’, which
is reminiscent of the asymptotic fractional regularity of the velocity field. Soon after
proposing such random fields, Kraichnan (1970) proposed a time-evolving version in
which the time is included in the phase of the respective (spatial) Fourier modes. Such
fields, referred to as kinematic simulations, have then been popularised in a series of
articles (Fung et al. 1992; Fung & Vassilicos 1998; Malik & Vassilicos 1999; Castro &
Paz 2013) mostly devoted to the study of the dispersion of particle pairs. At the
cost of introducing several free parameters that have yet to be physically interpreted,
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Favier, Godeferd & Cambon (2010) were able to reproduce in a realistic fashion several
important aspects of the time evolution observed in direct numerical simulations (DNS)
of the Navier—Stokes equations while introducing a fluctuating nature in the dispersion
relation relating wavenumbers and frequencies. However, kinematic simulations have
been acknowledged to be limited for certain aspects of particle dispersion (Thomson &
Devenish 2005; Eyink & Benveniste 2013) and, moreover, a precise dynamical formulation
of this approach is still elusive.

The purpose of the present paper is to propose a random incompressible field that
evolves according to a stochastic evolution consistent with the temporal structure of
turbulence, which has been repeatedly observed, mostly in DNS (Kaneda, Ishihara &
Gotoh 1999; Chevillard et al. 2005; Favier et al. 2010; Canet et al. 2017; Gorbunova
et al. 2021). It is more difficult to observe this evolution in experimental measurements
because it requires the absence of a mean flow, which is present in wind tunnels and jets.
However, Gorce & Falcon (2022) conducted measurements of the temporal evolution of
a flow stirred by magnetic particles able to generate turbulence without a mean flow, and
temporal statistics were found to be similar to those observed in aforementioned numerical
simulations. The temporal spectrum, defined as the variance of the temporal Fourier modes
at a given frequency w, behaves in a universal fashion as a power law ‘w™>/3’, with
thus a similar exponent as observed on the spatial spectrum. Although understood and
predicted by Tennekes (1975), this power-law decay can be seen as counterintuitive and
differs drastically from similarity arguments that would predict a much faster decrease,
i.e. with a —2 power-law exponent, as has been observed in the Lagrangian framework,
i.e. following fluid particles along their trajectory (Yeung 2002; Toschi & Bodenschatz
2009; Pinton & Sawford 2012). Temporal regularity of the velocity field is imposed by
this power law, which is thus the same as the spatial one, and turns out to have important
consequences. In fact, the characteristic velocity of eddies of a given size is independent
of that scale and turns out to be the one at large scale: this is the so-called sweeping effect.

From a statistical viewpoint, both this power-law decay of the temporal PSD and the
scale-independent characteristic velocity of eddies can be included in the model by setting
a decorrelation time scale Ty of Fourier modes proportional to the inverse wave-vector
amplitude and whose multiplicative constant is inversely proportional to the velocity
standard deviation, allowing a consistent physical picture and proper dimension. This time-
scale dependence on k is at the core of the random picture of Chaves et al. (2003) (see also
earlier propositions of Holzer & Siggia (1994), Komorowski & Papanicolaou (1997) and
Fannjiang & Komorowski (2000), and related discussions by Komorowski & Peszat (2004)
and Eyink & Benveniste (2013)). Let us mention that, from a stochastic modelling point of
view, building up a random field able to reproduce the observed aforementioned temporal
structure is far from being obvious. In particular, it is known from earlier investigations by
Mandelbrot & Van Ness (1968) that fractional regularity usually requires a non-Markovian
dynamics and calls for sophisticated formulations of the fractional Brownian motions,
as proposed by Alos et al. (2000) and latterly by Chevillard (2017). To this regard, the
proposition of Chaves et al. (2003) is very original, and shows that one could build instead
the peculiar temporal regularity of the turbulent velocity in a Markovian way using the
randomness introduced in the spatial dimensions using respective Fourier modes.

Nonetheless, it is well known that the turbulent velocity field is non-Gaussian, as can
be seen by the behaviour through scales of higher-order statistical quantities, such as the
third-order moment of velocity increments that quantifies the asymmetry of probability
density functions (PDFs) and energy transfers, and the fourth-order one that focuses on the
heavy-tail nature of these PDFs (Frisch 1995). These non-Gaussian features of the velocity
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field are referred to as the intermittency phenomenon that has a strong connection to
multifractality. Several spatial random fields have already been proposed in the literature
that are able to reproduce many aspects of this phenomenon, in particular the distributional
nature of the dissipation field (Yaglom 1962, 1966; Mandelbrot 1972, 1974; Kahane &
Peyriere 1976; Kahane 1985; Meneveau & Sreenivasan 1987, 1991; Rhodes & Vargas 2014)
and their extension to the velocity field (Juneja et al. 1994; Biferale et al. 1998; Arneodo,
Bacry & Muzy 1998; Bacry, Delour & Muzy 2001; Robert & Vargas 2008; Chevillard,
Robert & Vargas 2010; Bacry, Duvernet & Muzy 2012; Pereira, Garban & Chevillard
2016; Granero-Belinchén et al. 2018; Chevillard et al. 2019; Muzy 2019; Chevillard,
Lagoin & Roux 2020), with generalisations towards structures and turbulent magnetic
fields (Rosales & Meneveau 2006, 2008; Durrive et al. 2020, 2022; Liibke et al. 2024) and
solid-state physics (Lakhal er al. 2025). Let us mention that these aforementioned models
are usually time independent and they are meant to give a stochastic representation of
a statistically stationary solution of the Navier—Stokes equations. Recent works provide
some generalisation of these random fields with a given time evolution (Reneuve &
Chevillard 2020; Peixoto Considera & Thalabard 2023). We keep the generalisation
of the present spatio-temporal random field to a multifractal framework for future
works.

This paper is organised as follows. In §2 we recall several important ingredients
of the phenomenology of fluid turbulence based on second-order statistical quantities.
Focusing on the spatial structure, we present in § 2.1 basic statistical properties such as
the viscosity independence of velocity variance and dissipation per unit of mass, the
wave-vector dependence of the PSD and the respective scale dependence of the spatial
structure functions. This allows us to define with precision several key parameters of
the formulation, such as the mean Holder exponent H = 1/3, the Kolmogorov universal
constant C and the dissipative length scale ng. These predictions are reformulated for a
Gaussian model and compared with DNS in § 2.2. We then discuss in § 2.3 the behaviour
of characteristic time scales. In particular, we explore the implication of the sweeping
effect, which, for statistical consequence, includes the fact that the characteristic turnover
time scale of eddies of a given size is independent of the scale and coincides with the
large integral time scale. Following these observations, we deduce the implied statistical
structure of the velocity field based on the second-order temporal structure function and
the associated temporal PSD in § 2.4. We then present our spatio-temporal model in § 3. In
§ 3.1 we begin by reformulating former considerations with periodic boundary conditions.
In order to achieve the statistical temporal structure for the description of turbulence,
we propose in § 3.2 a Markovian stochastic evolution capable of generating such a field
starting from any initial conditions. In § 3.2.1 we define a Gaussian random field that
mimics the spatial structure depicted in §§ 2.1 and 3.1, which can be seen as a fractional
Gaussian vector field. In § 3.2.2 we recall the associated stochastic dynamics of Chaves
et al. (2003) and generalise it to a smooth context, even toward an infinitely differentiable
set-up, in § 3.2.3. This will be achieved using the multi-layered evolution proposed by
Viggiano et al. (2020). An effective numerical scheme is proposed in §4. We gather
conclusions and perspectives in § 5. Also, each step of the formulation will be compared
with DNS data, in both space and time. The numerical data provided by the Johns Hopkins
turbulence database (Li ef al. 2008) allow such a comparison. Preliminary analysis of
this DNS database has been performed by Reneuve (2019) and we reproduce them here
for convenience and completeness. We also provide key technical developments in the
appendices.
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2. The spatio-temporal statistical structure of a turbulent velocity field and its
continuous formulation on the whole space

2.1. Basic ingredients of the phenomenology of fluid turbulence and the implied
statistical spatial structure

Let us consider the velocity vector field u" (¢, x) eR3 for x e R? and ¢ >0, which
reads componentwise u” = (u])1<;<3, solution of the Navier—Stokes equations, for
incompressible fluids of unit density:

ou’

at

Here v is the kinematic viscosity, p" (¢, x) the pressure field obtained by the Poisson
equation using the incompressibility constraint V -u” =0 and f(z, x) a forcing vector
assumed to be divergence free, smooth in space, correlated on a characteristic length scale
L of the order of the integral length scale and independent of viscosity. We will denote the
velocity gradient d;u; of the component u; along x;.

For quite a general form of the forcing field f, observations suggest that the velocity
field u” reaches a statistically homogeneous and stationary regime, in which the velocity
variance and average dissipation depend very weakly on viscosity, such that

+ @’ -Vu’'=—-Vp' +vAu' + f. 2.1

o? = lim E[|u"|?] (2.2)
v—>0
and
. . 2
e=lim lim v E[(0ju})"] (2.3)

i

are positive numbers. Starting from the randomly forced Navier—Stokes equations (2.1), the
expectations in (2.2) and (2.3) are taken over the forcing realisations. From a practical point
of view, we assume that expectations can be accurately replaced by empirical averages over
space and/or time, which is in particular guaranteed by the statistical homogeneity and
stationarity observed in DNS and experiments. In the asymptotic limit of infinite Reynolds
numbers, i.e. in the vanishing viscosity limit v — 0, the finite quantities o (2.2) and ¢
(2.3) are expected to be related according to the dimensional prediction (see the classical
textbooks by Frisch (1995) and Pope (2000) for instance)

o3

£ X I (2.4)

The independence of the velocity variance on viscosity (2.2) is far from being obvious
and is at the heart of the phenomenology of fluid turbulence. Recall that energy is injected
into the fluid in a statistically stationary way through the forcing term f (2.1). In order
to maintain a velocity variance that becomes independent of viscosity (2.2) as v — 0, the
fluid develops small scales by populating Fourier modes located at higher wavenumbers
than those excited by the forcing.

To characterise this behaviour, usually referred to as the cascade phenomenon, the PSD
Ef (k) has been measured and estimated in many studies. This quantity is defined to be
the Fourier transform of the trace of the covariance tensor of the velocity vector field, that
is (using Einstein’s summation convention over repeated indices),

Ef(k) = / . e HTRTE [ul (¢, x)ul (t, x +r)] dr. (2.5)
re
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Note that the correlation E[u; (¢, x)u; (¢, x + r)] is independent of both position x and of
time ¢ due to statistical homogeneity and stationarity, respectively. Furthermore, by virtue
of statistical isotropy, Ef k)= Ef (|k]), i.e. the PSD is a function of the norm |k| only,
and is independent of the direction of k. Note that the upper letter ‘©* indicates that E£ (k)
is a genuinely spatial, i.e. Eulerian, quantity. As shown by Pope (2000), the PSD Ef(k)
defined in (2.5) fully determines the covariance function of the velocity field owing to the
identity

1 . —~
Bl (¢, 00} x4 1)] = 3 /k AT EE D Pk, 2.6)
.

where Leray’s projector on divergence-free vector fields ﬁj(k) has been used and is
defined by

~ kik;

Pj(k) =8 — —, 2.7)
|kl

with §;; the Kronecker delta symbol.

Although being accessible in DNS of the Navier—Stokes equations, the 3d PSD EZ (k)
(2.5) is difficult to obtain from experimental measurements. Instead, one-dimensional
longitudinal PSD has traditionally been estimated. By virtue of statistical isotropy, this
quantity is defined as the one-dimensional Fourier transform of the correlation function of
one of the components of velocity, say u1, along the direction é1, that is,

Ef’[””g(k) - / e 2Tkl [u‘f(t, x)ul(t, x + Eél)] de. (2.8)
LeR

It can be checked that E‘f’l(mg (k) is a positive and even function of k. The three-
dimensional PSD E f (k) (2.5), which is a function of the norm k = |k| of the wave vector

k, and the one-dimensional longitudinal PSD Ef’l(mg (k) (2.8) are related as

Egy— £ 4 (LB
Ej (k)= - (k i . (2.9)

Equation (2.9) is a consequence of incompressibility and statistical isotropy. A complete
proof of relation (2.9) is provided by Pope (2000).

Going back to the aforementioned phenomenological aspects of fluid turbulence, a
manifestation of the underlying cascading process of energy can be read on the PSD,
which will follow, in the limit of infinite Reynolds numbers, a power-law behaviour at
large wavenumbers. This is known as the Kolmogorov ‘k~>/3" spectrum (Frisch 1995).
At a given finite Reynolds number, a realistic parameterisation of the longitudinal PSD
Ef rlong (k) (2.8) would require a regularisation at small wavenumbers of order 1/L, i.e.
around the inverse integral length scale stemming from the forcing term, and a dissipative
cutoff at large wavenumbers 1/5x, where ng o< (v3/e)!/# is known as Kolmogorov’s
dissipative length scale. Sophisticated models that do so have been proposed in the
literature (Pope 2000; Meyers & Meneveau 2008). For the sake of simplicity, we will
be working with the following simple but realistic parameterisation:

EE1on8 (k) = Dyl /> mk. (2.10)
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Here we have introduced a regularised norm |k|;,; =+/k*+ 1/L?, a multiplicative
constant D; > 0 that is related to velocity variance (2.2) according to the identity

p,— -2 _LG/O 2.11)
273028 Jxr(1/3) '
and
o (10C @3N v
= (Se) (5) 12

which is of order of the Kolmogorov dissipative length scale nx. I"(z) denotes here the
gamma function. The expression of the prefactor in the definition of ny (2.12) is derived
below, and is chosen such that to obtain ultimately (2.22). The so-called Kolmogorov
constant Cp has been estimated on experimental data and is close to C; &~ 2; see Pope
(2000). From the proposed expression for Ef’long (k) (2.10), we deduce from (2.9) the
expression of the three-dimensional PSD EZ(k) (2.5), which has a particularly simple
expression in the vanishing viscosity limit, i.e.

. 1 55 ~17/3
EE(k) = lim EE(k) = — = Dyk*|k : 2.13
(k) = lim E,, (k) 2”92||1/L (2.13)

Note that the proportionality constant appearing in the expression of D; (2.11) ensures
that the velocity variance o2 (2.2) is given by the integral of the PSD (2.10). We therefore
have the identity

EE(kydk =3 f EElong (1) dk. (2.14)
3

2 v 21
o} = Jim B[l 0)F] = [ e

keR

Consequently, using the limiting value of o2 as v — 0 as expressed in (2.14) and the
parameterisation of the longitudinal PSD provided in (2.10) and recalling that n; vanishes
as v — 0 (2.12), we obtain

o0
0% =lim 62 =6D, / |k|1_/5L/3dk, (2.15)
0 k=0

V—>

where Dj is given by (2.11). Also, as claimed above, the regularisation parameter L
appearing in the expression of the longitudinal PSD (2.10) can be interpreted as the
correlation length scale of the longitudinal component. More precisely, L can be related
to the so-called integral length scale L;y, i.e. the integral of the correlation function, as

r(5/6)
27 (1/3)

Concerning the average dissipation ¢,,, by making use of the isotropy condition, we have

3 3
Li,,,E/ SE[ujt, x)ul(t, x + €e1)] dt = = EF"8(0) = L. (2.16)
>0

o2 202

ey = ISVE[ (d1u1)* ] = 15v / 2m)2 k2 EE1ns (kydk
keR

o0
:30(2;1)21)21»7;4/3/ K21k, e
k=0

~ 30Q27)>Davn; P (4/3). 2.17)

v—>0
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Taking into account the expressions of D (2.11) and ny4 (2.12), we then obtain

ras/6)\’? o3
(m) —. (2.18)

L
In the vanishing viscosity limit, a Gaussian random field that possesses a PSD that
decays as a power law of the type proposed in (2.10) is known in the literature as a
fractional Gaussian field of Holder (or Hurst) parameter H = 1/3. In particular, such a
field is continuous and its variance is finite (2.15), but it is nowhere differentiable, and must
be regarded as being Holder continuous. To characterise the Holder continuity, instead of
using gradients that are expected to be infinite, one needs to consider velocity increments

that are well posed. Precisely, the longitudinal velocity increment Si(mg u" is defined by

e=1im ¢, =21
v—0

8" (%) = (u (1, x + &) —u(1, %)) - % 19)

for all £ #~ 0. The variance of the longitudinal increment (2.19) is known as the longitudinal
second-order structure function and is given by

l l 2
Sy ) =E[(8,u”)7]. (2.20)
In the vanishing viscosity limit, weobtain
long . long  v\2
S, =1lim E|(§
y (0 = lim B[ (8, u")’]
oo

— 2/ (1 — 27Kty EEAong (1) dk :4D2/ (1 — cos(2kL)) |k|1_/5L/3dk
keR _

o0
K~O4D2€2/3/ (1 — cos(2mk)) k3dk =3D,2m)*3r(1/3)¢*3. (2.21)
- k=0

As can be seen from the behaviour of Sé(mg (€) (2.21) on small scales £ — 0, the second-
order structure function exhibits a power-law behaviour with respect to the scale ¢ with
the exponent 2/3. Then using the expression of D, (2.11) and expressing the remaining
multiplicative constant in units of the average dissipation ¢ (2.18), we finally get

S8 ~ CaletPP, (2.22)

which justifies the introduction of the Kolmogorov constant C in the definition of the
dissipative cutoff ng (2.12).

More generally, let us go back to the full vector field. Its covariance is provided in (2.6).
Let us introduce the increment of a given velocity component u;,

Seul(t, x)=ul(t, x +€) —ul(t, x), (2.23)
and the respective second-order structure function

$2,1j(0) = lim E[Seu] (t, x)8eu (1, x)]. (2.24)

Then, under the assumption of statistical isotropy and incompressibility, from (Pope 2000),
we obtain

164 4
0y ~ 23| _1hG A
$2ij(0) ~ Calel] [ 1 +33,|,]. (2.25)
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As a consequence, we have

SZ(Z)ESZH(E):3i_r}})]E[|8gu”’2]:2/k ~ (1 — 2™ EE (k) dk
R’

1
~ —Cylel)?3. (2.26)
=0 3

Firstly taking the limit £ — 0 and secondly the limit n; — O (or equivalently v — 0),
we then obtain the power-law behaviour

long  v\2 2 2 pElon Ev 2
E| (s ~ 2 2k)” ES (k)dk ~ — 07, 2.27

[(5 u)]e»o /kER(n) v K v—0 15v 2.27)
where the expression of €, is given in (2.17). The power law (2.27) is associated with
differentiable velocity fields instead of being Holder continuous with fractional exponent
H=1/3.

2.2. A first comparison concerning the spatial structure of DNS and the Gaussian model

We show in figure 1 a comparison between the velocity field uPNSv (¢ x) (figure la)
extracted from a DNS of the forced Navier—Stokes equations (2.1) and a Gaussian model
(figure 1b). Concerning the DNS, it is provided by the Johns Hopkins turbulence database
(Li et al. 2008). The data set concerns a simulation of the Navier—Stokes equations in
a homogeneous and isotropic situation, using a pseudo-spectral method fully dealiased
with N = 1024 nodes in each direction, over 5028 time steps, corresponding to roughly
speaking ten turnover time scales. The Taylor-based Reynolds number is estimated to
be 433, corresponding to a fully developed turbulent state. Detailed properties of the
simulation are provided on their website. For our purpose, we have downloaded the
three velocity components over three spatial slices ,(0, y, z), (x, 0, z) and (x, y, 0), at
all available times. The Gaussian model #/©"" (x) corresponds to a fractional Gaussian
vector (fGv) field, in a periodic setting, presented in § 3.2.1. At this stage, it is enough
to state that this is the unique statistically homogeneous, isotropic and incompressible

Gaussian vector field consistent with the longitudinal PSD Ef rlong (k) provided in (2.10).
Following a suitable truncation of the Fourier modes, as described in §4.1, we have
similarly performed a simulation of this Gaussian vector field on a periodic box of size
Lior =2m using N = 1024 nodes in each direction, with the remaining free parameters
entering in (2.10) chosen to match the DNS dataset. This corresponds to D, = 0.021,
L = Ly and g = 0.085. The results of our comparison are collected in figure 1.

We begin by displaying in figure 1(a) a snapshot of the norm of the DNS velocity
field |uPNSV(t =0, x, y =0, z)| in the plane defined by the Cartesian coordinates y =0
at the initial time of the dataset, which has been chosen in the statistically stationary
regime. Similarly, in figure 1(b) we display for comparison the same snapshot but for
the model |u"(t =0, x, y =0, z)|. The colourbars are the same in both panels, where dark
corresponding to the lowest values and light corresponding to the highest values of the
norm. We observe similar trends concerning the amplitude of the fluctuations and also
the statistical symmetries, i.e. homogeneity and isotropy. However, it appears that, while
uPNS:v (¢, x) exhibits filamentary structures, the Gaussian field looks more patchy. Despite
their different appearances, we will show that these two vector fields have consistent
second-order statistics.

The statistical analysis of these two vector fields is shown in figures 1(c) and 1(d). The

respective longitudinal PSDs Ef’l(mg (k) are shown in panel (c). Concerning the DNS,
it is obtained as the variance of the respective Fourier modes obtained by performing
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(@) 1WPNS2(0, x, 0, 7)| (b) (0, x, 0, 7)|
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100 10! 102 103 1073 1072 107! 10°
kLo £/Lios

Figure 1. Comparison of the instantaneous and statistical spatial structure of a DNS velocity field uP5: (¢, x)
and of a realisation of the model that coincides with a fractional Gaussian vector field at a given instant of time
in the statistically stationary regime. (@) Instantaneous spatial profile of the norm of the DNS velocity field
|uPNS-v (¢, x)| in the plane y =0, at the initial time of the DNS dataset. (b) Same as (a) for the model, we used

the same colourbar in both representations. (¢) Estimation of the longitudinal PSDs Ef’]""g (k) (2.8) based on
the variance of the Fourier modes of the one-dimensional discrete Fourier transform. Statistics (DNS in yellow
and model in blue) are estimated by averaging both in space and time. We superimpose with a black dashed

line the inviscid limit of the functional form provided in (2.10), corresponding to the power law Dj|k|~>/3.
(d) Statistical estimation of the second-order longitudinal structure function Sémlfg (¢) (2.20); same colours as
(c). We superimpose with dashed lines the inviscid predictions in the three ranges of scales of interest: (i) at

large scales of order Ly, Sé”"g (€) reaches the plateau (2/ 3)o2, where o2 is related to the free parameter Do
according to (2.11); (ii) in the intermediate inertial range of scales, we represent the prediction made in (2.22);
and (iii) by the smooth behaviour o £2 in the dissipative range, as predicted in (2.27).

one-dimensional discrete Fourier transforms (DFTs) of the longitudinal components, say,
for instance, the x component of velocity along the x direction. The statistical sample is
averaged over the three longitudinal components, spatially over the slices, and over time.
Results of our estimation are displayed with an yellow solid line. The estimation of the
Gaussian model statistics is also performed by averaging over the three components, over
space and time, as has been done for the DNS. We display the result of our estimation
using a solid blue line. As we can observe, both longitudinal PSDs superimpose in a very
satisfactory manner, showing that, based on the variance of Fourier modes, these two
fields are statistically almost indiscernible. We mention that we could have, instead of
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the estimate on the Gaussian model, displayed the theoretical functional form provided in
(2.10) without a noticeable difference, as expected. The result of our statistical estimation

of the longitudinal structure function SIOZZ’ () (2.20) is displayed in figure 1(d), using an
yellow line for DNS and a blue line (dark grey) for the Gaussian model, averages have
been taken on the same statistical sample as the one considered for figure 1(c). The three
ranges of scales, including decorrelation length scales of the order of the size of the box
L., inertial and dissipative length scales, are reproduced in a very satisfactory manner by
the model, as expected from the behaviours of the PSDs in figure 1(c).

We conclude this section noting that, whereas it is clear that instantaneous snapshots
of DNS and spatial representations of the model, as they are displayed in figures 1(a) and
1(b), exhibit differences regarding in particular filamentary structures, they are nonetheless
barely indiscernible from a second-order statistical point of view. For this reason, we claim
that a model based on a Gaussian approximation is a fairly good starting point. We are
planning to improve this in future investigations.

2.3. The statistical temporal structure of the turbulent velocity field and the sweeping

effect

Fluctuations in time of turbulent velocity can be considered counter-intuitive from a
dimensional point of view (Tennekes & Lumley 1972; Tennekes 1975). In particular, the
sweeping effect that can be seen, loosely speaking, as the advection of small scales by
large scales, has been investigated and defined in very different ways by several groups
(Kraichnan 1964; Belinicher & L’vov 1987; Gotoh et al. 1993; Kaneda et al. 1999; Chaves
et al. 2003; Chevillard et al. 2005; Favier et al. 2010; Biferale, Calzavarini & Toschi 2011;
Drivas et al. 2017; Canet et al. 2017; Gorbunova et al. 2021; Matsumoto et al. 2021).
We should bear in mind that such a mechanism should not be confused with Taylor’s
hypothesis related to the presence of a mean flow (Wilczek & Narita 2012; He, Jin &
Yang 2017). As far as we are concerned, let us discuss this phenomenon in the spirit
of Tennekes (1975) who focuses on the dimensional aspects of this phenomenon and its
statistical signature.

From the statistical spatial structure of the velocity field formerly presented, in a large
part given by the scaling relation provided in (2.22) and (2.26), let us infer the statistical
temporal structure of the velocity field #” in the asymptotic limit v — 0. The Holder
regularity pinpointed in (2.22) and (2.26) suggests that eddies of characteristic length scale
£ have a characteristic turnover time scale 7.(£) given by

52/3
. /_52(15 S0 JGel 3

The square root of the structure function /52 () can be interpreted as the typical velocity
of eddies of size £. The characteristic turnover time 7.(£) (2.28) of eddies of typical size
£ would then follow a power law with exponent 2/3 as a function of the length scale 2.
One may wonder whether this prediction is correct. The proposed definition of the time
scale 7. (£) (2.28) clearly depends solely on the spatial structure of the velocity field and
is independent of the temporal structure of the velocity field. In order to take into account
the temporal structure, let us thus define a characteristic time scale 7.(£), which is based
on the correlation in time of the spatial increment given by

(2.28)

o0

lim [ E[seu”(r,x)-8eu"(t + 7, x)]dr. (2.29)

() =
we®) $2(€) v=0 Jo
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As it will be argued below, we could also define a similar time scale as 7.(¢) (2.29)
to characterise the turnover time scale of an eddy of size £ using instead the temporal
structure of the velocity Fourier modes at a given wave vector k. This indicates that one
associates in a loose sense the length scale £ to [k|~!. This must be treated with great care
since we have assumed in this section that the spatial domain is infinite, i.e. x € R3, and
thus, Fourier modes must be considered as distributions. Nevertheless, we would define in
a formal way the time scale

. 1 * -~ L+ b\ s
(k) = EEW/O E[u (t, k) -7+, k)] dr’, (2.30)

where u" (¢, k) is the Fourier transform of the velocity field u”(z, x) and = denotes the
complex conjugation. The definition of the time scale 7/(k) (2.30) is for the time being put
in quotes because, as we will see, the Fourier transform over all space has a distributional
nature and necessitates the formulation of the model in a periodic setting.

Note that the time scale t#(k) is expected to depend solely on the norm k of the wave
vector k by statistical isotropy and can be interpreted as the typical correlation duration
at a given wavenumber. The two time scales 7.(£) (2.29) and (k) (2.30) are related
according to

Jiegs [1—cos 2k - )] r(k)E[ [ (2, k)|* |dk

c {) =
7(0) Jeers [1 = cos @k - O1E[ [@(t, k)| |dk

, (2.31)

where we have denoted E[[@ (¢, k)|?] the limit as v — O of the PSD E[|@" (¢, k)|*]. Once
again, we recall that expressions such as (2.31) should be taken in a formal way. Only the
consideration of periodic boundary conditions gives a proper meaning to such quantities.

With its definition (2.30), the characteristic time scale t/(k) has been estimated in
DNS by several groups (Kaneda et al. 1999; Favier et al. 2010; Gorbunova et al. 2021)
while assuming periodic boundary conditions instead of the full space R3, leading to
well-defined Fourier modes. The numerical investigations from the references quoted
above show, in a consistent manner with the dimensional analysis of Tennekes (1975),
that

1
k —. 2.32
tf( )k—o>(oo ok ( )

The behaviour of the time scale t¢(k) (2.32) at large wavenumbers as k1 suggests, based
on the dimensional ground, that the typical velocity entering in the motion of eddies of
size k! is the standard deviation of the velocity o, i.e. the characteristic velocity of large
scales. To see this more clearly, let us see the implications of this behaviour on the time
scale 7.(£) (2.29). To do so, consider the identity displayed in (2.31) and rescale the dummy
integration variable k by ¢, then we obtain

Jyews [1 = cos (2 - £) | 5kl OEL [@ 0, k/0) Yok
g [1 — cos (an- %)] E[ (@, k/0) |dk

¢ fp>0,9€[o,ﬂ] [1 — cos (27rp cos 0)] p~¥/3dpdo
=00 [ ~0.6c0.1 [1 — 08 (2mp cos 0)] p=33dpdo’

’

() ="

(2.33)

where we have used the asymptotic behaviours of (k) (2.32) and of the PSD
El|u(t, k)|2] ~ |k|=1/3 (2.13) at large argument. Note that the remaining ratio of double
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integrals entering in (2.33) can be shown to be finite (an exact expression can even be
obtained using a symbolic calculation software). The relevant result given in (2.33) is the
fact that, as a consequence of the observation that 7¢(k) becomes inversely proportional to
k at large k (2.32), the genuine characteristic time scale 7.(¢) of eddies of typical size ¢
(2.29) becomes proportional to £ (2.33). Consequently, the relevant characteristic velocity
appearing in (2.33) is o, i.e. the characteristic velocity of the largest eddies, while it may
have been more natural to obtain their typical velocity 4/ 52 (£) as in the expression (2.28)
of 7.(¢): this is the phenomenon of advection of the small scales by the large eddies,
referred to here and in the turbulence literature as the sweeping effect.

2.4. Implications for the spatio-temporal covariance matrix of the velocity field

Now let us present the general form of the covariance structure in time and space of the
velocity field that encompasses both the spatial structure detailed in § 2.1 and the peculiar
temporal structure that is governed by the sweeping effect, as is the case in § 2.3. To do
so, let us begin by defining the relevant spatio-temporal covariance of the velocity field
C}’j(r, {) as

Ci(r, &) =E[u] (¢, x)uj (t + 7, x + 0)]. (2.34)

Again, CY (r £) is independent of position x and time ¢ by statistical homogeneity
and statlonarlty, respectively. We mention that, moreover, the spatiotemporal covariance
function (2.34) is an even function of the temporal argument t € R, C”( 7,4) = C;(r, 0).
In the following, we also assume statistical isotropy and explore the consequences of this
assumption on the structure of the covariance function. The natural extension of the spatial
covariance matrix (2.6) to a spatio-temporal framework C}’j(t, £) (2.34) can be conveniently
written in Fourier space as

1 : ~
Ci(r. =73 /k T (o T B Py(R)d, (2.35)
€

where F encodes the temporal dependence assumed to be an integrable function
normalised such that F(0) =1, Tj is a time scale that depends on the wave vector k,
E; E(k) is the PSD of the velocity field (2.5) studied above and P,] (k) the Leray projector on
dlvergence free vector fields (2.7). The covariance structure (2.35) was initially proposed
by Chaves et al. (2003) when F is chosen such that F(t) =exp(—|t|). As explained
below, this choice leads to a Markovian evolution for the Fourier modes, as noted earlier
by Komorowski & Peszat (2004).

As we have already mentioned, it is clear from (2.35) that the PSD Ef (k) corresponds
to the Fourier transform of C}.(0, £). As a consequence, we recover from (2.35) the scaling
behavious of the second-order structure functions (2.22) and (2.26). To make a connection
with the discussion developed in § 2.3, let us establish the link between the characteristic
time scale 7.(£) (2.29) and the k-dependent time scale Ty entering in Cl.”j(r, £) (2.35). We

have
S [Cix. 0) = (e, )] de
C5(0,0) — C(0, )
 Jrews (1= 20N T EE(k|)dk * rod .
" Jrers (1—2mk) EE(k|)dk /0 Sl (2.36)

As suggested, in a formal manner, by the dependence on the wavenumber k of the
characteristic time scale ¢(k) (2.30), let us similarly assume, as has been done by Chaves
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et al. (2003), that

1

~ —, 2.37
k—oo D3k ( )

Ty

where D3 is a free parameter of the description that has the dimension of a velocity.
Similarly to the derivation of the relationship between 7.(£) and t/(k) obtained in (2.33),
using the scaling behaviour obtained in (2.37) and the behaviour of the PSD in the
same limit (2.13), we get from (2.36), while performing the remaining ratio of integrals
expressed in spherical variables,

T.(0) ~ Lm OoF(s)ds (2.38)
“esoDy  15r0(11/6) ' ’

The asymptotic behaviour in (2.38), assuming the asymptotic behaviour of T} (2.37),
is consistent with the expected behaviour given in (2.33). This suggests that the free
parameter D3 can be expressed in units of the velocity standard deviation o (2.2).

Although physically insightful, the behaviour of the characteristic time scale t.(¢)
with the eddy’s size £ (2.38) is not traditionally estimated in experiments and numerical
simulations. Instead, the temporal second-order structure function and the time spectrum
are usually studied.

Concerning the temporal second-order structure function S2T (), let us define the
velocity time increment, i.e. the variation of velocity in time at a fixed position x,

Su’(t,x)=u"(t+7,x)—u"(,x). (2.39)
Using the covariance structure of the velocity field (2.35), we obtain
53(r) = lim E[ [$:"[" ] =21C(0, 0) — C(r, 0)]
=2 /keRa [1 — F(z/To)] EE (k) dk

:2/ = F@/ Ty ] EX(kl/0)dk/7*, - (2.40)
keR

such that, in the limit of vanishing time scales T — 0T, using the asymptotic behaviours
of Ty (2.37) and EE(|k|) (2.13) at a large wave-vector amplitude, we obtain

55 00 _
STy ~ 4—D2D§/312/3/ [1— F(p)] p~3/3dp. (2.41)
=0+ 9 0

The integral on the right-hand side of (2.41) is finite as long as 1 — F'(p) goes to 0 as p“
with a > 2/3, which will be the case in all future situations. Expressing D5 in units of the
average dissipation & (compare, for instance, the expressions provided in (2.21) and (2.22))
and D3 in units of velocity standard deviation o, the scaling behaviour obtained for the
temporal second-order structure function (2.41) can be alternatively written as

STty o o3(er)?3, (2.42)
=0t

which coincides with the dimensional prediction of Tennekes (1975).
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Similarly, let us consider the corresponding temporal (or frequency) spectrum E [ (w)
defined by

EvT(w):/ e TR [u¥(t, x) - u¥ (t + 7, )] dr:/ e ATt (7, 0)dr (2.43)
TeR 7eR

= / f e TN B (1) Ty) EE (k) dkdt
keR3 JreR

- / Ti F(oTy) EE (k)dk
keR3

= / Tk F(@T1) EE (w|k]) 0 dk, (2.44)
keR3

where F is the Fourier transform of the function F. Once again, using the expressions of
Tx (2.37) and EE(|k|) (2.13) at a large wave-vector amplitude, we obtain

lim EN (w) = / 0T F(@T1) EE (wlk])0*dk
v—>0 keR3

55 0o _
~ 2—DZD§/3w—5/3/ F(p=")p~* dp. (2.45)
0

w—o00 9

The integral on the right-hand side of (2.45) will be shown to be finite for the classes
of functions F considered below. After being reformulated in units of ¢ and o, similarly
to what has been done in (2.42), the frequency dependence of the time spectrum (2.45) is
given by

lim El(w) o 0232353, (2.46)

which is consistent with the dimensional predictions of Tennekes (1975).

3. Gaussian random velocity vector and its Markovian evolution

3.1. Formulation of the model with periodic boundary conditions: statistical structure of
Fourier modes

For practical and numerical reasons, we formulate a version of the Gaussian
model described in the former section on the three-dimensional periodic space
[—Liot/2 ; L,«o,/2]3 of period L;y, as has been done in DNS. The model is Gaussian,
it is thus fully determined in the statistically homogeneous and stationary regime by
its covariance function (2.34). The respective velocity field will thus be L,y periodic
ul(t, x) =u}(t, x + L;€p) in any Cartesian direction p = 1, 2 or 3. Let us mention that
future simulations will be performed using L;,; =27 in order to be consistent with the
DNS. A fundamental consequence of considering a periodic setting is the possibility
to expand the velocity field using a Fourier series and the respective Fourier modes
'L?}’(t, ky), depending on k, =n/Ly for n = (ny, ny, n3) € 7Z3. Tt can then be checked
that the variance of the Fourier modes is finite. This solves the issue exhibited in the
former section, where Fourier modes in the whole space need to be interpreted in a
distributional sense. Since the velocity field #" is real-valued, Fourier modes are Hermitian
symmetric, i.e. u} (t, k,) =u} (t, —k,) =u (t, k_,). This implies that the Fourier mode
for n = (0, 0, 0) is real-valued.
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The purpose of this section is the formulation in a periodic setting of the statistical
quantities defined in the whole space in § 2.4. To do so, let us begin by defining the spatio-

temporal covariance of the velocity field Cl'.’j(r, £) as

Chi(z, &) =E[u (t, X)u) (1 + 7, x + 0)]. (3.1)

The definition is identical to (2.34), however Cl.‘;.(r, £) given in (3.1) is periodic. If it is
furthermore required that Cl.”j (3.1) characterises a statistically homogeneous and stationary

incompressible velocity field, the right-hand side of (3.1) is thus independent of the
position x and time ¢. The covariance structure of the Fourier modes is then written as

N L3 ~
E[a! (¢, k)@Y (1 + 7, k)| = %F(t/Tkn)Ef(kn)Pij(k,,)S,(,%lm, (3.2)

where ﬁij (kp) is the Leray projector (2.7) at the discrete wave vector k, (whose norm is &,

and also corresponds to &, in virtue of isotropy), 8,(,33" =11, 8, m; the three-dimensional

Kronecker delta function over the indices n and m, scalar functions F' and T}, encoding
the temporal structure similarly to what we have seen in § 2.4, and the respective PSD
defined as the expectation of the norm square of the Fourier mode, i.e.
e 2
E[ [@"(t, kn)|” | = L}, EE (kn). 3.3)

v

This allows us to write the covariance of the velocity field (3.1) as

1 . ~
Ch(r. ) = TEN > Rt E (1) T, ) EL (k) Py (k). (3.4)
0t we73

For the sake of generality, let us consider an expression of the uni-dimensional PSD

E f’long (k) (2.10), which we recall to deal asymptotically with Holder-continuous functions
of parameter H = 1/3, as observed in fluid turbulence, to any parameter 0 < H < 1. For
these regularities, the expected PSD would also exhibit a power-law behaviour as in (2.10),
but with an exponent that would depend on H, of the form

Ef,long(k) — D2|k|1—/(12‘H+1)e*17dk’ (35)

where the dissipative cutoff 7,4 is a parameter of the formulation. Let us recall that the
usual phenomenology of turbulence, as depicted in a self-consistent manner in § 2.1 is
recovered only for H =1/3. In the following, we consider the length scale n; as a free

parameter. As shown in § 2.1, imposing a given PSD in the longitudinal case Ef’l{mg (k)
(2.10) implies for statistical isotropic reasons a form of the PSD EZ (k) in dimension d =3
through the relation provided in (2.9), giving a particularly simple form in the asymptotic
limit of vanishing viscosity EE(k) (2.13). Using any 0 < H < 1, instead of the particular
value H = 1/3, the one-dimensional spectrum (3.5) leads to, through the relation (2.9),

1 _
lim EE(k) = —(1+ 2H)(3 + 2H) Dok k|7 G, (3.6)
v—0 27 /

which is consistent with (2.13) for H = 1/3. Also, for the sake of generality, and to make
a connection with Chaves et al. (2003), the time scale T; will be chosen to be
T; ! (3.7
k = —2’ .
D3|k| 17L
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where § is an additional new free parameter of the model, which takes the particular value
B = 1/2 to ensure the asymptotic behaviour observed in turbulence (2.37). The remaining
free parameter D5 is expected to be proportional to the velocity standard deviation only in
the case f=1/2and H =1/3.

In the limit of an infinitely large periodic box L;,; — 0o, we obtain the correspondence
for any appropriate function f,

lim Z fky) = / f (k)dk, (3.8)

Liy—o00 [,
neZ3

such that, in particular, the velocity covariance function (3.4) tends to its continuous
counterpart (2.35). As a consequence, all relevant statistical quantities such as variance
predictions (2.14) and average dissipation (2.17) remain valid in the periodic setting for
H =1/3, and can easily be generalised forany 0 < H < 1.

Let us also explore the statistical structure of the spatial structure functions at small
scales implied by the power-law behaviour of the PSD given in (3.5). Concerning the
variance of the longitudinal velocity increment (2.19), instead of (2.21), we obtain

Séong(g) lim  lim E[( long v)2] — 2/ (1 _ eZinké)EE,long(k)dk
Lp;—00 v— keR

I'C—-2H) ,y

H(1 —-2H)

Using the well-known relation I'(z + 1) = z1'(z), one checks that when H = 1/3, the

prediction (3.9) coincides with (2.21). Concerning the increment of a velocity component

(2.23) and the second-order structure function (2.24), we derive under the assumption of

statistical isotropy and incompressibility a generalisation of (2.25), i.e.

eNO 2D2(27T)2H cos(mH) 3.9

Lil;
$2.i (0~ K8 (0) <—H% +(1+ H)(Si,-), (3.10)
with the consequence that

$2(0) = $i(0) = lim _lim B[ |5u" ’1= / (1 — kY EE(k|)dk
keR3

mt*)OO v—0

ol 3+ 2H)S§""g(z). (3.11)

Correspondingly, the characteristic time scale t.(£) (2.29) reads, using the expression
provided in (2.36) with the generalised forms of E£(|k|) (3.6) and T} (3.7), and for any
appropriate function F, in the limit of an infinitely large periodic box allowing us to use
the correspondence depicted in (3.8),

1 — 2imk-£ T EE kNdk %)
lim rc(z):fkeﬂ@( ¢ ) T EX(Ik]) / F(s)ds. (3.12)
Lio—00 Jyers (1 —€¥7k8) EE(Ik)dk  Jo

At small scales, the characteristic time scale t.(£) (3.12) undergoes a transition depending
on the values of H and B, following the behaviours

( B sin(2n,o)> p2H-12%g,
028 Jp>0 %
lim t.(0) ~ — %n’p / F(s)ds for H<1-8
Lipr—00 =0 Ds i - sin(2m p) a1y 0
p=20 27p p p
(3.13)
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and

lim t.(€)

Lipt—00
—2H—-5— 2ﬂ
an? 20-1 [ o pS/p?+1/L2

z—>0 3 D sin(27p) o
fp>0 <1 — —27[/0 p—2H-1dp

/ F(s)yds for H>1-§8.
0

(3.14)

Expressions provided in (3.13) and (3.14) could be further written in an explicit way
with the help of a symbolic calculation software.

3.2. Markovian evolution of the Fourier modes

Now let us discuss the time evolution of the Fourier modes 'L?l.”(t, ky), such that the
correlation structure is given by (3.2), leading to the expected covariance structure Cl.”j(t, £)
given in (3.4). This cannot be done in full generality for any function F since we are asking
for a Markovian evolution. Actually, very few choices for F' can be achieved for a given
Markovian evolution, and we will only explore a very limited set of them. As far as we
are concerned, we will present choices of F' that give a Markovian evolution in which
additional underlying layers will be involved.

Before proceeding, we have to define a space-periodic and temporal Gaussian white
noise ‘dW;(z, x)’, a notation that we put in quotes because it has to be considered as a
distribution. More precisely, let us focus on its Fourier modes ‘AW, (1, kn)’. Being complex
Gaussian and Hermitian, it is eventually fully determined by the covariance function

E [dW; (¢, kn)dW; (¢, k)] = L3681, ;85 8t — £)drdr’, (3.15)

where §(¢) stands for the Dirac-delta distribution.

3.2.1. The statistical structure of the stationary solution: spatial fractional Gaussian
vector field

The stochastic evolutions that are proposed below are designed such that their statistically
stationary solutions are well defined, of finite variance and all coincide with a so-called
fractional Gaussian vector field, that we denote as #/©"-¥(x). The corresponding Fourier
modes are denoted by wC"" (k).

Let us first consider the purely spatlal white noise ‘dW (x)’, with (Hermitian symmetric)
Fourier modes dW(k ) covariance given by

E [dW; (kn)dW; (k)] = L35 165 - (3.16)

The real random field w/©"V(x) is fully defined by its Fourier mode, and is given,
componentwise, by

Vv kn
/”;{G’ (kn) = ; '3 zp(k )de(kn) (3.17)

The covariance coincides with (3.2) when 7 =0, i.e.

B[ (k)™ (k)| = Lio EE(k,,)P,](k,,)a(?lm. (3.18)
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3.2.2. The Markovian evolution of Chaves et al. (2003)

The first natural evolution for Fourier modes, which coincides with the proposition of
Chaves et al. (2003), as recognised earlier by Komorowski & Peszat (2004), is of an
Ornstein—Uhlenbeck type, genuinely Markovian, and reads as the stochastic differential
equation

E —~ —
Ey ) Py, (k)dW (¢, k) (3.19)

1
dat" (¢, k) = _Fa;“’”(z, k)dt +
k

for a given discrete wave vector k = k. Here Ty is the characteristic time of the Fourier
mode k defined in (3.7), P,,(k) the Leray projector ensuring the incompressibility defined
in (2.7) and Ef(k) the previously defined three-dimensional PSD obtained from (3.5)
using the isotropic relation (2.9). The superscript ‘1)’ appearing in the notation of the

resulting velocity field ﬁfl) Y (t, k) (3.19) illustrates that it is obtained using a single
evolution with respect to the white noise. The justification for this notation will become
clear in the next paragraph. The random contribution to the evolution (3.19) is provided
by the stochastic vector term dW (¢, k) characterised by the covariance (3.15). Let us
mention a very recent work by Letournel et al. (2025) devoted to an equivalent formulation
of Chaves et al. (2003) for a decomposition of the velocity field in a wavelet dyadic basis.

The unique statistically stationary solution of the stochastic dynamics proposed in (3.19)

reads

EY (kn)

! e
a0Vt k) = Pip(kn) / ¢ Ten dW (s, kn). (3.20)
§=—00

From the former expression (3.20), it is then straightforward to derive the covariance
structure of the velocity Fourier modes that are Hermitian symmetric and characterised by
their covariance
(3.21)

n,—m>

L ~
B[a k)@ ¢+ . k)| = =22V o B ) Py ),

showing that, when compared with the general model provided in (3.2), the temporal
structure is given by the function

FO(z)y =T, (3.22)

where once again the superscript ‘1)’ entering in the particular notation F! will become
clear in the next paragraph.

Let us now explore the consequences of the particular temporal kernel F! given in
(3.22) on the regularity in time of the corresponding velocity field, and more precisely
on the scaling behaviour of the respective temporal structure function Sél)’T(r), i.e. the
variance of the velocity time increment SruM-v (2.39).

Recall that we found the expression (2.40), that reads, using the generalised forms of
EE(|k]) (3.6) and Ty (3.7),

(I)T(r)_ lim lim IE[|8 uD U| ]

Lipt—00 v—0
:;(1+2H)(3+2H)D2/k ~ [1— D3|k|l/L"']|k| |k|1(2H+5)dk. (3.23)
€

Similarly to the characteristic time scale t.(£) (3.12), the temporal structure function

Sél)’T(r) (3.23) undergoes a transition at small scales depending on the values of H and
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B. We have, while rescaling the dummy integration variable k by the appropriate power of
the time scale 7 for H < 8,

ST (r) o~ 4<1+2H>(3+2H>Dz|DsrlH“"/

[1 - e_pzﬂ]p_(ZH"_l)dp. (3.24)
p=0

Note that when H =1/3 and § = 1/2, one retrieves (2.41) from the general formulation
(3.24). For H > B, we have

T © 26—(2H+5)
s () |T~_)O4(1+2H)(3+2H)D2|D3t|/ ot % +1/L2 dp. (3.25)

The scaling behaviours derived in (3.24) and (3.25) pertain to the inertial range. We would
also like to explore the behaviour of the structure function in the dissipative range, first by
taking the limit of vanishing scales T — 0 and second by taking the limit of vanishing
viscosity v — 0. When the viscosity v is not zero, instead of (3.23), we have

ST @ = tim E[[su ] = 2/ [1- e_D3|k‘%7L|”]Ef(k)dk, (3.26)
Lipt—00 keR3

which will clearly behave proportionally to |r| for any couple of values of H and 8
due to the behaviour of 1 — F(V(7/Ty) =|t|/ Ty + o(7) in the vicinity of 7 =0. In this
regard, the spatio-temporal velocity field #" (¢, x) is not smooth in time and, thus, does not
provide the expected temporal dissipative range scaling in t2. This is related to the non-
differentiability of the temporal Fourier mode correlation function at zero. Thus, we have
to improve the model while proposing another temporal kernel in addition to the simple
Markovian model of Chaves et al. (2003) that has the exponential temporal correlation
(3.22).

Let us close this paragraph by exploring the corresponding temporal spectrum

(1) T(a)) As already considered in (2.43), for the resulting velocity field uv we have

EDT(@)= lim e HTOTR[u M (¢, x) w1 4 7, %) |dT

Lior—=00 JzeR

= /k N T FV(0T) EE(k)dk, (3.27)
R

where the one-dimensional Fourier transform F( of the temporal kernel F M (3.22) is
given by

2

FOye 2
(@) 1+ 4m20w?

(3.28)

(H,T ,T

Similarly to the structure function S, " (7) (3.23), the temporal spectrum E), " (w) (3.27)
also undergoes a transition dependmg on the values of H and 8. For H < g, rescaling the
dummy wavenumber k by the appropriate power of the frequency w and looking for the
equivalent at high frequencies w — 0o, we obtain, for H < 3,

- i 3
EDT (@) = lim E{"T(w) =/ T, FV <wT N ) EE (@ k| ) dk,
=0 keR3 k

o0
~ 2(1+2H)(3+2H)DZD§’/%—“+H/5>[ p GFRHEDED (=264, for H < B,
w—> 00 0
(3.29)
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which coincides with (2.45) when H =1/3 and g = 1/2. For H > f, however, we obtain

1
EDT () ~ _3(1+2H)(3+2H)1)21)3w*2/ kP |k[}, “#Vdk for  H > p.
w00 477 keR
(3.30)

Both these asymptotic behaviours (3.29) and (3.30) are consistent with the non-
differentiability in time of the velocity field. In the first case (3.29), the regularity in time
is determined by the value of H/B, whereas in the second scenario (3.30), this temporal
regularity coincides with that of a Brownian motion, independently of the parameters H
and 8.

3.2.3. Generalisation to a Markovian and differentiable-in-time framework
In § 3.2.2 we described the statistical properties in time of the Markovian model of Chaves
et al. (2003) that can be seen as an Ornstein—Uhlenbeck type of evolution for Fourier

modes (3.19). Fourier modes of the velocity field figl)’v(t, k) at a given wavenumber k
are not differentiable in time because they solve a first-order evolution equation driven

by a noise that is white-in-time. As a consequence, the temporal paths of itf.l)’v(t, k)
share the same regularity as the Brownian motion and are only Holder continuous. This
non-differentiable nature of Fourier modes has a counterpart in the physical space: the

corresponding velocity field u(l) (¢, x) is not differentiable in time. This is consistent

with the behaviour of the temporal second-order structure functions Séz (t), which
behave proportionally to the time scale T (3.26), even for a finite viscosity v > 0. If the
velocity field were differentiable, we would expect instead a quadratic behaviour, i.e.

Sé}z’T(r) = 0,(7?), where 0, (r?) stands for a term of order t> with a viscosity-dependent
multiplicative factor. The necessity of proposing a dynamic capable of achieving this goal
in a Markovian way is of tremendous importance, both from a physical and numerical
perspective. To do so, we will exploit an idea first proposed by Sawford (1991) and then
generalised to an infinitely differentiable framework by Viggiano et al. (2020) that consists
of replacing the white noise entering in the dynamics (3.19) by a continuous random
force, which is itself of Ornstein—Uhlenbeck type and/or itself governed by a dynamics
stirred by a continuous random force, which would ensure the finiteness of the first and/or
subsequent time derivatives.

We are now in a position to introduce the evolution for the Fourier mode
Given an integer N > 2, we consider the following set of N ebedded evolutlon equations:

dit\l-(N)’v(l‘, k) '\/ 4NA(N) v

2"V, k).

K+ Y Ve k 331
P T (t, k) + f; (t, k), (3.31)
AV Dk VAN ~ ~
fi ek _ FY¥ Ve o+ F V2@, b, (3.32)
dr T ! !
AP, k VAN ~ ~
i 00 VAN 20 4 T b, (333)
dr Tk
N VAN ~ o
af 0 === F V@ Iod + g™ EEG) Py (0dW (1, k), (334)
k
1030 A23-21


https://doi.org/10.1017/jfm.2026.11261

https://doi.org/10.1017/jfm.2026.11261 Published online by Cambridge University Press

M. Chatelain and others

where we introduce on the right-hand side of (3.34) the parameter ¢ defined by

N N
w1 ! V)L TeymlN) (4N (3.35)
! 1 do \T7Z 2YNF(N -1 \1}) = 7

2
-

[1 + nz%wz]

Let us now clarify the Markovian nature of the evolution proposed in the set of equations
(3.31)-(3.34). Although the very evolution of the respective Fourier mode u A(N) Y(t, k)
cannot be considered as Markovian in itself, the N-dimensional vector made up of that
Fourier mode and the (N — 1) remaining underlying layers ﬁm) (t, kyforN—1>2m2>1,
as it is defined in (4.10) considered in the numerical section (§ 4), can be formulated in a
Markovian way. The respective matrix evolution is given in (4.13).

We show in Appendix A that, in the statistically stationary regime, we have

L3 -
lim E [A(N) Mt k)i + km)] = %F<N>(z/Tk,,)Ef(k,,)P,-j(k,,)(s“)

t—>00 n,—m>
(3.36)
where the temporal correlation function FN) is defined as
21V NN 12Ky 1221V Nt
FN) (7) = IV/Nt| N—12(2IVN |)‘ (3.37)

(N —1/2)

In (3.37), K, (x) is the modified Bessel function of the second kind. We recall that the
expression of F) (3.37) should be considered for N >2. In particular, considering
FN) (3.37) for N =1 does not coincide with the expression F() given in (3.22). In

this situation, the Fourier mode i;lﬁN) V(t, ky) is differentiable (N — 1) times, and we
provide the expression of the variance of the p derivatives (A16), which is finite as long
asp<N—1.

Surprisingly, the expression of the correlation function F™) (3.37) coincides exactly
with that of a Matérn Gaussian process, which have been extensively used in machine
learning theory, as reviewed by Williams & Rasmussen (2006). More recently, such
Gaussian processes have been exploited in a turbulent modelling context by Lilly et al.
(2017). To our understanding, this type of covariance has been called in these formerly
cited investigations for the necessity of considering differentiable Gaussian processes.
Our approach furthermore shows that this covariance function of Matérn type (3.37) can
be realised in a Markovian fashion, following the set of embedded Ornstein—Uhlenbeck
evolutions provided in (3.31) to (3.34). In this sense, it can be viewed as a new way to
interpret the nature of Matérn Gaussian processes.

Moreover, in the limit of an infinite number of embedded layers N — oo, we have

FO @)= lim FM(r)=¢"". (3.38)
N—oo
As a consequence, we obtain

L3 > ~

~(N ~(N — 3

ng%otlggoxa[ NN A N A SIE sze ©/ Ti)” EE (k) By (k)85
(3.39)

Now let us explore the consequences of the particular temporal kernel FY) given in
(3.37) (respectively F (00) given in (3.38)) on the regularity in time of the corresponding
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velocity field uEN)’V(t,x) (respectively u?oo)’v(t,x)). We gather in Appendix B the
detailed derivation necessary to justify them.

Let us first focus on the temporal structure functions, i.e. the variance of the velocity
time increment (2.39). Using the generalised forms of EE(k) (3.6) and T (3.7), the
expression (2.40) reads

Sy = timtim B |5, (3.40)
Lyr—00 v—0
which includes the limiting case N = oo.
Similarly to the temporal structure function (3.23) associated with the exponential

kernel (3.22), SéN)’temp () (3.40) eventually undergoes a transition at small scales, but for
a different range of values of H and 8. We indeed obtain, for any N, including N = oo,

SV (7) |t\o—(>O|D3T|H/ﬂ for H<2B. (3.41)

We provide in (B3) and (B4) an explicit expression of the multiplicative constant. Note
that, for a given B, the range of accessible spatial regularity H is wider (i.e. H < 2p) in
(3.41) than what was found (i.e. H < 8) in (3.24). The behaviour of the structure function
for H > 28 is provided in (B5).

Importantly, for a finite viscosity, the limiting behaviour at small scales T — 0 reads, as
soonas N > 2,

SV o D3l (3.42)

Once again, a more precise expression than (3.42) is given in (B6). Thus, it now behaves
proportionally to 72 for any pair of values of H and f: the obtained velocity field
u™)-v (¢, x) is now smooth in time as longasv>0and N > 2.

Considering now the associated temporal spectrum E ‘()N)’T(a)) defined by

EMT(w)= lim e HTOTE[u™ (2, x) «u™M V(1 + 7, x)]dr, (3.43)

Lior—00 JzeR

we obtain, for H < 2N — 1)8,

EMT(w) = 1im EMT(w) o w 1TH/P, (3.44)
v—0 0—>00

with a more precise expression given in (B10), and in (B11) for the limiting case N — oo,
The case H > (2N — 1) is treated in (B12).

3.3. A second comparison concerning the temporal structure of DNS and the Gaussian
model

In §2.2 we compared the spatial structure of the model velocity field u" (¢, x) with the
spatial structure of the DNS velocity field u®V5V (¢, x). In this section we would like to
compare the temporal structure of these velocity fields. Once again, the DNS data are
obtained from the Johns Hopkins turbulence database, where 5028 time steps are stored
among the evolution in a statistically stationary regime. We have downloaded the three
velocity components of #”N5-V(¢, x) in a limited region of space defined by three planes
of coordinates x =0, y=0and z =0.

We begin by estimating on the DNS field the time correlation of Fourier modes
'L?DNS’”(I, k) for several values of the wave vector k,, as already done by Gorbunova
et al. (2021). To be more precise, and because we have downloaded data only in a limited
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region of space, we will be focusing on the correlation in time of the one-dimensional
longitudinal Fourier modes. We derive in Appendix C the precise relationship between
the time-correlation structure on the one-dimensional longitudinal Fourier modes,

B[ (¢, k)@l (¢ + 7, —k,,)]

(N) [ long ulong (N)
Clong (T kn) = s 5 Fima i, (1), (3.45)
|:|ulong (r k”)| ]

and its corresponding three-dimensional counterpart that is fully characterised by the
temporal kernel F entering in (3.2). By virtue of statistical homogeneity and isotropy,

the one-dimensional longitudinal Fourier mode it\;(i\:l?g (t, k) can be defined as

long

MV k )_/ e~ 2imknx NV x 0, 0)dx. (3.46)
Liot/2 : Lioe/2]

The solid lines in figure 2(b) are the theoretical predictions of F; IE)IZ; kn (t) for the above
mentioned k,,, computed in Appendix C:

oo 02 EE (,/k,% + ,02>
(N) _ V)
Flong kn (©) = Lot k2 4+ p2 2 F T
0 " p k402
In the case of F(° and for 8 = 1/2, it can be written as

+
C o E (V ’02“‘%)

(00) — 2D (k2 + L2
Fiomggy = Lar e ) / p?+k2 2

2w pdp. (3.47)

DI 2npdp.  (3.48)

0
To estimate D3 from the DNS, we therefore assume the integral to vary slowly with k,, and

fit F lgon? r, With a Gaussian function. This assumption may be verified by noting that all
curves in ﬁgure 2(b) collapse while rescaling by 7. Following this method, the estimated
value of D3 is then D3 = 3.62.

We show in figure 2(a) the results of our numerical estimation of the time correlation
function of the DNS C; g(‘L', kn) (3.45) for several wavenumber amplitudes k, and as
a function of the time lag t. At vanishing time lag 7 =0, all curves coincide with
unity by construction and then decrease toward O (they decorrelate) as 7 increases. The
characteristic time scale TDNS of decorrelation is thus clearly a decreasing function of the
wavenumber k. As observed by Gorbunova et al. (2021), the very shape of the correlation
function is close to a Gaussian function, and so, to estimate the characteristic time scale
TklfNS , we perform a similar Gaussian fit to Gorbunova et al. (2021). In a straightforward
manner, for each accessible 1/L;, < k, < 512/L,,, we find the best possible TkLZNS such

that the temporal correlation function C;, g(r, kn) (3.45) resembles the explicit Gaussian

function exp(—(t/ TDN %)2) and reproduce the result of this fitting procedure in figure 2(c)

using an orange hne We can indeed observe that TDNS is a decreasing function of the

wavenumber k;,, and follows a power law, as has clearly been evidenced by the linear trends
in this doubly logarithmic representation. We can also identify two ranges, below and
above kj, L, ~ 10. This transition has already been observed in several studies (Kaneda
et al. 1999; Favier et al. 2010; Gorbunova et al. 2021) and remains unexplained, as far as
we know. We believe that at large scales, i.e. at low wavenumbers, the flow is sensitive to
boundary conditions and, thus, cannot be considered universal. At higher wavenumbers
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Figure 2. Temporal correlation structure of the longitudinal velocity Fourier modes (3.46). (a)
Longitudinal correlation function C ,‘j}ng(r, ky) (3.45) of the DNS velocity field ﬁgyj’v(t, ky), for kL =
42, 75, 107, 141, 173, 205. The characteristic large time scale TgNS =1.99 is defined in the readme file

of the DNS. Inset: rescaled correlation functions in semi-log scale for the same wavenumbers k,, with D3
provided in the text and the theoretical Gaussian expression (Gorbunova et al. 2021) represented by a solid
line. (b) A similar representation of the longitudinal correlation function C[(:z;(‘[, k) (3.45) as in (a) but for
the Gaussian model it\?jl)lg (t, ky). Solid lines represent theoretical predictions while dotted lines are numerical
estimations for the same wavenumbers k&, as in (a). The characteristic large time scale 7 = 1.43 is defined
by Tg := «/§(L,-m/o"), with L;,, being the integral time scale defined in (2.16) Inset: rescaled correlation
functions in semi-log scale for the same wavenumbers k,,, with the same D3 as for DNS and provided in the
text. (c) Numerical estimation of the characteristic time scale T, of the time correlation functions displayed
in (a) and (b). We superimpose the numerical estimation of 7;, with a dashed black line given by the large
k asymptotic (D3k)~! of the theoretical expression (3.7), with relevant free parameters provided in the text.
Inset: rescaled estimated Ty, by (D3k)™!, the asymptotical behaviour of 7 at large k.

kn Lo, 1.€. greater than 10, the power decrease is consistent with the expected behaviour
given in (3.7) with B =1/2 (governing the power-law exponent) and D3 =3.62. We
superimpose with a dashed black line the proposed function dependence of Ty, (3.7) in
the limit of large &, with these aforementioned free parameters and clearly reproduce the
decreasing behaviour. To check whether such a parameterisation of the characteristic time
scale reproduces the behaviours of Fourier mode time correlation functions, we add in the

inset of figure 2(a) a representation of C; g(‘[, k) (3.45) as a function of the rescaled time

variable TkLZNS in semi-log scale, and observe that all correlation functions collapse in a
satisfactory manner on the expected theoretical curve.
For comparison against our modelling approach, we consider the Gaussian velocity field

54)’v(t, x), i.e. for N =4. It is fully characterised in the statistically stationary regime by
the covariance structure of its Fourier modes 74\54)’” (¢, ky), which is provided in (3.36). We
have considered an evolution based on four layers N = 4 that ensures a smooth behaviour
in time for a finite viscosity, as shown in (B6). This choice is dictated by the necessity of

ensuring smooth behaviour in time of the velocity field, corresponding to bounded velocity

time derivatives (in this case, a,uﬁN) (¢, x) have a finite variance for all integers N > 1), as
is observed in DNS. As we explain in § 4, each layer needs to be stored in memory, which
can become prohibitive given the size of the boxes, which corresponds to three components
of size 10243 collocation points for each layer. Besides considering H = 1/3, the free
parameters D;, L and ng entering in the functional form of the longitudinal PSD (3.5)
have the same values as those chosen to describe the spatial structure of the velocity field,
as given in § 2.2. The remaining free parameters D3 and § that appear in the characteristic
correlation time scale T of Fourier modes (3.7) are those that we have estimated before,
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corresponding to 8 =1/2 and D3 =3.62. We would like to recall that the value of Dj is
not universal because it is related, when 8 = 1/2, to the standard deviation of the velocity.
An efficient and exact in distribution numerical scheme is proposed in §4 in order to
give instances in space and time of the model field ul(N)’”(t, x) for all integers N > 1.
Overall, the simulation of the vector field over more than five thousand time steps took
approximatively two days using 32 CPUs.

As we did for the DNS velocity field, we display in figure 2(b) the temporal longitudinal

correlation functions Cl((ﬁi,’v(‘c, kn) (3.45) for the modelled Gaussian velocity field

u®-V(t, x). Although being known to be different from the DNS in a theoretical point
of view and provided in (3.36) (once recasted into the longitudinal context (3.47)), the
estimations of C 1(042; (1, k,) for various wavenumbers k, displays similar trends as for
the DNS. In this case, the collapse is not perfect because we are considering only the
longitudinal correlation functions, which necessitate a transformation given in (3.47) when
going from the three-dimensional formulation to the one-dimensional setting. We display
in figure 2(c) the time T} as a function of &, for the model for which Fourier mode temporal
correlation is prescribed using blue symbols, and the measured Fourier mode correlation
time for DNS in orange. We observe a very satisfactory collapse of the estimations of T
from DNS and the model. We also superimpose with a dashed line the asymptotical limit
(D3zky) ! using the form provided in (3.7). In the inset, we display the rescaled correlation
functions by the asymptotic behaviour of the imposed characteristic time scale (D3k,)™!
(3.7) at large kj,.

We now present in figure 3 instances of the time evolution of both DNS and Gaussian
model velocity fields, with the statistical estimation of the respective temporal spectra and
structure functions. We begin in figure 3(a) by displaying the time evolution of the velocity
norm |uPN5:V (¢, x)|, along the line x € ([—m, 7], 0, 0) and across time ¢ € [0, 5028 Az],
where the time stepping At is provided by the Hopkins database. In figure 3 we present
a similar representation for the model | (¢, x)|. The same colourbar has been used in
both cases. Although the spatial structures of these two velocity fields are very similar, up
to some filamentary structures that are not reproduced by the model (see the discussion
in §2.2 and figure 1), the spatio-temporal representation of the velocity norm exhibits
a key difference between DNS and the model: for the DNS, we observe that large-scale
structures of sizes typical to the integral length scale are swept by the flow, whereas it
is not the case in the model. Although not clearly evidenced in this representation, we
expect the absence of this sweeping property to be true for eddies at any scale. Thus,
while the statistical correlation structures of Fourier modes are well reproduced by the
model, as evidenced in figure 2, the model misses one of the important aspects of the
sweeping phenomenon, which is the advection of the large scales, as observed in DNS. We
invite the reader to the conclusion where this necessary modelling step is proposed as a
perspective.

Our statistical estimation of the temporal power spectrum density E[(w) defined in
(2.43) is shown in figure 3(c). To do so, we performed a discrete one-dimensional
Fourier transform in time of the profile of the scalar product of velocity fields at a
fixed position in space, as required in the definition (2.43). The obtained evolution in
time is not periodic and so we introduce a spurious discontinuity in the picture. We
have checked that windowing this profile, aimed at minimising the consequences of this
discontinuity, does not alter the observed behaviours in the inertial range of scales, but
it does slightly changing the results in the respective dissipative range (data not shown).
As a result, the temporal spectra correspond to the variance of the (temporal) Fourier
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Figure 3. Direct comparison of the temporal structure of the DNS and modelled velocity fields, and estimation
of PSDs and second-order structure functions. (a) Spatio-temporal representation of the DNS velocity field
|uDNS*"(t,x)| along the spatial line x € ([—m, ], 0, 0) and across time 7 € [0, 5027At], where the time
stepping At is provided by the Hopkins database. We use the same characteristic large time scale TI?NS as
in figure 2 to adimensionalise time. (b) Similar representation to (a) but for the model lu®-Y (¢, x)| with a
characteristic large time scale T of the order of Té)NS. We use the same colourbar for panels (a) and (b).

(c) Estimation of the temporal PSD EVT(w) (2.43) obtained as the variance of the temporal Fourier modes (see
text). We use orange for DNS and blue for the model. The dashed black line corresponds to the power law given

in (B10) without any fitting parameters. (d) Estimation of the second-order temporal structure function S2T V(1)
(given by (2.40) in the inviscid limit); same colours as in (c¢). Dashed black lines correspond to two times the
variance at large time lags, to (B3) in the inertial range, and to (B6) in the dissipative range.

modes at each accessible frequency. The variances of the (temporal) Fourier modes of
the velocity fields uPNSv(¢ x) and u™)-V (¢, x), obtained from the same statistical sample
previously described, as functions of the frequency, are displayed doubly logarithmically
in figure 3(c). We can see that with previously given free parameters, the temporal spectra
superimpose in a very satisfactory manner in the inertial range and follow a typical w™>/3
power law decrease.

We finish with the estimation of the second-order temporal structure function SZT V(1) =
E[(u"(t + T, x) — u"(, x))?], as defined in (2.40) in the vanishing viscosity limit, and
display our results in figure 3(d). The trends are consistent with the observations made for
the temporal spectra. Both DNS and model velocity fields exhibit a power-law behaviour
both in the inertial and the dissipative ranges, with respective power-law exponents
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indicated on the figure. To see this, we superimpose the prediction made in (B3) with a
black dashed line. Note that in the inertial range of scales, predictions depend only weakly
on the value of the number of layers N to define the model.

To conclude this comparison, let us mention that additional comparisons could be
made. In particular, we could also display the full spatio-temporal correlation function,
as done by Clark Di Leoni, Cobelli & Mininni (2015), and the frequency-wave spectrum
as estimated by de Kat & Ganapathisubramani (2015), for both the DNS and the model.
We are keeping this for further investigations. We would also like to mention that while
the statistical structure of the DNS is fairly satisfactory (at least up to the aforementioned
second-order statistical characterisation), our model does not capture in a fully appropriate
way the advection of the eddies by some large-scale flow, as clear from the inspection of
figures 3(a) and 3(b). To our knowledge, there is no model capable of doing this except
some recent propositions by Armstrong & Vicol (2025), where the temporal structure
of the advecting velocity field, although simplistic in terms of regularity, is defined
recursively through scales using an inverse Lagrangian flow map at each scale of the
construction. We will return to these possible perspectives in the final § 5.

4. Numerical method
4.1. Remarks concerning the DFT

In all simulations we consider a finite number of Fourier modes, and thus, we need to
truncate in an appropriate manner the Fourier series and perform an associated DFT.
For the full benefit of the fast Fourier transform algorithm, we consider an even number
of modes N, in each direction, which will furthermore be taken as a power of 2, i.e.
N, =27, with p being a given integer. In this spirit, over the grid x, =nL;y/N, with
[ =Ny/2; Ny/2-—1 13, here and further, we define the DFT as, for k,, = m /L, with
mel —N¢/2; Ne/2—1T°,

Lo\’ .
w(t, km)=( ’”’) > e 2k Xny (¢, x ), @.1)

N
Y el =Nej2 ;i Nyej2—1 B

with the corresponding inverse DFT

1 .
u(t, xp) = — Z AIThm T (1 o). 4.2)

Ol me —Ny/2 3 Nyj2—1 13

4.2. Numerical schemes

4.2.1. Numerical scheme for the Markovian evolution (N = 1)

Consider first the Ornstein—Uhlenbeck process given by (3.19), and recall that in the
statistically stationary regime its solution is given by (3.20). The numerical scheme we
use is derived from the solution (3.20) by computing analytically the time evolution of the

field ﬁgl)’v(t, k) at time 1,11 :=t,;, + &t as the function of the solution at time #,,:

_ 8t EE k) ~ In+1 RS
B by = K G+ [ O B0 [T a0, @)
S=ty

The two terms on the right-hand side of (4.3) are independent Gaussian random

variables; therefore, the values of ﬁf.l)’”(tm, k) can be computed recursively if
one is able to sample the sequence of independent Gaussian random variables
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(f; Imt1 o= (tmr1=5/T) QW (s, k))m>0. It suffices to compute the expected value

t/n
Im+1 _Imgpl =S
E [/ e Tk dW,(s, k)] =0 4.4)
N

=ty

and, using (3.15) and the Hermitian symmetry, the second-order moments are
3 _2
2 bl 2ty =) Lo Tk (1 —¢€ Tk)
3 -
E =L, / kods= .
s
4.5)

e
2
For any m, con51der a Gaussian white noise vector field I'}, ,, (x) and define the associated
Fourier modes Fp m (k) on a periodic domain:

Im+1 _lmg1—S
/ e Tk de (s, k)
N

S =Im

S =Im

Ty (k) = f eTHrkxp L (x)dx. (4.6)
Ll‘()t/2 Lt()t/z]%
As a consequence of (3.15), one has the equality in distribution
bt s Ty <1 —e )
/ e T dW,(s, k)= > Iy m1(k), 4.7
S=tm

meaning that the random variables on the left- and right-hand sides of (4.7) are Gaussian,
centred and have the same covariance structure.
This suggests that we introduce the numerical scheme defined by

_ 2t
EE(k) (1 —e Tk>
a0 ) = HaD k) + 5

Py (k) Ty i1 (K), (4.8)

which can be simulated in practice by sampling a new Gaussian white noise vector field
and its Fourier modes at each iteration. This means that the numerical approximation
defines a discrete time Markov process.

If the initial value u A(l) U(k) is equal in distribution to the initial value u A(l) (0, k) of

(4.3) then, for all m > 0 we have u A(l) v(k) 41) Y(t,, k) in distribution. As a result,
the proposed numerical scheme solves exactly in distribution the Ornstein—Uhlenbeck
dynamics (3.19) (at grid times t,, = mdt).

A stationary version of the numerical approximation is obtained by choosing the initial
value 71! 0 Y (k) distributed as the fractional Gaussian vector field studied in § 3.2.1, which
can be sampled following (3.17) as

v Ef k) ~ ~
g}}o% k) = 2( )P,-p(k)rp,o(k). (4.9)

It is then straightforward to check that by construction the distribution of @, " (k) is
independent of m.

Applying a numerical scheme that is exact in distribution for the Ornstein—Uhlenbeck
dynamics naturally preserves its stationary Gaussian distribution, this is fundamental
to obtain numerical simulations that exhibit the correct spatial regularity and statistical
properties.
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4.2.2. Numerical scheme for the differentiable-in-time process (N > 2)
The objective of this section is to propose a scheme for the process studied in § 3.2.3 for
arbitrary N > 2. As in the case N = 1, the aim is to define a sequence of random variables

(ﬁgj:[n)’v(k))mw such that one has the equality in distribution itf.j:/n)’”(k) = figN)’v (tm, k) for
any non-negative integer m > 0. When N > 2, the construction is more involved since the
dynamics is Markovian only when considering the evolution of the additional underlying
layers.

A Markovian formulation of the dynamics is obtained by considering the unknown
ﬂlgN),v (t. k)

f’;(N—l),v(t’ k)
FNVV (¢, k) = : . (4.10)
];;(2),1)( 1K)
];;(1),1;( 1K)

Introducing the square matrix A™) (k) defined by

1 0 ... 0 O o 1 ... 0 O
o 1 . .0 0O 0 . .0
A<N)(k)=—@ T I (4.11)
77 I ST Tl e
0
0 0 0 0
and the column vector
0
e = , (4.12)
0

=~(N), . . .
the vector-valued unknown F l( ) V(t, k) can be interpreted as the solution to the multi-
dimensional Ornstein—Uhlenbeck dynamics

dF™M (k)= AN U F™N (1, kydt + /g™ E, (k) By (K)e™dW (2, k). (4.13)

. . . (™) ..
Considering the matrix exponential A0 for all £ >0, the variation of constants
formula provides an expression for the solution at any time ¢ > 0:

t
FV @ k) = e A OF M0, k) + /g™ Ey (k) By (k) / AN O MW (s, k).

s=0
4.14)
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Using (4.11), it is straightforward to check that, for all ¢ > 0, one has

(N=2 (N-1
1
(N=2)! (N-=1)!
01 - . (N2
VAN, ’ ) — 7)1
etA(N)(k) = e_TNt ) (N . 2! (4.15)
t
0 0 1
and, as a result, one has
(N-1
(N —-1)!
(N=2
£AV D _ i | (V=21 | (4.16)
t
1

As in the derivation of the numerical scheme when N = 1, it is convenient to express the
solution at time #,,+1 =, + 8¢ depending on the solution at time ¢, as

(N), (M (k) 33(N),
F" 1, b =4 OF Y 0y, k)

R - e (4.17)
+JaME (KD By [ et AN O MG (s, k).

S=Im
It is required to sample at each iteration the Gaussian random vector
(N
Zpn (k)
S(N-1
Zym (k)
—~ Im+1 o
Z40 (k) = : - / elime1 =AM O MW (5 k), (4.18)
S

,m
=Im

72, (k)
Z0, (k)

which has components given by

N b+l VAN (t, 1 1—5) (1 _ s)nfl -
(n) — - T, m+1
Z, (k) = /S:t e k D) dW (s, k). (4.19)
The components of ’Z\E,"zn (k) are not independent since they depend on the same white

) . (N
noise. In order to sample the centred Gaussian random vector Z;’n)i(k), one needs to
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compute its covariance matrix Q™) (k) with entries given by

(Q(N)( ))nl n = [Z(nl)(k)z(nz)(k)]

_53 /f Y= (g = )" (e =)™
_ . ]
“ o=t (n — D! (n2 — D!
St JV4Ns n1—1 n2—1
=L / ¢ e 2 S ds. (4.20)
5=0 (ni — D! (na — D!

In order to sample a centred N-dimensional Gaussian random vector with a given
covariance matrix @, it is sufficient to identify any matrix R such that @ = RR” . Indeed,
if I" is a Gaussian random vector with independent components distributed as standard
centred normal random variables, then RI" is a centred Gaussian random vector with
covariance matrix RR” = Q. The identification of such matrices R can be performed
in several ways. Recalling that the covariance matrix @ is non-negative symmetric, one
may compute its square root (which requires us to first compute its eigenvalues and
eigenvectors). In practice, when @ is positive definite, a more convenient approach is to
compute the Cholesky decomposition of @, which amounts to finding a matrix R that
is lower triangular. The matrix R is unique if the diagonal entries of Q are positive.
Moreover, Cholesky decomposition can be computed using a straightforward algorithm.
Let R™) (k) denote the matrix obtained by the Cholesky decomposition of the

covariance matrix Q(N )(k) whose entries are given above. The Gaussian random vector

(N) (k) can be sampled as R™ (k)F ¥ > Where I’ v is a Gaussian random vector

p.m
glven by
@
(N 1 )
=~(N) .
r,,= : , 4.21)
F(Z) (k)
Ty ()
with entries 1’“\[51\,2 k), ..., 1’“\]51,31 (k) given as Fourier modes of independent Gaussian white
noise vector fields F,%i) x),..., F,g,l% (x).

Finally, we obtain the numerical scheme defined by

(N ) (k) 25 (N), ~ ~(N
FiN o =4 OF Y () + g™ E, (kD By ) RV T . (422)

The numerical approximation defines a discrete time Markov process, where at each
iteration N new Gaussian white noise vector fields and their Fourier modes need to be
computed.

If the initial value Fyy"" (k) is equal in distribution to the initial value F\" " (0, k) of

the continuous time dynamics then, for all m > 0, we have F; FY: v(k) F; (N) (tm, k) in
distribution. As a result, the proposed numerlcal scheme solves exactly in dlstrlbutlon the
Ornstein—Uhlenbeck dynamics (at grid times ¢,, = mdt).
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A stationary version of the numerical approximation is obtained by choosing the initial

value ﬁ%)’v (k) distributed according to the Gaussian stationary distribution described in

§ 3.2.3. If this holds then the distribution of llf:l(],\;)v (k) is independent of m.

5. Conclusions and perspectives

We have proposed a time evolving stochastic model of a Gaussian velocity field that
reproduces several important aspects of fluid turbulence, up to second-order statistical
quantities. The present version of the model is formulated in a Gaussian framework
and is fully characterised by its spectral properties, or equivalently by its second-
order structure function, in both space and time. To the best of our knowledge, this
is the unique stochastic representation of fluid turbulence with a realistic statistical
temporal structure, associated to a Markovian formulation, which encompasses the
dimensional predictions of Tennekes (1975). The statistical signatures of this random
field compare in a satisfactory manner with the observations made on DNS velocity
fields, provided by the Johns Hopkins database (Li et al. 2008). We provide efficient
numerical schemes, exact in probability distributions, that are straightforward to
implement.

As mentioned throughout the paper, the present random model is a Gaussian field
and, therefore, misses the possibility of reproducing several other fluid turbulence
properties of crucial importance. Among them, the model misses the asymmetrical
nature of the PDFs of the velocity increments, known in turbulence as the skewness
phenomenon (Frisch 1995). The skewness phenomenon is clearly understood in the
context of energy transfers. Its statistical formulation is fully taken into account by the
Karman and Howarth equation (Frisch 1995) and even locally in the context of the
budget of weak solutions of the Navier—Stokes equations (Duchon & Robert 2000; Eyink
2024). It is usually associated with the existence of a cascading phenomenon of energy
towards small scales. Thus, in this sense, the present Gaussian model is not able to
reproduce some crucial ingredients of the nonlinear dynamics that are at the heart of the
equations of fluid motion. In the same spirit, other non-Gaussian behaviours, as can be
observed in higher-order statistical quantities, such as the flatness of velocity increments
(Chevillard et al. 2012), are not reproduced either. These anomalous behaviours are usually
associated to the intermittency phenomenon, also known as multifractality (Frisch 1995).
In a future communication we aim at generalising the present Gaussian approach to
a multifractal framework, while including some ingredients of the vorticity stretching
phenomenon, in the spirit of previous works (Chevillard et al. 2010; Pereira et al.
2016).

Also, as mentioned in § 3.3, when we compared the temporal structure of the present
modelled velocity field with DNS, the present approach misses an important ingredient
of the sweeping effect, but presents excellent agreement from a statistical point of view.
A recent proposition by Armstrong & Vicol (2025) seems to allow this property by
introducing in their iterative construction of a velocity field the inverse of the Lagrangian
flow map. It is thus tempting to apply such a procedure in the context of fractional Gaussian
fields and explore whether it gives a realistic picture in time and if this remains affordable
from a numerical point of view. We believe that this realistic picture of the temporal
structure would have tremendous importance when such a velocity field advects a given
scalar in a passive (Falkovich, Gawedzki & Vergassola ) or active (Jossy, Awasthi &
Gupta 2025) way, with direct implications on the regularity of velocity along Lagrangian
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trajectories (Reneuve & Chevillard 2020). Once again, we keep these aspects in mind for
future investigations.
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Note added in proof. We have become aware of the existence of a recent preprint by Awasthi ez al. (2026)
in which the one-layer velocity field uM-V (¢, x) is considered; see (3.19) for the Fourier mode evolution.

Appendix A. Analysis of the temporal covariance structure of the embedded model

A.l. Computation and limit of the covariance structure of it\l(N)’v(t, kp) as N — oo.

Following Proposition A.l of Viggiano et al. (2020), we can compute the covariance

function of itf.N)’V (¢, kp). Let us reproduce here the arguments developed in Viggiano et al.

(2020). Let us first assume that the system of N (3.31) to (3.34) possesses a statistically
stationary solution, with the consequence that correlation functions only depend on the
time difference, such that

Cotvrr qono (T, ke K = B[ ¢ ya ™ (t + 1, k)] (A1)
i 7
and, forany 1 <n <N — 1,

Coma 7w (T, e, KY =E[F" (1, ) "Vt + 7, K))]. (A2)
i Jj

i
In the statistically stationary regime, we can write, similarly to (3.20),

(V). " —VaNa—s)/ T, FN-D
ul' (t,kﬂ)_ e nf, (S’ kn)dsa (A3)

l
—0Q
and as a result, we obtain

Cﬁ(N),u Z(N)w (7, kn, km)
i 7y

LT ame
= e VANQIFT=1=50/Thn C 1), vty (51 — 2, Kk, k) ds1ds)
—00 J—00 fi »Jj

f;

0 T
= eV 4N(t_s'_52)/Tk”CA(N—1).u ~N=D)v (1 — 52, kn, ky)ds dsy
—00 J —00 Ji Jj

o0 o0
=/ / ef“/m(rJrlerSZ)/Tk”CA.(Nﬂ),u ~N=1)v (S1 — 52, kpn, km)dsidso,
0 —7 fi ’ff
(A4)

1030 A23-34


https://doi.org/10.1017/jfm.2026.11261

https://doi.org/10.1017/jfm.2026.11261 Published online by Cambridge University Press

Journal of Fluid Mechanics

where the last equality follows by the parity in time of any correlation function. Equation
(A4) can be formally rewritten as

Conrw 200 (T, ks k) = /2 81, (T +52)81;,, (SC pv=100 2810 (51 = 82, K, ki) ds1d52
i 7y R i Uy

:/ gr, (T +t +1n)gr (l])CA_(N—l),v -1 (t2, kn, k)dt dey
R2 n n f; ,f]

=/ (871, * 871, ) (T +12)Cv-10 7v-00 (12, ki, )t
R i M

= (gn, * &1, *Crv—nw pv-0.0 (-, K, km)) (1), (AS)

i i

where we have introduced the function g7, (t) =e™V ANt/ Ticq r>0 and the correlation
product %, which is defined, for any two functions g; and g3, as

(81%82) (1) =/ g1(1)g2(r + 7)dr. (A6)
R
Note now that the correlation product of g7, by itself is given by

T ,—vanu/m
k. . A7)
2J/AN (

GTk([) = (ng *ng) (t) =

Therefore, by induction, we obtain

Camrs govon (T K o) = (G~ % Cnw Gk, k) (D), (A8)
i et n i 2Jj

using the notation

gl =gxgHecng. (A9)
~—
n

Finally, noting that

Crww s ks om) =4 L3, Gr, () EE (k) Py(kn)S (A10)

we obtain the expression of the temporal correlation function
* D 3
Camv o0 (2. K ) = g L3, G (1) EL (en) Py(kn)8y - (All)

In order to study the asymptotic behaviour when N — oo, the function G (¢) (A7) can
be written in the frequency domain as
2
I
Gy (1) = / Pt AN gy, (A12)
R

T,
14+ 72K g2
+ N

and we obtain
2
T
G5 (0) =/ Qdmer | AN | o, (A13)
R
1+ 72k 2
N
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Taking into account the value of ¢¥) (3.35), we obtain

Catons o0 (2 e, ) = LT?O’F(N)(r/Tkn VEE (k) Py(kn)8y) . (A14)
with the kernel F) given by
[ etiTor de
1+
FM (1) = [ 0 N } . (A15)
Jr ﬁdw

Note that the expression provided in (3.36) with the temporal kernel FN) (¢ /Ty), given in
(3.37), follows from (A14) once the remaining integrals entering in (A15) are computed
with the help of a symbolic calculation software that also allows us to give the explicit
expression in (3.35).

Unlike the Fourier mode 'L?El)’v(t, ) which is not differentiable, the Fourier mode

MV (2, ) for N >2 is now differentiable (N — 1) times. In particular, the variance of

its derivatives dpiil(N)’v(t, ky)/dt? becomes finite as long as p < N — 1, and we can get

the expression

2
dpPN).v t, k a2r ) T
B0 k)| s prg (t/T,)
dep dr2p
=0
o
fe T
1+
3 E (271)217 N
= LBy (kn) = —, (A16)
Tkp fR—_ _NdCl)
n )
1
TN

which can be shown to be finite as long as p < N — 1, and can eventually be exactly
expressed.
More interesting is the limit of (A15) when N — oo. Using the expression of the

exponential as the limit,

) 1 _
lim ———— =e ¥, (A17)

N—o00 x\N
(1+%)
where the permutation of the integrals and the limits are ensured by a dominated
convergence argument (Viggiano et al. 2020), we then obtain (3.39) following from (A15)
in the limit N — oo.

(N)

A.2. Computation of the equivalent of the kernel F\"Y) at small argument

We will eventually need the behaviour of the function F™) () at small argument 7 — 0.
An analytical expression of (A15) can be computed using Mathematica, which reads
21V NtV 12Ky 1221V N
FM(7) = VNt v-122V/N I)‘

(N —1/2) (Al%)
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To compute the equivalent of the kernel, we perform an expansion of the modified Bessel
function of the second kind. We found the approach developed by Steinbock & Katzav
(2024) very clear and convenient. Based on their equations (2) and (3), we write

Ky 12(2VNt)) = (=D Z S [in- 12IVNt) = I_y412(2WN7l)],  (A19)

which depends on the modified Bessel function of the first kind 7, (x) with the following
expansion:
- 1

_(X\* % _ (X\* 1 1 2 2
Mx)‘(z) g4kk!1“(a+k+l)x _(2> (F(a+1)+41“(a+2)x +olx )>'
(A20)

At small argument, we get

2
FM ()= (—yNHp ! ( : o Nr +o(r2)),

I'(N—1/2) \I'(~N +3/2)  T'(=N+5/2)
(A21)

which, using

T N+1
I'(—=N +3/2)[((N —1/2) = RO NI~ 7(—1) (A22)
and

I'(=N +5/2)I'(N —1/2) = (=N +3/2)n(=1)N+!, (A23)

simplifies to
FM@y=1- _N +o(1?). (A24)

N-3/2

Appendix B. Derivation of the temporal structure function and frequency spectrum
in the multi-layered framework

Let us now explore the consequences of the particular temporal kernel F™) given in
(3.37) (respectively F(°) given in (3.38)) on the regularity in time of the corresponding
velocity field u(N) "Y(t, x) (respectively u(oo) Y(t, x)). This will be illustrated with the
scaling behaviour of the temporal structure function, i.e. the variance of the velocity time
increment (2.39). Using the generalised forms of EE(k) (3.6) and Ty, (3.7), the expression
(2.40) reads

SV @)= lim tim E[ 5™ ?]

Lm,—>oo v—>0
2
[1 = P (Dslkel 121) 1K Kl dke,
(B1)

= —(1 +2H)(3 +2H)D2/
T keR3

and when N — oo,

S(OC) “"(ry= lim lim EUS 1> ”| ]

Lipt— 00 v—>0

=;(1+2H)(3+2H)D2/ 3[1 F(N)(Dg|k|l/L|T|)]|k| |k|l/2H+5)dk (B2)
keR
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Similarly to the temporal structure function (3.23) associated with the exponential

kernel (3.22), SéN)’temp () (B1) and Séoo)’temp (7) (B2) eventually undergo a transition at
small scales, but for a different range of values of H and 8. We indeed obtain

~

|[T]—=0

N),
Sé )temp(_r)

X
4(1 + 2H)(3 + 2H) Dy | D3| /P / [1 —F®™ (pzﬁ)] p~CHEDG,  for H < 28.
p=0

(B3)
Similarly for Séoo)’temp (7), replacing F) by F(® in (B3) and computing the remaining
integral using the Gaussian correlation function (3.38), we obtain

H
2

r (1
:s“é"‘””e"”’(r)| ~ A+2H)E3 +2H)Da| D37 | ——=—2 for H < 2.
T|—

(B4)

Note that, for a given B, the range of accessible spatial regularity H is wider (i.e. H < 2)
in (B3) and (B4) than what was found (i.e. H < ) in (3.24). This is a consequence of the
behaviour of 1 — F?™(x) and 1 — F®)(x) near the origin, which go to zero as x2, while
the exponential kernel (3.22) predicts a much slower decay (i.e. as x). This is shown in
(A24).

For a given B, when H gets large, we obtain the trivial scaling associated to a
differentiable field, using the expansion of the function F™) provided in (A24):

(N),tem,
S, P(r) ~
|z]—0

2H

1
—(1+2H)(3+2H)D;, | Dst|? / K21kl 27 dke for H>2B. (B5)
b keR3

N
N —3/2
A similar result is satisfied for Séoo)’temp (1) as a consequence of (BS) when N — oo.
The scaling behaviours derived in (B3) and (B5) pertain to the inertial range, for which
the viscosity has been set to 0 before considering any limiting behaviour. We now explore
the behaviour of the structure function taking first the limit of vanishing scales T — 0 and

second the limit of vanishing viscosity v — 0. When the viscosity v is not taken to zero,
instead of (B3), we have

Lipt—>00

Sg\‘l)),temp(r) lim EU(S u™: v| ]=2‘/,; . [1 F(N)(D3|k|]/L|T|)]E5:(k)dk
c

N
~ 2|D3t]? ——— k" EE(k)dk,
oo s [k, B
(B6)

which behaves proportionally to 72 for any pair of values of H and 8. This is very different
from the behaviour (3.26) obtained for the simple exponential kernel (3.22): the obtained
velocity field u™)V (¢, x) is now smooth in time as longasv>0and N > 2.

In the case H <2, we also observe a transition in the power-law exponent of the

temporal structure function, taking the value S, (N)femp () o« |z|#/# in the inertial range

(B3) and then S(N) femp () «|7|? in the dissipative range (B6). This transition takes
place at a d1ss1pat1ve time scale t; defined as the very characteristic time scale at which

the asymptotic expansions of both SéN) ofemp (obtained from (B3) ) and Sg\‘/}) ofemp (obtained
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from (B6)) coincide. Then it is clear that 7,4 is fully determined by viscosity and can be
shown to be related to a certain power (depending on ) of the dissipative length scale 14
defined in the longitudinal PSD (3.5).

Let us now study the temporal spectrum ESN)’T(w) (respectively El(,oo)’T(w)) of the
resulting velocity field ™)V (respectively #(>®-") in a similar way as we did before for
uV. We have

El()N),T(w) — lim e—ZinTE[u(N)sU(t’ x) . u(N)sV(l» + 7, x)]d-[
Lio—>00 JreR

= / T FN) (0Ty) EE(k)dk, (B7)
keR3

where F™) is the Fourier transform of the temporal kernel FN) (3.37). A simple
expression is obtained directly from (A15):

JAT(N) 1

FM(w) = : (B8)
VNI(N=1/2) ( 220?\"
(+7%)
N
In the limit N — oo, a similar expression for £ ﬁoo)’T(a)) could be obtained, by replacing

F™ in (B7) by the Fourier transform F© of the temporal kernel F(* (3.38), which is
given by

FON (@) = Jfme ™, (B9)

eventually leading to (3.38) after computing the inverse Fourier transform.

We show in figure 4(b) the convergence of the one-dimensional Fourier modes to the
Gaussian correlation function. Details are explained in Appendices A and D. First letting
viscosity vanish (v — 0) and then considering the large frequencies w — 0o, we obtain,
for H< (2N —1)8,

-~ 1 3
EMT (@) =1lim EMNT(w) = T, FV (ol , |E (aﬁlkl) w¥ dk,
v—>0 keR? Pk ¥k

oo
~ 2(1+2H)(3+2H)D21)3H/%—“+H/ﬂ>/ p~CAFHADEWN) (5=26)q,
w—> 00 0
(B10)

with the exact expression as N — 0o, without any constraints on the set of parameters H
and B as long as they are positive:

1 H

E®T(w) = lim E®T(w) ~ ﬁ(l +2H)3+ 2H)D2Df/ﬁ(na))_(l+H/ﬂ)F -+
v—>0 w—00 2 2 2B

(B11)

It is worth noting that, when N is finite, for H > (2N —1) 8, we have

r(Ny  on
T'(N —1/2)

x / e 2 e[ PP CH ) gk (B12)
keR3

1
(N),T oo IN—1 A N—1/2
EMT@) ~ s ngia(+2H)G+2H) DDV IN

Equations (B10) and (B11) show that, when H < 28, even if we let the number of layers
N tend to infinity, the field is not differentiable in time, as it is expected in the limit of
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vanishing viscosity. This range of possible values of the parameter H setting the regularity
in time is only accessible when N > 2. Depending on the values of N and 8, the present
approach allows us to consider Hurst parameters H bigger than unity, which gives rise
to fields at least once differentiable in time, although physically not really realistic in a
turbulent context. When H gets really large, and larger than (2N —1)8, the equivalent
provided in (B12) states that the field is differentiable (N —1) times, the derivatives of
order N —1 having the regularity of the Brownian motion.

Appendix C. Relationship between the time correlation of the three-dimensional
Fourier modes and the one-dimensional longitudinal Fourier modes

While most of the experimental and numerical statistics are expressed in terms of the
longitudinal spectrum and longitudinal Fourier modes correlation function (Gorbunova et
al. 2021), the present model is made to first prescribe the three-dimensional PSD Ef k).
We therefore compute a relation between the longitudinal Fourier modes correlation
function and the three-dimensional Fourier modes correlation function:

Clone” (T ky) 1= [ OV (ke v, D 8 (14T K s )]

long
K2\ EE(k
:Lmz/ (1 2) ( )F(N)< )dk dk;
[~Liot/2 : Liot/2)? k 2 Tk (C1)

I 70 p’ E§<Vk’%+'02)F<N)
= Lot k)%_'_pz 2 T\/kf—i-_pz

This integral expression cannot be written as a function depending on k, and T multiplied
by a constant. It can however be used to numerically compute the theoretical prediction

(N),v
Clong

2mpdp.

(z, ky), which are plotted for reference in figure 2(b) assolid lines.

Appendix D. One-dimensional Fourier modes correlation function and its
convergence onto a Gaussian

We study here the Fourier modes correlation function of a one-dimensional model similar
to the previous three-dimensional one (3.34) and numerically show their convergence
toward a Gaussian. We define the one-dimensional N layers model exactly the same way as

(3.34) without a Leray projector and by replacing E£ (k) by E f fong (k). Its one-dimensional
Fourier modes correlation function written in the statistically stationary regime is

E [“N) Yt + T, kal) v, km)] = Lis F N (1) T, ) EE1" (k) 810.m, (D1)

with F) defined in (3.37). This result is summarised in figure 4.

Figure 4(a) shows both thenumerical estimation (dots) and theoretical prediction (solid
line) of the Fourier modes correlation function for N = 8 layers, in the uni-dimensional
case and for log-spaced Fourier modes. The inset shows the exact same curves as a
function of /7T and we observe that all curves collapse on a single nearly Gaussian
function. In figure 4(b) we show the convergence of a Fourier mode correlation function
toward a Gaussian while increasing the number of layers N. We can observe that there
is a slight but sufficiently small difference between such that we can consider an eight
layer process to be numerically smooth with a Fourier mode correlation function that is
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Figure 4. One-dimensional temporal Fourier mode correlation function . (a) One-dimensional Fourier mode
correlation function for the set of Fourier modes k, L,,, =7, 15, 31, 63, 127, 255. Solid line curves represent
the theoretical predictions F N (¢ /Ti) (3.37) entering in (D1) for the aforementioned Fourier modes while dots
are numerical estimations. This simulation has been lead with the same parameters as the three-dimensional
one except for the number of layers N, here equal to N =8. Time is rescaled by 7j in the inset showing
that all curves collapse onto a single nearly Gaussian decreasing function. (b) Pointwise convergence of the
one-dimensional Fourier mode correlation function onto a Gaussian for a single Fourier mode k;, L;,; = 15 as
a function of t/T} when increasing the number of layers N. Solid lines are the theoretical predictions F®)
(3.37)for N =1, 2, 4, 8, their pointwise limit F(° (3.38) given in pink, and dots are numerical estimations
for the same number of layers N.

almost Gaussian. The model is therefore fully able to depict a Gaussian-like Fourier mode
correlation function. To lead these numerical simulations, we have chosen the same set of
parameters as for the 3D simulations, namely D3 =3.62, D, =0.021, H=1/3, 8=1/2,
L =L =2m,n3 =0.085, N, = 1024, N; = 5028 and 6t = 0.002. The integral time scale
Tr has been defined arbitrarily by T¢ = L/o, where o2 is the variance of the process

o2=2 f0+°° Ef’l(mg (k)dk. An ensemble average of the process has been made over 100
realisations to estimate numerically the Fourier modes correlation function in figure 4.
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