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Abstract. The present article concerns the stochastic modeling of the turbulent dissipation field and in
particular its temporal evolution. To do so, we will be calling for a random distribution, ubiquitous in
several aspects of physics and probability theory, known as the Gaussian Multiplicative Chaos (GMC), that
takes its roots in the phenomenology of fluid turbulence. Firstly introduced by Mandelbrot, shortly after
Yaglom’s discrete multiplicative cascade models, and rigorously studied by Kahane, the GMC appears as an
appropriate statistically homogeneous model of the turbulent dissipation field. In this article, we will be
recalling several ingredients of the associated turbulent phenomenology and its stochastic representation as
a GMC, and propose a generalization to a spatio-temporal framework. All along the presentation of known
properties in space, and in order to support new propositions concerning the temporal evolution, we will be
calling for a comparison against direct numerical simulations of the Navier–Stokes equations extracted from
a publicly accessible database.
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1. Introduction

Fluid turbulence is a natural phenomenon of prime importance in several fields of research in
physics and engineering [1–4]. Because of the interplay of the nonlinear and nonlocal nature of
the underlying equations of motion, i.e. the Navier–Stokes equations, the understanding based
on rigorous mathematics of the observed highly fluctuating nature of the velocity field, and
related kinematic quantities of interest, is still in its infancy. Instead, a very precise and self-
consistent phenomenology has been developed over the years [5–13].
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We will be here focussing on the viscous dissipation field that plays the crucial role of trans-
forming the mechanical energy, that is continuously injected through an external forcing term,
into heat in a very efficient way. As we will be recalling in a precise way, its observed statistical
signatures surprisingly turn out to barely depend on viscosity. In the zero viscosity limit, the dis-
sipation field behaves asymptotically in a distributional manner, and will be modeled in a very
satisfactory way by a random field referred to as a Gaussian Multiplicative Chaos (GMC). The
GMC, and its statistical structure, is the present center of interest of this article. Early introduced
in the turbulence literature in the seventies, although already existing under various forms in
quantum field theory [14], in the derivation of the partition function of the Coulomb gas in two
dimensions [15,16] (see the review [17]) and in random matrix theory [18–21], the GMC has been
used extensively in solid state physics [22,23], mathematical finance and in the formulation of
two-dimensional quantum gravity [24–30].

As we will recall, as far as the phenomenology of fluid turbulence is concerned, the GMC
is called for the stochastic representation of the viscous dissipation field, following the statisti-
cal constraints formalized by Kolmogorov and Obukhov [10,11]. The first constructive approach
consisting in building up the dissipation field as the multiplication of independent and positive
random weights distributed over a dyadic tree is attributed to Yaglom [31]. Early understood to
be intrinsically breaking statistical homogeneity (i.e. the invariance of the underlying probability
law by translations), these discrete cascade models were then recast in a statistically homoge-
neous formulation by Mandelbrot [32,33] while proposing the so-called limit log-normal model,
consisting in taking the exponential of a log-correlated Gaussian random field. Kahane [34] then
gave a proper mathematical meaning to this random field following a regularizing procedure,
computed its statistical properties and renamed this probabilistic object in the limit as a GMC.

The article is organized as follows. In Section 2, we recall several important ingredients of
the phenomenology of fluid turbulence, with a particular focus on the dissipation field. In
particular, we recall the statistical constraints on the coarse-grained dissipation field over a ball
in Section 2.3 formulated by Kolmogorov and Obukhov to explain the observed intermittent
behavior of the velocity field, and that led Yaglom to infer the logarithmic correlation structure
of the logarithm of the dissipation, as precisely stated in Section 2.4. We present then the
analysis in Section 2.5 of the Johns Hopkins turbulence database where are gathered various
direct numerical simulations of the forced Navier–Stokes equations. This analysis allows us to
observe the aforementioned peculiar correlation structure of the logarithm of dissipation, and
moreover explore the correlation structure in time. To reproduce these behaviors, we begin with
recalling key theoretical ingredients of the GMC in Section 3.1, with a particular emphasis on its
relevance to give a stochastic representation of the phenomenology previously depicted. Then,
in Section 3.2, we propose an extension of these considerations to a spatio-temporal framework.
The presentation of the numerical method allowing to simulate instances of the spatio-temporal
GMC and a final comparison against DNS of the Navier–Stokes equations are then proposed in
Section 3.3. Conclusions and perspectives are then gathered in Section 4.

2. A glimpse at the phenomenology of fluid turbulence

Let us begin by explaining why and how the GMC emerges from the physics of fluid turbulence.
To do so, we first need to present the axiomatic approach, mainly attributed to Kolmogorov [8,10],
although his work follows the ones of many people. The reader should find many references and
historical origins in the book by Frisch [3].
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2.1. The Navier–Stokes equations and the external stirring force

Fluid turbulence has an ancient tradition in fluid mechanics and has been widely studied from
an experimental point of view [1,2,35] (see also for instance [36–43] to cite a few). Today, when
focussing on the simplest situation of homogeneous and isotropic flows, the statistical structure
of fluid turbulence is observed in numerical simulations of the Navier–Stokes equations [44–51],
usually assuming periodic boundary conditions and relying massively on parallel algorithms of
the Fast Fourier Transform (FFT). Considering an incompressible (i.e. divergence-free) velocity
field uν(t , x) ∈R3, which depends implicitly on the kinematic viscosity ν> 0, for t ≥ 0 and x ∈R3,
these nonlinear and nonlocal partial differential equations read

∂uν

∂t
+ (uν ·∇)uν =−∇pν+ν∆uν+ fL , (1)

where pν(t , x) is the pressure field and fL(t , x) ∈ R3 an external forcing field that we will define
later. Given an initial condition uν(0, x) that we will take to be vanishing without loss of generality,
the evolution given in (1) is closed when assuming incompressibility, which allows to express
pressure pν(t , x) as a function of the velocity field through Poisson’s equation [52,53].

Concerning the physics of fluid turbulence, the external additional forcing field fL(t , x) ∈ R3

entering in (1) is of crucial importance. It should be viewed as a schematic model of the
action of a stirring procedure performed at large scales by propellers, as it happens in the
emblematic Von Kármán swirling flows [54–57], or stemming from the instability of fluid layers
when going through a grid in a wind tunnel (see for instance the historical articles [35,58,59]).
Its role is clear and is devoted to keeping injecting energy into the system that will eventually
be transformed into heat by the viscous term. It is required to be smooth in space for physical
reasons. Smoothness-in-space of the forcing term fL is then guaranteed by populating Fourier
modes over a finite range of wave vectors, and more precisely in the vicinity of the wave-vectors
of amplitude of order 1/L. The characteristic length scale L will eventually play a crucial role
in the phenomenology of fluid turbulence, and will govern the correlation length scale of the
velocity field. About the forcing fL , besides being smooth-in-space, its precise nature has little
importance as it has been extensively studied in the literature. In particular, it has been observed
that a deterministic and constant-in-time version of the forcing as proposed in [48], or a random
version, no matter how the temporal structure is chosen (i.e. independent instances or finitely
correlated in time), as proposed in [46], give a very similar statistical picture at small scales, i.e.
for the velocity increments and velocity gradients. This universal behavior of the velocity field
with respect to the very nature of the forcing illustrates the robustness of the phenomenology
that we will be recalling. In the following, we will be considering for example a random forcing
and forthcoming expectations will be taken over its instances.

2.2. Establishment of a statistically stationary regime and the anomalous behavior of
velocity variance and average dissipation

As time goes on, starting for instance from a vanishing initial condition uν(0, x) = 0, it is observed
that velocity reaches a statistically homogeneous, isotropic and stationary regime, with corre-
sponding invariance of the underlying probability law by spatial translations, rotations and tem-
poral translations. Furthermore, in this regime obtained after a transient of finite duration deter-
mined by the precise shape and amplitude of the forcing term fL , velocity is of zero average, as it
is expected from statistical isotropy, and its variance turns out to depend only weakly on viscosity.
We ultimately obtain

lim
ν→0

lim
t→∞E

∣∣uν(t , x)
∣∣2 ≡σ2 <+∞, (2)
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where the expectation is taken over the instances of the forcing. The limiting behavior of
the velocity variance with viscosity (2) is indeed surprising, and says that fluids are able to
dissipate energy in a very efficient way, such that in particular the average kinetic energy remains
finite despite keeping injecting energy into the dynamics through the forcing term fL (1). For
instance, the respective stochastic heat equation obtained when discarding the nonlinear term
and pressure gradient from (1) would instead generate a statistically stationary regime in which
the average dissipation rate remains finite, but with a velocity variance that would instead be
proportional to ν−1 [60]. In order to warrant such an efficient way to dissipate energy, the
fluid will develop small scales following a cascading process of energy through scales. As a
consequence, velocity Fourier modes at wave numbers much larger than those excited by the
forcing term will be populated according to the “k−5/3”-Kolmogorov’s power spectral density.
Correspondingly, velocity gradients will reach very high values, such that the viscous term
entering in the dynamics (1), made up of the velocity second derivatives, gets exceptionally large.

The development of high amplitude of the gradients is at the core of the phenomenology of
fluid turbulence. Very early [5–7], the focus has been put on the fluctuations of the so-called
dissipation field εν(t , x) which is defined by

εν(t , x) = ν

2

3∑
i , j=1

(
∂uν

i

∂x j
+
∂uν

j

∂xi

)2

, (3)

where the velocity field uν is the solution of the forced Navier–Stokes equations (1). The
average of this field plays a key role in the kinetic energy budget, which corresponds to the time
evolution of the average of the kinetic energy

∣∣uν(t , x)
∣∣2. As surprising as is the observation of

the finiteness of the velocity fluctuation variance as ν→ 0 (2), and intimately related, the average
dissipation ε, i.e. the expectation of εν(t , x) (3), remains also finite and nonvanishing in the same
limit [3,38,61,62]:

0 < ε≡ lim
ν→0

lim
t→∞E

[
εν(t , x)

]<∞. (4)

The finiteness of ε (4) is known as the anomalous dissipation in turbulence literature. Roughly
speaking, the asymptotic behavior proposed in (4) says that velocity gradients variance diverges
as ν−1 as viscosity goes to zero. In this limit, we are left with the single possibility that ε (4) is
related to velocity variance σ2 (2) according to the dimensional relation

ε∝ σ3

L
, (5)

where L is the characteristic correlation length of the forcing term fL entering in (1), the remain-
ing multiplicative constant that would enter in (5) being universal, in particular independent of
the precise shape of the flow at large scales and of the nature of the forcing fL . These surprising
anomalous behaviors of kinetic energy (2) and average dissipation (4) are the building blocks of
the statistical physics of fluid turbulence, and have been first formulated more than a century
ago [5,7], as reviewed in [63].

2.3. The moments of the locally averaged dissipation field

As we have seen, the dissipation field plays a key role in the statistical structure of the turbulent
velocity field. As a random field, it is expected to be a positive quantity of a given average,
determined by the structure of the flow (4), in particular by the velocity variance σ2 and the
so-called integral length scale L, even in the asymptotic limit of vanishing viscosity. We could
now wonder how higher-order moments of the dissipation field behave. Making a long story
short, in order to interpret extreme events of the field of velocity gradients, as they were early
observed in wind tunnels [35,58,59], and nowadays referred to as the intermittency phenomenon,
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Kolmogorov and Obukhov [10,11] jointly proposed to assume εν(t , x) being distributional in
nature in the limit ν→ 0. As such, they proposed, instead of studying the dissipation field itself,
to consider a locally averaged version of the dissipation field over a ball of radius ℓ, say εν

ℓ
(t , x),

obtained as the following convolution

ενℓ(t , x) ≡
∫
R3
ϕℓ(x − y)εν(t , y)dy, (6)

where we have introduced a dilated version ϕℓ(x) = ϕ(x/ℓ)/ℓ3 of a unit-volume ball of unit-
radius, i.e.

ϕ(x) = 3

4π
1|x|≤1. (7)

Doing so, they were able to interpret the intermittent, i.e. anomalous, corrections observed on
the velocity field using a dimensional argument based on the coarse-grained dissipation field (6)
instead of the dissipation field itself, known as the Refined Similarity Hypothesis (RSH). This
procedure and its historical origin are especially clearly exposed in [32] and reviewed in [3],
and allows to generalize the asymptotic behavior of the average dissipation (4) to higher-order
moments as

lim
ν→0

lim
t→∞E

[
(ενℓ)q] ∼

ℓ→0
cqε

q
(
ℓ

L

)τq

, (8)

where τq is the spectrum of exponents and is asked to be a nonlinear function of the order q
such that τ1 = 0, and cq are universal pre-factors such that c1 = 1. In current language, the
coarse-grained version of the dissipation field (6) can be seen as a mollifying procedure obtained
while integrating the local dissipation against a test function ϕℓ seen as an approximation of
the Dirac-δ function (here a ball of radius ℓ properly normalized by its volume), such that
εν
ℓ

(t , x) → εν(t , x) as ℓ→ 0, at each position x and at any time t . The spectrum of exponents τq is
called the multifractal spectrum [3]. In order to make this approach consistent with experimental
observations, for reasonable values of the order q , the authors of [10,11] furthermore propose the
simple quadratic model

τq =−µq(q −1)

2
, (9)

where µ > 0 is called the intermittency coefficient in the turbulence literature. Such a quadratic
approximation of the multifractal spectrum τq (9) is known as the log-normal model, for reasons
that will become clear later, and has been shown to be a fairly good representation of experimen-
tal [38] and numerical (see [64] for a recent analysis) data for moderate orders 1 ≤ q ≤ 4, with the
observed universal coefficient µ= 0.2±0.02 [65–67].

2.4. The spatial statistical structure of the dissipation field

After the work of Kolmogorov and Obukhov [10,11], it became clear that the fluctuating nature of
the dissipation field in the limit of vanishing viscosities should be considered in a distributional
fashion. In particular, notice that whereas the average ε is expected to be finite (4), its second
moment should diverge. This can be clearly seen when using the proposition made in (8): we
indeed expect a divergence of the second moment E

[
(εν
ℓ

)2
]

asℓ−µ in the inviscid limitν→ 0, when
the scale of the mollifier ℓ (6) goes to zero. Especially emphasized in the work of Obukhov [11],
it will be furthermore assumed that the density of εν is log-normal, meaning that its logarithm is
Gaussian.

We will note
lnεν(t , x)−E[lnεν]p

V[lnεν]

law= N (0,1), (10)
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where the former equality is true in law, i.e. relating an equality of the respective one-point and
one-time probability densities of the left- and right-hand sides, and N (0,1) the standard normal
(Gaussian) random variable of zero average and unit variance.

Experimental investigations discussed in [68], reviewed and updated in [67], demonstrated
that the dissipation is furthermore correlated over the largest scale of the flow, i.e. over a scale
of the order of the characteristic length scale of the forcing L. This is indeed very surprising for
several reasons since it is expected naively that velocity gradients should be correlated over a
small dissipative (i.e. governed by viscosity) length scale. This turns out to be true for gradients,
but not their amplitude, as it is involved when squaring them (3). This long-range correlated
nature of the gradients amplitude and the anomalous scaling of the moments of the coarse-
grained dissipation field (8), with a quadratic multifractal spectrum (9), were unified by the
theoretical proposition of Yaglom [31]. In his stochastic framework, the dissipation field is the
result of a discrete multiplicative process, in which multipliers are distributed over a dyadic
structure. The resulting random field, more generally referred in the literature as Mandelbrot’s
discrete multiplicative cascades [32,33,69], is at the root of early investigations on the stochastic
modeling of fluid turbulence, including [70–73] to cite a few.

Defining the dissipation field as the product of independent positive multipliers distributed
over a dyadic decomposition of space, as it is especially clearly defined and reviewed in [73,74],
has a clear consequence on its spatial structure. In the following, we use ℓ to denote either a
vector in Rd , its norm, or a scalar argument, with the meaning clear from context. Assuming a
statistically homogeneous and stationary framework, let us define then the correlation function
of the logarithm of the dissipation field as

Clnεν (ℓ) = E[lnεν(t , x) lnεν(t , x +ℓ)
]

c , (11)

where the subscript c entering in the expectation (11) says that respective averages have been
subtracted in the definition of the correlation function, i.e. E[x y]c = E[x y] − E[x]E[y]. Early
understood in [31], it was predicted that the dissipation field εν(t , x) (3), in the limit of vanishing
viscosities, would be correlated according to

Clnε(ℓ) = lim
ν→0

Clnεν (ℓ) =µ ln+
(

L

|ℓ|
)
+µ fNS(ℓ), (12)

where fNS is a bounded and continuous function of its argument, ln+
(|x|) = max

(
ln

(|x|),0
)

and
µ> 0 a free parameter of this construction related to the random nature of the multipliers. Once
again, let us mention that the construction of Yaglom [31] is not statistically homogeneous, and
as a consequence, the correlation proposed in (12) should also depend on the very position x.
As it is proposed in [73], a way to get rid of the dependence on the positions x is to consider
an empirical average version while performing an appropriate sum over them, that allows to
compute explicitly the corresponding bounded function fNS entering in (12).

When dealing with random continuous fields, the one-point one-time log-normality depicted
in (10) should be considered in a broader sense. We will assume then that the random vector
made of values taken by lnεν(t , xi ) over any finite set of positions xi is jointly normal, with
covariance matrix given Clnεν (xi −x j ). This says that any linear combination of the components
of such a vector is a Gaussian random variable, and gives a complete characterization of the
dissipation field and its one-time and q-points correlator which reads, for any integer q ≥ 2,

E

( q∏
i=1

εν(t , yi )

)
= E(e

∑q
i=1 lnεν(t ,yi )) (13)

= eqE[lnεν]E
(
e

∑q
i=1(lnεν(t ,yi )−E[lnεν]))
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= eqE[lnεν]e
1
2

∑q
i , j=1 Clnεν (yi−y j )

= (
E[εν]

)q e
∑q

i< j=1 Clnεν (yi−y j )
,

where we have used the fact that Eexp(g ) = exp
(
V[g ]/2

)
for any zero-average Gaussian random

variable g , and in particular

E[εν] = eE[lnεν]+ 1
2V[lnεν]. (14)

It is then straightforward to make a connection between the correlation structure of the dissipa-
tion field (12) in the asymptotic limit ν→ 0 and the behavior of the moments (8) of its coarse-
grained version (6). To see this, following a similar chain of developments as they are proposed
in (13), using the expression of the average dissipation (14), we obtain for any integer q ≥ 2

E
[
(ενℓ)q]= E∫

(R3)q

q∏
i=1

ϕℓ(x − yi )εν(t , yi )dyi

= (
E[εν]

)q
∫

(R3)q

( q∏
i=1

ϕℓ(x − yi )

)
e

∑q
i< j=1 Clnεν (yi−y j )

q∏
i=1

dyi .

(15)

Let us now take the limit ν→ 0 in the former expression (15). Using the notation of (4) and the
asymptotic form of the covariance (12), commuting in a formal way the integral and the limit, we
obtain

lim
ν→0

E
[
(ενℓ)q] = εq

∫
(R3)q

( q∏
i=1

ϕℓ(yi )

) q∏
i< j=1

∣∣∣∣ L

yi − y j

∣∣∣∣µ
+

e
µ

∑q
i< j=1 fNS

(|yi−y j |
) q∏

i=1
dyi

= εq
∫

(R3)q

( q∏
i=1

ϕ(yi )

) q∏
i< j=1

∣∣∣∣ L

ℓ(yi − y j )

∣∣∣∣µ
+

e
µ

∑q
i< j=1 fNS

(
ℓ|yi−y j |

) q∏
i=1

dyi

∼
ℓ→0

cqε
q
(
ℓ

L

)τq

,

(16)

where | · |+ = exp
(
ln+| · |

)
, τq given in (9) and

cq = eµ
q(q−1)

2 fNS(0)
(

3

4π

)q ∫
|yi |≤1

q∏
i< j=1

1

|yi − y j |µ
q∏

i=1
dyi . (17)

Determining the range of possible values for the intermittency coefficient µ and the order q
ensuring that the multiplicative factor cq (17) remains finite is a tricky question when attacked
from scratch. The multiple integral entering in the multiplicative constant is a generalization
to high dimensions of Selberg’s integral [75] and appears in several fields, such as log-gases and
random matrices [17,76,77], and requires subtle analysis to get the sharp condition

cq <∞ ⇐⇒ µ< 6

q
. (18)

An early demonstration of the condition (18) in any space dimension d (the condition becomes
µ< 2d/q) can be found in [34,78]. Permutation of limits and integrals can then be justified using
dominated convergence arguments, as they are presented in [26,34].

Let us recall that the phenomenological picture of Kolmogorov and Obukhov [10,11] concerns
the limiting power-law behavior of the moments of order q of the coarse-grained dissipation
field (8) with a quadratic spectrum of exponents (9) of parameter µ. Former considerations
show that, up to the moment of order of q , these prescriptions on the statistical structure of
the dissipation field can be fulfilled by a log-normal random field (10), fully characterized by
the logarithmic correlation structure given in (12), as long as µ is smaller than a q-dependent
bound (18). This being said, given the value of the intermittency parameter µ ≈ 0.2, these
aforementioned assumptions give a consistent picture up to the order 6/µ ≈ 30, which is much
larger than what can be estimated on empirical data with enough statistical confidence.
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The very purpose of the Gaussian Multiplicative Chaos (GMC) theory is to give a meaning to
such a log-normal field, in a distributional sense, and propose a construction based on a limiting
procedure.

2.5. Comparison against direct numerical simulations of the Navier–Stokes equations

Direct Numerical Simulations (DNSs) of the Navier–Stokes equations (1) constitute a remarkably
robust tool to investigate the statistical properties of turbulent flows. We will now confront the
different expected statistical behaviors exposed above with the publicly available database of
DNSs of the Johns Hopkins university [49].

When comparing against empirical (experimental or numerical) data, we need to introduce
finite-viscosity, or equivalently finite Reynolds number effects. The Reynolds number Re is given
by the following nondimensional number

Re ≡ σL

ν
, (19)

whereσ2 is the velocity variance that becomes independent of viscosity ν in the inviscid limit (2),
and L the characteristic length scale of the forcing fL (1). At a finite Reynolds number, or
equivalently for a finite viscosity, the asymptotic behaviors displayed in (8) and (12) are expected
only over the finite range of scales ηK ≪ ℓ ≪ L, called the inertial range in the turbulence
literature [2–4], where enters Kolmogorov’s dissipative length scale ηK , estimated on dimensional
ground as

ηK ∝
(
ν3

ε

)1/4

∝ LR−3/4
e , (20)

at which viscosity starts acting while regularizing the rough behaviors formerly depicted and
making velocity gradients finite.

The fully de-aliased simulations of (1) made available in [49] are run in a three-dimensional
cube of side length 2π and provide turbulent fields in a stationary, homogeneous and isotropic
setting. The database contains simulations with N = 10243, 40963, 81923, and 32,7683 collocation
points, corresponding to several increasing Reynolds numbers Re ≃ 6.8×103, 1.4×104, 7×104,
and 1.8×105. The analysis is carried out in two stages.

We first examine the one-point statistics and the spatial correlations of lnεν. Exploiting
statistical homogeneity and isotropy, we estimate the spatial statistics on Ns = 20 equally spaced
two-dimensional slices in each coordinate direction, yielding a total of 3Ns slices for each dataset.
For each simulation, we query both the velocity and velocity gradient fields from the database
in order to estimate velocity related quantity such as Reynolds number and gradient related
quantities such as the dissipation field. For the N = 10243 simulation a temporal evolution of
DNS fields on Nt = 5028 time steps distant from δt = 0.02 time units is furthermore available. In
the case of the 10243 DNS, statistics are further averaged over time. This study of the one-point
statistics and correlations of the logarithm of the dissipation field allows us to retrieve existing
results concerning the spatial structure of the energy dissipation rate.

Then, we also investigate the temporal correlations of lnεν and compare them with the spatial
ones. This temporal analysis is restricted to the N = 10243 DNS, since the other datasets do not
provide time-resolved fields. Let us mention that an early investigation of the temporal structure
of the logarithm of the dissipation can be found in [79], although at that time the Reynolds
number associated to the simulation was much smaller.

The corresponding results are displayed in Figure 1. Panel (a), shown for illustration, repre-
sents the evolution over all available timesteps of the dissipation field εν of the 10243 DNS along
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the line (x,0,0) in a logarithmic color scale; it already suggests the presence of large scale struc-
tures both in space and in time. One can additionally note the filamentary aspect of these large
scales, reminiscent of the so-called sweeping effect as it is discussed in [80].

Panel (b) shows the one-point probability density of the normalized variable (10) estimated
from histograms. The solid curves correspond to the different Reynolds numbers, ranging
from black (N = 10243) to yellow (N = 32,7683), while the black dashed curve indicates the
standard Gaussian density. Two observations emerge. Firstly, once centered and normalized,
the distribution of lnεν depends only weakly on the Reynolds number while both its average
and variance are expected to diverge with the Reynolds number. Secondly, the normalized
distribution remains close to a Gaussian shape, although departing from it for the lowest values
of the dissipation. These observations are consistent with early analysis of DNSs, as they can

Figure 1. (a) Spatio-temporal representation of the dissipation field εν along the line (x,0,0) extracted from the
N = 10243 DNS. The logarithmic colorbar unveils the large scale correlations in both space and time of turbulent
dissipation. (b) Estimation of the unit variance one-point statistics of the logarithm of dissipation at varying
Reynolds number (solid lines). The color code is the same as in (c) and corresponds to each value of Re . The
black dashed line is the unit variance and zero mean Gaussian probability density for comparison. (c) Estimation
from the DNSs data of the spatial correlations of lnεν at different Reynolds numbers (solid lines) as a function of
|ℓ|/L⋆NS. The black dashed line represents the scaling µ ln

(
L⋆NS/|ℓ|) with µ= 0.21. (d) Comparison between spatial

(solid black line) and temporal (solid blue line) correlations of lnεν estimated from the DNS data at N = 10243 as
a function of |ℓ|/L⋆NS in the fully spatial case and τ/T⋆

NS in the temporal case. The black dashed line represents

µ ln(1/ξ) with µ= 0.21 and ξ= ℓ/L⋆NS,τ/T⋆
NS.
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be found in [47]. As noticed in [47], and further exploited in [79], whereas the dissipation
field εν (3) departs from log-normality for the lowest fluctuations, an associated field called
pseudo-dissipation, defined as the Frobenius norm of the velocity gradient tensor [4] and that
shares several statistical properties with the dissipation field, is observed to be very close to
a log-normal random variable (see [81] for a recent discussion on this subject). As far as we
are concerned, we will nonetheless consider that log-normality is a good approximation of the
density of the logarithm of dissipation, and as a consequence, the spatial and temporal statistical
structure of the dissipation field will be correctly captured by the covariance of lnεν.

We therefore consider the corresponding space-time correlation function Clnεν (τ,ℓ), as a gen-
eralization of the formerly defined purely spatial correlation of (11), that reads in the statistically
homogeneous and stationary regime

Clnεν (τ,ℓ) = E[lnεν(t , x) lnεν(t +τ, x +ℓ)
]

c , (21)

that depends solely on |τ| and |ℓ|.
Let us first restrict our attention to the purely spatial correlation function Clnεν (0,ℓ). Accord-

ing to (12), the spatial covariance is expected to behave as a logarithm in the inertial range, up to
an additive continuous and bounded function of the scale fNS(ℓ). In order to compare different
DNSs at various Reynolds numbers, we superimpose on a master curve the logarithmic behav-
iors that will be eventually observed. Indeed, we have checked that, for the accessible scales of
the inertial range ηK ≪ |ℓ| ≤ L and for all Reynolds numbers, we can extract a modified integral
length scale L⋆NS that can be seen as the absorption of that remaining additive correction (data not
shown). In other words, for this range of scales, fNS(ℓ) ≈ fNS(0), such that L⋆NS ≈ L exp

(
fNS(0)

)
.

The resulting spatial covariances are shown in Figure 1(c) as functions of |ℓ|/L⋆NS for the dif-
ferent Reynolds numbers, together with the reference law µ ln

(
L⋆NS/|ℓ|) plotted as a black dashed

line with µ = 0.21. Several remarks are in order. First, as the Reynolds number increases, the
range of scales over which the estimated covariance follows the logarithmic prediction becomes
progressively wider, as it is expected from the formerly depicted phenomenology of fluid turbu-
lence, and the Reynolds number dependence of the Kolmogorov dissipative length scale ηK (20).
Second, at dissipative scales |ℓ| ≤ ηK , the covariance grows faster than logarithmically. This is a
usual phenomenon that is encountered in fluid turbulence when reaching the dissipative range,
and can be fairly well understood in the following way. It is worth noting that, rather than ex-
hibiting purely logarithmic behavior, numerical simulations in [82] have alternatively shown that
the covariance Clnεν (0,ℓ) scales as the square of the logarithm of the scale over a certain range.
This observation still requires further understanding, interpretation, and confirmation at higher
Reynolds numbers.

The dimensional arguments leading to the expression of the dissipative length scale proposed
in (20) are mostly based on the initial phenomenology of Kolmogorov [3,8] and need to be refined
in presence of intermittency, as it is required by the following investigations of Kolmogorov and
Obukhov [10,11]. An especially adapted language to deal with intermittent corrections has been
developed in the context of the multifractal formalism [3] and its generalization to take into
account finite-Reynolds number corrections [83,84]. As a consequence of the intermittent (or
multifractal) nature of turbulent fluctuations, the dissipative length scale ηK (20) is no more
unique and must also be considered as fluctuating in space. For a clear review on these aspects,
we invite the reader to take a look at the article of Borgas [85], and to Appendix A where the main
ingredients are recalled for convenience. As far as we are concerned, the fluctuating nature of
the dissipative length scale has an important consequence on the variance of the logarithm of
the dissipation field, which could be naively obtained using the covariance given (12) at the scale
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ℓ= ηK yieldingV[lnεν] ∼ 3µ/4lnRe . Doing so, we would get an under-estimation of the variance.
Instead, a more realistic but more involved estimation is given by

V[lnεν] ∼
Re→∞

3µ

4

(1+µ/4)2

(1+µ/8)3 lnRe . (22)

The derivation of (22) is detailed in Appendix A. Note that whenever 0 ≤ µ ≤ 4(
p

5 + 1) the
µ dependent pre-factor is larger than 3µ/4. The multifractal formalism therefore predicts a
variance of lnεν larger than the one inferred from the inertial-range covariance alone. This is
clearly observed in the present DNSs, as it is displayed in Figure 1(c).

We finally turn to the Eulerian temporal correlation structure of lnεν while estimating the
correlation function Clnεν (τ,0) (21) on the time line from the N = 10243 DNS. In Figure 1(d), the
temporal covariance of lnεν is shown in blue and compared with the spatial covariance shown
in black. This comparison strongly suggests that the logarithmic covariance structure observed
in space also extends to the temporal direction. In analogy with the spatial case, we therefore
postulate that, in the inviscid limit,

lim
ν→0

Clnεν (τ,0) =µ ln+
(

T

|τ|
)
+µgNS(τ), (23)

where gNS is a bounded continuous function, the intermittency coefficient µ is the same as in the
spatial covariance, and T ≃ L/σ. Analogously to the spatial case, we define an effective timescale
T⋆

NS = T exp
(
gNS(0)

)
in the inviscid limit. In Figure 1(d), the spatial covariance (black solid line)

is represented as a function of ξ= |ℓ|/L⋆NS, while the temporal one (blue solid line) is represented
as a function of ξ = τ/T⋆

NS. The dashed black line indicates the logarithmic law µ ln(1/ξ) with
µ = 0.21. Although the behaviors at viscous and integral scales differ in space and in time, the
inertial-range trends coincide. This observation will be the key guideline for the spatio-temporal
stochastic modeling that we will be presenting in the next section.

Let us notice that, instead of a logarithmic behavior (23), it was reported in [79] an exponential
behavior for the temporal covariance structure of the logarithm of dissipation and pseudo-
dissipation. As discussed and developed in [86] in a slightly different context, it is argued that
at these Reynolds numbers, it is barely possible to make a difference between a logarithmic and
exponential functional dependence. Nonetheless, Figure 1(d) shows that the logarithmic trend
is similar both in space and in time. As latterly argued in [81,87–89], a logarithmic behavior is
crucial to obtain a multifractal structure, whereas exponential trends cannot be extrapolated to
the infinite Reynolds number limit.

The present analysis supports the statistical features of turbulent dissipation that have already
been documented in the literature and recalled in Section 2.4. In particular, the one-point distri-
bution of lnεν remain close to Gaussian, consistently with a log-normal description of εν, while
the spatial covariance of lnεν is again found to display the expected logarithmic behavior (12),
up to finite-Reynolds-number effects and statistical convergence. Extending this analysis to the
time-resolved 10243 DNS, we further observe that the Eulerian temporal covariance of lnεν is
also compatible with a logarithmic behavior of the form (23), with the same intermittency co-
efficient µ as in the spatial case. To the best of our knowledge, this temporal counterpart has
not been clearly evidenced previously. As it will be developed in the next section, the purpose of
the present work is to extend the arguments of the GMC theory to a spatio-temporal framework,
able to give a meaning to such a log-normal field, that follows a logarithmic correlation struc-
ture both in space (12) and in time (23). In particular, in addition to proposing a construction
method based on a limiting procedure, we propose a stochastic evolution able to reproduce the
aforementioned statistical temporal structure, that will turn out to be realized by a Markovian
evolution of the spatial Fourier modes.
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3. Introduction of the Gaussian multiplicative chaos

3.1. The GMC as a statistically homogeneous stochastic model of the dissipation field

As early understood by Yaglom [31], the discrete multiplicative process, consisting in representing
the dissipation field at a given position as the multiplication of positive random weights (i.e.
multipliers) distributed over a dyadic structure would generate a covariance function behaving
as a logarithm as it is proposed in (12). Also early understood by him and soon after by
Mandelbrot [32,33,69], such an iterative construction eventually generates a field which is not
statistically homogeneous, meaning that its probability law is not invariant by translations. As a
consequence, in a spatial modeling context, the respective correlation function defined in (12) is
not solely a function of the difference of the positions.

For these reasons, exploiting the additional assumption proposed in [10,11] concerning the
log-normal nature of the dissipation field, Mandelbrot proposed to define the dissipation field as
being the exponential of a Gaussian field, which is required to be log-correlated. This model,
that he called the limit log-normal model, and that latterly Kahane [34] named the Gaussian
Multiplicative Chaos (GMC), will turn out as we will see to be a statistically homogeneous
stochastic representation of the aforementioned prescription of the dissipation field [10,11].
We invite the reader to consult early applications of the GMC for the modeling of rain and
clouds [90], and the turbulent velocity field, both in a Eulerian [91] and Lagrangian [92–95]
formulation. Several mathematically inclined reviews have been since then devoted to this
subject, including [26,96–99] and to extensions beyond the log-normal framework [100–104].

In simple words and in a formal manner, given a real number γ ∈R, a GMC Mγ(x) with x ∈Rd

is the random field defined as the exponential of a zero-average log-correlated Gaussian field, i.e.

Mγ(x) “=” eγX (x), (24)

where X (x) is Gaussian, of zero-average and fully determined by its covariance function

E
[

X (x)X (y)
]

“=” ln+
(

L

|x − y |
)
. (25)

Let us notice that the two equalities displayed in (24) and (25) are put in quotes because they don’t
literally make sense. Indeed, such a Gaussian field X (25), if it exists, must be understood in a
distributional manner since it is expected to be of infinite variance and thus cannot be considered
pointwise. The meaning of exponentiating it (24) is even more questionable. At this stage, the
length scale L has little importance, although it gives the dimension of a length to a position x
and will take the important meaning of the integral length scale when dealing with physical
applications. The theory of the GMC consists in giving a proper meaning to the equalities (24)
and (25), and in particular giving a range of possible values to the additional parameter γ entering
in the formulation. This will be done using a regularizing procedure, over a length scale ϵ and
taking in an appropriate manner the limit ϵ→ 0. It goes as follows.

Consider the random field Mϵ
γ(x) for x ∈Rd defined by

Mϵ
γ(x) = eγX ϵ(x)− γ2

2 E[(X ϵ)2], (26)

with X ϵ a given statistically homogeneous zero-average Gaussian field, thus fully determined
by its covariance, assuming ϵ much smaller than any length scales, which is given by a positive
definite function of the form

CX ϵ (x − y) ≡ E[X ϵ(x)X ϵ(y)
]≈ ln+

(
L

ϵ+|x − y |
)
+ fX ϵ (x − y), (27)

where fX ϵ is a bounded isotropic function of its argument, continuous at the origin, and further-
more bounded with ϵ. As it is clear from (27), the variance of the field X ϵ diverges with ϵ in a
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logarithmic fashion. Let us remark that, for a finite ϵ > 0, if the Gaussian field X ϵ exists, then its
exponential and the respective field Mϵ

γ (26) have a meaning in a classical sense. Moreover, by
construction, Mϵ

γ is of unit average for any values of the parameter γ and for a finite ϵ> 0, i.e.

EMϵ
γ(x) = 1. (28)

The zero-average Gaussian field X ϵ under consideration is fully characterized by its covari-
ance CX ϵ (27) which is a function of solely the difference of the positions. To this regard, it is thus
statistically homogeneous, and can be expressed as a Wiener integral according to

X ϵ(x) =
∫
Rd

Gϵ
L(x − z)dW (z), (29)

where dW is a Gaussian white noise, i.e. the increment of the Wiener process over dz. The former
is fully determined by its action on deterministic appropriate functions f and g such that

E

∫
Rd

f (z)dW (z) = 0, (30)

and

E

[∫
Rd

f (z)dW (z)
∫
Rd

g (z)dW (z)

]
=

∫
Rd

f (z)g (z)dz. (31)

As a consequence of (30) and (31), the covariance of X ϵ is given by

CX ϵ (x − y) =
∫
Rd

Gϵ
L(z)Gϵ

L(x − y + z)dz

=
∫
Rd

e2iπk·(x−y)∣∣Ĝϵ
L(k)

∣∣2
dk,

(32)

where we have introduced the Fourier transform Ĝϵ
L(k) of the kernel entering in (29) and that

reads
Ĝϵ

L(k) =
∫
Rd

e−2iπk·xGϵ
L(x)dx. (33)

We now need to choose a deterministic kernel Gϵ
L(x) such that the implied covariance of X ϵ

coincides with the one depicted in (27). Although designing such a kernel could be done in
the physical space, we find it more convenient to do it in the Fourier space (33). Two simple
constraints on Ĝϵ

L(k) that would lead to the behavior depicted in (27) are the integrability of
|Ĝϵ

L |2 over Rd for any finite ϵ > 0, and when ϵ → 0, a power-law decay of the form A−1
d−1|k|−d

at large wave vector amplitude |k| → ∞, with Ad−1 = 2πd/2/Γ(d/2) the area of the boundary of
the d-dimensional unit ball. This is a typical behavior required in the construction of fractional
Gaussian fields [105,106] of vanishing Hurst exponent. These Gaussian fields, characterized
by a fractional regularity in a statistical sense, are of tremendous importance in the stochastic
modeling of fluid turbulence, and can be seen as high dimensional statistically homogeneous
versions of fractional Brownian motions [107,108]. The case of vanishing Hurst exponent is fully
treated in [109]. In this context, let us also mention that the GMC can also be defined as the limit
of vanishing Hurst exponent of the exponential of a fractional Gaussian field [110].

To set ideas, we propose to derive the statistical properties of the implied Gaussian field X ϵ

when assuming the simple situation of the following real, in particular Hermitian symmetric,
function

Ĝϵ
L(k) = 1√

Ad−1

1

|k|d/2
11/L≤|k|≤1/ϵ, (34)

where it is understood that ϵ< L. We show in Appendix B that such a kernel Ĝϵ
L(k) (34) leads to a

logarithmic divergence of the variance, i.e.

E
[
(X ϵ)2]= ln

L

ϵ
, (35)

which furthermore says that the value at the origin of the bounded function entering in (27)
vanishes, i.e. fX ϵ (0) = 0. Although the variance diverges with ϵ, the covariance will remain
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bounded away from the origin for any ϵ, and we obtain for a given space lag |ℓ| > 0 that the
expected logarithmic behavior

CX (ℓ) = lim
ϵ→0

E
[

X ϵ(x)X ϵ(x +ℓ)
]= ln+

(
L

|ℓ|
)
+ fX (ℓ), (36)

where fX (ℓ) = fX
(|ℓ|) is a continuous and bounded function of its arguments. We believe that

using a smooth in k cut-off function at the wave vector amplitude L−1 and ϵ−1 instead of the sharp
one as it is chosen in (34) would not change the global behavior depicted in (27), in particular the
logarithmic behavior will remain unchanged. Although, it would have some consequences on
the very expression of the additional bounded function fX ϵ entering in the RHS of (27), and of its
limiting behavior fX as ϵ → 0 that enters in (36). For the sake of completeness, we compute
in Appendix B the expression of this additional continuous and bounded function fX (ℓ) that
enters in (36) for the particular example of the kernel Ĝϵ

L proposed in (34). In particular, we
show that it is continuous in the vicinity of the origin, its precise value being dependent on space
dimension (80).

Following this regularizing procedure allows to give a meaning to the formal equality provided
in (24). As it is reviewed in [26,96–99], the GMC is the positive random measure Mγ(x) defined as
the limit as ϵ→ 0 of the regularized measure Mϵ

γ(x) (26), i.e.

Mγ(x) = lim
ϵ→0

eγX ϵ(x)− γ2

2 E[(X ϵ)2]. (37)

It is shown in the seminal work of Kahane [34] that the measure is nondegenerate (i.e. does not
reduce to zero in a loose sense) only when γ2 < 2d . For this range of values of γ, the GMC is of
unit-average, and the equality displayed in (28) remains true in the limit. Once again, we invite
the reader to more mathematically inclined articles for a precise meaning of degeneracy and a
more proper definition of the GMC than (37), that has to be integrated against a test function in
order to deal with its distributional nature [26,96–99].

Going back to the physics of turbulence, the GMC Mγ (37), and its regularized version Mϵ
γ (26),

are especially well adapted to reproduce the statistical behaviors of respectively the dissipation
field at infinite Reynolds number, and its counterpart εν (3) at a finite viscosity, using the
correspondence, for a given average dissipation ε (4),

εν( · , x) = εMϵ
γ(x), (38)

µ= γ2, (39)

ηK (ν) = ϵ, (40)

where the Kolmogorov dissipative length scale is defined in (20). In particular, in the limit
ηK = ϵ→ 0 (or equivalently ν→ 0), we get that the moments of the locally averaged dissipation
field εν

ℓ
(6) behave as a power-law (16), with a quadratic spectrum τq (9) and same multiplicative

constant cq (17), which is finite for the same sharp condition (18). Let us also mention that,
interestingly, the GMC (37) can also be considered in Fourier space. Its rigorous harmonic
analysis is proposed in [111].

3.2. The spatio-temporal GMC

The modeling correspondence provided in (38) is ambiguous because the temporal dependence
of the dissipation field εν has been left aside. For this reason, we would like now to make a propo-
sition for the stochastic modeling of the dissipation based on a spatio-temporal generalization of
the GMC.

A natural way to do this is to consider a spatio-temporal extension X ϵ(t , x) of the regularized
field entering in the definition of the GMC (37). To do so, we will be using a related construction
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that has been developed in [112] (see also earlier propositions in [113–115], and related discus-
sions in [116,117]), recently revisited in [80].

Let us introduce the Gaussian space-time white noise dW (t , x) which is determined in a
similar way as in (30) and (31), but with an additional integration over time. We obtain, for any
appropriate deterministic test functions f (t , x) and g (t , x),

E

∫
R×Rd

f (t , x)dW (t , x) = 0, (41)

and

E

[∫
R×Rd

f (t , x)dW (t , x)
∫
R×Rd

g (t , x)dW (t , x)

]
=

∫
R×Rd

f (t , x)g (t , x)dt dx. (42)

As it will become clear later, we will need to define the Fourier transform f̂ (t ,k) of any appropriate
functions f (t , x), similarly to (33), as

f̂ (t ,k) =
∫
Rd

e−2iπk·x f (t , x)dx. (43)

When we will be considering statistically homogeneous fields, which are not in particular square-
integrable, the respective Fourier transform will have to be considered in a distributional manner
in the k-variable. Furthermore, the Fourier transform d̂W (t ,k) of the space-time white noise
dW (t , x) should also be considered in a distributional manner, both in the wave vector k-variable,
but also in time. As it is recalled in [80], when fields are formulated on the torusTd (i.e. in periodic
space), respective Fourier modes are of finite variance, the remaining distributional nature in
time of d̂W (t ,k) will be considered in an appropriate manner when dealing with stochastic
evolutions. In the following, we will keep in mind these aspects and nonetheless take the short-
cut of considering the continuous Fourier transform for the sake of simplicity.

Consider then the spatio-temporal random field X ϵ
β

(t , x) which Fourier transform X̂ ϵ
β

(t ,k) (43)
evolves according to the Markovian dynamics of Ornstein–Uhlenbeck type

dX̂ ϵ
β

(t ,k) =− 1

Tk,β
X̂ ϵ
β

(t ,k)dt +Ĝϵ
L(k)

√
2

Tk,β
d̂W (t ,k), (44)

for a given initial condition X̂ ϵ
β

(0,k). We use in (44) the same Fourier transform Ĝϵ
L(k) of the

deterministic kernel entering in the construction of the spatial GMC (33) (take for instance the
proposition made in (34)), and a k-dependent correlation timescale Tk,β asked to be a decreasing
function of the wave vector amplitude |k|. The former reads, following the notation of [112] (see
also the devoted discussion in [80]),

Tk,β =
1

D3|k|2β
, (45)

where β> 0 is a free parameter of the formulation, and D3 > 0 a constant that has the dimension
of time−1×length2β. The positivity ofβ ensures that the Fourier transform at large wave numbers
is correlated on a shorter timescale than the ones at lower wave numbers.

Starting for instance from the vanishing initial condition X ϵ
β

(0, x) = 0, or equivalently
X̂ ϵ
β

(0,k) = 0, the evolving system (44) eventually reaches a statistically homogeneous and sta-
tionary regime in which the process X ϵ

β
(t , x) is a zero-average Gaussian process, whose Fourier

transform reads

X̂ ϵ
β

(t ,k) = Ĝϵ
L(k)

√
2

Tk,β

∫ t

−∞
e
− t−s

Tk,β d̂W (s,k). (46)

In this regime, the random field X ϵ
β

is of zero-average and is characterized by the covariance

CX ϵ
β

(τ,ℓ) = E[X ϵ
β(t , x)X ϵ

β(t +τ, x +ℓ)
]

=
∫
Rd

e2iπk·ℓe
− |τ|

Tk,β
∣∣Ĝϵ

L(k)
∣∣2

dk,
(47)
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which is obtained while injecting the expression (46) and taking the expectation using the
covariance structure of the Fourier transform of the white noise. At a vanishing time lag τ= 0, the
covariance function CX ϵ

β
(0,ℓ) (47) coincides with the covariance of the formerly defined field (32),

independently of the value of the parameterβ and with the logarithmic structure depicted in (27).
In the limit ϵ→ 0, for |τ| and |ℓ| strictly positive, the spatio-temporal covariance becomes

CXβ
(τ,ℓ) = lim

ϵ→0
CX ϵ

β
(τ,ℓ) =

∫
Rd

e2iπk·ℓe
− |τ|

Tk,β
∣∣ĜL(k)

∣∣2
dk. (48)

We show in Appendix C, for the particular choice made in (34), that

CXβ
(τ,ℓ) = ln+

 L

max
(
2π|ℓ|,(D3|τ|

) 1
2β

)
+ fXβ

(τ,ℓ), (49)

where fXβ
(τ,ℓ) = fXβ

(|τ|, |ℓ|) is a bounded function of its arguments.
Notice first that at vanishing time lags τ= 0, the additional bounded function entering in (49)

coincides, up to an additive constant, with its purely spatial counterpart (36), i.e. fXβ
(0,ℓ) =

fX (ℓ)+ ln(2π), independently of β. As developed in (86), along the time line we obtain

CXβ
(τ,0) = 1

2β
ln+

(
L2β

D3|τ|

)
+ fXβ

(τ,0). (50)

Interestingly, whereas it can be shown that the function fXβ

(|τ|,0
)

of the single variable |τ| is
continuous, the function fXβ

(|τ|, |ℓ|) of the two variables |τ| and |ℓ| is not (89). In other words,
when comparing the expressions provided in (87) and (88), we have

f temp
Xβ

≡ lim
|τ|→0

fXβ

(|τ|,0
) ̸= lim

|ℓ|→0
fXβ

(
0, |ℓ|)≡ f space

Xβ
, (51)

for any space dimension d and any β> 0.
The spatio-temporal GMC Mγ,β(t , x) is readily obtained as the limit of the exponential of the

logarithmically correlated Gaussian field X ϵ
β

(t , x), that reads

Mγ,β(t , x) = lim
ϵ→0

Mϵ
γ,β(t , x), (52)

where

Mϵ
γ,β(t , x) = e

γX ϵ
β

(t ,x)− γ2

2 E[(X ϵ
β

)2]
. (53)

Going back to the stochastic modeling of turbulence, and in particular of the spatio-temporal
structure of the dissipation field (21), observations made on DNSs of the Navier–Stokes in
Section 2.5 suggest that the logarithm of dissipation field is correlated both in space and time
in a logarithmic way with the spatial lag |ℓ| (12) and/or with the time lag τ (23), with the same
proportionality constant µ. This sets the free parameter β to the value

β= 1

2
, (54)

in a similar way as it was concluded in [80] when proposing a similar time-evolving stochastic
model of the turbulent velocity field, and justified by the necessity to introduce the sweeping
effect in this random picture.

In this context, using the value of β= 1/2 proposed in (54), a generalization of the correspon-
dence between the dissipation field εν (3) and the standard GMC, as it is proposed in (38), (39)
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and (40), would now use the proposed extension of the GMC made in (52) and (53), and would
read in the present spatio-temporal framework as

εν(t , x) = εMϵ
γ,β(t , x), (55)

µ= γ2, (56)

ηK (ν) = ϵ, (57)

1

2
=β. (58)

Notice that the correspondences concerning the intermittency coefficient (56) and the regulariz-
ing scale (57) remain unchanged compared to (39) and (40). In particular, in the limit ηK = ϵ→ 0
(or equivalently ν→ 0), we get that the moments of the locally averaged dissipation field εν

ℓ
(6)

behave as a power-law (16), with a quadratic spectrum τq (9) and same multiplicative con-
stant cq (17), which is finite for the same sharp condition given in (18).

3.3. Simulations of the spatio-temporal GMC, and a final comparison against DNSs

Let us now explain how numerical instances of the dynamics (44) could be generated. For
obvious computational purposes, we restrict ourselves to the one-dimensional setting d = 1
and, consistently with the DNS observations of Section 2.5, we set the parameter β to the value
β = 1/2 (54), such that the logarithm of dissipation field is correlated both in space and time
in a logarithmic way, with the spatial lag |ℓ| (12) and/or with the time lag τ (23), with the same
proportionality constant µ.

In order to make use of the Discrete Fourier Transform (DFT), we need to formulate the model
on the one-dimensional torus of length Ltot, TLtot = R/(LtotZ). This amounts to write the model
on the segment [0,Ltot] with periodic boundary conditions. This periodic version should be
understood as an approximation of the model on the whole line, recovered in the asymptotic
limit Ltot → ∞. Although the model is considered here in a periodic setting, we keep the same
notations as in the nonperiodic case for the various fields and observables of interest. The Fourier
modes are now indexed by discrete wave numbers k ∈Z/Ltot and are driven by the Fourier modes
of a space-periodic Gaussian white noise. In Appendix D, we specify the meaning of the model
in a periodic setting and derive the asymptotic behaviors of the spatial and temporal correlation
functions in this periodic framework and compare them to those of the model on R. As discussed
in Section 2.5, the behavior at the origin of fNS(ℓ) and gNS(τ) naturally defines a characteristic
lengthscale and timescale. In the present periodic setting, the corresponding quantities are
computed in Appendix D and denoted by L⋆Xβ

(93) and T⋆
Xβ

(94). These spatial and temporal
scales depend explicitly on the domain length Ltot, but converge in the infinite domain size limit
to the values expected for the model on R, namely L⋆Xβ

→ Le−ϱ/2π and T⋆
Xβ

→ Le−ϱ/D3 as Ltot

tends to infinity, and ϱ is the Euler–Mascheroni constant. The periodic formulation thus provides
a natural and convenient approximation of the model on the real line.

For numerical simulations, the torus is further discretized with Nx collocation points which
allows one to use the discrete Fourier transform and evolve the Fourier modes numerically.
Time integration is performed using the exact-in-law numerical scheme adapted from [80] and
presented in Appendix D.3.

At this stage, the free parameters of the model must be specified. First, γ, L and D3 are chosen
so as to match the inertial-range behavior of the 10243 DNS. The parameter γ is naturally set top
µ in order to match the overall prefactor of the logarithmic correlations (12). Next, to ensure

that the inertial ranges of the model coincide with those inferred from the DNS, we impose
L = L⋆NS exp(− f space

Xβ
), and D3 = (L/T⋆

NS)exp( f temp
Xβ

), where L⋆NS and T⋆
NS have been estimated in
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Figure 2. (a) Spatio-temporal diagram representing the evolution of εMϵ
γ,1/2 as a function of time. The average

dissipation rate ε is the same as the 10243 DNS and other parameters, specified in the main text, are also chosen to
match the 10243 DNS. Additionally, we took ϵ= L⋆Xβ

/10 and Nx = 1024. The field displays large scale correlations

in both space and time, as expected from the space-time logarithmic correlations. (b) Main figure displays spatial
correlations for varying regularization parameter ϵ= L⋆Xβ

/10 (black solid line), L⋆Xβ
/40, L⋆Xβ

/160 and ϵ= L⋆Xβ
/640

(yellow solid line) versus the normalized spatial lag |ℓ|/L⋆Xβ
. In the inset we display the corresponding time

correlations as a function of τ/T⋆
Xβ

for ϵ varying from ϵ = L⋆Xβ
/10 (black solid line) down to ϵ = L⋆Xβ

/640 (light

blue solid line). L⋆Xβ
and T⋆

Xβ
are respectively defined by (93) and (94) and the number of collocation points are

taken as Nx = 210, 212,214 and 216 for the smallest value of ϵ. In the main figure and inset, the solid black curves are
obtained with the same set of parameters as panel (a) mimicking the 10243 DNS. In each figure, we superimpose
in dashed black lines the expected logarithmic behavior of the correlations.

Section 2.5 and the expressions of f temp
Xβ

and f space
Xβ

are derived in Appendix C. With these choices,

one indeed recovers matching inertial ranges between the 10243 DNS and the model in virtue
of (23) and (50) for time, and (12) and (36) in space. Finally, the values used for ϵ and the numbers
of collocation points Nx are given in the caption of Figure 2.

In every simulation, we choose Ltot = 5L⋆Xβ
and a time step δt = Tkmax,β/5, where kmax = Nx /2

is the largest resolved Fourier mode. Finally, in order to avoid Gibbs phenomenon caused by
a discontinuity at large wave numbers in Fourier space, we use the Fourier kernel Ĝϵ

L(k) =
1|k|≥1/Le−ϵ|k|/

√
2|k|. In the vanishing-ϵ limit, the statistics do not depend on the precise shape

of the small-scale regularization allowing us some freedom in the choice of the small scale
regularization. The initial condition of the dynamics is chosen in accordance with the invariant
measure of the dynamics. By doing so, the statistically stationary regime is reached already
at t = 0 and we can perform averages without waiting for the end of a transient regime. The
time integration is carried out over 200T⋆

Xβ
units of time. Spatial statistics are computed as time

averages over the whole integration time and time statistics are computed on 25 slices of 8T⋆
Xβ

units of time.
A typical numerical realization obtained in this way is shown in Figure 2. Panel (a) displays

a spatio-temporal rendering of the model dissipation field εMϵ
γ,1/2(t , x) as a function of suitably

rescaled time and space variables. The characteristic length and time are those defined by (93)
and (94). The average dissipation rate ε is estimated from the 10243 DNS data. Several quali-
tative remarks can be made. First, as for the DNS field shown in Figure 1, the model exhibits
correlations over large scales in both space and time, in agreement with the underlying loga-
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rithmic correlation structure. Second, in contrast with the DNS, these structures tend to appear
and disappear within a given spatial region, which gives the overall picture a more patchy as-
pect than the filamentary behavior visible in Figure 1. The present model does not incorporate
the so-called sweeping effect, which can be interpreted as the advection of the smaller scales of
the flow by the larger ones. Capturing this mechanism would require a dynamical coupling be-
tween Fourier modes, which is absent from the present construction. In the context of modeling
the spatio-temporal structure of the velocity field itself [80], rather than the dissipation field, the
choice β = 1/2 is imposed in order to reproduce sweeping at the statistical level. This choice is
motivated there by evidence from DNS data and renormalization-group arguments of [118]. The
intermittency coefficient µ being the same for temporal and spatial correlations as exposed in
Section 2.5 can therefore be seen as a consequence of sweeping effect and also imposes β = 1/2
in the model.

Finally, one may note that the model field appears qualitatively rougher in time than in the
DNS, which is expected to be smooth in time at finite viscosity. By contrast, for a finite value of
the regularization parameter ϵ, the field X ϵ

β
has in time the same regularity as a Brownian motion.

As shown in [80], this drawback can be overcome by introducing a carefully chosen forcing term
that is smooth in time.

Panel (b) shows the corresponding spatial correlation function of ln(εMϵ
γ,1/2), which coincides

with the covariance of γX ϵ
β

, for different values of ϵ, together with the associated temporal
covariance shown in the inset. These quantities are represented in terms of the normalized
variables |ℓ|/L⋆Xβ

and τ/T⋆
Xβ

, respectively. As in the DNS, both display the same logarithmic
trend throughout the inertial range, with slope fixed by the intermittency coefficient µ. This final
comparison shows that the present spatio-temporal GMC construction reproduces, at the level of
second-order statistics, the main spatial and temporal signatures observed in the Navier–Stokes
data. With our choices of parameters, the model matches the DNS data in the inertial range. The
large and small scales behavior are however not reproduced by the current model. The large scale
behavior is set by the precise shape of the forcing of the DNS field and is therefore not universal.
For the small scales however, the discrepancy between the model and DNS observations is due to
viscous range intermittency discussed through the behavior of the logarithm of dissipation (22)
which is not accounted for by the model.

4. Conclusion and perspectives

We have proposed a generalization of the GMC to a spatio-temporal framework able to reproduce
the statistical structure of the turbulent dissipation field, as it is observed in a publicly available
turbulence database. The present generalization is based on a Markovian stochastic dynamics,
amenable to both a theoretical study and a numerical implementation. It is in particular
consistent with the observed logarithmic structure in the inertial range of scales, both in space
and in time, of the logarithm of the dissipation field.

As mentioned in the presentation of the simulations of the Navier–Stokes equations, the
covariance structure of the dissipation field behaves in a nontrivial way in the dissipative range
of scales. Although several aspects of the turbulent fluctuations in this viscous-dependent range
of scales are correctly taken into account by the multifractal formalism, building a random field
able to reproduce them is still fully opened.

Such a spatio-temporal GMC will eventually be at the core of a forthcoming complete syn-
thetic model of the turbulent velocity field, whose underlying Gaussian structure has been pro-
posed in [80], and could help the training of data-driven [119] and diffusion [120] models. We
keep these possible improvements and developments for future investigations.
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Appendix A. Asymptotic behavior of the variance of lnεν using the multifractal for-
malism

The Multifractal Formalism (MF) is a precise language that has been developed over the years
in order to deal with the peculiar nature of the fluctuations encountered in fluid turbulence [3].
We will be here following in particular the notation used in [85] that is especially well adapted
when dealing with the fluctuation of the dissipation field εν, and more precisely on its coarse-
grained version εν

ℓ
(6). The purpose of this appendix is the presentation of key ingredients of

the MF. Doing so, we will be able to compute the variance of lnεν as the limit at vanishing scale
|ℓ|→ 0 of the corresponding variance lnεν

ℓ
which is eventually predicted by the MF. Note that the

following probabilistic picture can be recast into a random one using the developments of [121].
Accordingly, in order to interpret in a probabilistic manner the behavior (8) of the moments of

the coarse-grained dissipation field εν
ℓ

(6) in the inertial range, which corresponds to neglecting
finite viscosity effects, it was early proposed the following equality in law, meaning an equality
relating two random variables that have same probability distributions,

ενℓ = ε
(
ℓ

L

)α−1

(59)

where ε is the (viscosity independent) average dissipation (4), L the integral length scale intro-
duced through the forcing term in the Navier–Stokes equations (1), andα a fluctuating exponent,
assumed to fluctuate around an average value close to unity and over the range [αmin,αmax],
whose probability density function Fℓ(α) reads

Fℓ(α) = 1

Z (ℓ)

(
ℓ

L

)1− f (α)

, (60)

where f (α) is a viscosity-independent parameter function, known in the literature as the mul-
tifractal spectrum, and Z (ℓ) a normalization ensuring that the density Fℓ is of unit integral at
each scale ℓ. A steepest-descent argument allows to relate the spectrum of exponents τq (8) and
the multifractal spectrum f (α) through a Legendre transform that reads

E
[
(ενℓ)q] = εq

Z (ℓ)

∫ αmax

αmin

(
ℓ

L

)q(α−1)+1− f (α)

dα

∼
ℓ→0

cqε
q
(
ℓ

L

)τq

,

with

τq = min
α

[
q(α−1)+1− f (α)

]
, (61)

up to a multiplicative factor cq that can be computed while following the steepest-descent
procedure. At this stage, the present formalism is quite general, and mostly depends on the
precise shape of the multifractal spectrum f (α). In the particular situation where we assume
a quadratic shape, i.e.

f (α) = 1− (α−1−µ/2)2

2µ
, (62)

we recover the initial proposition of a quadratic spectrum of exponents (9) by Kolmogorov and
Obukhov [10,11] once the expression (62) is injected into the Legendre transform (61).
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We could compute similarly the respective variance of lnεν
ℓ

. It eventually diverges as |ℓ|→ 0
because finite Reynolds numbers Re (19) have not yet been taken into account. Before introduc-
ing the finite-Re generalization of the probabilistic description of the coarse-grained dissipa-
tion (59), with the associated distribution of the local exponents (60), we need first to recall that,
in this context, the Kolmogorov length scale ηK (20) must be considered as an average behavior
of a genuinely fluctuating dissipative length scale [83], according to the parametrization

η(α) = L

(
Re

R∗

)− 3
3+α

, (63)

where L is the integral length scale, R∗ is a universal constant obtained in an empirical way [122–
124], related to the so-called Kolmogorov’s constant, that is of little importance for the asymptotic
behavior we will be seeking, and α a fluctuating exponent, similar to the one entering in (59).
The dissipative length scale η(α) (63) fluctuates around an average value close to the Kolmogorov
length scale ηK (20), which is obtained for the particular value α = 1, in a range [ηmin,ηmax] set
by the smallest αmin and largest αmax exponents. The probabilistic parametrization for scales
|ℓ| < ηmin will then read, once again nicely reviewed in [85],

ενℓ = ε
(
η(α)

L

)α−1

= ε
(
Re

R∗

)− 3(α−1)
3+α

, (64)

with

Fℓ(α) = 1

Z (0)

(
η(α)

L

)1− f (α)

= 1

Z (0)

(
Re

R∗

)− 3(1− f (α))
3+α

, (65)

and Z (0) the proper renormalization constant such that the integral over [αmin,αmax] of (65)
is equal to unity. With the MF prescriptions given in (64) and (65), we are now in position to
compute the variance V of the logarithm of dissipation lnεν according to

V
[
lnεν

]= E[ln2 εν
]−E[lnεν

]2

= lim
|ℓ|→0

[
E
[
ln2 ενℓ

]−E[lnενℓ
]2

]
= ln2

(
Re

R∗

)
V

(
3(α−1)

3+α
)
,

(66)

with

V

(
3(α−1)

3+α
)
= 1

Z (0)

∫ αmax

αmin

9(α−1)2

(3+α)2

(
Re

R∗

)− 3(1− f (α))
3+α

dα

−
 1

Z (0)

∫ αmax

αmin

3(α−1)

3+α
(
Re

R∗

)− 3(1− f (α))
3+α

dα

2

, (67)

and

Z (0) =
∫ αmax

αmin

(
Re

R∗

)− 3(1− f (α))
3+α

dα. (68)

The asymptotic behavior of (67) heavily relies on the computation of asymptotic behavior of
integrals of the type

Iφ(λ) =
∫ αmax

αmin

φ(α)eλS(α) dα.

where λ will be taken as ln Re
R∗ , S(α) = − 3

α+3

(
1− f (α)

)
and φ will be either identically 1 when

computing Z , g (α) = 3(1−α)/(α+3) or g 2(α). With these notations, one can rewrite

V

(
3(α−1)

3+α
)
=

Ig 2 (lnRe /R∗)

I1(lnRe /R∗)
−

(
Ig (lnRe /R∗)

I1(lnRe /R∗)

)2

. (69)
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As we did previously, the asymptotic behavior of (69) can be derived using Laplace’s method. In
the present case the first order term of Laplace’s method vanishes because (67) is defined as a
difference of two terms. The asymptotic behavior is then obtained by using Laplace’s method at
the next order in λ. Since it is a more involved calculation than the lowest order one, we sketch
the computation here. The next order in the asymptotic is given by [125]

Iφ(λ) =
λ→∞

eλS(α⋆)

√
2π

λ
∣∣S′′(α⋆)

∣∣
[
φ(α⋆)+ Cφ

λ
+o(λ−1)

]
, (70)

where α⋆ = arg maxα∈[αmin,αmax] S(α). Writing φn =φ(n)(α⋆) and Sn = S(n)(α⋆) the n-th derivative
of φ and S, the constant Cφ is given by

Cφ =− φ2

2S2
+φ1

S3

2S2
2

+φ0
S4

8S2
2

− 5φ0

24

S2
3

S3
2

. (71)

Collecting the lowest nonvanishing order terms, one obtains

V

(
3(α−1)

3+α
)

∼
Re→∞

[
Cg 2 −2g0Cg + g 2

0C1
] 1

ln Re
R∗

.

Using (71), α⋆ = 1+µ/2 for the log-normal model and the derivatives of S, g and g 2 evaluated
at α⋆ we obtain

Cg 2 −2g0Cg + g 2
0C1 =− (g1)2

S2
= 3µ

4

(1+µ/4)2

(1+µ/8)3 .

Collecting all the terms together, this yields V[lnεν] ∼ 3µ

4

(1+µ/4)2

(1+µ/8)3 ln Re
R∗ . This achieves the

justification of the asymptotic (22).

Appendix B. Logarithmic behavior of the correlation of X ϵ in space

The purpose of the present appendix is the derivation of the logarithmic divergence of the
variance of X ϵ with ϵ (35), and the logarithmic behavior of the associated correlation function
in the limit ϵ → 0 (36), for a particular choice of the convolution kernel given in (34), that we
repeat here for convenience

Ĝϵ
L(k) = 1√

Ad−1

1

|k|d/2
11/L≤|k|≤1/ϵ, (72)

where is understood that ϵ< L.
As a matter of fact, the variance of X ϵ reads

E
[
(X ϵ)2]= ∫

Rd

∣∣Ĝϵ
L(k)

∣∣2
dk =

∫ ϵ−1

L−1

1

ρ
dρ = ln

(
L

ϵ

)
. (73)

In the limit ϵ→ 0, the covariance of X ϵ (32) becomes

CX
(|ℓ|)= lim

ϵ→0
E
[

X ϵ(x)X ϵ(x +ℓ)
]= 1

Ad−1

∫
|k|≥1/L

e2iπk·ℓ dk

|k|d . (74)
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This is a classical integral that enters in the analysis of the Fourier transform of homogeneous
functions, in particular of critical order [126,127], that can be rigorously shown to behave loga-
rithmically at small arguments. To see this, we will be using standard technical steps nicely re-
viewed in [128] (see in particular the Appendix B devoted to Bessel functions and Fourier trans-
form of radial functions). Following these steps, introducing the Bessel function of the first kind
Jν(x), we get

CX
(|ℓ|)= 2π|ℓ|1−d/2

Ad−1

∫
ρ≥1/L

ρ−d/2 Jd/2−1
(
2π|ℓ|ρ)

dρ

= (2π)d/2

Ad−1

∫
s≥2π|ℓ|/L

s−d/2 Jd/2−1(s)ds,

(75)

with the consequence that CX is indeed an isotropic function, and solely depends on the
norm |ℓ|. Then split the integral over the intervals 2π|ℓ|/L ≤ s ≤ 1 and s ≥ 1. To deal with the
first integral, we make use of the behavior of the Bessel functions at small arguments, as it is
conveniently recalled in [128], that reads

Jν(s) = sν

2νΓ(ν+1)
+Sν(s), (76)

where
∣∣Sν(s)

∣∣≤ cst sν+1, such that∫ 1

2π|ℓ|/L
s−d/2 Jd/2−1(s)ds = 1

2d/2−1Γ(d/2)
ln

(
L

2π|ℓ|
)
+

∫ 1

2π|ℓ|/L
s−d/2Sd/2−1(s)ds, (77)

the second term entering in the RHS of (77) being bounded with |ℓ|. Again, as proposed in [128],
make use of the following identity, useful at large arguments,

Jν(s) =
√

2

πs
cos

(
s − πν

2
− π

4

)
+Rν(s), (78)

with
∣∣Rν(s)

∣∣≤Cν s−3/2 for any s ≥ 1, to conclude that the remaining integral entering in (75) over
the range s ≥ 1 is bounded with |ℓ| (for the special case d = 1, make an additional integration by
parts). As a conclusion, we easily see, using (77) that the covariance of X ϵ in the limit ϵ→ 0 (74)
diverges logarithmically at the origin, the overall behavior at any |ℓ| and finite ϵ> 0 being nicely
described by the functional form depicted in (27).

Accordingly, the remaining continuous and bounded function fX entering in the asymptotic
expression of the covariance function (36) reads

fX (ℓ) =− ln(2π)+


(2π)

d
2

Ad−1

[∫ 1

2π|ℓ|/L
s−d/2Sd/2−1(s)ds +

∫ ∞

1
s−d/2 Jd/2−1(s)ds

]
if 2π|ℓ| ≤ L,

(2π)
d
2

Ad−1

∫ ∞

2π|ℓ|/L
s−d/2 Jd/2−1(s)ds if 2π|ℓ| ≥ L.

(79)

Thanks to the behavior of Sν at the origin stated previously, the integrand of the first integral is
finite at the origin making the function f a continuous function of its argument. In particular,
using a symbolic calculation software, we find that

lim
|ℓ|→0

fX (ℓ) = fX (0) =− lnπ+ ψ(d/2)−ϱ
2

=


− ln(2π)−ϱ, if d = 1,

− lnπ−ϱ, if d = 2,

1− ln(2π)−ϱ, if d = 3,

(80)

where ψ is the digamma function and ϱ≃ 0.577 the Euler–Mascheroni constant.
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Appendix C. Logarithmic behavior of the spatio-temporal correlation of X ϵ(t , x)

Similarly to the former Appendix B, we would like now to show the proposed expression (49)
for the covariance function CXβ

(τ,ℓ) (48) of the spatio-temporal random field X ϵ
β

(t , x) in the
asymptotic limit ϵ→ 0 for the particular choice of the deterministic kernel given in (72).

Accordingly, we begin with

CXβ
(τ,ℓ) = 1

Ad−1

∫
|k|≥1/L

e2iπk·ℓe−D3|τ||k|2β dk

|k|d . (81)

Letting R = max
(
2π|ℓ|,(D3|τ|

) 1
2β

)
, we get

CXβ
(τ,ℓ) = 2π|ℓ|1−d/2

Ad−1

∫
ρ≥1/L

ρ−d/2e−D3|τ|ρ2β
Jd/2−1

(
2π|ℓ|ρ)

dρ

= 2π

Ad−1

( |ℓ|
R

)1−d/2 ∫ ∞

R/L
s−d/2e

− D3 |τ|
R2β s2β

Jd/2−1

(
2π|ℓ|

R
s

)
ds.

Then split the integral over the intervals R/L ≤ s ≤ 1 and 1 ≤ s. Once again, the first interval will
lead to the logarithmic behavior. Using (76), we obtain

2π

Ad−1

( |ℓ|
R

)1−d/2 ∫ 1

R/L
s−d/2e

− D3 |τ|s2β

R2β Jd/2−1

(
2π|ℓ|

R
s

)
ds = ln

(
L

R

)
+

∫ 1

R/L

e
− D3 |τ|

R2β s2β

−1

s
ds

+ 2π

Ad−1

( |ℓ|
R

)1−d/2 ∫ 1

R/L
s−d/2e

− D3 |τ|s2β

R2β Sd/2−1

(
2π|ℓ|

R
s

)
ds. (82)

We can therefore write

CXβ
(τ,ℓ) = ln+

 L

max
(
2π|ℓ|,(D3|τ|

) 1
2β

)
+ fXβ

(τ,ℓ). (83)

When R ≥ L, we have fXβ
(τ,ℓ) = CXβ

(τ,ℓ), that goes to zero for large R. For R ≤ L, we have
using (82)

fXβ
(τ,ℓ) =

∫ 1

R/L

e
− D3 |τ|

R2β s2β

−1

s
ds + 2π

Ad−1

( |ℓ|
R

)1−d/2 ∫ 1

R/L
s−d/2e

− D3 |τ|s2β

R2β Sd/2−1

(
2π|ℓ|

R
s

)
ds

+ 2π

Ad−1

( |ℓ|
R

)1−d/2 ∫ ∞

1
s−d/2e

− D3 |τ|s2β

R2β Jd/2−1

(
2π|ℓ|

R
s

)
ds. (84)

Let us now show that fXβ
(τ,ℓ) (84) is bounded for R ≤ L. The first integral in (84) is bounded

because for x ≥ 0 we have |e−x −1| ≤ x, such that∣∣∣∣∣∣
∫ 1

R/L

e
− D3 |τ|

R2β s2β

−1

s
ds

∣∣∣∣∣∣≤ D3|τ|
R2β

1− (R/L)2β

2β
≤ 1

2β
.

Concerning the second integral of (84), we bound the exponential by 1, and make use of
∣∣Sν(x)

∣∣≤
cνxν+1 with cν > 0 [128], in order to obtain∣∣∣∣∣ 2π

Ad−1

( |ℓ|
R

)1−d/2 ∫ 1

R/L
s−d/2e

− D3 |τ|s2β

R2β Sd/2−1

(
2π|ℓ|

R
s

)
ds

∣∣∣∣∣≤ cd/2−1(2π)d/2

Ad−1

2π|ℓ|
R

(
1− R

L

)
≤ cd/2−1(2π)d/2

Ad−1
.
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For the convergence of the last integral in (84), we have to consider two cases. Firstly, when
R = 2π|ℓ|, we bound the exponential by 1 and use a similar argument as developed to show
boundedness of (79). When R = (

D3|τ|
)1/(2β), we can rewrite the integral as

2π

Ad−1

( |ℓ|
R

)1−d/2 ∫ ∞

1
s−d/2e−s2β

Jd/2−1

(
2π|ℓ|

R
s

)
ds = 2π

Ad−1

∫ ∞

1
s−1e−s2β

Hd/2−1

(
2π|ℓ|

R
s

)
ds (85)

where Hν(s) = s−ν Jν(s) which is bounded on the whole real line. Because of the boundedness of
Hd/2−1, the integral is finite thanks to the exponential cutoff.

Due to the different conventions used for purely spatial correlations (36) and spatio-temporal
ones (49), the limiting value of fXβ

(0,ℓ) is given by (80) with an additional factor ln2π. Let us
compute the value at the origin of its temporal counterpart fXβ

(τ,0) in order to comment on the
continuity of the function of two variables fXβ

(τ,ℓ) in the vicinity of the origin (84). We have

CXβ
(τ,0) = ln

L(
D3|τ|

) 1
2β

+
∫ 1

(D3|τ|)
1

2β

e−s2β −1

s
ds +

∫ ∞

1

e−s2β

s
ds, (86)

and using a symbolic calculation software, we obtain

f temp
Xβ

≡ lim
τ→0

fXβ
(τ,0) =

∫ 1

0

e−s2β −1

s
ds +

∫ ∞

1

e−s2β

s
ds =− ϱ

2β
. (87)

Recall that we have computed in the purely spatial case the value

f space
Xβ

≡ lim
|ℓ|→0

fXβ
(0,ℓ), (88)

that was found to depend on the spatial dimension d (80). Thus, when compared to (87), we are
led to the conclusion that

f space
Xβ

̸= f temp
Xβ

. (89)

This implies the discontinuity of the function of two variables fXβ
(τ,ℓ) in the vicinity of the

origin (84).

Appendix D. On the periodic version of the model

Let us explain some details concerning the adaptation of the model (44) on the one-dimensional
torus of length Ltot. For k ∈Z/Ltot the solution of the model writes

X̂ ϵ
β(t ,k) = Ĝϵ

L(k)

√
2

Tk,β

∫ t

−∞
e−(t−s)/Tk,β dŴ (s,k).

This is the same overall expression than in the case k ∈R but here k takes discrete values and the
white noise is of vanishing average and covariance

E
[

dŴ (t1,k1)dŴ (t2,k2)
]
= Ltotδk1,k2δ(t1 − t2)dt1 dt2, (90)

where · denotes complex conjugation, δk1,k2 the Kronecker delta, and δ(t ) the Dirac distribution.
See [80] for additional discussions concerning the expression of these type of models on the torus.
The inverse Fourier series writes

X ϵ
β(t , x) = 1

Ltot

∑
n∈Z

e2iπkn xĜϵ
L(kn)

√
2

Tkn ,β

∫ t

−∞
e−(t−s)/Tkn ,β dŴ (s,kn),

where kn = n/Ltot. Using (90), together with Ĝϵ
L(kn) = 1/

√
2|kn |11/L≤|kn |≤1/ϵ and Tkn ,β=1/2 it is

straightforward to check that

E
[

X ϵ
β(t , x)X ϵ

β(t +τ, x +ℓ)
]

:=CX ϵ
β

(τ,ℓ) =
nϵ∑

n=nL

exp
(
−D3n

Ltot
|τ|

)
n

cos

(
2πn

Ltot
ℓ

)
,
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where nL = ⌈Ltot/L⌉ and nϵ = ⌊Ltot/ϵ⌋ and ⌈ ·⌉ and ⌊ ·⌋ are respectively the ceil and floor functions.
Let us then, as in the k-continuous case, establish the logarithmic correlation structure together
with the additional constants entering the correlation at small lags.

D.1. Spatial correlations

Let us study the vanishing ϵ behavior of the spatial correlations,

lim
ϵ→0

CX ϵ
β

(0,ℓ) =
∞∑

n=nL

cos
(

2πn
Ltot

ℓ
)

n
. (91)

In order to establish the logarithmic correlations in space, one need to use the power series
expansion of the principal logarithm in the complex plane, that is ln(1− z) =−∑∞

n=1 zn/n for any
|z| < 1. In our case, z = e2iπ|ℓ|/Ltot is of modulus unity breaking down, a priori, the power series
expansion. However, note that whenever ℓ/Ltot ∉ N, the series (91) converges. Abel’s theorem
therefore ensures that the power series expansion can be extended up to the boundary point.
This yields

lim
ϵ→0

CX ϵ
β

(0,ℓ) =− ln

(
2

∣∣∣∣sin

(
πℓ

Ltot

)∣∣∣∣)−nL−1∑
n=1

cos
(

2πn
Ltot

ℓ
)

n
∼
ℓ→0

ln

(
Ltot

2πℓ

)
−

nL−1∑
n=1

1

n
. (92)

Similarly to the study of DNS performed in Section 2.5, we can absorb the constant in ℓ term by
defining

L⋆Xβ
= Ltot

2π
e−HnL−1 , (93)

where HN = ∑N
n=1 1/n = ln N + ϱ+ oN (1) is the harmonic sum. In the large Ltot asymptotic,

we expect to recover L⋆Xβ
→ L exp( f space

Xβ
) = L

2πe−ϱ obtained from the model on R. Using the

asymptotic behavior of the harmonic sum we indeed obtain

L⋆Xβ
∼

Ltot→∞
Ltot

2π
e− ln Ltot

L −ϱ = L

2π
e−ϱ = Le

f space
Xβ .

The periodic setting thus provides a natural approximation of the field on the real line at the level
of spatial correlations.

D.2. Temporal correlations

Let us now turn to the fully temporal case. We use again the power series expansion of the
logarithm but this time for a real variable and away from the boundary. The temporal correlations
thus write

lim
ϵ→0

CX ϵ
β

(τ,0) =− ln
(
1−e−

D3
Ltot

|τ|)−nL−1∑
n=1

e−
D3n
Ltot

|τ|

n
∼
τ→0

ln

(
Ltot

D3|τ|
)
−

nL−1∑
n=1

1

n
.

This asymptotic behavior allows one to introduce — as we did previously with the DNS — the
timescale entering the normalization of time lag in the simulations

T⋆
Xβ

= Ltot

D3
e−HnL−1 . (94)

Using the asymptotic behavior of the harmonic sum we have in addition

T⋆
Xβ

∼
Ltot→∞

Ltot

D3
e− ln(Ltot/L)−ϱ = L

D3
e−ϱ = L

D3
e

f temp
Xβ .

Therefore, in the infinite domain size limit, the characteristic timescale T⋆
Xβ

matches the one of
the model on R.
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D.3. Numerical scheme

For the sake of completeness, let us present the numerical scheme adapted from [80] that we
use to perform exact-in-law numerical simulations of the dynamics (44). Between two times
t p and t p+1 distant from δt and for some k ∈Z/Ltot, we have

X̂ ϵ
β(t p+1,k) = e

− δt
Tk,β X̂ ϵ

β(t p ,k)+Ĝϵ
L(k)

√
2

Tk,β

∫ t p+1

t p
e
− t p+1−s

Tk,β dŴ (s,k).

The stochastic integral entering the above expression is a Gaussian random variable of vanishing
average and variance

E

∣∣∣∣∣
∫ t p+1

t p
e
− t p+1−s

Tk,β dŴ (s,k)

∣∣∣∣∣
2

= Ltot
Tk,β

2

[
1−e

− 2δt
Tk,β

]
.

This information, together with the delta-correlation in k of the Fourier modes of the white noise,
leads to the following exact-in-law scheme:

X̂ ϵ
β(t p+1,k) = e

− δt
Tk,β X̂ ϵ

β(t p ,k)+Ĝϵ
L(k)

√
1−e

− 2δt
Tk,β γp (k).

The random forcing is taken into account by γp (k), complex Gaussian variables of vanishing
average and variance Ltot. The γp (k)’s are i.i.d. random variables, up to the Hermitian symmetry
γp (k) = γp (−k). See [80] for a more detailed discussion on this numerical scheme and the
extension of the model to smooth in time field.
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