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Abstract Motivated by isotropic fully developed turbulence, we define a theory of sym-
metric matrix valued isotropic Gaussian multiplicative chaos. Our construction extends the
scalar theory developed by J.P. Kahane in 1985.
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1 Introduction

In the pioneering work [17], J.-P. Kahane introduced the theory of Gaussian multiplicative
chaos. Given a metric space and a reference measure, Gaussian multiplicative chaos gives a
mathematically rigorous definition to random measures defined as limits of measures with
a lognormal density with respect to the reference measure. The main application of this
theory was to define the Kolmogorov-Obhukov model of energy dissipation in a turbulent
flow (see [19, 21]): in this context, the metric space is the Euclidean space R* equipped with
the Lebesgue measure and the log density has logarithmic correlations. Since this seminal
work, the theory of Gaussian multiplicative chaos has found many applications in a broad
number of fields among which finance [3, 12] and 2-d quantum gravity (see [2, 11, 20] for
the physics literature and [4, 5, 13, 24] for the mathematics literature).

Three dimensional fluid turbulence is an archetypal out-of-equilibrium system in which
energy is constantly injected at large scale and dissipated at the small viscous scales in a
stationary manner. A statistical approach has been rapidly adopted in order to describe the
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complex multi-scale motions taking place in the flow. In the seminal work of Kolmogorov,
known as the K41 theory [15, 18], focusing on fully developed homogeneous and isotropic
turbulence, it is shown from the Navier-Stokes equations that energy is transferred from
large to small scales at a constant rate, independently on viscosity: this is the fourth-fifth law.
Further phenomenological extensions of this theory [15, 19] took into account the peculiar
statistical nature of the dissipation field that implies intermittent (or multifractal) corrections
and probably more importantly, a long range correlated structure of velocity fluctuations. At
this stage, scalar multiplicative chaos appears to be a good candidate to give a stochastic rep-
resentation of the dissipation field, although nothing is said on energy transfers that ask for a
stochastic model for the velocity field itself. Indeed, modern statistical studies underline the
importance of defining a probabilistic model for the velocity field. Ideally, one looks for a
field as close as possible to an invariant measure of the equations of motion (see for instance
[14]). One of the first attempts in this direction is proposed in Ref. [26] where the authors
use a scalar multiplicative chaos to disturb an underlying Gaussian velocity field. A great
success of this work is to propose an intermittent velocity field but unfortunately, the au-
thors failed at proposing an incompressible dissipative velocity field, i.e. a field that respects
the fourth-fifth law of Kolmogorov. One of the reasons is that the construction of the field
does not include a basic mechanism of the Euler equations, namely the vorticity stretching
phenomenon. This is the main novelty of the approach proposed in Ref. [8]. One of the key
steps of this construction is the introduction of the exponential of a Gaussian isotropic sym-
metrical random matrix in replacement of the scalar chaos used in Ref. [26]. Heuristically,
this symmetric matrix is reminiscent of the deformation field S, i.e. the symmetric part of
the velocity gradient tensor, that stretches vorticity @ = V A u, where u is the velocity field,
according to the Euler equations: Dw/Dt = Sw, with D/Dt = 9/9t + u.V the Lagrangian
derivative. It is easily seen that a Taylor development at short time 7 of the former dynamics
leads to a linear differential equation that can be solved using matrix exponentials of the
initial deformation field 7S(0). Then, logarithmic correlations and the free parameter y>
quantifying the level of intermittency are introduced by hands. A numerical investigation of
the obtained velocity field shows indeed a mean energy transfer across scales.

As far as we know, there is no matrix valued theory of Gaussian multiplicative chaos that
would be crucial in further understandings of the mechanisms at the origin of this energy
transfer as observed numerically. The purpose of this work is thus to define such a theory for
Gaussian symmetric and isotropic matrices. In the next section, we present the framework
and the main results. Section 3 is devoted to the proofs of our main results. In the Appendix,
we gather general formulas which are useful in our proofs.

Notations: we denote by M (R?) the set of measures on R? and by M,(R?) the set of
signed measures on R¢. We denote by S(M,(R?)) the set of symmetric matrices whose
components belong to M, (R?). The N-dimensional identity matrix is denoted by Iy and
Py = (1)1« j<w stands for the N x N matrix filled with the coefficient 1 in each entry.

2 Framework and Main Results

We first motivate the structure of our Gaussian matrix-valued random field. We remind that a
random matrix X is isotropic if for any real orthogonal matrix O, the matrices X and O X' O
have the same probability law (where ' O denotes the transpose of the matrix O). If N is an
integer and if one considers a centered symmetric isotropic Gaussian N x N-random matrix
(Xi,j)1<i.j<n- it takes on the following structure (see Lemma 4):
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e the diagonal entries (X;;,..., Xy ) are independent of the off-diagonal entries
(Xij)i<js

e the covariance matrix of the diagonal entries is given by (1 + ¢)o>Iy — co? Py where
cel-1, ﬁ] and 02 >0,

o the off-diagonal entries (X; ;);; are mutually independent with variance 02%.

Therefore, if one wishes to consider a general Gaussian field of symmetric isotropic ma-
trices, the natural construction of such a field is to introduce a spatial structure preserving
the above statistical structure. This is the main motivation for the construction of our field,
which we describe now.

We introduce a probability space (£2, F, P) and denote expectation by E. We want to
define a homogeneous field of symmetric isotropic Gaussian matrices with logarithmic spa-
tial correlations. The spatial correlation structure will be encoded by a kernel K : R — R
of positive type of the form

,. L
Kx)=y 1n+m+g(x)

where g is some continuous bounded function (in the sequel, we set g(0) =m) and L > 0.
Due to the divergence of this kernel at x = 0, it is well known that the construction of such a
field requires a cut-off approximation procedure to get rid of this singularity. Therefore, for
€ > 0 (which stands in a way for the cut-off approximation rate), we introduce a covariance
kernel K, : R? — R such that

YK (x)=Kx) forallx|>e. (1)

€

e L
02d=fKE(O)=y2<ln— + 1), and O"zvfx‘
c )

Then we consider an integer N > 2 and ¢ € ]—1, ﬁ]. On this probability space, for
€ > 0, we consider a centered symmetric random matrix-valued Gaussian process X¢(x) =
(X§;(x))1<ij<n indexed by x € R?. We denote by

X5x0) = (X ,(x),.... Xy y(0))

the Gaussian vector made up of the diagonal entries of the matrix X€(x). We assume:

o the diagonal entries (X§(x)),crs are independent of the off-diagonal entries

((X;j (x))i<j)xERd7
e the covariance matrix kernel of the diagonal entries is given by

E['X50X5(0)] = ((1 4 ) Iy — cPy)Ke(x — y),

o the off-diagonal entries ((X; ;(x))i<;).cre are mutually independent, each of which with
covariance kernel given by

1
E[ij(x)Xf](y)] = %Ké(x —y).

We also define

_ydef 02(14¢)
O'e = f.
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Remark The canonical example of such a kernel K is when it coincides with y%1n Ii_\ for x

small enough. In dimension 1 and 2 we can even choose K (x) = y?In, ‘LT‘ In dimension
greater than 3, we can use the constructions developed in [17, 25]: for examples of such
kernels, see Appendix A.1. Another approach is to use the convolution techniques developed
in [27]. This does not exactly fall into the framework set out above because the convoluted
kernel depends on € at all scales, i.e. for |x — y| > €. Nevertheless, this has no significant
influence on the forthcoming computations so that we also claim that our results remain

valid for such regularization procedures.

Remark Note that the diagonal terms are independent if and only if ¢ = 0. In this case,
the above structure coincides with the usual Gaussian Orthogonal Ensemble (GOE) [1, 22].
Note also that the boundary case ¢ = ﬁ corresponds to trace-free matrices.

Remark Application in turbulence. In the paper [8], the authors consider the following
boundary case as a building block of their random velocity fields

8 1 1
yr=22%  N=3, c=— =~
3 N—1 2

where 22 is found to fit experimental data for A% & 0.025 [8, 9]. Here, the zero trace property
is reminiscent of the incompressibility condition imposed on velocity fields.

We want to study the convergence of the following random variable which lives in
S(M,(R))

M€(A) = i/ X Wdx, ACRY, )
Ce Ja

where ¢, stands for a renormalization constant. From the scalar theory, we know that the
constant ¢, is not trivial in order to avoid the blowing up of the above matrix integral. We
will show that we can choose c, so as to have E[M€(A)] = |A|Id where |A| is the Lebesgue
measure of A. Unlike the scalar theory, the explicit form of such a ¢, is not straightforward
due to noncommutativity of the framework. We will prove that the normalization constant
¢, has the following explicit form

ol

_1ra/m (14 ) NV-D2gN-1,%

T NT(N/2)

€
where I' stands for the usual Gamma function.

Theorem 1 Let 0 < y? < d. Then there exists a random matrix measure M which lives in
S(M,(R?)) and such that for all bounded A C R?

E[tr(M°(4) = M(A))’] = 0.

We also have the following asymptotic structure

2InL+m 2d—y2
E[tr(M(B(0.0)")] ~ N*V. F(N/2)er - (3)

N (14+0)N-D2(1/2) (yzln%)(zv—l)/z
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with Vy = f\u\,wgl %. Furthermore, we get the following limit for every integer k > 2

such that k < 24
v

In E[tr(M (B(0, £))5)]
Int

=8 4)

where ¢(k) = (d + %)k — 5 k2.

Note that it would be interesting to prove that this matrix-valued Gaussian multiplicative
chaos admits a phase transition as in the scalar case, which is likely to occur at y? = 2d.

Conjecture 2 Let 0 < y? < d. The power law spectrum of M is given by the following
expression: for all g € 10, i—‘é[, Ve e (0, 1],

(g=DU=N)

E[tw(M(B(0,0)")] ~C ¢ (~nt) 2,

where C, > 0 is a constant and the structure exponent is given by

(g N,
Z(q)—<d+2)q 74

We give in the Appendix a heuristic derivation of the above equivalent. If this conjecture
is true, this would show that noncommutativity yields an extra log factor in the power-law
spectrum of M.

Remark Note that one can define a notion of “metric” (actually a measure) through the
quantity
A eB(RY) > tr M(A).

Therefore we can define the notion of Hausdorff dimension associated to this “metric” (see
[5, 13, 24]). It would be interesting to prove a corresponding KPZ formula and relate it with
a KPZ framework.

3 Proofs of the N-Dimensional Case

Let us first mention that several results about isotropic matrices and related computations
are gathered in the Appendix and will be used throughout this section.

3.1 Joint Law of the Eigenvalues of Gaussian Isotropic Matrices

We consider a symmetric random matrix X = (X; ;)i<; j<y made up of centered Gaussian
variables with the following covariance structure: the off-diagonal terms (X; ;);; are i.i.d.
with variance o2. The diagonal term (X 1.1, ---» Xn.n) 1s independent from the off-diagonal
and it has the following covariance structure

Ky =(E[X::X;;])

2 2
1<i,,’<N=(1+C)Gd1N —co; Py
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where Iy is the identity matrix, Py = (1); ; and ¢ € |1, T l[ By noting that PN = N Py,
we get the following inverse for K if ¢ # ﬁ

1 c 1
Ki'= I
N T 621 +c) vt a2(1+c) (I +c(1—N))

Py

The density of the random matrix, with respect to the Lebesgue measure (dx; ;);<;, is there-
fore given by

LN 2 e 1Ly N 2 1y 2
L =5 s Y~ 5,2 e Tre=my (=1 %)™ = 5,7 s 47
f((xij)i<j) =_——e 7d d

i< Zn

where

N = Qm)NVEDAGN GNN=D2(] 4 yNV=D2 /T (N —1)c

is a normalization constant.
Therefore if we have the following condition

(1 +c¢) =207 5)

as we have required in Sect. 2, we can rewrite the above density in the following matrix form

c 1 2 1 2

- tr X)-— trX
FX) = e 20 =m0 05 (6)
Zn

with Zy = 2N/2g NN+DAGNNTD2 () L oy (N=DWN+2)/4 /T ¢(T — N). This shows that the
matrix is isotropic, namely that for any real orthogonal matrix O, the matrices X and O X' O
have the same probability law. Therefore by applying [1, Proposition 4.1.1, page 188], we
get the density of the unordered eigenvalues

1~ 20?5 — TN 22
f(()\i)lgigN) = Z_e 205 (1+¢) l_[ |}‘j _ )\i|7 (7)

N i<j

_ ANN=1)/4 p(UiR)HN N : _
202(l+c) (1+L(1 ) and Zy =2 oy ) Zy (notations of [1]). We re

mind that p(Uy (R)) = 2V/2 2 )NV+DATTY W/Z) (see [1, page 198]) and thus

where o =

a2

ZNzN!(zﬂN/Z(H FWZ)) SRR T e T N). @)

The isotropic condition (Eq. (5)) ensures also that the collection of eigenvectors (v;)i<i<n
is independent of the eigenvalues (A;);<;<n, and they are distributed uniformly on the unit
sphere according to the Haar measure [1, Corollary 2.5.4, page 53].

3.2 Computations of the Renormalization

We consider here isotropic symmetric matrices X(x) = (X] ; (x)1<i j<n as defined in
Sect. 2 and compute the renormalization of order 1, i.e. the constant ¢, such that

- E[treX ®]
E[EX ()] = CEIN = TIN
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The isotropic nature of the matrices ensures the proportionality of the former expectation to
the identity matrix /. We want more precisely an equivalent of ¢, as € — 0. We have

1 —ae (TN 1)
Ce = — e)‘le ‘ !

7 2070 el ’]_[IA — Aildy - doy,

i<j

where o, = and the normalization constant Zy is given by Eq. (8) with

c 1
202(1+¢) (IHe(1-N)
adz = af = yz(lnf +1).

We setu; = 2—2 and therefore we get

o NN+D2

- N ,y2__1 N 2
Ce= 5_—/ et g iz )"~ ot L= [Tl —wildu - duy,
Zy RV

i<j

c 1
2(14¢) (14+c(1-N)) "

N 2 1 N
go(ul,...,uN)zaeul—a<Zu,-) —7Zu12
i=1 2(1+0) i=1

The function gp is maximal for u; = S (1 +2a(1 +c)(N —1)),i > 2: u; = —2aS.(1 + ¢)
with S, = +2 v . We thus set uy =v; + Sc(1 +2a(1 +c)(N — 1)), i >2: u; =v; —
THe

2aS.(1 + ¢) to get

where o = We thus introduce

N(N+1)/2 ,%
o e e p P Ly 2
o= " [ i) o Zinr | ||v1 — v+ (1 +0)o|
N
Zy R 2<i

X 1_[ |Uj —U,'|dl)1 "'dUN

2<i<j

Therefore, we get the following equivalent by using the Laplace method

LS

O,N(N+1)/2(1+C)N—1 N—le

o _ N 2 1 N 2
Ce ~ = 7 - / e~ im1 V)T o L | | [vj—vildv;---doy
e—>0 N
Zy R 2<i<j

By using Eq. (26) in the Appendix, this leads finally to the following equivalent as € — 0

62
Ce ~ L razsm ———(1+ )(N_l)/zaN_leTé. )
e~0 N I'(N/2) €
3.3 Computation of the Moment of Order 2
In order to study the convergence, for € — 0, of the Gaussian chaos M€(A) (Eq. (2)), we
need to consider first the second-order moment E (M€ (A)?) = le Jyon E@ @eX Oydxdy,
that involves the following quantity

E(exe(x)exe(),)) _ %E[tr(eXf(X)eXé()'))]IN. (10)
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We will show that E(M¢€(A)?) converges to a limit as € — 0. Similarly, one can also prove
that the sequence (M€ (A)). is a L?> Cauchy sequence. Indeed, if €, €’ > 0 are two positive
real numbers, we can write:

E[w((M*(A)— M (0))*)] = E[u(M*(A))’]+ E[w(M¢ (4))*] = 2E[te(M€ (A M (4))].

We can then conclude along the same lines as below that E[tr(M¢(A))?] and
E[tr(M€ (A)Mg (A))] converge to the same limit as €, €’ go to 0.

Again, the proportionality to the identity matrix in (10) comes from the isotropic char-
acter of matrices and we will see moreover that, because the so-defined field of matrices is
homogeneous, the former quantity will depend only on |x — y|. The purpose of this section is
to compute this quantity. We will restrict to the case |y — x| > € as the case |y — x| < €, once
integrated, leads to vanishing terms in the limit € — 0. It requires first the derivation of the
joint density of the two matrices X€(x) and X€(y). We will see indeed that the quantity will
depend only on |x — y|. We will also notice that, contrary to the one-point density (Eq. (6))
from which it can be shown that eigenvectors and eigenvalues are independent, eigenvalues
at point x are not only correlated to eigenvalues at point y, but also with eigenvectors at
point y. This intricate correlation structure is reminiscent of the noncommutative nature of
this field of matrices and is encoded in the so-called Harish-Chandra-Itzykson-Zuber inte-
gral over the orthogonal group, or angular-matrix integral, and its related moments. This is
an active field of research in random matrix theory and up to now, no explicit formula are
known in dimension N > 3 (see for instance [6, 7, 10] and references therein). Nonetheless,
we will succeed to get an explicit result in the asymptotic limit € — 0.

3.3.1 Joint Density of Two Isotropic Matrices

We consider here two isotropic symmetric matrices X€(x) = (X;j (x))i<i j<y and X€(y) =
(X j (¥)i<i,j<n as defined in Sect. 2. We recall that matrix components are logarithmically
correlated over space. We note x; ; = Xf/ (x) and y; ; = Xf’j (v), and in matrix form X =
X¢(x)and Y = X(y).

Let us first consider the diagonal terms

(-xl,la-“va,val,lv~-~syN4,N)-

The covariance structure K,y of these elements is given by

K _ O’GZAN 0|§’—-¥|AN
2N 2 AN O’zAN i

L
[x—y|*

where Ay = (1 +¢)Iy — cPy and we recall that 6 = y*(In £ + 1) and oliﬂ,‘ =92In
We know that the inverse of K,y is given by

2 4—1 2 -1
K-l 1 oAy _aly—x|AN
N~ 3 4 2 -1 2 4—1 ’
0 — Oy_y _O-\yfx\AN oAy
-1 __ 1 . _ c 1 . . .
where A} = sy Iy +2a Py witha = 070 TFed=m) which leads to the following density
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686 L. Chevillard et al.

f((xi.i)lgigN; (yj,j)lgjgzv)

aZ/(H»C) i -‘,‘%,‘*20“752(21‘ xi.,)2+cré /(14c) Z, i +2aa€2(zi )‘,-J) 20 = )l/(l+c) X Xiiviii 4U) t‘o((zl x; D2 Vi)
- T 7
=cye 20e=0)y )
where cy = ————. Now, det(Kyy) = (6} — 0} )N (1 + ) V(1 4+ c(1 = N))?

Q)N Jdet(Kan)

and therefore cy = !

QN (od—of,_ PN+ V=D (1+c(1-N) "
formed for the remaining N(N — 1) off-diagonal terms of the two matrices. The density
of the couple (X = X€(x), Y = X¢(y)) is thus given by, in matrix form

A similar procedure can be per-

f(X.Y)
2 ol ohxl ool
ﬂ%(nxzmyz) %((nxﬂ (trY)2)+l o e A rXuy
= Gye 0oy @€~y (+e)od—ojy ) o=l
(In
Gy — 1 . .
where ¢y = ¢y = TR TeTe e L T We can see in the expression of the

joint density of the two matrices X and Y (Eq (11)) two different contributions. The first
one, with terms of the form tr X? + tr Y2 and (tr X)? + (trY)?, relates the density of two
symmetric isotropic matrices as if they were independent. The second contribution relates
an interaction term coming from the logarithmic correlation of the components. Indeed, the
former vanishes if the matrices are independent, i.e. oﬁ,fﬂ =0.

At this stage, it is convenient to introduce two i.i.d. random matrices M = (M; ;) and
M =M ;)- These random matrices are taken to be living in the Gaussian Orthogonal
Ensemble (GOE), namely they are symmetric and isotropic with independent components
with the following distribution: the components (M ;);<; are independent centered Gaus-
sian variables with the following variances

(+o(et=ai_)
E[Mlzj] = 20.2 L ’ L<17 E[Mtzz] =
€

(1 —i—c)(oe4 — o“;ﬁ‘).

2
o¢

With this, we get the following expression for E[F (X (x), X (y))], where F is any functional
of the two matrices X (x) and X (y)

E[F(X(x),X()]

ao? 2 2 o] R
1 m((trM) +(rM') )+WtrMM +ﬁtrM1rM’
:EHMMMQ < ly=xl 9 ~0y—x| O
where
2
2 o,
o (M M) B MM +¢ MM
Z=E[e “ b (HO0e =0y ) ooy x| It (12)

By using classical theorems about isotropic matrices (see [1]), we know that M =
ODM)'O, M' = O'D())' O’ where O (resp. O') is uniformly distributed on the orthogo-
nal group of RY and is independent of the diagonal matrix D(}) (resp. D(A")) the diagonal
entries of which are the eigenvalues of M (resp. M").
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3.3.2 Joint Density of Eigenvalues of Two Correlated Isotropic Matrices

We are interested here in computing the renormalization constant Z (Eq. (12)). To do so,
we diagonalize the matrices M and M’, and perform an integration over the remaining
degrees of freedom left by the eigenvectors (see [6] for instance). We define the eigen-
values of M as A = (Ay,..., Ay) € R? and we denote the Vandermonde determinant by

A =Tlicizjen A — 2j]. We get
| o2 N2 o2 N
- |A(k)||A(k/)|e 21+a0d—all ) T 2ro@d ol ) 1= i
R N RN
N xR

- - OFRERS LI w x>2>+ ‘> - (Z S )
e @ J(D(), D()))drd),

where R, is a renormalization constant such that

2 )
o N 52 o N o2
1 - 7 =1 T S A = M

RS, A A()[e b 2o —af) ) drdy =1,
N

and J is the following Harish-Chandra-Itzykson-Zuber integral [6, 7, 10], also called matrix
angular integral (d O stands for the Haar measure on Oy (R))

o2
% tr D()ODM)0™!
J(DO, D(1)) = / e 1T do,
Oy (R)
obtained while integrating over the eigenvectors that enter in the term tr M M’ of Eq (12)

O¢ )"/ (Set Ve = \/ - \} X\)
v"?“’l‘;—x\ Vol \v x|

‘We make the change of variables u; = Ap, up =

and get:

N(N+1)
Z:e?/ |A(u)||A |e N0 Liet 4]~ 2y L ¥
N RN xRN

— N u; 2 T l) =i 1 Ui u
. (CN u)?+2N, ))+ N upCy, ,) (D(u) D( ))dudu/,

where we have set

e Iv “ Mu’. i'2
7(D(u),D(u/)):/0 (H&)e1+ g Bl 100 do.
N

Therefore, since J (D), D(u')) converges pointwise towards 1 as € — 0, we can use the
Lebesgue dominated convergence theorem to get the following equivalent as € — 0

7/N(N+1)
7 ~ 6—5/ }A(M)HA( )|e e Liet 4~ 3rey Lier 4
=0 R RN xRN
“((Zz 1 Wi )2+(Zx 14 )dudu

that is straightforward to compute (see the Appendix).
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688 L. Chevillard et al.

3.3.3 Two-Points Correlation Structure of the Matrix Chaos

We want to get an equivalent as € — 0 of the quantity given in Eq. (10). To do so, we
consider the following quantity

o

ol 2 " ) b xl ,
- (e M)“+(r M")*)+ oot of MM’ + T trMtuM
Z E[tr( M M )e (o¢ *‘T‘y,x‘) (I+c)(o¢ 7”\}'7}‘\) O¢ 7“|_V7X\

In the same spirit as formerly, we diagonalize the matrices M and M’ and perform the
integration over the eigenvectors. We get

1 _732 7 pd 1)“2_4352 T s A
> )(0g —0, =1 c)(og —0o, ! ¢
7 = — ’A(}\.)HA()\./) e 2(14c¢)(o¢ D’*X‘) 2(1+c)(o¢ \yfx\)
Ry Jrv ey
},%((Z PP ,)2)+ “ = (Z 1RSI A )
x e b (D(A), D()))drd),

where [ is the following moment of the angular integral

o2
, e DG)ODR) O
(D), D(V)) = / tr(e”® 0P 07 1)e ot do.
ON(R)
We make again the change of variables u; = —2——X;, u| = A; (set ye =

4_ 4 i 4_
%€ 9)y—x| V%€ \\ —x|
4__4
V% ”\y—x\)

O¢
N N(NH) I N2 1 N 2
- [ Al v
j=1 xRN

67‘1((Zk L2+ 1“1)2)+ ‘y V‘(Zk V) (TR 1)) oVl +u, )[ (D(u) D( ))dudu/,

where we have set

2
1 %y—xl <N / 2
_ —(72 oy Ukt 1O i
Ii,j(D(“)’D(”,))=/ |0, P o2 T a0,
On([R)

known as the Morozov moment [6]. We make the following change of variables in the above
integral: u; = v; + Ye, ux = vx — ¢y, for k #i and u; = v + ye, up = v — cye for k # j.
‘We obtain the following equivalent

N N(N+1)e (1+C)2(N 1)02(N 1) ,
nLE 7 wi [, awlla )]

1 N 2 1 N 2 N 2 N 2 2 2
« ¢~ TTD Yimi U] ey V(g v s vp) )+2ot(rb_7xl(l+c(lfN)) dUdU/,
where [A; (V)| =[], s lvr — vr| and:
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12 N N(— 2
1,-,,:/ |0, Pe TR Dot e+l et 14010 pI0 Py
On(R)

2
2 c“N 2 2
:ea‘y,xg—m—zm/ 10112191011 g
On(R)

which is independent of i, j. Therefore, we get

) VEN(N+1)603(1 + ¢)2N-Dg2(N=D) / )
Ze—>0N R;v IlYI RNXRN|A1(U)||A1(U)|

% ¢~ T Lot Vi~ a0ty St U (R w07+ (0L v +200]_ (e(1=N)? g 1 r

In conclusion, we get

2
zZ/Z ~ (1 +c)N_l(7F(1/2)> e"fzaf(N_l)e_wﬁ““/ |01,1|2ea‘§'ﬂ“(Hc)'o"”de.
€~0 I"(N/2) ON®R)

Including furthermore the normalization constant c. (Eq. (9)), we get

_ ) 2 . 2
2)(2) N [0y pert I o,
On([®R)

€e—
3.3.4 Computation of the Moment of Order 2

From the above subsections, we deduce that

E(ir M€ (A)*) — N2/ ¢ / |01 |zea‘§'ﬂ“(l+c)|01'”2d0 dxdy
=0 AxA Oy (R)
We recall that the law of |0 |? is the one of the square of one component of a vector
uniformly distributed on the unit sphere, and has thus a density given by (see Lemma 3)

T'(N/2)

— =1/2¢1 _ .\ (N=3)/2
TO=Faprav-npt T

We get the following equivalent as |y — x| — O:

Y -
w0 T(1/2) (140120

)

—co2 2 2
NZe m‘yﬂ.‘/ 104 12— 191011 g
ON(R) \

which entails (3).
3.4 Computation of the Moment of Order k

We are interested here in studying the convergence, when € — 0, of the Gaussian chaos
M<(A) (Eq. (2)) for higher order moments such as, k € N,

E(M*(A)) = Clk/Ak E( I1 eX“xf'))dxl e dxy,
€

1<i<k
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that involves the following quantity

E( I eX‘Off)) = %E[tr I1 e’“(v‘”]IN. (13)

1<i<k 1<i<k

In this subsection, we will suppose that & is an integer greater or equal to 2 such that k < %.
This condition ensures that all the integrals we consider below are finite and that one can
apply the dominated convergence theorem to justify the inversions between limit and integral
we will perform with no further justification. To generalize the former calculations in the
case k =2, we will first derive the joint density of k-matrices (X€(x;))i1<i<k- A generalized
version to k-points of the Harish-Chandra-Itzykson-Zuber integral enters the expression of
the density. An exact evaluation of these integrals remains an open issue. As far as we
know, only their behavior in the asymptotic limit of large matrices (N — +00) has been
considered in the literature [10]. Nonetheless, a logarithmic equivalent of the quantity of
interest (Eq. (13)) can be obtained and allows us to show the multifractal behavior of the
multiplicative chaos (i.e. ¢ (k) is a nonlinear function of the order k, see Theorem 1).

3.4.1 Joint Density of k Isotropic Gaussian Matrices

We consider here k isotropic Gaussian matrices (X€(x;))i1<i<x. The ensemble made of the
kN diagonal terms, i.e.

(X510 Xy ), X (), Xy (30)),

has covariance structure Ky

UGZAN Glil—leAN e e G‘il—xk|AN
“ﬁz—mAN olAy e o "\iz—mAN
Ky = .. . . ,
O - AN Oh AN AN Ry g AN
UI«QVk*XHAN O‘I%frleAN O-\ik*xk—l\AN 0€2AN

where again, Ay = (1 + ¢)Iy — c¢Py. We know that the inverse of Ky is approximately
given by (¢ — 0)

2 4-1 2 -1 2 -1
oAy _U\xl—xz\AN _U\xl—xk\AN
2 - 2 41 2 -
~Oly—x | AN oAy ~Oly—n AN
2 -1 2 -1 2 4—1 2 -1
€ J— J— oo
Ol 1—x1 AN Oy —np AN oAy O 1—xel AN
2 1 2 -1 ) 1 2 41
Ol—m| AN Oxe—rxa| AN Oly—x 11 AN oAy
-1 1 . _ e 1 . . )
where A, = o Iy + 2a Py, with o = 3050 T =N - The density of diagonal compo
nents, considering the N-dimensional vector X = (X¢,(x)), ..., X5 ~(x;)), is thus given
11 NN
by

_ 1 yk o2 (1=8: )2 tx @)1 (0]
f(X(l) X(k)) =cye 202 Z,’_/‘:](‘Sz.jae a 51,/)0‘)(1.,”‘) X ((1+c) IN+2aPy)X
yaens =
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1

Q@m)kN/2, [det(Kin)

the covariance matrix of the vector (X f j x1),..., X f ; (xx)), which is independent on all the
remaining diagonal and off-diagonal components, is

where ¢y = For the off-diagonal terms, the situation is simpler. If i < j,

2 2 2
Oc Olxy—xal Oy —xxl
2 2 2
14+¢ Oy —xi Oc Oy —xil
2 2 2 2 2 '
Olgi—xil Olyog—xl 7" Oc Okt —xxl
2 2 2 2
Olxg—x1 Olxx—x2| Ol —xiil Oc
whose inverse is approximately given by (¢ — 0)
2 2 2
Oc 0|X1 —x2| o|.x1 —xi|
—o? 2 e e o2
2 U|.r2 —x1| O¢ U|x2 —xi|
(1+c)o? 2 2 2 2
€ — — oo J—
Olxg_y—x1l Olxp—1—xal 0¢ Oy —xi|
2 2 2 2
Olxg—xi Olxg—xa Ok i1l Oc

This leads to the following density, using the notations x(r? =X; ()

(r) (D)
4 Zr/ 1(8r1‘7€ —(1-= 5,1)U‘Xr_)(l|)x’/7c’/

FED, o xE) = ke T

Ly

Therefore, we get the following density for the k matrices (we omit superscript € for the
sake of clarity)

g Y1 1o (=80l o )X (g I +20P)X O

FX@D), .. X () = éye
)x QMO

1 k 2 2
o~ Ti) e Shm OrioZ=(=8:00, 3]
:

which we rewrite under matrix notation

f(X(x1) X(Xk)) =cpye 2(1+c)a2 et X Gp)? )772 1 (X G))?

< e (l+()n‘4 e "|,x, x| tr X (x )X(A[)+ Zr<1 U\Xr—)q\ trX(xr)trX(x[)

We introduce k i.i.d. random matrices M = (M[(.lj)-) pertaining to the GOE ensemble.
These random matrices are symmetric and isotropic with independent components with the
following distribution: the components (Mf}),»g ; are independent centered Gaussian vari-
ables with the following variances '

E[0)P]="2%2 e E M) =0+ o0

With this, we get the following expression for the expectation of any functional F (X (xy),
, X¢(xy)) of the kK matrices X€(x1), ..., X (xy)
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E[F(X (1), ... X°(x0)]

_a vk My2 4 ) g4 2e (r) (U]
E[F(M(l),,,,,M(k))e o Yoo (M) 1+) —— ZKIGW o TM MO+ =5 o Z,<,0‘XV7XHLrM M

Z ,
where:

M M@

k r)N2 1 2 2
7 E[eﬁ MO g Yt Oty MO MO+ 2 5 o

locr —x;1

By using classical theorems about isotropic matrices (see [1]), we know that, for each r,
M =0 DAY 0" where O is uniformly distributed on the orthogonal group of
RY and is independent of the diagonal matrix D(A"”) the diagonal entries of which are the
eigenvalues of M.

3.4.2 Joint Density of Eigenvalues of k Isotropic Gaussian Matrices and Computation of
the Renormalization

We start by computing Z. For A = (A1, ..., Ay) € R4, we denote the Vandermonde determi-
nantby A(A) =[] ¢;_jcn |2 — 41 We get

k N 2 a vk A0y
L/‘ [TIA(R)]e “Hran? Dot D G T (A
N REN

« e% Zr<10‘ir—x,|(25v RO SARPEL) J(D()\(l)), o D()\(k)))d)x(l) cedA®)

where R} is a renormalization constant such that

/ H|A A0 |e 2(|+1)02 Y T 0 —1,
RkN

and J is the following angular integral: (d O stands for the Haar measure on Oy (R))

J(D(XM), ..., D(A®))

™ p.Y o™ o paDy o®
:/‘ e“ﬂw Yt Of 4 r00 DO 00O DaO) 0 400 ...d0®
On ®)*

— i

@)
. A
‘We make the change of variables uE’) =

N(N+1)k/2 r r
7 — / 1_[|A (r) e — 2 The1 it L) —a S (N )2
]RkN

4 Y1 0f g I O )
X e° 2 1% 1l 1 J(D(u(l)),...,D(u(l)))du(l)u-du(]),
where we have set
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T(D@)..... D))

@) p®y 0™ o® pu®y o®
/‘ e(m)gz i oh, —y r 0D 00Dy 0 J0M
On R

~doW,

Therefore, since J(DuV), ..., D(u®)) converges pointwise towards 1 as € — 0, we can
use the Lebesgue theorem to get the following equivalent as € — 0

e—>0

o N(V+Dk/2 .
7 ~ % l_“A () |e e Lh T @)?
RkN

e O Y D L gy

3.4.3 k-Point Correlation Structure of the Multiplicative Chaos

For i < j, we want to get an equivalent as € — 0 of the following quantity

k

Z=E neM(')

r=l i.j

- Y M)

X e “ (l+r){74 Zr<l {r\xr x] ‘trM(’)MU)«&» Z' <l (r\\r X] \UM(” wm®
€

We get

22 12 1()L(r>)z 22 1(ZN A(H)z

2(l+r)a

RkN

o e°4 Sl Oy xl‘(Zf\’Mfr))(Zf"an I(D()»(l))v - D(A(k)))d)b(l) da®,

where [ is the following angular integral

k
1(DGD). ... D(®)) = / [Jo"ee 00
ONRK \ ;3 Iy
" pay 00 o prdy o®
Xe(1+<)aﬁz'<10‘f‘r—*l‘tr0 bay 00D 0 doV...qo®
o
. . A;
We make the following change of variables u}’) ==
_ ﬁ: o N(N+Dk/2 1_” () ’ TSN W0y
Z= 64/ Au® 62(1+<):1 1
RS kN
. N R

k ) ) (1)
e—aZr:l(Zi u’ )2"' Zr<l o — x”(zl o )e”‘("(f']1)+m+”(i];))

N

Y A (D). D),

Iyesli—1=1
ly=islg=j

where we have set
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----- Jk (1) (k)
Ilo I,.. lkfl,lk(D(u ),...,D(Lt ))
k
— (r) (r)
- /ON(]R)" 1_[ Or 1.Jr Olrvj/‘
r=
« e<1+m2 St - vl“0”)"(”('>)t0“)O(I)D(”(”)’O(l)dOm c.do®
We make the following change of variables in the above integral for 1 < r < k: uE:) =
(') + oo, u)) =v"” — co. k # j.. We obtain the following equivalent

O.N(N+1)k/26,kn€2/2(1 + C)(N—l)kag(N—l)k

. N
1o 2 - 7,

— 5t Dot T 02 —a S (T v 2a (14 e1=N2 T o

[Tl45. ()]

kN
R r=1

X e
N
=il W ©
X Z I[(]*Ilv-"f[kf],lkdv o.dv ,
Isenlg—1=1
lo=islk=Jj
where we have set
44444 jk
IZO b1,
k
— "
_/ [To" ,o",
on @ r=1
Jridl N (r) (r) o o
X e(1+() Zr<1 Jocr =27 | Zm[ smy=1 ﬂ,,,'l.mz ny.ny=1 On.my Ony.m\ On} my Onz,mZdO(l) N do(k>

with B2, = (—c + (1+ ) Ly, =, ) (—¢ + (1 + €)1, This leads to

FJ1sees _ (r) (r)
Ilo I l" Ll T / k 1_[ Olr 1.Jr lr Jr
ON®K\
1 2 2 (195 10N 101510 2t 0 o1H)2
« ¢ TF0 Z,<lam,m(c (0O OO+ (147 (00T )

—cYa al?n.fxl (0000 0000, ;10D oM 0N oWy, ; ddoW .

X e ,,do(k)

k
2
((1+c> )Y rai (f|x,.7x,\/ Ol(r_)1 B Ol(rr)jr
O @ ll 1 .

r=1

2 r) (12
IOt o, (0007 4 5 10®

In conclusion, we get the following equivalent

N(N+Dk/2 ko2/2 (N—D)k  (N—1)k k .
5 . O e (140 O, H|A1(v(’))|e’z(171+c>z'i=12,”=l<v} 2
e—0 R;V REKN 1
r=

k (r) —c 2
e E T gy gy ® e B e B, )
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where we have the following expression for F; j(x, ..., xk)

Fij(xi,...,x0)

-y oy [ (M)

Jlse k=110l =1
lo=islx=Jj

. 2 r) (2
IO X 0f, (000D 4 oM go®

N
= O o o®) .. (to*k-Dho® ®
- j Z /ON(]R)" O jl( oo )jlvl'z ( 0 0 )jkfp,jk OJ’Jk
e(1+C) Yral "\ir*m(’0<”0<”)§r,/,do(l) L dO(k)
We get thus the following expression

5 —c o2
Z/(Zek) ~ Cune™ =0 Fyj(xr,x), (14)

where Cy y is a constant which depends only on k, N (we can compute this constant but it
is tedious and will not be necessary for the purpose of this paper).

3.4.4 Computation of the Moment of Order k and of the Structure Functions

From relation (14), we get the following expression

N
—C 02
E[trM(A)k]:ynéE(ter(A)k):Ck,N/ke et N F (et x)dny - dx
- A

i=1

15)
The main difficulty is to study the functions F; ;. If we take the trace, we get
N
ZFi,i(xl,u.,xk)
i=1
N
=y (0M0®)  ...(0%Vow) (oW o)
0 k J1:J2 Jke=1+Jk Jk»J1
I ji=1 ¥ ONE)
R Z,<,a‘iyﬁl‘(za(»o(l))ﬁhhd0(1) cedo®. (16)

In particular, for k =2, we recover that

N
2 (4002 1o @2
D Fiixi,x2) =N2/ ((0M0@)? ! 1d0Md0®.

i=1 On(®?

Here we suppose that L = 1 and m = 0 to simplify the presentation. Since for all r </,
we have (O 0(1));,].[ < 1, it is easy to see that
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N
. 2 2
¢ ¢ X<l % x| E Fii(x1,...,x0) < Nk e2r<t x|

i=1

<N [—

rel | _~’C1|y2
In view of (15), this entails that
—— InE[tr M(B(0, £))*
fim £ (1( D . (17)
—0 an

‘We have

E[tr M(B(0,0))]

N
o~ 2
:Ck,N/ ¢ Lr<i %y | > FiiCxr,..x)dx - dxg
B(0,0)%

i=l1

N
2 k(k=1) —c 2
= gty T / e € Xr <1 %luy—u > " Fiituy, ... bu)duy - duy
B(0,1) im1

N

2 k(k—1) _

— Z ed]ﬁLCy 5 / (t0(1)0(2)) . '-'(IO(k I)O(k)) )

L O R 1.2 Jk=1.Jk
J1seesJk=1

t & 1) (+op?in by, (0003
x(0%07), e m

2 14+ oM oDy _,
x (/ <t oy (IFACOTOTG ‘)dul---duk)dO(l)---dO(k)
B(0, 1)k

In order to prove the other side of (4), we now study each term in the above sum.
We fix (ji, ..., ji) and €, § small such that € < . We have

(0M0®) ... (0% Dow) (f0% o)
On R Ji-j2 Jk=1+Jk Jk»J1
% e(l+c)y21n P X000y .
2 VoM oDy2 .
x (/ e <1 lur - (HHACOTOT L)dul---duk>d0(l)--~d0(k)
B(0,1)k
= Ae + AE,S + AB

where

AG:/ Keen AG"S:/;@ D en
Y000y, >HED TR =0T, (0000} L SHER —e

and As is the Y, (0V0D)? . < *1 — 5 part of the integral. On the event

>, (00002 > Mol — e each [((O0M0OW),, ;| is greater or equal to v/T—e.
In particular, we have that [((0”0"*V); ;| > /T —¢ for all r <k — 1. Notice that
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coPoMy, ;=00 5, ---(0*DO®), | . + O(e). Therefore, we can con-
clude that (O 0®); ;,---(CO*PO®), . and (OPODN); ; have the same sign.
Thus, we get

321 L (k=D _
14E 2 e(1+6))/ hl(( 5 E)|B(0, 1)k|

(0M0®) ...(0%Do®)

<[ g -
Zr<1(,0(r)0([))§r.f[>k(kz—l)_e J1:J2 Jk—1-Jk

x (to(k)O(l)) do(l)_,,do(k)
JierJ1

kk=1) _

> 1+ (529 ((1 — )k + 0(e)) [ B(O, D! [P

(Zroronn, =0

r<l

\

The only thing to check is that 3, (‘0" 0")? . > ¥-D — ¢ has a positive probability

but this can be seen easily by setting one chosen element of each 0", say Ol(rjr very close

to one. The condition k < i—‘; ensures that

2
O,
ck ::/ o<t =l duy - duy < 00
B(0, 1)k

Note that we have

(4ot L (kb gy (k(k — 1) B t A @) A D)2 k(k—1) B
[Acsl <cpet TV e 6]P’<72 SSZ(O (9] )jr.jzgiz €

r<l

Therefore, one can choose § larger than € such that |A, 5| < %.
Finally, for these choices of €, §, we have
k(kz—l) -5

V2 1
|A8| gcke(lJrL)y In 7 (

We thus get the following

In(A A A —1
lim n( e+ e,8+ 5) 2(1+C))/2<k(k2 )—€>

1
—0 In 7

Since this is valid for all €, we get that

. InE[tr M(B(0, £)*]
lim

: = =t (k) (18)
—0 In 7
The desired result (4) is then a consequence of (17) and of (18).
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Appendix
A.1 Discussion About the Construction of Kernels

In this subsection, we discuss in further detail the construction of the kernel K as summa-
rized in Remark 2. In dimension 1 and 2, it is plain to see that

L e
_=/ (¢ = Ix]), v (d0) (19)
0

n
x|

where the measure v, is given by (8, stands for the Dirac mass at u):

dt 1
v (dt) = l[o,L](I)t—2 + ZSL(dt)~

Hence, for every u > 0, we have

L 1 L* +oo
Iny —=—In, — = t—|x|*) viu(dt).
Pl T e /o (= ¥), v ()

We are therefore led to consider p > 0 such that the function x — (1 — |x|*) is positive
definite, the so-called Kuttner-Golubov problem (see [16]).

For d = 1, it is straightforward to check that (1 — |x|), is positive definite. We can thus
consider a Gaussian process X¢ with covariance kernel given by

L
Ko =7 [ (0= x) .

Notice that

L
Vx#0, p’ln, — =lim K. (x) (20)
|x| e—0
and
L
2 2 L

Ve <|x|<L, Kc(x)=y (t = Ix]) ve(dr) = y*Iny Tk 2D

x|

In dimension 2, we can use the same strategy since Pasenchenko [23] proved that the
mapping x — (1 — |x|'/2), is positive definite over R?. We can thus consider a Gaussian
process X€ with covariance kernel given by

1172

_ 2 1/2
Kc(x)=2y //2 (t = 1x1"%) vpie(@n),

el

sharing the same properties (20) and (21).

In dimension 3, it is not known whether the mapping x +— In, \7L| admits an integral
representation of the type explained above. Nevertheless it is positive definite so that we can
use the convolution techniques developed in [27]. In dimension 4, it is not positive definite
[27] so that another construction is required. We explain the methods in [25]. We set the
dimension d to be larger than d > 3. Let us denote by S the sphere of R? and o the surface
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measure on the sphere such that o(S) = 1. Remind that this measure is invariant under
rotations. We define the function

VxeRY, F(x)= y2/ln+ o (ds). (22)
N

L
[¢x, 5)1

It is plain to see that F is an isotropic function. Let us compute it over a neighborhood of O:
for |x| < L, we can write x = |x|e, with e, € S. Then we have

2/‘ L ., L / 1
Fx)y=y In—o(ds)=A"In—+ [ In o(ds).
s lxll{ex, s) Il Js [ex, )

Notice that the integral f sIn l(e:—mo (ds) is finite (use Lemma 3 below for instance) and does
not depend on x by invariance under rotations of the measure o. By using the decomposition
(19), we can thus consider a Gaussian process X¢ with covariance kernel given by

L
Ke(x) = yZ/S/ (t = |tx. 9)]), v @D)o ds),

sharing the properties
Vx #£0, lir% K.(x)=F(x) (23)
and

Ve <|x| <L, K.(x)=Fx)=AIn—+C (24)

L
x|

for some constant C.
A.2 Auxiliary Results

We give a proof of the following standard result.

Lemma 3 If (Z;) i<y are i.id. standard Gaussian random variables then the vector

1
V=" (Z,.... Zy)

N
VEim Zi

is distributed as the Haar measure on the sphere of RN . In particular, the density of the first
entry of a random vector uniformly distributed on the sphere is given by:

r (%) | N-3
———vy 2(1—-y) 21 dy.
(L y z(l—y) 0,11(y)dy
Proof By using the invariance under rotations of the law of the Gaussian vector (Z;)<i<w.»
the law of V is invariant under rotations and is supported by the sphere. By uniqueness of
the Haar measure, V is distributed as the Haar measure. We have to compute the density of

z} .
= >r i —7- Notice that

i

“Tyyz
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where Y, Z are independent random variables with their respective laws being chi-squared
distributions of parameters 1 and N — 1. Therefore

X 1 S 1 N-1 _y
E = 22—y 7 e 2dxd
[f @] /D£+A+f(x+y>2ér(%)x e 2¥F(N_—1)y T e 2dxdy

2

1 /1 1 v N2
= f(u)if e M0y 7 dydu
25rHrdsy o T (i —wd e,

A )N APTRUR N

[SE
ST

Next we characterize all the symmetric Gaussian random matrices.

Lemma 4 Let X be a symmetric and isotropic centered Gaussian random matrix of size
N x N. Then the diagonal terms (X11, ..., Xyn) have a covariance matrix of the form

o2(14c)ly —co? P for some 6> > 0and c € -1, ﬁ],where P isthe N x N matrix whose

2 1+c

all entries are 1. The off-diagonal terms are i.i.d. with variance o~ ==

of the diagonal terms.

and are independent

Proof If X admits a density with respect to the Lebesgue measure d M over the set of sym-
metric matrices (see [1, Chap. 4]), then the density of M is given by

e S M,

where f is a homogeneous polynomial of degree 2. By isotropy, f must be a symmetric
function of the eigenvalues of M. Therefore it takes on the form

FM) =ate(M?) + B(M)?

for some «, B € R. In this case, the result follows easily.

If M does not admit a density with respect to the Lebesgue measure over the set of
symmetric matrices, we can add an independent “small GOE”, i.e. we consider M + e M’
where M’ is a matrix of the GOE ensemble with a normalized variance independent of M.
The matrix M + ¢ M’ admits a density so that we can apply the above result. Then we pass
to the limit as € — 0. 0

A.3 Some Integral Formulae

Let &, ¢ > 0. We want to compute the integral

—a(XN a2 2(1+c) PIRPY i — AildA.
/e T —wl

i<j

We write the integrand in the form (7):

—a(C 22— 2
e (1+¢) 1_[ |)\

i<j
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where 02(1 +¢) = (1 +¢) and @ = —>———1—~. In that case, we have ¢ =

202(14+8) (IHE(1-N)"
2a(14+c) - _
T+ 2a(l+o)(N—1) and 1 +c¢(1—-N)= 3 We deduce

1
1+2a(1+c)(N—1

—a(yN e L YN 2
/ e ¥ i M) 2<1+c>zr=1*zl_[|)\j—)»,~|dk
RN

i<j

= N!Q2m)N? ﬁ T'(k/2)\ (14 c)NW+b/4 -
= ! i F(1/2) m

We also want to compute the integral
- N 302__1 N 52
/ e~ Y=t 4"~ o Lim1 i [T 1x —ildn.
RN o
2<i<j

‘We have

N ;2 1 N
/ e~ Eit W)’ - ey LIl A 1_[ |A; — AildAy - -dhry
RN

2<i<j

N L \,2 N o2 1 N 2
:/ (/ e—z‘ﬂl(Z,‘zzki)—(‘”m)*]d)\l)e—“(zz':z)w') 3050 =2 M
RN-1\JR

< [T 1n = rildnry---dny

2<i<j

_ 1t+e o2 Tt terer (Ci )7 (Sl 10— ey i 4
2(14+c¢)+1 Jpy-1

< [ 1% = xildrg---dny

2<i<j

= 2r L/ o Tt (Tt 70 s Tita A
2(14+c)+ 1 Jpy-1

< [T 1n = rildnry - day

2<i<j
_ ¢ LN 532 1 N 2
l+c / o 23D T i )7 o i i
20(14+c¢)+ 1 Jpy-1
< [T 1n = rildny---day
2<i<j
20(1+c¢) 1+2a(14c)

foroj(l +E) =1l+4candc= 2a(l+0)(N=D+1 (Orequivalently, 1+E(2—N) = TF2a(+0(N=1)

and 1 +¢ = %). This leads to the following

c 1 N 2 1 N 2
“55Tiae ey Cim M) s o Y A >
/ g 203(140) 202(148) | | IAj = AildAg---diy = Zy_
N-
R 2<i<j

@ Springer



702 L. Chevillard et al.

where
= r/2
Ty 1 =(N — I Q27)N-D/2 W2 ) GNIN=D/2 0 4 5y(N=DWN+D/4 /T a0 — N,
No1 = ( )!(27) ,EF(I/D o, (140 VI+é( )

In conclusion, we get:

N ;2 1 N
/ PSR et oo PR, 1_[ IAj — Aildhy -+ dhy
RN

2<i<j
7 Fk/2)\ (1 +eN™-D
_ _ N/2
=V1+c(N—1)!2n) (H raz) ) Ji+2«d+oN 20

A.4 Heuristic Derivation of the Conjecture

Let £ < 1. We can roughly write as £ — 0 (where =~ means equivalent to a random constant
of order 1)

2
1 Y 1
yylng2—S5Ing

o pd €
M(B(0,0)) ~ ¢ ST D

where 2 is a random matrix whose density is given by (6) with o7 = 1, and thus we get (we
forget terms of order 1)

q z(dJré)q yq,/In 1o
E[tr M(B(0,0)) ]%WE[U@ ]
¢

2
d+%)q
~ 4€] ¥V 11 = (T 1)~ 5rrig XLy o
(In H)aN—D72 Jon
¢

X 1_[|u] —ui|du1~~-duN,

i<j
_ c 1 :
where @ = 2+0) (He(1=N)) Thus, lfq >0
g g(d+4)q
E[trM(B(O, E)) ] ~ (In %)(qq)wfl)/z
References

1. Anderson, G., Guionnet, A., Zeitouni, O.: An Introduction to Random Matrices. Cambridge University
Press, Cambridge (2009)

2. Albeverio, S., Gallavotti, G., Hgegh-Krohn, R.: Some results for the exponential interaction in two or
more dimensions. Commun. Math. Phys. 70, 187-192 (1979)

3. Bacry, E., Kozhemyak, A., Muzy, J.-F.: Continuous cascade models for asset returns. J. Econ. Dyn.
Control 32(1), 156-199 (2008). doi:10.1016/j.jedc.2007.01.024. Available at www.cmap.polytechnique.
fr/~bacry/biblio.html

@ Springer


http://dx.doi.org/10.1016/j.jedc.2007.01.024
http://www.cmap.polytechnique.fr/~bacry/biblio.html
http://www.cmap.polytechnique.fr/~bacry/biblio.html

Gaussian Multiplicative Chaos for Symmetric Isotropic Matrices 703

11.
12.

13.
14.

15.
16.

17.
18.
19.
20.
21.
22.
. Pasenchenko, O.Y.: Sufficient conditions for the characteristic function of a two-dimensional isotropic
24.
25.
26.

217.

. Barral, J., Jin, X., Rhodes, R., Vargas, V.: Gaussian multiplicative chaos and KPZ duality. arXiv:

1202.5296v2

. Benjamini, I., Schramm, O.: KPZ in one dimensional random geometry of multiplicative cascades. Com-

mun. Math. Phys. 289(2), 653-662 (2009)

. Bergere, M., Eynard, B.: Some properties of angular integrals. J. Phys. A, Math. Theor. 42, 265201

(2009)

. Brézin, E., Hikami, S.: An extension of the HarishChandra-Itzykson-Zuber integral. Commun. Math.

Phys. 235, 125 (2003)

. Chevillard, L., Robert, R., Vargas, V.: A stochastic representation of the local structure of turbulence.

Europhys. Lett. 89, 54002 (2010)

. Chevillard, L., Castaing, B., Arneodo, A., Lévéque, E., Pinton, J.-F.,, Roux, S.G.: A phenomenolog-

ical theory of Eulerian and Lagrangian velocity fluctuations in turbulent flows. C. R. Phys. (2012).
doi:10.1016/j.crhy.2012.09.002

. Collins, B., Guionnet, A., Maurel Segala, E.: Asymptotics of orthogonal and unitary matrix integrals.

Adv. Math. 222, 172 (2009)

David, F.: Conformal field theories coupled to 2-D gravity in the conformal Gauge. Mod. Phys. Lett. A
3, 1651 (1988)

Duchon, J., Robert, R., Vargas, V.: Forecasting volatility with the multifractal random walk model. Math.
Finance 22(1), 83-108 (2012). doi:10.1111/j.1467-9965.2010.00458.x

Duplantier, B., Sheffield, S.: Liouville quantum gravity and KPZ. Invent. Math. 185(2), 333-393 (2011)
Foias, C., Manley, O., Rosa, R., Temam, R.: Navier-Stokes equations and turbulence. Cambridge Uni-
versity Press, Cambridge (2001)

Frisch, U.: Turbulence. Cambridge University Press, Cambridge (1995)

Gneiting, T.: Criteria of Polya type for radial positive definite functions. Proc. Am. Math. Soc. 129(8),
2309-2318 (2001)

Kahane, J.-P.: Sur le chaos multiplicatif. Ann. Sci. Math. Qué. 9(2), 105-150 (1985)

Kolmogorov, A.N.: The local structure of turbulence in incompressible viscous fluid for very large
Reynolds numbers. Dokl. Akad. Nauk SSSR 30, 301 (1941) [in Russian]. English translation: Proc.
R. Soc. Lond. Ser. A 434, 9 (1991)

Kolmogorov, A.N.: A refinement of previous hypotheses concerning the local structure of turbulence. J.
Fluid Mech. 13, 83-85 (1962)

Knizhnik, V.G., Polyakov, A.M., Zamolodchikov, A.B.: Fractal structure of 2D-quantum gravity. Mod.
Phys. Lett. A 3(8), 819-826 (1988)

Mandelbrot, B.B.: A possible refinement of the lognormal hypothesis concerning the distribution of
energy in intermittent turbulence. In: Statistical Models and Turbulence, La Jolla, CA. Lecture Notes in
Phys., vol. 12, pp. 333-351. Springer, Berlin (1972)

Mehta, M.L.: Random Matrices. Elsevier, Amsterdam (2004)

distribution. Theory Probab. Math. Stat. 53, 149-152 (1996)

Rhodes, R., Vargas, V.: KPZ formula for log-infinitely divisible multifractal random measures. ESAIM
Probab. Stat. 15, 358-371 (2011)

Rhodes, R., Vargas, V.: Multidimensional multifractal random measures. Electron. J. Probab. 15, 241-
258 (2010). Paper No. 9

Robert, R., Vargas, V.: Hydrodynamic turbulence and intermittent random fields. Commun. Math. Phys.
284(3), 649-673 (2008)

Robert, R., Vargas, V.: Gaussian multiplicative chaos revisited. Ann. Probab. 38(2), 605-631 (2010)

@ Springer


http://arxiv.org/abs/arXiv:1202.5296v2
http://arxiv.org/abs/arXiv:1202.5296v2
http://dx.doi.org/10.1016/j.crhy.2012.09.002
http://dx.doi.org/10.1111/j.1467-9965.2010.00458.x

	Gaussian Multiplicative Chaos for Symmetric Isotropic Matrices
	Abstract
	Introduction
	Framework and Main Results
	Proofs of the N-Dimensional Case
	Joint Law of the Eigenvalues of Gaussian Isotropic Matrices
	Computations of the Renormalization
	Computation of the Moment of Order 2
	Joint Density of Two Isotropic Matrices
	Joint Density of Eigenvalues of Two Correlated Isotropic Matrices
	Two-Points Correlation Structure of the Matrix Chaos
	Computation of the Moment of Order 2

	Computation of the Moment of Order k
	Joint Density of k Isotropic Gaussian Matrices
	Joint Density of Eigenvalues of k Isotropic Gaussian Matrices and Computation of the Renormalization
	k-Point Correlation Structure of the Multiplicative Chaos
	Computation of the Moment of Order k and of the Structure Functions


	Acknowledgements
	Appendix
	Discussion About the Construction of Kernels
	Auxiliary Results
	Some Integral Formulae
	Heuristic Derivation of the Conjecture

	References


