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The Bu�er Tree:A New Technique for Optimal I/O Algorithms�Lars ArgeyBRICSzDepartment of Computer ScienceUniversity of AarhusAarhus, DenmarkAugust 1996AbstractIn this paper we develop a technique for transforming an internal-memory tree data structure into an external-memory structure. Weshow how the technique can be used to develop a search tree like struc-ture, a priority queue, a (one-dimensional) range tree and a segmenttree, and give examples of how these structures can be used to de-velop e�cient I/O algorithms. All our algorithms are either extremelysimple or straightforward generalizations of known internal-memoryalgorithms|given the developed external data structures. We believethat algorithms relying on the developed structure will be of practicalinterest due to relatively small constants in the asymptotic bounds.�This paper is a revised and extended version of BRICS report 94-16. An extendedabstract version was presented at the Fourth Workshop on Algorithms and Data Structures(WADS'95)yThis work was partially supported by the ESPRIT II Basic Research Actions Programof the EC under contract No. 7141 (project ALCOM II) and by Aarhus University Re-search Foundation. Part of the work was done while a Visiting Scholar at Duke University.Email: large@brics.dkzAcronym for Basic Research in Computer Science, a Center of the Danish NationalResearch Foundation. 1



1 IntroductionIn the last few years, more and more attention has been given to Input/Output(I/O) complexity of existing algorithms and to the development of new I/O-e�cient algorithms. This is due to the fact that communication betweenfast internal memory and slower external memory is the bottleneck in manylarge-scale computations. The signi�cance of this bottleneck is increasing asinternal computation gets faster, and especially as parallel computing gainspopularity [21]. Currently, technological advances are increasing CPU speedat an annual rate of 40-60% while disk transfer rates are only increasing by7-10% annually [24].A lot of work has already been done on designing external memory ver-sions of known internal-memory data structures (e.g. [6, 14, 16, 17, 18, 23,25, 26, 29]), but practically all of these data structures are designed to beused in on-line settings, where queries should be answered immediately andwithin a good worst case number of I/Os. This e�ectively means that usingthese structures to solve o�-line problems yields non-optimal algorithms be-cause they are not able to take full advantage of the large internal memory.Therefore a number of researchers have developed techniques and algorithmsfor solving large-scale o�-line problems without using external memory datastructures [1, 11, 14].In this paper we develop external data structures that take advantageof the large main memory. This is done by only requiring good amortizedperformance of the operations on the structures, and by allowing search op-erations to be batched. The data structures developed can then be used insimple and I/O-e�cient algorithms for computational geometry and graphproblems. As pointed out in [11] and [14] problems from these two areasarise in many large-scale computations in e.g. object-oriented, deductiveand spatial databases, VLSI design and simulation programs, geographic in-formations systems, constraint logic programming, statistics, virtual realitysystems, and computer graphics.1.1 I/O Model and Previous ResultsWe will be working in an I/O model introduced by Aggarwal and Vitter [1].The model has the following parameters:2



N = # of elements in the problem instance;M = # of elements that can �t into main memory;B = # of elements per block;where M < N and 1 � B �M=2. The model captures the essential param-eters of many of the I/O-systems in use today, and depending on the size ofthe data elements, typical values for workstations and �le servers are on theorder of M = 106 or 107 and B = 103. Large-scale problem instances can bein the range N = 1010 to N = 1012.An I/O operation in the model is a swap of B elements from internalmemory with B consecutive elements from external memory. The measureof performance we consider is the number of such I/Os needed to solve agiven problem. Internal computation is for free. As we shall see shortly thequotients N=B (the number of blocks in the problem) andM=B (the numberof blocks that �t into internal memory) play an important role in the studyof I/O-complexity. Therefore, we will use n as shorthand for N=B and m forM=B. Furthermore, we say that an algorithm uses a linear number of I/Ooperations if it uses at most O(n) I/Os to solve a problem of size N . In [31]the I/O model is extended with a parameter D. Here the external memoryis partitioned into D distinct disk drives, and if no two blocks come fromthe same disk, D blocks can be transferred per I/O. The number D of disksrange up to 102 in current disk arrays.Early work on I/O algorithms concentrated on algorithms for sortingand permutation-related problems in the single disk model [1], as well asin the extended version of the I/O-model [19, 20, 30, 31]. External sortingrequires �(n logm n) I/Os,1 which is the external memory equivalent of thewell-known �(N logN) time bound for sorting in internal memory. Note thatthis means that O( logm nB ) is the I/O bound corresponding to the O(log2N)bound on the operations on many internal-memory data structures. More re-cently external-memory researchers have designed algorithms for a number ofproblems in di�erent areas. Most notably I/O-e�cient algorithms have beendeveloped for a large number of computational geometry [5, 14] and graphproblems [11]. In [4] a general connection between the comparison-complexityand the I/O-complexity of a given problem is shown in the \comparison I/O1We de�ne for convenience logm n = maxf1; (logn)=(logm)g.3



model" where comparison of elements is the only allowed operation in inter-nal memory.1.2 Our ResultsIn this paper we develop a technique for transforming an internal-memorytree data structure into an external memory data structure. We use ourtechnique to develop a number of external memory data structures, which inturn can be used to develop optimal algorithms for problems from the dif-ferent areas previously considered with respect to I/O-complexity. All thesealgorithms are either extremely simple or straightforward generalizations ofknown internal-memory algorithms|given the developed external data struc-tures. This is in contrast to the I/O-algorithms developed so far, as they areall very I/O-speci�c. Using our technique we on the other hand manage toisolate all the I/O-speci�c parts of the algorithms in the data structures,which is nice from a software engineering point of view. Ultimately, onewould like to give the task of transforming an ordinary internal-memory al-gorithm into a good external memory one to the compiler. We believe thatour technique and the developed structures will be useful in the developmentof algorithms for other problems in the mentioned areas as well as in otherareas. Examples of this can be found in [2, 3, 5, 9]. More speci�cally, theresults in this paper are the following:Sorting: We develop a simple dynamic tree structure (The Bu�er Tree)with operations insert, delete and write. We prove amortized I/O boundsof O( logm nB ) on the �rst two operations and O(n) on the last. Using thestructure we can sort N elements with the standard tree-sort algorithm inthe optimal number of I/Os. This algorithm is then an alternative to thesorting algorithms developed so far. The algorithm is the �rst I/O-algorithmthat does not need all the elements to be present by the start of the algorithm.Graph Problems: We extend the bu�er tree with a deletemin operationin order to obtain an external-memory priority queue. We prove an O( logm nB )amortized bound on the number of I/Os used by this operation. Using thestructure it is straightforward to develop an extremely simple algorithm for\circuit-like" computations as de�ned in [11]. This algorithm is then an al-ternative to the \time-forward processing technique" developed in the samepaper. The time-forward processing technique only works for large values ofm, while our algorithm works for all m. In [11] the time-forward processingtechnique is used to develop an e�cient I/O algorithm for external-memory4



list-ranking, which in turn is used to develop e�cient algorithms for a largenumber of graph-problems.2 All these algorithms thus inherit the constrainton m and our new algorithm removes it from all of them. Finally, the struc-ture can of course also be used to sort optimally.Computational Geometry Problems: We also extend the bu�er treewith a batched rangesearch operation in order to obtain an external (one-dimensional) range tree structure. We prove an O( logm nB +r) amortized boundon the number of I/Os used by the operation. Here r is the number ofblocks reported. Furthermore, we use our technique to develop an externalversion of the segment tree with operations insert/delete and batched searchwith the same I/O bounds as the corresponding operations on the rangetree structure. The two structures enable us to solve the orthogonal linesegment intersection, the batched range searching, and the pairwise rectangleintersection problems in the optimal number of I/O operations. We cansolve these problems with exactly the same plane-sweep algorithms as areused in internal memory. As mentioned, large-scale computational geometryproblems arise in many areas. The three intersection reporting problemsmentioned especially arise in VLSI design and are certainly large-scale insuch applications. The pairwise rectangle intersection problem is of specialinterest, as it is used in VLSI design rule checking [8]. Optimal algorithmsfor the three problems are also developed in [14], but as noted earlier thesealgorithms are very I/O-speci�c, while we manage to \hide" all the I/O-speci�c parts in the data structures and use the known internal-memoryalgorithms. A note should also be made on the fact that the search operationsare batched. Batched here means that we will not immediately get the resultof a search operation. Furthermore, parts of the result will be reportedat di�erent times when other operations are performed. This su�ces in theplan-sweep algorithms we are considering, as the sequence of operations doneon the data structure in these algorithms does not depend on the results ofthe queries in the sequence. In general, problems where the whole sequenceof operations on a data structure is known in advance, and where there isno requirement on the order in which the queries should be answered, areknown as batched dynamic problems [13].As mentioned some work has already been done on designing external2Expression tree evaluation, centroid decomposition, least common ancestor, minimumspanning tree veri�cation, connected components, minimum spanning forest, biconnectedcomponents, ear decomposition, and a number of problems on planar st-graphs.5



versions of known internal dynamic data structures, but practically all of ithas been done in the I/O model where the size of the internal memory equalsthe block size. The motivation for working in this model has partly been thatthe goal was to develop structures for an on-line setting, where answers toqueries should be reported immediately and within a good worst-case numberof I/Os. This means that if we used these structures to solve the problemswe consider in this paper, we would not be able to take full advantage of thelarge main memory. Consider for example the well-known B-tree [7, 12, 18].On such a tree one can do an insert or delete operation in O(logB n) I/Osand a rangesearch operation in O(logB n + r) I/Os. This means that usinga B-tree as sweep-structure in the standard plane-sweep algorithm for theorthogonal line segment intersection problem results in an algorithm usingO(N logB n+r) I/Os. But an optimal solution for this problem only requiresO(n logm n + r) I/Os [4, 14]. For typical systems B is less than m so logB nis larger than logm n, but more important, the B-tree solution will be slowerthan the optimal solution by a factor of B. As B typically is on the orderof thousands this factor is crucial in practice. The main problem with theB-tree in this context is precisely that it is designed to have a good worst-caseon-line search performance. In order to take advantage of the large internalmemory, we on the other hand use the fact that we only are interested inthe overall I/O use of the algorithm for an o�-line problem|that is, in agood amortized performance of the involved operations|and sometime evensatis�ed with batched search operations.As mentioned we believe that one of the main contributions of this paperis the development of external-memory data structures that allow us to usethe normal internal-memory algorithms and \hide" the I/O-speci�c parts inthe data structures. Furthermore, we believe that our structures will be ofpractical interest due to relatively small constants in the asymptotic bounds.We hope in the future to be able to implement some of the structures in thetransparent parallel I/O environment (TPIE) developed by Vengro� [27].Results of experiments on the practical performance of several algorithmsdeveloped for the I/O model are reported in [9, 10, 28].The main organization of the rest of this paper is the following: In thenext section we sketch our general technique. In section 3 we then develop thebasic bu�er tree structure which can be use to sort optimally, and in section 4and 5 we extend this structure with a deletemin and batched rangesearchoperation, respectively. The external version of the segment tree is developedin section 6. Using techniques from [20] all the developed structures can be6



modi�ed to work in theD-disk model|that is, the I/O bounds can be dividedby D. We discuss such an extension in Section 7. Finally, conclusions aregiven in Section 8.2 A Sketch of the TechniqueIn this section we sketch the main ideas in our transformation technique.When we want to transform an internal-memory tree data structure into anexternal version of the structure, we start by grouping the (binary) nodes inthe structure into super-nodes with fan-out �(m)|that is, fan-out equal tothe number of blocks that �ts into internal memory. We furthermore groupthe leaves together into blocks obtaining an O(logm n) \super-node height".To each of the super-nodes we then assign a \bu�er" of size �(m) blocks.No bu�ers are assigned to the leaves. As the number of super-nodes on thelevel just above the leaves is O(n=m), this means that the total number ofbu�ers in the structure is O(n=m).Operations on the structure|updates as well as queries|are then donein a \lazy" manner. If we for example are working on a search tree structureand want to insert an element among the leaves, we do not right away searchall the way down the tree to �nd the place among the leaves to insert theelement. Instead, we wait until we have collected a block of insertions (orother operations), and then we insert this block in the bu�er of the root.When a bu�er \runs full" the elements in the bu�er are \pushed" one leveldown to bu�ers on the next level. We call this a bu�er-emptying process.Deletions or other and perhaps more complicated updates, as well as queries,are basically done in the same way as insertions. This means that we canhave several insertions and deletions of the same element in the tree, and wetherefore time stamp the elements when we insert them in the top bu�er.It also means that the queries get batched in the sense that the result ofa query may be generated (and reported) lazily by several bu�er-emptyingprocesses.The main requirement needed to show the I/O bounds mentioned inthe introduction is that we should be able to empty a bu�er in O(m + r0)I/O operations. Here r0 is the number of blocks reported by query oper-ations in the emptied bu�er. If this is the case, we can do an amorti-zation argument by associating a number of credits to each block of ele-ments in the tree. More precisely, each block in the bu�er of node x must7



hold O(the height of the tree rooted at x) credits. As we only do a bu�er-emptying process when the bu�er runs full, that is, when it contains �(m)blocks, and as we can charge the r0-term to the queries that cause the re-ports, the blocks in the bu�er can pay for the emptying-process as they all getpushed one level down. On insertion in the root bu�er we then have to giveeach update element O( logm nB ) credits and each query element O( logm nB + r)credits, and this gives us the desired bounds. Of course we also need to con-sider e.g. rebalancing of the transformed structure. We will return to this,as well as the details in other operations, in later sections. Another way oflooking at the above amortization argument is that we touch each block aconstant number of times on each level of the structure. Thus the argumentstill holds if we can empty a bu�er in a linear number of I/Os in the numberof elements in the bu�er. In later sections we will use this fact several timeswhen we show how to empty a bu�er containing x blocks, where x is biggerthan m, in O(m+x) = O(x) I/Os. Note also that the amortization argumentworks as long as the fan-out of the super-nodes is �(mc) for 0 < c � 1, asthe super-node height remains O(logm n) even with this smaller fan-out. Wewill use this fact in the development of the external segment tree.3 The Bu�er TreeIn this section we will develop the basic structure|which we call the bu�ertree|and only consider the operations needed in order to use the structurein a simple sorting algorithm. In later sections we then extend this basicstructure in order to obtain an external priority queue and an external (one-dimensional) range tree.The bu�er tree is an (a; b)-tree [15] with a = m=4 and b = m, extendedwith a bu�er in each node. In such a tree all nodes except for the root havefan-out between m=4 and m, and thus the height of the tree is O(logm n).The bu�er tree is pictured in Figure 1. As discussed in section 2 we do thefollowing when we want to do an update on the bu�er tree: We constructa new element consisting of the element to be inserted or deleted, a timestamp, and an indication of whether the element is to be inserted or deleted.When we have collected B such elements in internal memory, we insert theblock in the bu�er of the root. If the bu�er of the root still contains less thanm=2 blocks we stop. Otherwise, we empty the bu�er. The bu�er-emptyingprocess is described in Figure 2 and 5. We de�ne internal nodes to be all8
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���O(logm n) B m blocks14m: : :mFigure 1: The bu�er tree.nodes which do not have leaves as children, and the basic part of the processwhich is used on these nodes (corresponding to the discussion in the lastsection) is given in Figure 2. Note that the bu�er-emptying process is onlydone recursively on internal nodes. Only after �nishing all bu�er-emptyingprocesses on internal nodes, we empty the bu�ers of the leaf nodes as we callthe nodes which are not internal. That the bu�er-emptying process on aninternal node can be done in a linear number of I/Os as required is easilyrealized: The elements are loaded and written ones, and at most O(m) I/Osare used on writing non-�lled blocks every time we load m=2 blocks. Notethat the cost of emptying a bu�er containing o(m) blocks remains O(m), aswe distribute the elements to �(m) children.The emptying of a leaf bu�er is a bit more complicated as we also need� Load the partitioning (or routing) elements of the node into internal memory.� Repeatedly load (at most) m=2 blocks of the bu�er into internal memory and do thefollowing:1. Sort the elements from the bu�er in internal memory. If two equal elements|an insertion and a deletion|\meet" during this process, and if the time stamps\�t", then the two elements annihilates.2. Partition the elements according to the partitioning elements and output themto the appropriate bu�ers one level down (maintaining the invariant that atmost one block in a bu�er is non-full).� If the bu�er of any of the children now contains more than 12m blocks, and if thechildren are internal nodes, then recursively apply the emptying-process on thesenodes. Figure 2: The bu�er-emptying process on internal nodes.9



Rebalancing after inserting an element below v:DO v has b+ 1 children ->IF v is the root ->let x be a new node and makev its only childELSElet x be the parent of vFILet v0 be a new nodeLet v0 be a new child of ximmediately after vSplit v:Take the rightmost d(b + 1)=2echildren away from v and makethem children of v0.Let v=xOD �����
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Figure 3: Insert in (a; b) tree.to consider rebalancing of the structure when we empty such a bu�er. Thealgorithm is given in Figure 5. Basically the rebalancing is done preciselyas on normal (a; b)-trees [15]. After �nding the position of a new elementamong the elements in the leaves of an (a; b)-tree, the rebalancing is done by aseries of \splits" of node in the structure. We give the algorithm in Figure 3.Similarly, after deleting an element in a leaf the rebalancing is accomplishedby a series of node \fusions" possibly ending with a node \sharing". Thealgorithm is given in Figure 4. In the bu�er tree case we need to modify thedelete rebalancing algorithm slightly because of the bu�ers. The modi�cationconsists of doing a bu�er-emptying process before every rebalance operation.More precisely, we do a bu�er-emptying process on v0 in Figure 4 when itis involved in a fuse or share rebalancing operation. This way we can dothe actual rebalancing operation as normally, without having to worry aboutelements in the bu�ers. This is due to the fact that our bu�er-emptyingprocess on internal nodes maintains the invariant that if the bu�er of a leafnode runs full then all nodes on the path to the root have empty bu�ers.Thus when we start rebalancing the structure (insert and delete the relevantblocks) after emptying all the leaf bu�ers (Figure 5), all nodes playing therole of v in split, fuse or share rebalance operations already have empty10



Rebalancing after deleting an element below v:DO v has a� 1 children ANDv0 has less than a+ t+ 1 children ->Fuse v and v0:Make all children of v0 children of vLet v=xLet v0 be a brother of xIF x does not have a brother (x is theroot) AND x only has one child ->Delete xSTOPFILet x be the parent of v.OD(* either v has more than a childrenand we are finished, or we canfinish by sharing *)IF v has a� 1 children ->Share:Take s children away from v0 andmake them children of v.FI
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���� v xxv v0xv v0 xv v0Figure 4: Delete in (a; b)-tree (s = d((b=2�a)+1)=2e and t = (b=2�a)+s�1).bu�ers. Also if the emptying of the bu�er of v0 results in a leaf bu�er runningfull, the invariant will be ful�lled because all nodes on the path from v0sparent x to the root have empty bu�ers. Note that the reason for not doingbu�er-emptying processes on leaf nodes recursively, is to prevent di�erentrebalancing operations from interfering with each other. This is also thereason for the special way of handling deletes with dummy blocks; whiledeletion of a block may result in several bu�er-emptying processes, this isnot the case for insertions as no bu�er-emptying process are necessary in thisrebalancing algorithm.We can now prove our main theorem.Theorem 1 The total cost of an arbitrary sequence of N intermixed insertand delete operation on an initially empty bu�er tree is O(n logm n) I/Ooperations, that is, the amortized cost of an operation is O( logm nB ) I/Os.11



� As long as there is a leaf node v with a full bu�er (size greater than m=2 blocks) dothe following (x is the number of leaves of v):1. Sort the elements in the bu�er of v with an optimal I/O sorting algorithm andremove \matching" insert/delete elements.2. Merge the sorted list with the sorted list of elements in the leaves of v whileremoving \matching" insert/delete elements.3. If the number of blocks of elements in the resulting list is smaller than x dothe following:(a) Place the elements in sorted order in the leaves of v.(b) Add \dummy-blocks" until v has x leaves and update the partition ele-ments in v.4. If the number of blocks of elements in the resulting list is bigger than x dothe following:(a) Place the x smallest blocks in the leaves of v and update the partitionelements of v accordingly.(b) Repeatedly insert one block of the rest of the elements and rebalance.� Repeatedly delete one dummy block and rebalance|while performing a bu�er-emptying process on the relevant nodes involved in a rebalance operation (v0 ofFigure 4) before the operation is done (if v0 is a leaf node its bu�er is emptied asdescribed above).If the delete (or rather the bu�er-emptying processes done as a result of it) resultsin any leaf bu�er becoming full, these bu�ers are emptied as described above beforethe next dummy block is deleted.Figure 5: Emptying the bu�ers of the leaf nodes.Proof : As discussed in Section 2 the total cost of all the bu�er-emptyingprocesses on internal nodes with full bu�ers is bounded by O(n logm n) I/Os.This follows from the fact that one such process uses a linear number of I/Osin the number of blocks pushed one level down.During the rebalancing operations we empty a number of non-full bu�ersusing O(m) I/Os, namely one for each rebalancing operation following adeletion of a block. Furthermore, it is easy to realize that the administrativework in a rebalancing operation|updating partitioning elements and so on|can be performed in O(m) I/Os. In [15] it is shown that the number ofrebalancing operations in a sequence of K updates on an initially empty(a; b)-tree is bounded by O(K=(b=2 � a)) if b > 2a. As we are inserting12



blocks in the (m=4;m)-tree underlying the bu�er tree this means that thetotal number of rebalance operations in a sequence of N updates on the bu�ertree is bounded by O(n=m). Thus the total cost of the rebalancing is O(n).The only I/Os we have not counted so far are the ones used on emptyingleaf bu�ers. The number of I/Os used on a bu�er-emptying process on a leafnode is dominated by the sorting of the elements (Figure 5, step 1). As anygiven element will only once be involved in such a sorting the total numberof I/Os used to empty leaf bu�ers is bounded by O(n logm n). This provesthe lemma. 2In order to use the transformed structure in a simple sorting algorithm,we need a empty/write operation that empties all the bu�ers and then re-ports the elements in the leaves in sorted order. The emptying of all bu�erscan easily be done just by performing a bu�er-emptying process on all nodesin the tree|from the top. As emptying one bu�er costs O(m) I/Os amor-tized, and as the total number of bu�ers in the tree is O(n=m), we have thefollowing:Theorem 2 The amortized I/O cost of emptying all bu�ers of a bu�er treeafter performing N updates on it, and reporting all the remaining elementsin sorted order, is O(n).Corollary 1 N elements can be sorted in O(n logm n) I/O operations usingthe bu�er tree.As mentioned the above result is optimal and our sorting algorithm is the�rst that does not require all the elements to be present by the start of thealgorithm. In Section 7 we discuss how to avoid the sorting algorithm usedin the bu�er-emptying algorithm.Before continuing to design more operations on the bu�er tree a noteshould be made on the balancing strategy used. We could have used a sim-pler balancing strategy than the one presented in this section. Instead ofbalancing the tree bottom-up we can balance it in a top-down style. We canmake such a strategy work, if we \tune" our constants (fan-out and bu�er-size) in such a way that the maximal number of elements in the bu�ers of asubtree is guaranteed to be less that half the number of elements in the leavesof the subtree. If this is the case we can do the rebalancing of a node whenwe empty its bu�er. More precisely, we can do a split, a fuse or a sharing in13



connection with the bu�er-emptying process on a node, in order to guaranteethat there is room in the node to allow all its children to fuse or split. In thisway we can make sure that rebalancing will never propagate. Unfortunately,we have not been able to make this simpler strategy work when rangesearchoperations (as discussed in Section 5) are allowed.4 An External Priority QueueNormally, we can use a search tree structure to implement a priority queuebecause we know that the smallest element in a search tree is in the leftmostleaf. The same strategy can be used to implement an external priority queuebased on the bu�er tree. There are a couple of problems though, becauseusing the bu�er tree we cannot be sure that the smallest element is in theleftmost leaf, as there can be smaller elements in the bu�ers of the nodeson the leftmost path. However, there is a simple strategy for performing adeletemin operation in the desired amortized I/O bound. When we want toperform a deletemin operation we simply do a bu�er-emptying process onall nodes on the path from the root to the leftmost leaf. To do so we useO(m � logm n) I/Os amortized. After doing so we can be sure not only thatthe leftmost leaf consists of the B smallest elements, but also that (at least)the 14m � B smallest elements in the tree are in the children (leaves) of theleftmost leaf. If we delete these elements and keep them in internal memory,we can answer the next 14m �B deletemin operations without doing any I/Os.Of course we then also have to check insertions and deletions against theminimal elements in internal memory. This can be done in a straightforwardway without doing extra I/Os, and a simple amortization argument gives usthe following:Theorem 3 The total cost of an arbitrary sequence of N insert, delete anddeletemin operations on an initially empty bu�er tree is O(n logm n) I/Ooperations, that is, the amortized cost of an operation is O( logm nB ) I/Os.Note that in the above result we use m=4 blocks of internal memory tohold the minimal elements. In some applications (e.g. in [5]) we would like touse less internal memory for the external priority queue structure. Actually,we can make our priority queue work with as little as 14m1=c (0 < c � 1)blocks of internal memory, by decreasing the fan-out and the size of thebu�ers to �(m1=c) as discussed in Section 2.14



4.1 Application: Time-Forward ProcessingAs mentioned in the introduction a technique for evaluating circuits (or\circuit-like" computations) in external memory is developed in [11]. Thistechnique is called time-forward processing. The problem is the following:We are given a bounded fan-in boolean circuit, whose description is storedin external memory, and want to evaluate the function computed by the net-work. It is assumed that the representation of the circuit is topologicallysorted, that is, the labels of the nodes come from a total order <, and forevery edge (v;w) we have v < w. Nothing is assumed about the functions inthe nodes, except that they take at most M=2 inputs. Thinking of vertex vas being evaluated at \time" v motivates calling an evaluation of a circuit atime-forward processing. The main issue in such an evaluation is to ensurethat when one evaluates a particular vertex one has the values of its inputsin internal memory.In [11] an external-memory algorithm using O(n logm n) I/Os is developed(here N is the number of nodes plus the number of edges). The algorithmuses a number of known as well as new I/O-algorithm design techniques andis not particularly simple. Furthermore, the algorithm only works for largevalues of m, more precisely it works if qm=2 log(M=2) � 2 log(2N=M). Fortypical machines this constraint will be ful�lled. Using our external priorityqueue however, it is obvious how to develop a simple alternative algorithm|without the constraint on the value of m. When we evaluate a node v wesimply send the result forward in time to the appropriate nodes, by insertinga copy of the result in the priority queue with priority w for all edges (v;w).We can then obtain the inputs to the next node in the topological orderjust by performing a number of deletemin operations on the queue. TheO(n logm n) I/O-bound follows immediately from Theorem 3.In [11] a randomized and two deterministic algorithms for external-memorylist ranking are developed. One of these algorithms uses time-forward pro-cessing and therefore inherits the constraint that m should not be too small.The other has a constraint on B not being to large (which in turn also re-sults in a constraint on m not being to small). As mentioned, the list rankingalgorithm is in turn used to develop e�cient external algorithms for a num-ber of problems. This means that by developing an alternative time-forwardprocessing algorithm without the constraint on m, we have also removed theconstraint from the algorithm for list ranking, as well as from a large numberof other external-memory graph algorithms.15



5 An External (one-dimensional) Range TreeStructureIn this section we extend the basic bu�er tree with a rangesearch operationin order to obtain an external (one-dimensional) range tree structure.Normally, one performs a rangesearch with x1 and x2 on a search tree bysearching down the tree for the positions of x1 and x2 among the elements inthe leaves, and then one reports all the elements between x1 and x2. However,the result can also be generated while searching down the tree, by reportingthe elements in the relevant subtrees on the way down. This is the strategywe use on the bu�er tree. The general idea in our rangesearch operation isthe following: We start almost as when we do an insertion or a deletion. Wemake a new element containing the interval [x1; x2] and a time stamp, andinsert it in the tree. We then have to modify our bu�er-emptying process inorder to deal with the new rangesearch elements. The basic idea is that whenwe meet a rangesearch element in a bu�er-empty process, we �rst determinewhether x1 and x2 are contained in the same subtree among the subtreesrooted at the children of the node in question. If this is the case we justinsert the element in the corresponding bu�er. Otherwise we \split" theelement in two|one for x1 and one for x2|and report the elements in thesubtrees for which all elements in them are contained in the interval [x1; x2].The splitting only occurs once and after that the rangesearch elements arepushed downwards in the bu�er-emptying processes like insert and deleteelements, while elements in the subtrees for which all the elements are in theinterval are reported. As discussed in the introduction and Section 2 thismeans that the rangesearch operation gets batched.In order to make the above strategy work e�ciently we need to overcomeseveral complications. One major complication is the algorithm for reportingall elements in a subtree. For several reasons we cannot just use the simplealgorithm presented in Section 3, and empty the bu�ers of the subtree bydoing a bu�er-emptying process on all nodes and then report the elements inthe leaves. The major reason is that the bu�ers of the tree may contain otherrangesearch elements, and that we should also report the elements containedin the intervals of these queries. Also in order to obtain the desired I/O boundon the rangesearch operation, we should be able to report the elements in atree in O(na) I/Os, where na is the actual number of blocks in the tree, thatis, the number of blocks used by elements which are not deleted by delete16



elements in the bu�ers of the tree. This number could be a low as zero.However, if nd is the number of blocks deleted by delete elements in the tree,we have that n = na+nd. This means that if we can empty all the bu�ers inthe tree|and remove all the delete elements|in O(n) I/Os, we can chargethe nd part to the delete elements, adding O( 1B ) to the amortized number ofI/Os used by a delete operation (or put another way; we in total use O(n)I/Os extra to remove all the delete elements).In Subsection 5.1 we design an algorithm for emptying all the bu�ers ofa (sub-) bu�er tree in a linear number of I/Os. Our algorithm reports allrelevant \hits" between rangesearch and normal elements in the tree. In Sub-section 5.2 we then show precisely how to modify the bu�er-emptying processon the bu�er tree in order to obtain the e�cient rangesearch operation.5.1 Emptying all Bu�ers of an External Range TreeIn order to design the algorithm for emptying all bu�ers we need to restrictthe operations on the structure. In the following we assume that we only tryto delete elements from a bu�er tree which were previously inserted in thetree. The assumption is natural (at least) in a batched dynamic environment.Having made this assumption we obtain the following useful properties: If d; iand s are matching delete, insert and rangesearch elements (that is, \i = d"and \i is contained in s"), and if we know that their time order is d; s; i (andthat no other elements|especially not rangesearch elements|are between sand i in the time order), then we can report that i is in s and remove i and d.If we know that the time order is s; i (knowing that no element|especiallynot d|is between s and i in the time order), we can report that i is in sand interchange their time order. Similarly, if we know that the time orderis d; s, we can again report that d is in s (because we know that there is ani matching d \on the other side of s") and interchange their time order.We de�ne a set of (insert, delete and rangesearch) elements to be in timeorder representation if the time order is such that all the delete elements are\older" than (were inserted before) all the rangesearch elements, which inturn are older than all the insert elements, and if the three groups of elementsare internally sorted (according to x and not time order|according to x1 asfar as the rangesearch elements are concerned). Using the above propertiesabout interchanging the time order, we can now prove two important lemmas.17



Lemma 1 A set of less than M elements in a bu�er can be made into timeorder representation, while the relevant r �B matching rangesearch elementsand elements are reported, in O(m + r) I/Os.Proof : The algorithm simply loads the elements into internal memory anduse the special assumption on the delete elements to interchange the timeorder and report the relevant elements as discussed above. Then it sorts thethree groups of elements individually and writes them back to the bu�er intime order representation. 2Lemma 2 Let two sets S1 and S2 in time order representation be a subsetof a set S such that all elements in S2 are older than all elements in S1, andsuch that each of the other elements in S is either younger or older than allelements in S1 and S2. S1 and S2 can be \merged" into one set in time orderrepresentation, while the relevant r � B matching rangesearch elements andelements are reported, in O((jS1j+ jS2j)=B + r) I/Os.Proof : The algorithm for merging the two sets is given in Figure 6. Instep one we push the delete elements d1 in S1 down in the time order by\merging" them with the insert elements i2 in S2, and in step two we pushthem further down by \merging" them with the rangesearch elements s2 inS2. That we in both cases can do so without missing any rangesearch-element\hits" follows from the time order on the elements and the assumption onthe delete elements as discussed above. Then in step three the time order ofs1 and i2 is interchanged, such that the relevant lists can be merged in stepfour. That step one and four are done in a linear number of I/Os is obvious,while a simple amortization argument shows that step two and three are alsodone in a linear number of I/Os, plus the number of I/Os used to report\hits". 2After proving the two lemmas we are now almost ready to present thealgorithm for emptying the bu�ers of all nodes in a subtree. The algorithmwill use that all elements in the bu�ers of nodes on a given level of thestructure are always in correct time order compared to all relevant elementson higher levels. By relevant we mean that an element in the bu�er of nodev was inserted in the tree before all elements in bu�ers of the nodes on thepath from v to the root of the tree. This means that we can assume that allelements on one level were inserted before all elements on higher levels.18



When we in the following write that we report \hits", we actually accumulate ele-ments to be reported in internal memory and report/write them as soon as we haveaccumulated a block.1. Interchange the time order of d1 and i2 by \merging" them while removingdelete/insert matches.2. Interchange the time order of d1 and s2 by \merging" them while reporting\hits" in the following way:During the merge a third list of \active" rangesearch elements from s2 is kept|except for the B most recently added elements|on disk.When a rangesearch element from s2 has the smallest x (that is, x1) value, itis insert in the list.When a delete element from d1 has the smallest x-value, the list is scannedand it is reported that the element is in the interval of all rangesearch elementsthat have not yet \expired"|that is, elements whose x2 value is less than thevalue of the element from d2. At the same time all rangesearch elements thathave expired are removed from the list.3. Interchange the time order of s1 and i2 by \merging" them and reporting \hits"like in the previous step.4. Merge i1 with i2, s1 with s2 and d1 with d2.
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�� s2d2s1i2 i1s1d1 i2d1s2 i1d2d1s2d2 s1i2 sdi1 itime i1s1d1i2s2d2S1S2 Step 3Step 2Step 1 Step 4Figure 6: Merging sets in time order representation.Lemma 3 All bu�ers of a (sub-) range tree with n leaves, where all bu�erscontain less than M elements, can be emptied and all the elements collectedinto time order representation in O(n+ r) I/Os. Here r �B is the number ofmatching element and rangesearch elements reported.Proof : The empty algorithm is given in Figure 7. The correctness of thealgorithm follows from Lemma 1 and Lemma 2 and the above discussion. Itfollows from Lemma 1 that step one creates the time order representation ofthe elements on each of the levels in a number of I/Os equal to O(m) timesthe number of nodes in the tree, plus the number of I/Os used to report hits.19



1. Make three lists for each level of the tree, consisting of the elements on the level inquestion in time order representation:For a given level all bu�ers are made into time order representation using Lemma 1,and then the resulting lists are appended after each other to obtain the total timeorder representation.2. Repeatedly and from the top level, merge the time order representation of one levelwith the time order representation of the next level using Lemma 2.After step one After step twoFigure 7: Emptying all bu�ers and collecting the elements in time orderrepresentation.That the total number of I/Os used is O(n + r) then follows from the factthat the number of nodes in a tree with n leaves is O(n=m). That one mergein step two takes a linear number of I/Os in the number of elements in thelists, plus the I/Os used to report hits, follows form Lemma 2. That the totalnumber of I/Os used is O(n+r) then follows from the fact that every level ofthe tree contains more nodes than all levels above it put together. Thus thenumber of I/Os used to merge the time order representation of level j withthe time order representation of all the elements above level j is bounded byO(m) times the number of nodes on level j. The bound then again followsfrom the fact that the total number of nodes in the tree is O(n=m). 25.2 Bu�er-emptying Process on External Range TreeHaving introduced the time order representation and discussed how to emptythe bu�ers of a subtree, we are now ready to describe the bu�er-emptyingprocess used on the external range tree. The process is given in Figure 8 and itrelies on an important property, namely that when we start emptying a bu�erthe elements in it can be divided into two categories|what we call \old" and\new" elements. The new elements are those which were inserted in the bu�erby the bu�er-emptying process that just took place on the parent node, and20



which triggered the need for a bu�er-emptying process on the current node.The old elements are the rest of the elements. We know that the numberof old elements is less than M and that they were all inserted before thenew elements. As we will maintain the invariant that we distribute elementsfrom one bu�er to the bu�ers one level down in time order representation,this means that we can construct the time order representation of all theelements in a bu�er as described in the �rst two steps of the algorithm inFigure 8.Now if we are working on a leaf node we can report the relevant \hits"between rangesearch element and normal element, just by merging the timeorder representation of the elements in the bu�er with the time order rep-resentation consisting of the elements in the leaves below the node. Thenwe can remove the rangesearch elements and we are ready to empty the leafbu�er (and rebalance) with the algorithm used on the basic bu�er tree.If we are working on an internal node v things are a bit more compli-cated. After computing which subtrees we need to empty, we basically dothe following for each such tree: We empty the bu�ers of the subtree usingLemma 3 (step 3, b). We can use Lemma 3 as we know that all bu�ers of thesubtree are non-full, because the bu�er-emptying process is done recursivelytop-down. As discussed the emptying also reports the relevant \hits" be-tween elements and rangesearch elements in the bu�ers of the subtree. Thenwe remove the elements which are deleted by delete elements in the bu�erof v (step 3, c). Together with the relevant insert elements from the bu�erof v, the resulting set of elements should be inserted in or deleted from thetree. This is done by inserting them in the relevant leaf bu�ers (step 3, d andstep 5), which are then emptied at the very end of the algorithm. Finally, wemerge the time order representation of the elements from the bu�ers of thesubtree with the elements in the leaves of the structure (step 3, e). Thus weat the same time report the relevant \hits" between elements in the leavesand rangesearch elements from the bu�ers, and obtain a total list of (un-deleted) elements in the subtree. These elements can then be reported asbeing \hit" by the relevant rangesearch elements from the bu�er of v (step3, g).After having written/reported the relevant subtrees we can distribute theremaining elements in the bu�er of v to bu�ers one level down|rememberingto maintain the invariant that the elements are distributed in time orderrepresentation|and then recursively empty the bu�ers of the relevant chil-dren. When the process terminates we empty the bu�ers of all leaf nodes21



� Load the less than M old elements in the bu�er and make them into time orderrepresentation using Lemma 1.� Merge the the old elements in time order representation with the new elements intime order representation using Lemma 2.� If we are working on a leaf node:1. Merge (a copy of) the time order representation with the time order represen-tation consisting of the elements in the children (leaves) using Lemma 2.2. Remove the rangesearch elements from the bu�er.� If we are working on an internal node:1. Scan the delete elements and distribute them to the bu�ers of the relevantchildren.2. Scan the rangesearch elements and compute which of the subtrees below thecurrent node should have their elements reported.3. For every of the relevant subtrees do the following:(a) Remove and store the delete elements distributed to the bu�er of the rootof the subtree in step one above.(b) Empty the bu�ers of the subtree using Lemma 3.(c) Merge the resulting time order representation with the time order repre-sentation consisting of the delete elements stored in (a) using Lemma 2.(d) Scan the insert and delete elements of the resulting time order represen-tation and distribute a copy of the elements to the relevant leaf bu�ers.(e) Merge the time order representation with the time order representationconsisting of the elements in the leaves of the subtree using Lemma 2.(f) Remove the rangesearch elements.(g) Report the resulting elements as being \hit" by the relevant search ele-ments in the bu�er.4. Scan the rangesearch elements again and distribute them to the bu�ers of therelevant children.5. Scan the insert elements and distribute them to the bu�ers of the relevantchildren. Elements for the subtrees which were emptied are distributed to theleaf bu�er of these trees.6. If the bu�er of any of the children now contains more than m=2 elements thenrecursively apply the bu�er-emptying process on these nodes.� When all bu�ers of the relevant internal nodes are emptied (and the bu�ers of allrelevant leaf nodes have had their rangesearch elements removed) then empty all leafbu�ers involved in the above process (and rebalance the tree) using the algorithmgiven in Figure 5 (Section 3).Figure 8: Range tree bu�er-emptying process.22



involved in the process. As these leaf nodes now do not contain any range-search elements, this can be done with the algorithm used on the basic bu�ertree in Section 3.Theorem 4 The total cost of an arbitrary sequence of N intermixed insert,delete and rangesearch operations performed on an initially empty range treeis O(n logm n + r) I/O operations. Here r � B is the number of reportedelements.Proof : The correctness of the algorithm follows from the above discussion.It is relatively easy to realize (using Lemma 1, 2 and 3) that one bu�er-emptying process uses a linear number of I/Os in the number of elements inthe emptied bu�er and the number of elements in the leaves of the emptiedsubtrees, plus the number of I/Os used to report \hits" between elementsand rangesearch elements. The only I/Os we can not account for using thestandard argument presented in Section 2 are the ones used on emptyingthe subtrees. However, as discussed in the beginning of the section, this costcan be divided between the elements reported and the elements deleted, suchthat the deleted elements pay for their own deletion. The key point is thatonce the elements in the bu�ers of the internal nodes of a subtree is removedand inserted in the leaf bu�ers by the described process, they will only betouched again when they are inserted in or deleted from the tree by therebalancing algorithm. This is due to the fact mentioned in Section 3 thatwhen a bu�er is emptied all bu�ers on the path to the root are empty, and thefact that we empty all relevant leaf bu�ers at the end of our bu�er-emptyingalgorithm. 25.3 Application: Orthogonal Line SegmentIntersection ReportingThe problem of orthogonal line segment intersection reporting is de�ned asfollows: We are given N line segments parallel to the axes and should reportall intersections of orthogonal segments. The optimal plane-sweep algorithm(see e.g. [22]) makes a vertical sweep with a horizontal line, inserting the xcoordinate of a vertical segments in a search tree when its top endpoint isreached, and deleting it again when its bottom endpoint is reached. Whenthe sweep-line reaches a horizontal segment, a rangesearch operation withthe two endpoints of the segment is performed on the tree in order to report23



intersections. In internal memory this algorithm will run in the optimalO(N log2N +R) time.Using precisely the same algorithm and our range tree data structure,and remembering to empty the tree when we are done with the sweep, weimmediately obtain the following (using Theorem 4 and Lemma 3):Corollary 2 Using our external range tree the orthogonal line segment in-tersection reporting problem can be solved in O(n logm n+ r) I/Os.As mentioned an algorithm for the problem is also developed in [14], butthis algorithm is very I/O speci�c whereas our algorithm `'hides" the I/O inthe range tree. That the algorithm is optimal in the comparison I/O modelfollows from the 
(N log2N + R) comparison model lower bound, and thegeneral connection between comparison and I/O lower bounds proved in [4].6 An External Segment TreeIn this section we use our technique to develop an external memory version ofthe segment tree. As mentioned this will enable us to solve the batched rangesearching and the pairwise rectangle intersection problems in the optimalnumber of I/Os.The segment tree [8, 22] is a well-known data structure used to maintaina dynamically changing set of segments whose endpoints belongs to a �xedset, such that given a query point all segments that contain the point canbe found e�ciently. Such queries are normally called stabbing queries. Theinternal-memory segment tree consists of a static binary tree (the base tree)over the sorted set of endpoints, and a given segment is stored in up to twonodes on each level of the tree. More precisely an interval is associated witheach node, consisting of all endpoints below the node, and a segment is storedin all nodes where it contains this interval but not the interval associated withthe parent node. The segments stored in a node is just stored in an unorderedlist. To answer a stabbing query with a point x, one just has to search downthe structure for the position of x among the leaves and report all segmentsstored in nodes encountered in this search.Because a segment can be stored in O(log2N) nodes the technique sketch-ed in section 2, where we just group the nodes in an internal version of thestructure into super-nodes, does not apply directly. The main reason for thisis that we would then be forced to use many I/Os to store a segment in these24



many lists. Instead, we need to change the de�nition of the segment tree.Our external segment tree is sketched in Figure 9. The base structure is aperfectly balanced tree with branching factor pm over the set of endpoints.We assume without loss of generality that the endpoints of the segmentsare all distinct and that pm divides n. A bu�er and m=2 � pm=2 listsof segments are associated with each node. A list (block) of segments isalso associated with each leaf. A set of segments is stored in this structure asfollows: The �rst level of the tree (the root) partitions the data intopm slabs�i, separated by dotted lines in Figure 9. Themultislabs for the root are thende�ned as contiguous ranges of slabs, such as for example [�1; �4]. There arem=2�pm=2 multislabs and the lists associated with a node are precisely alist for each of the multislabs. Segments such as CD that completely span oneor more slabs are then called long segments, and a copy of each long segmentis stored in a list associated with the largest multislab it spans. Thus, CDis stored in the list associated with the multislab [�1; �3]. All segments thatare not long are called short segments and are not stored in any multislablist. Instead, they are passed down to lower levels of the tree where theymay span recursively de�ned slabs and be stored. AB and EF are examplesof short segments. Additionally, the portions of long segments that do notcompletely span slabs are treated as small segments. There are at most twosuch synthetically generated short segments for each long segment. Segmentspassed down to a leaf are just stored in one list. Note that we at most storeone block of segments in each leaf. A segment is thus stored in at most twolist on each level of the base tree.Given an external segment tree (with empty bu�ers) a stabbing query canin analogy with the internal case be answered by searching down the tree forn leaves�3 �4�2�1�0 m nodesEA BC D F pm nodesFigure 9: An external segment tree based on a set of N segments, three ofwhich, AB, EF and EF , are shown.25



the query value, and at every node encountered report all the long segmentsassociated with each of the multislabs that span the query value. However,answering queries on an individual basis is of course not I/O-e�cient. Insteadwe use the bu�er approach as discussed in the next subsection.6.1 Operations on the External Segment TreeUsually, when we use a segment tree to solve e.g. the batched range search-ing problem, we use the operations insert, delete and query. However, adelete operation is not really necessary, as we in the plane-sweep algorithmalways know at which \time" a segment should be deleted when it is insertedin the tree. So in our implementation of the external segment tree we willnot support the delete operation. Instead, we require that a delete time isgiven when a segment is inserted in the tree. Note that we already assume(like one normally does in internal memory) that we know the set of x co-ordinates of the endpoints of segments to be inserted in the tree. In generalthese assumptions mean that our structure can only be used to solve batcheddynamic problems as discussed in the introduction.It is easy to realize how the base tree structure can be build in O(n)I/O operations given the endpoints in sorted order. First we construct theleaves by scanning through the sorted list, and then we repeatedly constructone more level of the tree by scanning through the previous level of nodes(leaves). In constructing one level we use a number of I/Os proportional tothe number of nodes on the previous level, which means that we in total useO(n) I/Os as this is the total number of nodes and leaves in the tree.When we want to perform an insert or a query operation on the bu�eredsegment tree we do as sketched in Section 2. We make a new element withthe segment or query point in question, a time-stamp, and|if the elementis an insert element|a delete time. When we have collected a block of suchelements, we insert them in the bu�er of the root. If the bu�er of the rootnow contains more than m=2 elements we perform a bu�er-emptying processon it. The bu�er-emptying process is presented in Figure 10, and we cannow prove the following:Theorem 5 Given a sequence of insertions of segments (with delete time)intermixed with stabbing queries, such that the total number of operationsis N , we can build an external-memory segment tree on the segments andperform all the operation on it in O(n logm n+ r) I/O operations.26



On internal nodes:� Repeatedly load m=2 blocks of elements into internal memory and do the following:1. Store segments:Collect all segments that should be stored in the node (long segments). Thenfor every multislab list in turn insert the relevant long segment in the list(maintaining the invariant that at most one block of a list is non full). Atthe same time replace every long segment with the small (synthetic) segmentswhich should be stored recursively.2. Report stabbings:For every multislab list in turn decide if the segments in the list are stabbedby any query point. If so then scan through the list and report the relevantelements while removing segments which have expired (segments for which allthe relevant queries are inserted after their delete time).3. Distribute the segments and the queries to the bu�ers of the nodes on the nextlevel.� If the bu�er of any of the children now contains more than 12m blocks, the bu�er-emptying process is recursively applied on these nodes.On leaf nodes:� Do exactly the same as with the internal nodes, except that when distributing seg-ments to a child/leaf they are just inserted in a the segment block associated withthe leaf.As far as the queries are concerned, report stabbings with segments from the multi-slab lists as on internal nodes (and the lists associated with the leaves) and removethe query elements.Figure 10: The bu�er-emptying process.Proof : In order to build the base tree we �rst use O(n logm n) I/Os to sort theendpoints of the segments and then O(n) I/Os to build the tree as discussedabove. Next, we perform all the operations. In order to prove that this canbe done in O(n logm n + r) I/Os we should argue that we can do a bu�er-emptying process in a linear number of I/Os. The bound then follows aspreviously.First consider the bu�er-emptying process on an internal node. Loadingand distributing the segments to bu�ers one level down can obviously bedone in a linear number of I/Os. The key to realizing that step one alsouses O(m) I/Os on each memory load is that the number of multislab lists isO(m). In analogy with the distribution of elements to bu�ers one level down,this means that the number of I/Os we use on inserting non-full blocks in27



the multislab lists is bounded by O(m). The number used on full blocks isalso O(m), as this is the number of segments and as every segment is at moststored in one list. The number of I/Os charged to the bu�er-emptying processin step two is also O(m), as this is the number of I/Os used to load non-fullmultislab list blocks. The rest of the I/Os used to scan a multislab list caneither be charged to a stabbing reporting or to the deletion of an element.We can do so by assuming that every segment holds O(1=B) credits to payfor its own deletion. This credit can then be accounted for (deposited) whenwe insert a segment in a multislab list. Thus a bu�er-emptying process onan internal node can be performed in a linear number of I/Os as required.As far as leaf nodes are concerned almost precisely the same argumentapplies, and we have thus proved that we can build the base tree and per-form all the operations on the structure in O(n logm n + r) I/Os, where ris the number of stabbings reported so far. However, in order to report theremaining stabbings we need to empty all the bu�ers of the structure. Wedo so as in Section 3 simply by performing bu�er-emptying processes on allnodes level by level starting at the root. As there are O(n=pm) nodes inthe tree one might think that this process would cost us O(npm) I/Os, plusthe number of I/Os used to report stabbings. The problem seems to be thatthere is n=pm leaf nodes, each having O(m) multislab lists, and that wewhen we empty the bu�ers of these nodes can be forced to use an I/O foreach of the multislab lists which are not paid for by reportings. However, thenumber of multislab lists actually containing any segments must be boundedby O(n logm n), as that is the number of I/Os performed so far. Thus it iseasy to realize that O(n logm n+ r) must be a bound on the number of I/Oswe have to pay in order to empty the bu�ers of all the leaf nodes. Further-more, as the number of internal nodes is O(n=m), the bu�ers of these nodescan all be emptied in O(n) I/Os. This completes the proof of the lemma. 26.2 Applications of the External Segment TreeHaving developed an external segment tree we can obtain e�cient external-memory algorithms by using it in standard plane-sweep algorithms.The batched range searching problem|givenN points and N rectangles,report for each rectangle all the points that lie inside it|can be solved with aplane-sweep algorithm in almost the same way as the orthogonal line segmentintersection problem. The optimal plane sweep algorithm makes a vertical28



sweep with a horizontal line, inserting a segment (rectangle) in the segmenttree when the top segment of a rectangle is reached, and deleting it whenthe bottom segment is reached. When a point is reached a stabbing query isperformed with it. Using our external segment tree in this algorithm yieldsthe following:Corollary 3 Using the external range tree the batched range searching prob-lem can be solved in O(n logm n+ r) I/O operations.The problem of pairwise rectangle intersection is de�ned similar to theorthogonal line segment intersection problem. Given N rectangles in theplane (with sides parallel to the axes) we should report all intersecting pairs.In [8] it is shown that if we|besides the orthogonal line segment inter-section problem|can solve the batched range searching problem in timeO(N log2N + R), we will in total obtain a solution to the rectangle inter-section problem with the same (optimal) time bound. Thus we in external-memory obtain the following:Corollary 4 Using our external data structures the pairwise rectangle inter-section problem can be solved in O(n logm n+ r) I/O operations.That both algorithms are optimal in the comparison I/O model followsby the internal memory comparison lower bound and the result in [4]. Likein the orthogonal line segment intersection case, optimal algorithms for thetwo problems are also developed in [14].7 Extending the Results to the D-disk ModelAs mentioned in the introduction an approach to increase the throughput ofI/O systems is to use a number of disks in parallel. One method of using Ddisks in parallel is disk striping, in which the heads of the disks are movingsynchronously, so that in a single I/O operation each disk read or writes ablock in the same location as each of the others. In terms of performance, diskstriping has the e�ect of using a single large disk with block size B 0 = DB.Even though disk striping does not in theory achieve asymptotic optimalitywhen D is very large, it is often the method of choice in practice for usingparallel disks [28]. 29



The non optimality of disk striping can be demonstrated via the sortingbound. While sorting N elements using disk striping and one of the the one-disk sorting algorithms requires O(n=D logm=D n) I/Os the optimal boundis O(n=D logm n) I/Os [1]. Note that the optimal bound results in a linearspeedup in the number of disk. Nodine and Vitter [19] managed to develop atheoretical optimal D-disk sorting algorithm based on merge sort, and laterthey also developed an optimal algorithm based on distribution sort [20].In the latter algorithm it is assumed that 4DB � M � M1=2+� for some0 < � < 1=2, an assumption which clearly is non-restrictive in practice. Thealgorithm works as normal distribution sort by repeatedly distributing a setof N elements into pm sets of roughly equal size, such that all elements inthe �rst set is smaller than all elements in the second set, and so on. Thedistribution is done in O(n=D) I/Os, and the main issue in the algorithmis to make sure that the elements in one of the smaller sets can be reade�ciently in parallel in the next phase of the algorithm, that is, that theyare distributed relatively evenly among the disks.To obtain the results in this paper we basically only used three \para-digms"; distribution, merging and sorting. We used distribution to distributethe elements in the bu�er of a node to the bu�ers of nodes on the next level,and to multislab lists in the segment tree case. We used merging of two listswhen emptying all bu�ers in a (sub-) bu�er tree, and we sorted a set of ele-ments when emptying the leaf bu�ers of the bu�er tree.3 While we of coursecan use an optimal D-disk sorting algorithm instead of a one-disk algorithm,and while it is easy to merge two lists in the optimal number of I/Os on par-allel disks, we need to modify our use of distribution to make it work withD disks. As mentioned Nodine and Vitter [20] developed an optimal way ofdoing distribution, but only when the distribution is done O(pm)-wise. Asalready mentioned we can make our bu�er tree work with fan-out and bu�ersize �(pm) instead of �(m), and thus we can use the algorithm from [20]to make our structure work in the D-disk model. The external segment treealready has fan-out pm, but we still distribute elements (segments) to �(m)multislab list. Thus to make our external segment tree work on D diskswe decrease the fan-out to m1=4, which does not change the asymptotic I/Obounds of the operations, but decreases the number of multislab lists to pm.3Note that we could actually do without the sorting by distributing elements in sortedorder when emptying a bu�er in the bu�er tree, precisely as we in the range tree structuredistribute them in time order representation.30



Thus we can use the algorithm from [20] to do the distribution. To summer-ize our structures work in the general D-disk model under the non-restrictiveassumption that 4DB �M �M1=2+� for some 0 < � < 1=2.8 ConclusionIn this paper we have developed a technique for transforming an internal-memory tree data structure into an e�cient external memory structure. Us-ing this technique we have developed an e�cient external priority queue andbatched dynamic versions of the (one-dimensional) range tree and the seg-ment tree. We have shown how these structures allow us to design e�cientexternal-memory algorithms from known internal algorithms in a straightfor-ward way, such that all the I/O speci�c parts of the algorithms are \hidden"in the data structures. This is in great contrast to previously developed al-gorithms for the considered problems. We have also used our priority queueto develop an extremely simple algorithm for \circuit evaluation", improvingon the previously know algorithm.Recently, several authors have used the structures developed in this paperor modi�ed versions of them to solve important external-memory problems.In [2] the priority queue is used to develop new I/O e�cient algorithms forordered binary-decision diagram manipulation, and in [9] it is used in thedevelopment of several e�cient external graph algorithm. In [5] an extensionof the segment tree is used to develop e�cient new external algorithms for anumber of important problems involving line segments in the plane, and in [6]the main idea behind the external segment tree (the notion of multislabs) isused to develop an optimal \on-line" versions of the interval tree.We believe that several of our structures will be e�cient in practice dueto small constants in the asymptotic bounds. We hope in the future to beable to implement some of the structures in the transparent parallel I/Oenvironment (TPIE) developed by Vengro� [27].AcknowledgmentsI would like to thank all the people in the algorithms group at University ofAarhus for valuable help and inspiration. Special thanks also go to MikaelKnudsen for the discussions that lead to many of the results in this paper,31
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