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Introduction

A theoretical computer science approach to entropy

Subshifts of finite type on Zd .
Topological entropy.
How does theoretical computer sciences help in understanding this
entropy?



Subshifts of finite type (I)

Subshifts of finite type (SFTs), topological Markov shifts, Bernoulli
sub-flows, sets of tilings with Wang tiles. . .

AZd
: colorings of Zd by some finite alphabet A

SFTs = subsets of AZd
defined by excluding finitely many patterns

Example 1: The SFT X{ , , } contains the following
configurations (in 2D):
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Example 2: The golden mean shift: A = {0, 1}, avoids any pair of
adjacent 1’s.
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Subshifts of finite type (III)

Example 3: Robinson’s SFT

+ rotations & reflections



Subshifts of finite type (IV)

Example 4: (Kari & Culik)’s SFT



Entropy of SFTs

If X ⊆ AZd
, denote Ln(X ) the set of patterns with shape [1; n]d that

appear in X .

Then the topological entropy of X is

h(X ) = lim
n→∞

1
nd log (|Ln|) .

Example: if X = AZd
, then h(X ) = limn→∞

1
nd log

(
|A|nd

)
= log(|A|).
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Why entropy?

Conjugacy invariant

Entropy is conjugacy invariant for SFTs: if X and Y are conjugate (≈
the same up to conjugacy), then h(X ) = h(Y ).

If p ∈ A[1;n]d , [p] =
{
x ∈ AZd | x|[1;n]d = p

}
.

Variational principle

If µ is a shift-invariant probability measure on X , then

h(µ) = lim
n→∞

−1
nd

∑
p∈A[1;n]d

µ([p]) log(µ([p]).

Variational principle:
sup
µ

h(µ) = h(X )

where µ ranges over all shift-invariant measures on X .
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Entropy: Example 1

The SFT X{ , , } contains the following configurations (in
2D):

Ln =? Choose where the limit between and lies: n + 1
choices.
|Ln| = n + 1
⇒ h(X ) = 0
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Entropy: Example 3

Example 3: Robinson’s SFT

+ rotations & reflections

The entropy is known!
h(X ) = 0



Subshifts of finite type (IV)

Example 4: (Kari & Culik)’s SFT

The entropy is unknown, but

h(X ) > 0



Entropy: Example 2, again

The 1D golden mean shift : 11 is forbidden.

0 1 M =
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Computing the entropy of 1D SFTs

Compute the graph/matrix representation of the SFT  
components (Ci )

Compute λi the eigenvalue of Ci s.t. λi > 1 (Perron-Frobenius)
h(X ) = log(maxi λi )

⇒ valid algorithm for all 1D SFTs.

Theorem
Entropy is computable for 1D SFTs, and possible value are logarithm of
Perron numbers (special kind of algebraic number).
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What about dimension 2?

No good representation of SFTs with graph/matrix.
Variational principle does not help: not necessarily a unique MME,
hard to give explicit description of MME.
Even for very simple examples of SFTs, no close formula in general.
. . .

Indeed, computing the entropy is very hard:

Theorem
Entropy is non computable for 2D SFTs.
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Where does uncomputability come from?

 2D SFTs can be used to encode Turing machines computations.
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Turing machines (II)
Another example :

δ(q, x)
Symbol x
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State qf is a special state, called final state.
If there are only finitely many 0’s and 1’s on the tape around the
computation head, the machine adds 1 to the binary number written
on the tape, reaches state qf and stops.
Otherwise, the machine never halts and computes forever.



Computing with Turing machines

Church–Turing thesis

Functions that can be computed by an algorithm/computer (with no
limitation of space nor time) are exactly functions that can be computed
by Turing machines.

Theorem (Turing, 1936)

The halting problem is not computable.

There is no program/algorithm/Turing machine that can determine
whether a program/algorithm/Turing machine will stop or keep
computing forever.
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Turing machines inside 2D SFTs (II)

Given a program/algorithm/Turing machine, we can construct a 2D SFT
that mimics the computations of the program/algorithm/Turing machine.

(technical stuff swept under the rug)

Consequences:
No algorithm to compute the entropy of 2D SFTs (Hochman &
Meyerovitch, 2010).
Possible values for entropy of 2D SFTs are exactly right recursively
enumerable numbers (Hochman & Meyerovitch, 2010).
No algorithm to decide whether a 2D SFT is empty or not (Berger,
1964).
. . .
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Conclusion

No general algorithm that works for all 2D SFTs, but it exists for
some subclasses (irreducible SFTs) and some techniques are known
for particular examples (transfer matrix method, corner transfer
matrix method,. . . )
Entropy of 2D SFTs: example of question solved with tools from
theoretical computer science.

Thank you for your attention !!
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