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FOR GEODESIC FLOWS OF CLOSED SURFACES

GONZALO CONTRERAS AND MARCO MAZZUCCHELLI

Abstract. We prove that a C2-generic Riemannian metric on a closed surface

has either an elliptic closed geodesic or an Anosov geodesic flow. As a conse-

quence, we prove the C2-stability conjecture for Riemannian geodesic flows of
closed surfaces: a C2-structurally stable Riemannian geodesic flow of a closed

surface is Anosov. In order to prove these statements, we establish a general
result that may be of independent interest and provides sufficient conditions

for a Reeb flow of a closed 3-manifold to be Anosov.
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1. Introduction

1.1. Main results. In his seminal paper [Poi05], Poincaré claimed that any con-
vex 2-sphere in R3 has a (possibly degenerate) elliptic simple closed geodesic. As it
turned out, this claim was not correct: Grjuntal [Grj79] provided an example of con-
vex 2-sphere all of whose simple closed geodesics are hyperbolic (the example may
have non-hyperbolic closed geodesics with self-intersections). Nevertheless, after
dropping the requirement of the absence of self-intersections, Poincaré’s claim was
at least almost correct. Indeed, about a century later, in the year 2000, Hermann
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announced the existence of an elliptic closed geodesic on any C2-generic positively
curved Riemannian 2-sphere. The first author and Oliveira [CO04] extended this
result beyond the class of convex 2-spheres: there is an open dense subset U of
the space of Riemannian metrics on S2 such that, for any choice of Riemannian
metric g ∈ U , the Riemannian 2-sphere (S2, g) has an elliptic closed geodesic. The
purpose of this paper is to extend this result to all closed surfaces, and derive as
a consequence a proof of the C2-stability conjecture for their geodesic flows. The
extension will involve the notion of Anosov geodesic flow [Ano67]. We recall that a
flow on a closed manifold is called Anosov when the whole manifold is hyperbolic
for the flow.

Throughout this paper, all Riemannian metrics are assumed to be smooth, mean-
ing C∞. Nevertheless, we will often endow the space of smooth Riemannian metrics
on a given closed manifold with the C2 topology. Our first main theorem is the
following.

Theorem A. For any closed surface M , there exists a C2-open dense subset U of
the space of smooth Riemannian metrics on M such that, for all g ∈ U , one of the
following two conditions is verified:

• The Riemannian surface (M, g) has an elliptic closed geodesic.
• The geodesic flow of (M, g) is Anosov.

On closed surfaces of genus at least two, there are non-empty open sets of Rie-
mannian metrics that do not admit any elliptic closed geodesic. It is the case, for
instance, for the Riemannian metrics of negative curvature, which are Anosov. It
is well known that closed Riemannian surfaces of genus at most one do not have
Anosov geodesic flows. Therefore, for surfaces of lower genus, Theorem A reduces
to the following statement, which generalizes the above mentioned [CO04].

Corollary 1.1. For any closed surface M of genus at most one, there exists a
C2-open dense subset U of the space of smooth Riemannian metrics such that, for
all g ∈ U , the Riemannian surface (M, g) has an elliptic closed geodesic.

As we anticipated, Theorem A has a remarkable application concerning struc-
tural stability, which is an utmost important concept in dynamical systems. Let
us recall its general notion for discrete dynamical systems. Let D be a family of
diffeomorphisms of a closed manifold N , endowed with a topology. A diffeomor-
phisms ϕ ∈ D is D-structurally stable when it has an open neighborhood V ⊂ D
and, for each diffeomorphisms ψ ∈ V, there exists a homeomorphism κ : N → N
conjugating ϕ and ψ, i.e. ϕ = κ−1 ◦ ψ ◦ κ. If D is the space of all smooth dif-
feomorphisms of N , endowed with the Ck-topology, this notion is usually called
the Ck-structural stability. The celebrated stability conjecture of Palis and Smale
[PS70] claims that, for k ≥ 1, Ck-structurally stable diffeomorphisms of a closed
manifold are Axiom A, meaning that their non-wandering set is hyperbolic and co-
incides with the closure of the space of periodic points. For k = 1, this conjecture
was proved by Mañé [Mn88].

The analogous notion of structural stability for geodesic flows of closed Rie-
mannian manifolds is the following. Let M be a closed manifold, and Gk(M) be
the space of smooth Riemannian metrics on M , endowed with the Ck topology.
Any Riemannian metric g on M defines a unit tangent bundle SgM =

{
(x, v) ∈

TM
∣∣ ∥v∥g = 1

}
and a geodesic flow ϕgt : SgM → SgM , whose orbits have

the form ϕgt (x(0), ẋ(0)) = (x(t), ẋ(t)), where x : R → M is a geodesic of (M, g)
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parametrized with unit speed. The geodesic flow of a Riemannian metric g0 on
M is Ck-structurally stable when g0 has an open neighborhood V ⊂ Gk(M) such
that, for each g1 ∈ V, there exists a homeomorphism κ : Sg0M → Sg1M mapping
orbits of ϕg0t to orbits of ϕg1t . We stress that κ is not necessarily a conjugacy for
the geodesic flows ϕg0t and ϕg1t , since it does not preserve the time-parametrization
of the orbits.

Any unit tangent bundle has a canonical volume form, which is preserved by
the geodesic flow. Therefore, by Poincare’s recurrence theorem, a geodesic flow is
Axiom A if and only if it is Anosov. As a consequence of Theorem A, we establish
the C2-stability conjecture for Riemannian geodesic flows of closed surfaces.

Theorem B. The C2-structurally stable geodesic flows of closed Riemannian sur-
faces are Anosov.

Before this work, partial results on the stability conjecture for Riemannian geo-
desic flows were recently obtained, with different techniques than ours, by Ruggiero
and Rifford [RR21, Rug21]. More precisely, they proved the conjecture under the
assumption that the closed Riemannian manifold is without conjugate points, and
satisfies one of the following extra assumptions: it is a surface, or a 3-dimensional
manifold whose universal cover is quasi-convex and has diverging geodesic rays, or
any visibility manifold. For closed Riemannian surfaces without conjugate points,
the conjecture also follows from the recent work of Climenhaga, Knieper, and War
[CKW21]. Concerning the assumption of absence of conjugate points in these works,
it is worthwhile to mention a classical result of Ruggiero [Rug91]: on any closed
manifold, the space of Riemannian metrics with Anosov geodesic flows is precisely
the interior in the C2 topology of the space of Riemannian metrics without conju-
gate points.

Another important consequence of Theorem A, which for the 2-sphere was al-
ready stated in [CO04, page 1396] is the following negative result.

Theorem C. On a closed surface of genus at most one, there is no Riemannian
metric whose geodesic flow is C2-structurally stable.

In Theorems A, B, and C, it is crucial that we work within the class of Rie-
mannian metrics, and not on the wider class of Finsler metrics. Indeed, for Finsler
metrics, all these theorems follow from the celebrated result of Newhouse [New77],
that applies to even more general Hamiltonian systems.

Theorem 1.2 (Newhouse). On a symplectic manifold (W,ω), any Hamiltonian
H0 :W → R with a compact level set H−1

0 (1) has a C2-open neighborhood U and a
dense open subset V ⊂ U such that any Hamiltonian H ∈ V has either an Anosov
Hamiltonian flow on H−1(1) or a closed orbit on H−1(1) with exactly two Floquet
multipliers on the unit circle S1 ⊂ C. □

We stress that Newhouse’s theorem does not imply our Riemannian ones. A
Riemannian metric g on a closed manifold M can be treated as a Hamiltonian
Hg : TM → R, Hg(x, v) = ∥v∥2g. The geodesic flow ϕgt is the Hamiltonian flow

of Hg on the level set H−1
g (1) = SgM . However, a Hamiltonian H : TM → R

that is C2-close to Hg is not necessarily the square of a Riemannian norm; in
general, H is only the square of a Finsler norm. In other words, working with
general Hamiltonians H, one is allowed to do local perturbations of the level set
H−1(1), whereas if one only works within the class of Hamiltonians of the form Hg,
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a perturbation of the Riemannian metric g near a point x ∈ M corresponds to a
perturbation of H−1

g (1) near the whole fiber H−1
g (1) ∩ TxM .

A crucial ingredient of Newhouse’s theorem is the C2-closing lemma for Hamil-
tonians [PR83, Arn98]: on any symplectic manifold, a C2 generic Hamiltonian H
has subset of closed orbits of its Hamiltonian flow ϕtH that is dense in the subset of
non-wandering points of ϕtH . The analogous statement in the Riemannian category
is a hard open problem: it is not known whether, for a C2 generic Riemannian
metric on a closed manifold of dimension at least two, the closed orbits of the ge-
odesic flow form a dense subset of the unit tangent bundle. At best, a result of
Rifford [Rif12] asserts that any given orbit of a Riemannian geodesic flow can be
closed after a C1-perturbation of the Riemannian metric; however, a C1 perturba-
tion of a Riemannian metric corresponds to a rough C0 perturbation of its geodesic
vector field. In higher topology, a result of Irie [Iri15] implies that a C∞ generic
Riemannian metric on a closed surface M has closed geodesics that form a dense
subset of M ; while this result remarkably involves the C∞ topology, it is still very
far from the closing lemma, which would require the lifts of the closed geodesics to
form a dense subset of the unit tangent bundle of M . Our approach in this paper
follows the one in Contreras and Oliveira’s [CO04]: we avoid the closing lemma
altogether, and instead combine tools from contact topology, hyperbolic dynamics,
and the Brouwer plane translation theorem.

1.2. Anosov Reeb flows. In order to prove Theorem A, we establish sufficient
conditions for a Reeb flow of a closed contact 3-manifold to be Anosov, a statement
that may be of independent interest. We recall that, on a 3-dimensional manifold
N which for us will always be closed, a contact form λ is a 1-form such that λ∧ dλ
is nowhere vanishing. Associated with a contact form λ, there is a vector field
Xλ, called the Reeb vector field, uniquely defined by the equations λ(Xλ) ≡ 1
and dλ(Xλ, ·) ≡ 0. The flow ϕt : N → N of Xλ is called Reeb flow, and its
orbits are referred to as Reeb orbits. Unit tangent bundles and their geodesic
flows are a particular example of contact manifolds and Reeb flows. We denote by
Per(Xλ) ⊂ N the subspace of those points lying on closed Reeb orbits. As usual,
for a hyperbolic closed Reeb orbit γ ⊂ Per(Xλ), we denote by W s(γ) and Wu(γ)
its stable and unstable manifolds respectively. Our theorem is the following.

Theorem D. Let (N,λ) be a closed contact 3-manifold satisfying the following two
properties:

(i) The closure Per(Xλ) is uniformly hyperbolic.

(ii) The Kupka-Smale transversality condition holds: W s(γ1) ⋔Wu(γ2) for all
(not necessarily distinct) closed Reeb orbits γ1, γ2 ⊂ Per(Xλ).

Then the Reeb flow of (N,λ) is Anosov.

The arguments in [CO04] relied on Hofer-Wysocki-Zehnder’s theory of finite en-
ergy foliations [HWZ98, HWZ03], which in turn is based on the theory of pseudo-
holomorphic curves from symplectic geometry [Gro85, HWZ02]. The relevant prop-
erty of finite energy foliations for studying the problems described above is the fact
that each of their leaves is a surface of section for the geodesic flow, although not
necessarily a section with a well defined first return map.

Finite energy foliations are only available for Reeb flows of spheres and real
projective spaces in dimension 3. For our Theorem D, we instead employ the
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foliations provided by the so-called broken book decompositions, recently introduced
by Colin, Dehornoy, and Rechtman [CDR20], which are available for general non-
degenerate Reeb flows on closed contact 3-manifolds.

After this work was completed, we learnt that Schulz very recently proved a
partial version of our Theorem A in his Ph.D. thesis [Sch21]. His result establishes
Theorem A under a technical extra assumption: the existence of finitely many
simple closed geodesics γ1, ..., γn such that every γi intersects another γj , the com-
plement M \ (γ1 ∪ ... ∪ γn) is simply connected, and any other contractible closed
geodesic intersects at least one γi. These assumptions guarantee the existence of a
suitable systems of surfaces of section of annulus type for the geodesic flow.

1.3. Organization of the paper. In Section 2, after introducing some back-
ground on Reeb dynamics and broken book decompositions, we prove two tech-
nical statements (Propositions 2.2 and 2.1) concerning the diameter of the images
of suitable paths under the arrival map between two pages of a broken book. In
Section 3, we briefly recall the needed background from hyperbolic dynamics, and
we prove a technical statement (Lemma 3.7) concerning heteroclinic rectangles of
suitable Reeb flows. Section 4 is devoted to the proofs of our main theorems: in
Section 4.1 we prove Theorem D; in Section 4.2 we prove Theorem A, Corollary 1.1,
and Theorems B and C.

1.4. Acknowledgements. Marco Mazzucchelli is grateful to Pierre Dehornoy for a
few discussions concerning broken book decompositions. Both authors are grateful
to the anonymous referees for their careful reading of the manuscript, and their
helpful reports.

2. Surfaces of section in contact 3-manifolds

2.1. Surfaces of section. Let (N,λ) be a closed connected contact 3-manifold,
with associated Reeb vector field X = Xλ and Reeb flow ϕt : N → N . We recall
that the Reeb flow preserves the contact form, i.e. ϕ∗tλ = λ. A surface of section
for the Reeb vector field X is a compact, orientable, immersed surface Σ ↬ N
satisfying the following two properties:

• (Boundary) Every connected component of the boundary ∂Σ is the covering
map of a closed Reeb orbit, that is, a closed orbit of X.

• (Transversality) The interior int(Σ) is embedded in N \ ∂Σ and transverse
to the Reeb vector field X.

The transversality assumption implies that dλ restricts to an area form on int(Σ),
and we orient Σ so that such an area form is positive. By Stokes’ theorem, Σ must
have non-empty boundary. We remark that, in the literature, the notion of surface
of section is sometimes different than the one employed here: for instance, Σ may
be required to be embedded in N , and the induced orientation on the boundary
∂Σ may be required to coincide with the orientation given by the Reeb vector field
X|∂Σ.

Following the classical approach pioneered by Poincaré and Birkhoff, surfaces of
sections can be employed in order to reduce the study of a 3-dimensional flow to
the study of a surface diffeomorphism; this requires one further condition, beyond
the already mentioned transversality and boundary properties. A surface of section
Σ is called a Birkhoff section when it satisfies the following extra property:
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• (Globality) Every Reeb orbit intersects Σ in uniformly bounded positive
and negative time, i.e. there exists T > 0 such that, for every z ∈ N , there
exist t1 ∈ [−T, 0) and t2 ∈ (0, T ] such that ϕt1(z) ∈ Σ and ϕt2(z) ∈ Σ.

The first return time to a Birkhoff section Σ is the smooth function

τ : int(Σ) → (0,∞), τ(z) = min
{
t > 0

∣∣ ϕt(z) ∈ Σ
}
,

and the first return map (also called the Poincaré map) is the diffeomorphism

ψ : int(Σ) → int(Σ), ψ(z) = ϕτ(z)(z).

Such a diffeomorphism is area preserving, i.e. ψ∗dλ = dλ.

2.2. Non-degenerate closed Reeb orbits. Let γ(t) = ϕt(z) be a closed Reeb
orbit of minimal period t0 > 0. The restriction dϕt0(z)|ker(λz) is a linear symplec-
tomorphism with respect to the symplectic form dλz|ker(λz). Its eigenvalues, which

must be of the form σ, σ−1 ∈ S1 ∪R \ {0}, are called the Floquet multipliers of γ.
Here, S1 denotes the unit circle in the complex plane C. The closed Reeb orbit γ
is called:

• elliptic when σ ∈ S1;
• positively hyperbolic when σ ∈ (0, 1) ∪ (1,∞);
• negatively hyperbolic when σ ∈ (−∞,−1) ∪ (−1, 0);
• non-degenerate when σ ̸= 1.

The contact form λ (or its Reeb vector field X) is non-degenerate when all the
closed Reeb orbits are non-degenerate for all possible periods, i.e.

ker(dϕt(z)− I) = span{X(z)}, ∀t > 0, z ∈ fix(ϕt). (2.1)

Let γ(t) = ϕt(z) be a hyperbolic closed Reeb orbit of minimal period t0 > 0 and
Floquet multipliers σ, σ−1 ∈ R, with 0 < |σ| < 1. Along γ, the tangent bundle of
our contact manifold split as TN |γ = Es ⊕ Eu ⊕ span{X}, where

Es(z) = ker(dϕt0(z)− σI), Eu(z) = ker(dϕt0(z)− σ−1I)

are called the stable and unstable bundles of γ respectively. These vector bun-
dles are invariant by the linearized Reeb flow, i.e. dϕt(z)E

s(z) = Es(ϕt(z)) and
dϕt(z)E

u(z) = Eu(ϕt(z)). Let d : N ×N → [0,∞) be a distance on N induced by
an arbitrary Riemannian metric. For each point z ∈ γ, the spaces

W s(z) =
{
z′ ∈ N

∣∣∣ lim
t→∞

d(ϕt(z
′), ϕt(z)) = 0

}
,

Wu(z) =
{
z′ ∈ N

∣∣∣ lim
t→−∞

d(ϕt(z
′), ϕt(z)) = 0

}
turn out to be smooth 1-dimensional injectively immersed submanifolds of N con-
taining the point z in their interior, and with tangent spaces TzW

s(z) = Es(z) and
TzW

u(z) = Eu(z). The stable and unstable manifolds of γ are defined respectively
as

W s(γ) =
⋃
z∈γ

W s(z), Wu(γ) =
⋃
z∈γ

Wu(z).

These are 2-dimensional injectively immersed submanifolds of N invariant by the
Reeb flow, with tangent spaces at every z ∈ γ given by

TzW
s(γ) = Es(z)⊕ span

{
X(z)

}
, TzW

u(γ) = Eu(z)⊕ span
{
X(z)

}
.
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If γ is positively hyperbolic (i.e. σ > 0), then Es and Eu are orientable line bundles
over γ; in this caseW s(γ) andWu(γ) are diffeomorphic to open annuli A = S1×R,
with a diffeomorphism that sends γ to S1 × {0} ⊂ A. If instead γ is negatively
hyperbolic (i.e. σ < 0), then Es and Eu are non-orientable line bundles over γ, and
W s(γ) and Wu(γ) are diffeomorphic to open Mobius bands M = [0, 1] × R/ ∼,
where (0, y) ∼ (1,−y), with a diffeomorphism that sends γ to S1 × {0} ⊂M .

2.3. Open/broken book decompositions. A Birkhoff section Σ whose first re-
turn map τ : int(Σ) → (0,∞) extends smoothly to the boundary ∂Σ defines a
so-called rational open book decomposition of the contact manifold (N,λ). Namely,
for each s ∈ [0, 1], we set Σs :=

{
ϕsτ(z)(z)

∣∣ z ∈ Σ
}
. Notice that Σ = Σ0 = Σ1,

and each Σs is a Birkhoff section with the same boundary K := ∂Σs = ∂Σ. The
collection of interiors int(Σs) foliates the complement N \K. Suggestively, the Σs

are called the pages and the boundary K is called the binding of the rational open
book.

It is not known whether every Reeb vector field on a closed contact 3-manifold
admits a Birkhoff section1 (and thus an associated rational open book decompo-
sition). Nevertheless, recent work of Colin, Dehornoy, and Rechtman [CDR20,
Th. 1.1] implies that any such Reeb vector field admits the following weaker kind of
decomposition provided it is non-degenerate. A broken book decomposition of the
non-degenerate closed contact 3-manifold (N,λ) is given by the following data:

• The radial binding Krad ⊂ N , which is the union of finitely many closed
Reeb orbits, each one allowed to be either elliptic or hyperbolic.

• The broken binding Kbr ⊂ N \ Krad, which is the union of finitely many
hyperbolic closed Reeb orbits.

• A family F of closed surfaces with boundary immersed in N , called the
pages of the broken book.

The disjoint union K := Krad∪Kbr is called the binding of the broken book. These
data satisfy the following properties.

• (Pages) For each page Σ ∈ F , the interior int(Σ) is properly embedded
in N \K and transverse to the Reeb vector field X, while each connected
component of the boundary ∂Σ is a covering map of a closed Reeb orbit in
the binding K.

• (Foliation) The family of interiors int(F) := {int(Σ) | Σ ∈ F} is a coori-
ented foliation of the complement of the binding N \K.

• (Binding) Near each binding closed Reeb orbit γ ⊂ K, let D ⊂ N be an
embedded open two-dimensional disk intersecting γ transversely in a single
point z, and small enough so that it also intersects transversely the interior

1A few months after this work was completed, the authors established the existence of

Birkhoff sections for all Reeb flows on 3-dimensional closed manifolds whose closed orbits are
non-degenerate and whose hyperbolic closed orbits satisfy the Kupka-Smale transversality con-
dition [CM22]; the proof crucially requires, among other ingredients, the results of Section 2.4.
Independently, Colin, Dehornoy, Hryniewicz, and Rechtman [CDHR22] established a related al-
ternative result: the existence of Birkhoff sections for all Reeb flows on 3-dimensional closed

manifolds whose closed orbits are non-degenerate and equidistributed, i.e. the volume form of the
contact manifold can be approximated as a measure by a sequence of measures supported on finite
collections of closed orbits.
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z
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D

z

(a) (b)

Figure 1. (a) Foliation F|D around a point z on a radial binding component.

(b) Foliation F|D around a point z on a broken binding component. In both

pictures, the arrows are positively tangent to a projection of the Reeb vector
field X to D.

of each page int(Σ) ∈ int(F) with γ ⊂ ∂Σ. Consider the restriction

F|D = {Σ ∩D | Σ ∈ F}.

If γ ⊂ Krad, the connected components of the leaves of the singular foliation
F|D are radial as in Figure 1(a). If instead γ ∈ Kbr, they are radial in four
sectors, and hyperbolic in the four sectors separating the previous ones, as
in Figure 1(b).

• (Return time near the radial binding) There exist an open neighborhood
V ⊂ N of the radial binding and a finite constant T > 0 such that, for
each page Σ ∈ F and each point z ∈ Σ ∩ V , we have ϕt(z) ∈ Σ for some
t ∈ (0, T ).

• (Rigid pages) There exists finitely many pages Σ1, ...,Σh ∈ F such that
every Reeb orbit intersects at least one of these pages. If a Reeb orbit t 7→
ϕt(z) does not intersect int(Σ1) ∪ ... ∪ int(Σh) for arbitrarily large positive
times t > 0, then the ω-limit of such Reeb orbit is some broken boundary
component γ+ ∈ Kbr. Analogously, if t 7→ ϕt(z) does not intersect int(Σ1)∪
... ∪ int(Σh) for arbitrarily large negative times t < 0, then the α-limit of
such Reeb orbit is some broken boundary component γ− ∈ Kbr.

Notice that any page Σ ∈ F is a surface of section, although not necessarily a
Birkhoff section. Nevertheless, we can still define the return map to a given page,
except that such map may not be defined on the whole page. More generally, given
two (not necessarily distinct) pages Σ0,Σ1 ∈ F and a point z0 ∈ int(Σ0) such
that ϕt0(z0) ∈ Σ1 for some t0 ∈ R \ {0}, by the implicit function theorem there
exists a maximal open neighborhood U ⊂ int(Σ0) of z0 and a smooth function
τ : U → R \ {0} such that τ(z0) = t0 and ϕτ(z)(z) ∈ Σ1 for all z ∈ U . The smooth
map ψ : U → Σ1, ψ(z) = ϕτ(z)(z) is a diffeomorphism onto its image that preserves
the area form dλ, i.e. ψ∗(dλ|Σ1

) = dλ|U .

2.4. Size of images of the arrival map. The following lemmas are among the
main ingredients in the proof of Theorem D. The arguments are reminiscent of
those in Contreras-Oliveira [CO04, Sect. 2.4].



PROOF OF THE C2-STABILITY CONJECTURE 9

Proposition 2.1. Let (N,λ) be a closed contact 3-manifold with a non-degenerate
Reeb vector field, endowed with a broken book decomposition with binding K =
Krad ∪Kbr. We consider two pages Σ0,Σ1 ⊂ N , and the stable manifold

W s(Kbr) =
⋃

z∈Kbr

W s(z).

Let ζ : [0, 1] → int(Σ0) be a smooth path, and τ : [0, 1) → (0,∞) a smooth unbounded
function such that ϕτ(s)(ζ(s)) ∈ int(Σ1) for all s ∈ [0, 1). Then τ(s) → +∞ as
s→ 1, and ζ(1) ∈W s(Kbr).

Proposition 2.2. Let (N,λ) be a closed contact 3-manifold with a non-degenerate
Reeb vector field, endowed with a broken book decomposition with binding K =
Krad ∪ Kbr, and such that W s(γ1) ⋔ Wu(γ2) for all broken binding components
γ1, γ2 ⊂ Kbr. For all pages Σ0,Σ1 ⊂ N of the broken book, there exists a constant

c = c(Σ0,Σ1) > 0

with the following property. Let ζ0 : [0, 1] → int(Σ0) be any smooth path such that:

(i) ζ0(1) is a transverse intersection of ζ0 with the stable manifold W s(Kbr),
(ii) there exists a smooth unbounded function τ : [0, 1) → (0,∞) such that

ζ1(s) := ϕτ(s)(ζ0(s)) ∈ int(Σ1), ∀s ∈ [0, 1).

Then

diam
(
ζ1([0, 1))

)
> c.

Indeed, ζ1 accumulates on a smooth embedded circle S ⊂Wu(Kbr) ∩ Σ1, i.e.

S ⊂ ζ1([0, 1)).

In this proposition, we have denoted by “diam” the diameter measured with
respect to an arbitrary Riemannian distance d : N ×N → [0,∞), i.e.

diam(V ) = sup
{
d(z, z′)

∣∣ z, z′ ∈ V
}
, ∀V ⊆ N.

Clearly, since N is compact, the conclusion of the proposition is independent of the
choice of the Riemannian distance.

Remark 2.3. Replacing the contact form λ by its negative −λ, and thus the Reeb
vector fieldX with −X, we infer that Propositions 2.1 and 2.2 also hold if we replace
the stable manifolds by the corresponding unstable manifolds, and the unbounded
function τ : [0, 1) → (0,∞) by an unbounded function τ : [0, 1) → (−∞, 0). The
first assertion of Proposition 2.1 then becomes τ(s) → −∞ as s→ 1. □

The proofs of Propositions 2.1 and 2.2 will require some preliminary lemmas.
Consider a closed contact 3-manifold (N,λ) whose Reeb vector field X is non-
degenerate, endowed with a broken book decomposition with binding K = Krad ∪
Kbr ⊂ N . By a compact 1-parameter family of pages we mean a family of pages
Σr ⊂ N , indexed by r ∈ [r1, r2] ⊂ R, such that there exist a point z0 ∈ int(Σr1)
and a diffeomorphism onto its image Tz0 : [r1, r2] → [0,∞) such that Tz0(r1) = 0
and ϕTz0

(r)(z0) ∈ Σr for all r ∈ [r1, r2]. We do not require that Σr ̸= Σr′ if

r ̸= r′, although this automatically holds if r and r′ are sufficiently close. For each
z ∈ int(Σr1), there exists a maximal rz ∈ [r1, r2] and a unique monotone increasing
diffeomorphism onto its image

Tz : [r1, rz) → [0,∞)
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such that Tz(r1) = 0 and ϕTz(r)(z) ∈ Σr for all r ∈ [r1, rz). Here, Tz is not defined
if rz = r1. The function

(r, z) 7→ T (z, r) = Tz(r)

is smooth on its domain.

Lemma 2.4. Let z ∈ int(Σ0) be such that rz > r1 and Tz(r) → ∞ as r → rz.
Then z ∈W s(Kbr).

Proof. Let us assume by contradiction that rz > r1 and Tz(r) → ∞ as r → rz, but
z ̸∈W s(Kbr). This latter condition implies that there exists an open neighborhood
U ⊂ N of the broken binding Kbr and a sequence tn → ∞ such that zn := ϕtn(z) ̸∈
U . Let rn ∈ [r1, rz) be the parameters such that Tz(rn) = tn.

We claim that there exists an open neighborhood V ⊂ N of the radial binding
Krad such that zn ̸∈ V for all n. Indeed, since the interval [r1, r2] is compact, there
is a constant k > 0 such that, for every page Σ ⊂ N of the broken book, there are
at most k values of r ∈ [r1, r2] such that Σ = Σr. For every open neighborhood
V ′ ⊂ N of Krad, there exists a smaller open neighborhood V ⊂ V ′ of Krad such
that, for every page Σ ⊂ N of the broken book and every point z′ ∈ int(Σ) ∩ V ,
there exist k positive times 0 < s1 < s2 < ... < sk such that ϕsi(z

′) ∈ int(Σ) ∩ V ′

for all i = 1, ..., k. This implies that no zn can enter V , for otherwise the function
Tz would be uniformly bounded from above.

If δ > 0 is sufficiently small, the pages Σr with r ∈ [rz − δ, rz] are pairwise
distinct. We set

Zδ :=
⋃

r∈[rz−δ,rz ]

Σr.

Up to further reducing δ > 0, there exists t′ > 0 such that

ϕt′(z
′) ̸∈ Zδ, ∀z′ ∈ Zδ \ (U ∪ V ).

We already showed that the sequence zn belongs to N \ (U ∪ V ). If n0 is large
enough, we have rn0 ∈ [rz − δ, rz], that is, zn0 ∈ Zδ \ (U ∪ V ). This implies that

tn = tn − Tz(rn0
) + Tz(rn0

) < t′ + Tz(rn0
), ∀n ≥ n0,

which contradicts the unboundedness of the sequence tn. □

Proof of Proposition 2.1. We consider the compact 1-parameter family of pages
Σr ⊂ N , r ∈ [0, 1], uniquely defined by ϕrτ(0)(ζ(0)) ∈ int(Σr). We employ the
notation introduced just before Lemma 2.4: for each z = ζ(s), we consider the
maximal rz ∈ [0, 1] for which we have a monotone increasing diffeomorphism onto
its image

[0, rz) → [0,∞), r 7→ Tz(r) = T (z, r),

such that T (z, 0) = 0 and ϕT (z,r)(z) ∈ Σr for all r ∈ [0, rz). Notice that

rz = 1, lim
r→1

T (z, r) = τ(s), ∀s ∈ [0, 1), z = ζ(s).

Moreover, the point z∗ := ζ(1) has positive parameter rz∗ > 0.
We claim that

lim
r→rz∗

T (z∗, r) = ∞,
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which, according to Lemma 2.4, implies z∗ ∈ W s(Kbr). Indeed, let us assume by
contradiction that the monotone function r 7→ T (z∗, r) is bounded from above, so
that

lim
r→rz∗

T (z∗, r) = t∗ <∞.

This, together with the fact that ϕT (z∗,r)(z∗) ∈ int(Σr) for all r ∈ [0, rz∗), implies
that ϕt∗(z∗) ∈ int(Σrz∗

) and that, for each ϵ > 0, there exists δ > 0 such that
τ(s) ∈ (t∗ − ϵ, t∗ + ϵ) for all s ∈ [1− δ, 1), contradicting the unboundedness of the
function τ .

Finally, for each c > 0, there exists rc ∈ (0, rz∗) such that T (z∗, rc) > c. For all
s ∈ [0, 1) sufficiently close to 1, we have τ(s) > T (ζ(s), rc) > c − 1. This proves
that τ(s) → ∞ as s→ 1. □

Lemma 2.5. Let (N,λ) be a closed contact 3-manifold, Σ ⊂ N a surface of section
for its Reeb flow, γ a hyperbolic closed Reeb orbit, and W either the stable manifold
W s(γ) or the unstable manifold Wu(γ). Then there is a constant c = c(Σ, γ) > 0
such that the image of any embedding S1 ↪→ int(Σ) ∩W \ γ has diameter larger
than c.

Proof. Let ι : S1 ↪→ int(Σ) ∩ W \ γ be an embedding as in the statement, and
ζ := ι(S1) its image. Since Σ is a compact surface whose boundary is immersed
in N and whose interior int(Σ) is embedded in N , there is a lower bound for the
diameter of non-contractible closed curves in Σ. Therefore, we only need to consider
the case in which ζ is contractible in Σ.

Notice that W \ γ is either an open annulus (if γ is negatively hyperbolic) or a
disjoint union of two open annuli (if γ is positively hyperbolic). Since ζ is contained
in int(Σ), it is nowhere tangent to the Reeb vector field X. Since X is tangent to
W , we infer that ζ is non-contractible in W ; indeed, if ζ were contractible in W \γ,
it would bound a disk D ⊂W \ γ tangent to X, and Poincaré-Bendixon’s theorem
would imply that D contains a closed orbit of X, which is impossible since γ is the
only closed orbit of X in W .

Therefore there exists an open annulus A ⊂ W \ γ with boundary ∂A = γ ∪ ζ.
One component of ∂A is a k-fold covering map of γ, with k = 2 if γ is negatively
hyperbolic, and k = 1 if γ is positively hyperbolic. We orient A so that the
orientation induced on γ as its boundary agrees with the orientation on γ provided
by the Reeb vector field X. We then orient ζ as a negatively oriented boundary
component of A. Since X is tangent to W , the 2-form dλ|W vanishes, and Stokes’
theorem gives ∫

ζ

λ = −
∫
A

dλ+

∫
γ

λ =

∫
γ

λ = kpγ ≥ pγ , (2.2)

where pγ > 0 is the minimal period of γ.
Since ζ is contractible in Σ, it is the oriented boundary of an embedded disk

D ⊂ int(Σ). Since int(Σ) is transverse to the Reeb vector field X, the 2-form dλ
restricts to an area form on Σ. Therefore, by Stokes’ theorem and (2.2), we have∫

D

|dλ| =
∣∣∣∣∫

D

dλ

∣∣∣∣ = ∣∣∣∣∫
ζ

λ

∣∣∣∣ ≥ pγ .
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Σr0

γ0

Wϵ

S0

ζr0

Figure 2. The path ζr0 accumulating on S0 = Σr0 ∩Wϵ.

This uniform lower bound for the area of D, together with the fact that Σ is
compact and immersed in N , implies a uniform lower bound for the diameter of
the boundary ζ = ∂D. □

Proof of Proposition 2.2. Let ζ0 : [0, 1] → int(Σ0) be a path satisfying properties
(i) and (ii) in the statement. We consider the space

V :=
{
ϕt(ζ0(s))

∣∣∣ s ∈ [0, 1), t ∈ [0, τ(s)]
}
.

We consider the compact 1-parameter family of pages Σr ⊂ N , r ∈ [0, 1], defined
by ϕrτ(0)(ζ(0)) ∈ int(Σr). By the implicit function theorem, there exists a maximal
open subset U0 ⊂ Σ0 containing ζ0([0, 1)), and a unique smooth function

T0 : U0 × [0, 1] → [0,∞)

such that T0(·, 0) ≡ 0 and ϕT0(z,r)(z) ∈ Σr for all z ∈ U0, r ∈ [0, 1]. Notice
that T0(ζ0(s), 1) = τ(s) for all s ∈ [0, 1). Moreover, r 7→ T0(z, r) is a monotone
increasing diffeomorphism onto its image for all z ∈ U0. The paths ζ0 and ζ1 are
interpolated by the family of paths

ζr : [0, 1) → int(Σr), ζr(s) := ϕT0(ζ0(s),r)(ζ0(s)), r ∈ [0, 1].

Since ζ0(1) ∈ W s(Kbr), there exists a hyperbolic closed Reeb orbit γ0 ⊂ Kbr

such that ζ0(1) ∈ W s(γ0). For each ϵ > 0 small enough, we consider the local
unstable manifold

Wu
ϵ (γ0) =

⋃
z∈γ0

Wu
ϵ (z),

where

Wu
ϵ (z) =

{
z′ ∈Wu(z)

∣∣∣∣ sup
t≥0

d(ϕt(z), ϕt(z
′)) ≤ ϵ

}
.

The space Wu
ϵ (γ0) is a compact embedded submanifold of N with boundary, con-

taining γ0 in its interior. Since τ is unbounded, Proposition 2.1 implies that
τ(s) → +∞ as s → 1. Moreover, we assumed that ζ̇0(1) is transverse to the
stable manifoldW s(γ0). Therefore, the λ-lemma from hyperbolic dynamics implies
that V accumulates on a path-connected component Wϵ ⊂ Wu

ϵ (γ0) \ γ0 for ϵ > 0
small enough, i.e.

V ⊇Wϵ. (2.3)
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Up to reducing ϵ > 0, there exists a page Σr0 ⊂ N , for some r0 ∈ (0, 1), whose
interior intersects int(Wϵ) transversely in an embedded circle S0, i.e.

int(Σr0) ∩ int(Wϵ) = S0.

We require Σr0 to be distinct from Σ1. By (2.3), we have S0 ⊂ V ∩ Σr0 , that is

S0 ⊂ ζr0([0, 1)), (2.4)

see Figure 2. By the implicit function theorem, we can find a maximal path-
connected open subset U1 ⊂ int(Σr0) containing ζr0([0, 1)) and a unique smooth
function

T1 : U1 × [r0, 1] → [0,∞)

such that T1(·, r0) ≡ 0 and ϕT1(z,r)(z) ∈ Σr for all r ∈ [r0, 1]. The function
r 7→ T1(z, r) is a monotone increasing diffeomorphism onto its image for all z ∈ U1,
and

T1(ζr0(s), r) = T0(ζ0(s), r)− T0(ζ0(s), r0), ∀s ∈ [0, 1), r ∈ [r0, 1].

Equation (2.4) implies that S0 ⊂ U1. We claim that actually

S0 ⊂ U1. (2.5)

We first complete the proof of the proposition assuming this claim. By (2.5), the
space

S1 :=
{
ϕT1(z,1)(z)

∣∣ z ∈ S0

}
⊂Wu(γ0) ∩ Σ1

is a smooth embedded circle, and therefore diam(S1) ≥ c(Σ1, γ0) > 0 according to

Lemma 2.5. Equation (2.4) implies that S1 ⊂ ζ1([0, 1)), and therefore

diam(ζ1([0, 1))) = diam(ζ1([0, 1))) ≥ diam(S1) ≥ c,

where
c := min

{
c(Σ1, γ0)

∣∣ γ0 ⊂ Kbr

}
> 0.

It remains to establish (2.5). Let us assume by contradiction that (2.5) does not
hold, so that there exists

z ∈ S0 \ U1. (2.6)

By (2.4) there is a sequence sn ∈ [0, 1) such that sn → 1 and zn := ζr0(sn) → z.
By the implicit function theorem, there exists a maximal r1 ∈ (r0, 1] and a unique
monotone increasing diffeomorphism onto its image τ1 : [r0, r1) → [0,∞) such that
τ1(r0) = 0 and ϕτ1(r)(z) ∈ Σr for all r ∈ [r0, r1). Since zn → z, we have

lim
n→∞

T1(zn, r) = τ1(r), ∀r ∈ [r0, r1). (2.7)

We see that τ1(r) → ∞ as r → r1. Indeed, assume by contradiction that τ1 is
bounded, so that

lim
r→r1

τ1(r) = t1 <∞.

This, together with (2.7), implies that ϕt1(z) ∈ int(Σr1). Therefore r1 = 1 due to
the maximality of r1. However, this implies that z ∈ U1, which contradicts (2.6).

Since τ1(r) → ∞ as r → r1, Lemma 2.4 implies that z ∈W s(γ1) for some broken
binding component γ1 ⊂ Kbr. Therefore z ∈ Wu(γ0) ∩W s(γ1). By assumption,
the intersection Wu(γ0) ∩W s(γ1) is transverse. This, together with (2.3), implies
that there exists arbitrarily small open neighborhoods W ⊂W s(γ1) of z such that



14 GONZALO CONTRERAS AND MARCO MAZZUCCHELLI

W ∩ V ̸= ∅. Therefore, there exists a sequence z′′n ∈ Σr0 ∩W s(γ1) ∩ V such that
z′′n → z. We choose ϵ′ > 0 small enough so that the local stable manifold W s

ϵ′(γ1)
does not intersect int(Σ1), i.e.

W s
ϵ′(γ1) ∩ int(Σ1) = ∅. (2.8)

There exists δ > 0 small enough such that

z′′′ := ϕτ1(r1−δ)(z) ∈W s
ϵ′/2(γ1).

Since
z′′′n := ϕT1(z′′

n ,r1−δ)(z
′′
n) → z′′′,

in particular z′′′n ∈W s
ϵ′(γ1)∩ int(Σr1−δ) for all n large enough. However, W s

ϵ′(γ1) is
positively invariant by the Reeb flow, and therefore ϕt(z

′′′
n ) ∈W s

ϵ′(γ1) for all t ≥ 0.
This, together with (2.8), contradicts the fact that, for

t := T1(z
′′
n, 1)− T1(z

′′
n, r1 − δ) > 0,

we have
ϕt(z

′′′
n ) = ϕT1(z′′

n ,1)(z
′′
n) ∈ int(Σ1). □

3. Hyperbolic invariant sets

3.1. Hyperbolicity. We begin by recalling some elements from hyperbolic dynam-
ics, which generalize those already introduced in Section 2.2 for periodic orbits. We
refer the reader to, e.g., the recent monograph of Fisher-Hasselblatt [FH19] for
more details.

Let N be a closed manifold equipped with an auxiliary Riemannian metric, X a
nowhere vanishing vector field on N , ϕt : N → N its flow, and Λ ⊂ N a compact
subset invariant by the flow ϕt, i.e. ϕt(Λ) = Λ for all t ∈ R. The invariant subset Λ
is hyperbolic if each fiber of the restricted tangent bundle TN |Λ admits a splitting

TzN = Es(z)⊕ Eu(z)⊕ span(X(z)), ∀z ∈ Λ,

and there exist constants b, c > 0 with the following three properties:

• (Invariance) dϕt(z)E
s(z) = Es(ϕt(z)) and dϕt(z)E

u(z) = Eu(ϕt(z)) for all
z ∈ Λ and t ∈ R,

• (Forward contraction) ∥dϕt(z)v∥ ≤ b e−ct∥v∥ for all z ∈ Λ, v ∈ Es(z), and
t > 0,

• (Backward contraction) ∥dϕ−t(z)v∥ ≤ b e−ct∥v∥ for all z ∈ Λ, v ∈ Eu(z),
and t > 0.

The norm appearing in the last two points is induced by the auxiliary Riemannian
metric on N , and thanks to the compactness of Λ the notion of hyperbolicity
is independent of the choice of such a Riemannian metric. It follows from the
three properties listed above that Es and Eu are continuous sub-bundles of TN |Λ,
called the stable and unstable sub-bundles respectively. We stress that the positive
constants b and c do not depend on the specific point z ∈ Λ (for this reason, some
authors prefer the expression “uniform hyperbolicity”).

We denote by d : N × N → [0,∞) the distance induced by the auxiliary Rie-
mannian metric on N . For each point z ∈ Λ, we consider the spaces

W s(z) =
{
z′ ∈ N

∣∣∣ lim
t→∞

d(ϕt(z
′), ϕt(z)) = 0

}
,

Wu(z) =
{
z′ ∈ N

∣∣∣ lim
t→−∞

d(ϕt(z
′), ϕt(z)) = 0

}
,
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which are injectively immersed submanifolds of N with tangent spaces TzW
s(z) =

Es(z) and TzW
u(z) = Eu(z). The stable and unstable laminations of Λ are defined

respectively as

W s(Λ) =
⋃
z∈Λ

W s(z), Wu(Λ) =
⋃
z∈Λ

Wu(z).

These spaces are invariant by the flow ϕt.

3.2. Local product structure. Let Λ ⊂ N be a hyperbolic invariant set of the
flow ϕt of the nowhere vanishing vector field X. For each ϵ > 0 small enough and
z ∈ Λ, consider the subspaces

W s
ϵ (z) =

{
z′ ∈W s(z)

∣∣∣∣ sup
t≥0

d(ϕt(z), ϕt(z
′)) ≤ ϵ

}
,

Wu
ϵ (z) =

{
z′ ∈Wu(z)

∣∣∣∣ sup
t≤0

d(ϕt(z), ϕt(z
′)) ≤ ϵ

}
,

which are compact embedded submanifold of N with (possibly non-smooth) bound-
ary. If ϵ > 0 is small enough, there exists δ > 0 such that, for each pair of
points z1, z2 ∈ Λ with d(z1, z2) < δ, there exists a unique t ∈ (−ϵ, ϵ) such that
W s

ϵ (ϕt(z1)) ∩Wu
ϵ (z2) ̸= ∅. Moreover, this latter intersection is a single point z3,

which is denoted by

z3 =: ⟨z1, z2⟩ ∈W s
ϵ (ϕt(z1)) ∩Wu

ϵ (z2).

The map ⟨ · , · ⟩ is continuous on the δ-neighborhood of the diagonal, see [Bow72,
Statement 1.4]. The invariant set Λ is said to have local product structure when
the bracket ⟨ · , · ⟩ takes values into Λ, i.e. ⟨z1, z2⟩ ∈ Λ for all z1, z2 ∈ Λ with
d(z1, z2) < δ. It turns out that Λ has local product structure if and only if it is a
locally maximal invariant set, meaning that it has an open neighborhood U ⊂ N ,
called an isolating neighborhood, such that

Λ =
⋂
t∈R

ϕt(U), (3.1)

see [FH19, Th. 6.2.7] or [Con14, App. E]. Under the local maximality assumption,
the stable and unstable laminations can be equivalently characterized as stable and
unstable basins of Λ respectively, i.e.

W s(Λ) =
{
z ∈ N

∣∣ ω-lim(z) ⊆ Λ
}
,

Wu(Λ) =
{
z ∈ N

∣∣ α-lim(z) ⊆ Λ
}
,

(3.2)

where the α-limit and the ω-limit are with respect to the flow ϕt, see [FH19,
Def. 1.5.5 and Th. 5.3.25].

3.3. A criterium for the Anosov property. A basic set for a flow is a compact,
locally maximal, hyperbolic invariant subset containing a dense orbit and a dense
subspace of closed orbits.

Remark 3.1. Let Λ be a basic set for the flow of the nowhere vanishing vector
field X. The definition of basic set implies that, if Λ does not consist of a single
closed orbit, then Λ must contain infinitely many closed orbits, and every closed
orbit in Λ is non isolated in Per(X) ∩ Λ. □
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In the proof of Theorem D, we shall need the following result due to Bowen and
Ruelle. In the original source [BR75, Cor. 5.7], the result is part of a statement
for Axiom A flows; nevertheless, the claim that we need holds as well without the
Axiom A assumption, and we provide the proof for the reader’s convenience. As
usual, all our vector fields are smooth, but we point out that Bowen and Ruelle’s
result requires C2 flows. We recall that a subset Λ of a smooth manifold N has
positive measure when, for some local chart ψ : U → Rn of N , the image ψ(Λ∩U)
has positive Lebesgue measure.

Theorem 3.2 (Bowen-Ruelle). Let N be a closed connected manifold, X a nowhere
vanishing C2 vector field on N , and ϕt : N → N the flow of X. If Λ is a hyperbolic
basic set for ϕt of positive measure, then Λ = N .

Proof. Since Λ is of positive measure, both W s(Λ) and Wu(Λ) are of positive
measure as well. Since W s(Λ) is of positive measure, a statement of Bowen and
Ruelle [BR75, Th. 5.6] (see also [FH19, Th. 7.4.6]) implies that Λ is an attractor,
i.e. Λ has an open isolating neighborhood U ⊂ N such that ϕt(U) ⊂ U for all t ≥ 0
large enough. Let us consider the characterization (3.2) of the stable and unstable
laminationsW s(Λ) andWu(Λ). Since Λ is an attractor, an argument due to Hurley
[Hur82, Lemma 1.6] implies that there exists an open neighborhood V ⊂ N of Λ
such that

W s(Λ) =
⋃
t>0

ϕ−t(V ).

In particular, W s(Λ) is an open subset of N . Since Wu(Λ) is of positive measure,
another application of Bowen and Ruelle’s [BR75, Th. 5.6] implies that Λ is an at-
tractor for the backwards flow ϕt := ϕ−t, i.e. Λ has an open isolating neighborhood
W ⊂ N such that ϕ−t(W ) ⊂W for all t ≥ 0 large enough. This implies⋂

t≥t0

ϕ−t(W ) = Λ, ∀t0 ∈ R. (3.3)

For each z ∈ W s(Λ) there exists tz > 0 such that ϕt(z) ∈ W for all t ≥ tz, and
by (3.3) we infer

z ∈
⋂
t≥tz

ϕ−t(W ) = Λ.

Namely, W s(Λ) = Λ, and in particular Λ is an open subset of N . Since N is
connected and Λ is both open and closed, we conclude that Λ = N . □

3.4. The closure of the space of periodic orbits. From now on, we will require
our closed manifold N to have dimension dim(N) = 3. We consider the subspace
of closed orbits of ϕt, which we denote by

Per(X) :=
⋃
t>0

Fix(ϕt) ⊂ N.

In the rest of the section, we will make the following extra assumptions:

(i) The closure Per(X) is a hyperbolic invariant subset, whose stable and un-
stable bundles Es, Eu ⊂ TN |Λ have rank

rank(Es) = rank(Eu) = 1. (3.4)



PROOF OF THE C2-STABILITY CONJECTURE 17

(ii) The Kupka-Smale transversality condition: Wu(γ1) ⋔W s(γ2) for all closed
orbits γ1, γ2 ⊂ Per(X).

Remark 3.3. The rank condition (3.4) is satisfied by all hyperbolic invariant sub-
sets of Reeb flows ϕt on closed contact 3-manifolds (N,λ). Indeed, let Λ ⊂ N
be such an hyperbolic invariant subset for ϕt, with stable and unstable bundles
Es, Eu ⊂ TN |Λ. The Reeb flow ϕt preserves the contact form λ, and therefore
its exterior differential dλ as well. This, together with the forward and backward
contraction properties of Es and Eu, imply that Es ⊕ Eu = ker(λ), dλ|Es = 0,
and dλ|Eu = 0. Since dλ is symplectic on the distribution ker(λ), we conclude that
rank(Es) = rank(Eu) = 1. □

The Kupka-Smale transversality condition implies that, for each pair of closed
orbits γ1, γ2 ⊂ Per(X), the intersection Wu(γ1) ∩ W s(γ2) is an injectively im-
mersed 1-dimensional submanifold of N invariant by the flow; the orbits contained
inWu(γ1)∩W s(γ2) are called heteroclinics, and more specifically homoclinics when
γ1 = γ2.

Two closed orbits γ1, γ2 ⊂ Per(X) are said to be in the same homoclinic class,
and we will write it as γ1 ∼ γ2, when the transverse intersections W s(γ1)∩Wu(γ2)
andWu(γ1)∩W s(γ2) are both non-empty. An application of the shadowing lemma

from hyperbolic dynamics implies that such heteroclinics are contained in Per(X),
i.e. (

W s(γ1) ∩Wu(γ2)
)
∪
(
Wu(γ1) ∩W s(γ2)

)
⊂ Per(X), ∀γ1 ∼ γ2, (3.5)

see, e.g., [FH19, Cor. 6.5.3]. The relation ∼ is an equivalence relation, the transi-
tivity property being a consequence of the λ-lemma from hyperbolic dynamics.

If two points z1, z2 ∈ Per(X) are sufficiently close so that the brackets ⟨z1, z2⟩ and
⟨z2, z1⟩ are both well defined, their closed orbits γ1(t) := ϕt(z1) and γ2(t) := ϕt(z2)

are in the same homoclinic class. Therefore, ⟨z1, z2⟩ and ⟨z2, z1⟩ belong to Per(X).

By the continuity of the bracket ⟨ ·, · ⟩, we conclude that ⟨z1, z2⟩ ∈ Per(X) for

all sufficiently close points z1, z2 ∈ Per(X). Namely, Per(X) has local product
structure, and therefore is locally maximal.

The spectral decomposition theorem of Smale [FH19, Th. 5.3.37] implies that

Per(X) decomposes as a finite disjoint union

Per(X) = Λ1 ∪ ... ∪ Λk, (3.6)

where each Λj is a basic set. Notice that each Λj is open in Λ, since it is the
complement of the closed set ∪i ̸=jΛi. The fact that each Λj contains a dense orbit
implies that the decomposition (3.6) is unique. We will need the following statement
statement, which is certainly well known to the experts, and we add its proof for
the reader’s convenience.

Lemma 3.4. The basic sets Λj provided by the spectral decomposition (3.6) are
precisely the closures of the homoclinic classes, i.e.

Λj =
⋃

γ∼γj

γ, ∀ orbits γj ⊂ Λj ∩ Per(X).

Proof. We already remarked that two sufficiently close points z1, z2 ∈ Per(X) be-
long to closed orbits in the same homoclinic class. This, together with the com-
pactness of Per(X), implies that this latter space decomposes as the finite disjoint
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union

Per(X) = Υ1 ∪ ... ∪Υh, (3.7)

where each Υj is the closure of a homoclinic class and is open in Per(X). Notice
that each Υj is a locally maximal invariant set, since it has local product structure.
In order to prove the lemma, we are left to show that each Υj contains a dense
orbit; indeed, this will imply that Υj is a basic set, and as we already remarked the

decomposition of Per(X) as a finite disjoint union of basic sets is unique.
Let Υ ∈ {Υ1, ...,Υh} be one of the above closure of homoclinic classes, and

U1, U2 ⊆ Υ two non-empty open subsets. We fix points zi ∈ Ui ∩ Per(X), and
denote by γi ⊂ Υ ∩ Per(X) the closed orbit of zi. Let γ ⊂ Wu(γ1) ∩W s(γ2) be

a heteroclinic orbit. By (3.5), γ is contained in Per(X). Since z1 belongs to the
α-limit of γ and z2 belongs to the ω-limit of γ, the heteroclinic γ is contained in Υ.
In particular, there exists t1 < t2 such that γ(t1) ∈ U1 and γ(t2) ∈ U2. Therefore,
for t := t2 − t1 > 0, we have

ϕt(U1) ∩ U2 ̸= ∅. (3.8)

It is well known that the validity of (3.8) for arbitrary non-empty open subsets
U1, U2 ⊆ Υ implies that Υ contains a dense orbit. This can be shown as follows.
Let Vn ⊂ Υ, for n ∈ N, be a countable basis of non-empty open subsets of Υ.
We choose a non-empty open subset W0 ⊂ Υ such that W0 ⊂ V0. We now define
iteratively for increasing values of n ≥ 1 the open subset

Zn :=
⋃
t>0

(
Wn−1 ∩ ϕ−1

t (Vn)
)
,

which is non-empty according to the argument of the previous paragraph. We
choose a non-empty open subset Wn ⊂ Υ such that Wn ⊂ Zn. We have obtained a
nested sequence of non-empty sets

W0 ⊃W1 ⊃W1 ⊃W2 ⊃W2 ⊃ ...

Cantor’s intersection theorem implies that the intersection

W :=
⋂
n∈N

Wn =
⋂
n∈N

Wn

is non-empty. For each z ∈ W , the corresponding orbit γ(t) := ϕt(z) visits all the
open subsets Vn of the basis, and therefore is a dense orbit in Υ. □

Let Λ ⊂ Per(X) be the closure of a homoclinic class. Every point z ∈ Λ has an
arbitrarily small open neighborhood U ⊂ N such that the path-connected compo-
nent W ⊂W s(Λ)∩U containing z separates U in two path-connected components
U1 and U2. The point z is called an s-boundary when at least one Ui satisfies
Ui ∩ Λ = ∅. By replacing the stable lamination W s(Λ) with the unstable lamina-
tion Wu(Λ), we obtain the analogous concept of u-boundary. The following lemma
was proved for suitable discrete dynamical systems by Bonatti and Langevin [BL98,
Prop. 2.1.1], and we provide a slightly different argument here in the setting of our
flows.

Lemma 3.5. Any s-boundary point z ∈ Λ is contained in the stable manifold
W s(γ) of some closed orbit γ ⊂ Per(X) ∩ Λ. Analogously, any u-boundary z ∈ Λ
is contained in the unstable manifold Wu(γ) of some closed orbit γ ⊂ Per(X) ∩ Λ.
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W s(Λ)

zn1

zn2

zn3

z′n3
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⟨zn1 , zn2 ⟩

⟨zn3 , zn2 ⟩

Wu(z′)Wu(zn2 )

ℓ1

ℓ2

Figure 3. Projections z′ni
to the unstable manifold Wu(z′).

Proof. We prove the first claim, the second one being analogous. We fix ϵ > 0 small
enough so that, for each z ∈ Λ, the local unstable manifold Wu

ϵ (z) is a compact
interval embedded in N . Let z ∈ Λ be an s-boundary point. By the local product
structure of Λ and the definition of s-boundary point, up to reducing ϵ > 0 there
exists a connected component ℓ ⊂ Wu

ϵ (z) \ {z} such that z ∈ ∂ℓ and ℓ ∩ Λ = ∅.
Notice that, for all t ∈ R, ϕt(ℓ) is an interval in Wu(ϕt(z)) \ {ϕt(z)} such that
ϕt(z) ∈ ∂(ϕt(ℓ)).

If needed, we further reduce the constant ϵ > 0 so that we can employ it in the
definition of local product structure of Λ: there exists δ > 0 such that, for each
pair of points z1, z2 ∈ Λ with d(z1, z2) < δ, there exists a unique t ∈ (−ϵ, ϵ) and a
well defined bracket ⟨z1, z2⟩ ∈W s

ϵ (ϕt(z1)) ∩Wu
ϵ (z2).

Let z′ ∈ Λ be an ω-limit of the orbit t 7→ ϕt(z). Namely, there exists a sequence
tn → ∞ such that

zn := ϕtn(z) → z′. (3.9)

Up to removing finitely may elements from the sequence zn, we can assume that
d(zn, z

′) < δ/2, so that the brackets ⟨zn, z′⟩ and ⟨zn, zm⟩ are well defined for all
n,m ∈ N. We claim that, up to further removing finitely many elements from the
subsequence zn, we have

⟨zn, z′⟩ = z′, ∀n ∈ N. (3.10)

Indeed, the continuity of the bracket ⟨ ·, · ⟩ implies that z′n := ⟨zn, z′⟩ → z′. If (3.10)
does not hold for all but finitely many values of n, then the sequence z′n contains
infinitely many pairwise distinct points. In particular, we can find n1 < n2 <
n3 such that the three points z′n1

, z′n2
, z′n3

are pairwise distinct, and z′n2
lies in

the interior of a compact interval ℓ′ ⊂ Wu
ϵ (z

′) with boundary ∂ℓ′ = {z′n1
, z′n3

}.
This implies that the points ⟨zn1

, zn2
⟩, ⟨zn3

, zn2
⟩ ∈ Λ∩Wu

ϵ (zn2
) belong to different

path-connected components ℓ1, ℓ2 ⊂ Wu
ϵ (zn2

) \ {zn2
}, see Figure 3. Notice that

ϕ−tn2
(Wu

ϵ (zn2)) ⊂ Wu
ϵ (z), and the intervals ϕ−tn2

(ℓ1) and ϕ−tn2
(ℓ2) belong to

different path-connected components of Wu
ϵ (z) \ {z}. Therefore for one value of

i ∈ {1, 2} we must have ϕ−tn2
(ℓi) ⊂ ℓ. This gives a contradiction, since ϕ−tn2

(ℓi)∩
Λ ̸= ∅ but ℓ ∩ Λ = ∅.
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Having established (3.10), we can now assume without loss of generality, up to
modifying the values tn without affecting the conditions tn → ∞ and zn → z′, that

W s
ϵ (zn) ∩Wu

ϵ (z
′) = {z′}. (3.11)

In particular

W s(zn) =W s(z′). (3.12)

Since zn+1 = ϕtn+1−tn(zn), we have that

ϕtn+1−tn(W
s(z′)) = ϕtn+1−tn(W

s(zn)) =W s(zn+1) =W s(z′).

For each n0 ∈ N, the convergence

lim
n→∞

d(zn, ϕtn−tn0
(z′)) = lim

n→∞
d(ϕtn−tn0

(zn0
), ϕtn−tn0

(z′)) = 0,

together with (3.9), implies

lim
n→∞

ϕtn−tn0
(z′) = z′, ∀n0 ∈ N.

Equation (3.11) implies that zn ∈ W s
ϵ (z

′) and then also ϕtn−tn0
(z′) ∈ W s

ϵ (z
′).

Up to extracting a subsequence, we can assume that all the zn belong to the same
path-connected component W1 of W s

ϵ (z
′)\{z′}. Let W2 :=W s

ϵ (z
′)\ ({z′}∪W1) be

the other path-connected component, and n0 an integer. Up to extracting a further
subsequence, we can assume that there exists j ∈ {1, 2} such that

ϕtn−tn0
(z′) ∈Wj ∪ {z′}, ∀n > n0

We consider the two possible cases:

• If j = 1, we denote by ℓ′′ ⊂ W s(z′) the compact interval with boundary
∂ℓ′′ = {zn0 , z

′}. We choose a large enough integer n1 > n0 so that both
points zn1 and ϕtn1

−tn0
(z′) belong to ℓ′′, and therefore ϕtn1

−tn0
(ℓ′′) ⊂ ℓ′′.

Brouwer fixed point theorem implies that there exists a fixed point

z′′ ∈ ℓ′′ ∩ Fix(ϕtn1−tn0
).

• If j = 2, we fix any integer n1 > n0. If ϕtn1
−tn0

(z′) = z′, we set

z′′ := z′.

If ϕtn1
−tn0

(z′) ̸= z′, we have ϕtn1
−tn0

(z′) ∈ W2, and we denote by ℓ′′ ⊂
W s(z′) the compact interval with boundary ∂ℓ′′ = {zn1 , ϕtn1

−tn0
(z′)}. We

then choose a large enough integer n2 > n1 so that both points zn2
and

ϕtn2−tn0
(z′) belong to ℓ′′, and therefore ϕtn2−tn0

(ℓ′′) ⊂ ℓ′′. Brouwer fixed

point theorem implies that there exists a fixed point z′′ ∈ ℓ′′∩Fix(ϕtn2−tn0
).

In both cases, we obtained a point z′′ ∈ Per(X) ∩W s(z′). Therefore z′ ∈ W s(z′′),
which implies that z′′ ∈ Λ and W s(z′′) = W s(z′). This, together with (3.12),
implies that z ∈W s(γ). □

The next lemma was established by Contreras and Oliveira [CO04, Lemma 3.2].
Since our setting is slightly different, we provide a detailed proof for the reader’s
convenience.

Lemma 3.6. Let Λ ⊂ Per(X) be the closure of a homoclinic class. Then

W s(Λ) ∩Wu(Λ) = Λ.
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Λ

Wu(z′′)

U1U2

z′

z′′

z0

z1

W

Figure 4. The open set U = U1 ∪ W ∪ U2 with an interval of heteroclinic

intersections with boundary on z1.

Proof. We consider an arbitrary point z0 ∈W s(Λ)∩Wu(Λ). We need to prove that
z0 ∈ Λ. We already remarked in Equation (3.5) that this holds if z0 ∈ W s(γ1) ∩
Wu(γ2) for some closed orbits γ1, γ2 ⊂ Per(X)∩Λ. Therefore, it remains to consider
the case in which z0 does not belong to the intersection of the stable and unstable
manifolds of two closed orbits in Λ. Let us consider the case in which z0 does not
belong to the stable manifold of a closed orbit in Λ, the other case being analogous.
Let z′ ∈ Λ \ Per(X) and z′′ ∈ Λ be two points such that z0 ∈ W s(z′) ∩Wu(z′′).
Without loss of generality, we can assume that z0 belongs to the interior of the
local stable manifold W s

ϵ (z
′) for an arbitrarily small ϵ > 0; for this, it suffices to

replace z0, z
′, and z′′ with ϕt(z0), ϕt(z

′), and ϕt(z
′′) respectively for a large time

t > 0.
A priori, the path-connected component ℓ0 ⊂ W s

ϵ (z
′) ∩Wu(z′′) containing z0

might be a compact interval that is not just the singleton {z0}. The point z′ cannot
be contained in ℓ0, since the stable and unstable laminations W s(Λ) and Wu(Λ)
intersect transversely at z′ ∈ Λ. We consider the point z1 ∈ ∂ℓ0 ∩W s

ϵ (z
′) that is

closest to z′. In order to complete the proof, it is enough to show that

z1 ∈ Λ,

since from this we would immediately infer that Tz1W
s(z′) ̸= Tz1W

u(z′′), and
therefore that ℓ0 = {z1} = {z0} and z0 ∈ Λ.

We set

W :=
⋃

t∈(−ϵ,ϵ)

int(W s
ϵ (ϕt(z

′))),

and we consider a tubular neighborhood U ⊂ N of W , so that W separates U into
two path-connected components U1 and U2. Let ℓ1 ⊂ Wu(z′′) ∩ U be the path-
connected component containing z1, and notice that ℓ0 ⊂ ℓ1. If z1 were a point
of transverse intersection of W s(Λ) and Wu(Λ), ℓ1 would intersect both U1 and
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U2. In general, since we chose z1 in the boundary ∂ℓ0, ℓ1 intersects at least one
of these two subsets, say U1, in any neighborhood of z1 (Figure 4). Since z0 does
not belong to the stable manifold of a closed orbit in Λ, the same is true for z1
and z′. Lemma 3.5 implies that z′ is not an s-boundary, and therefore belongs to
both Per(X) ∩ Λ ∩ U1 and Per(X) ∩ Λ ∩ U2. This allows us to choose a sequence
z′n ∈ Per(X) ∩ Λ ∩ U1 such that z′n → z′. We denote by Wn ⊂ U ∩W s(Λ) the
path-connected component containing z′n. Since W s(Λ) is a lamination, Wn does
not intersect W , and therefore is contained in U1. Moreover, Wn tends to W as
n→ ∞, in the sense that

W =
⋂

m∈N

⋃
n≥m

Wn.

We choose a sequence z′′n ∈ Per(X) ∩ Λ such that z′′n → z′′. The unstable manifold
Wu(z′′n) accumulates on Wu(z′′), meaning

Wu(z′′) ⊆
⋂

m∈N

⋃
n≥m

Wu(z′′n).

For any neighborhood V ⊂ U of z1 and for all n large enough, the surface Wn

intersects ℓ1 ∩ V , and therefore intersects Wu(z′′m) ∩ V as well for all m large
enough. This implies that, up to extracting subsequences of z′n and z′′n, we have
a sequence of intersection points zn ∈ Wn ∩ Wu(z′′n) such that zn → z1. Since
z′n, z

′′
n ∈ Per(X), we have Wn ∩Wu(z′′n) ⊂ Λ. Since Λ is compact and zn ∈ Λ, we

infer that z1 ∈ Λ as well. □

3.5. Heteroclinic rectangles. The stable and unstable laminations of a hyper-
bolic invariant set might not be closed subspaces of N . In this subsection, we
essentially show that they are locally closed at least near the closure of a homo-
clinic class Λ containing infinitely many closed orbits. We do not know if such a
statement holds in the general setting of this section. Our proof will be valid in the
contact setting, and will employ a broken book decomposition as in Section 2.3.

Let Σ ⊂ N be a surface transverse to the vector field X. A heteroclinic rectangle
of Λ is a compact 2-disk D ⊂ Σ whose boundary is the union of four pairwise
distinct smooth compact intervals

∂D = ℓ1 ∪ ℓ2 ∪ ℓ3 ∪ ℓ4,

with ℓ1, ℓ3 ⊂ W s(Λ), ℓ2, ℓ4 ⊂ Wu(Λ), and ℓi ∩ ℓi+1 = {zi+1} for all i ∈ Z/4Z,
see Figure 5. By Lemma 3.6, every corner zi belongs to the invariant set Λ, and
therefore it is a transverse intersection between W s(Λ) and Wu(Λ).

Lemma 3.7. Let (N,λ) be a closed contact 3-manifold whose Reeb vector field
X = Xλ satisfies the following two conditions:

(i) The closure Per(X) is hyperbolic.

(ii) The Kupka-Smale transversality condition holds: W s(γ1) ⋔Wu(γ2) for all
closed Reeb orbits γ1, γ2 ⊂ Per(X).

Let Λ ⊂ Per(X) be the closure of a homoclinic class containing infinitely many
closed Reeb orbits, Σ a page of a broken book decomposition of (N,λ), and D ⊂
int(Σ) a heteroclinic rectangle of Λ with sufficiently small diameter. Then W s(Λ)∩
D and Wu(Λ) ∩D are compact, and their union is path-connected.
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Figure 5. A heteroclinic rectangle.

Proof. Since int(Σ) is transverse to the Reeb vector field X, the intersections
int(Σ) ∩ W s(Λ) and int(Σ) ∩ Wu(Λ) are transverse, and therefore their path-
connected components are 1-dimensional manifolds. Let ϵ > 0 be small enough
so that, for each z ∈ Λ, the spaces W s

ϵ (z) and Wu
ϵ (z) are embedded compact 1-

dimensional submanifolds with boundary (i.e. compact intervals) of N . For each
invariant subset V ⊂ Λ, we employ the notation

W s
ϵ (V ) :=

⋃
z∈V

W s
ϵ (z), Wu

ϵ (V ) :=
⋃
z∈V

Wu
ϵ (z).

Notice that, since Λ is compact, the subsets W s
ϵ (Λ) and Wu

ϵ (Λ) are compact as
well.

We denote the Reeb orbit of a point z ∈ N by

γz(t) := ϕt(z).

We require the diameter diam(D) to be small enough so that, for each z ∈ D ∩ Λ,
the path-connected component ℓ ⊂ W s(Λ) ∩D containing z is actually contained
in W s

ϵ (γz), and is a compact interval with boundary ∂ℓ ⊂ ∂D; notice that, in
this case, we must have ∂ℓ ⊂ int(ℓ2 ∪ ℓ4), where ℓ2 and ℓ4 are the two smooth
segments in ∂D ∩Wu(Λ). Analogously, we require the path-connected component
ℓ′ ⊂ Wu(Λ) ∩ D containing z to actually be contained in Wu

ϵ (γz), and to be a
compact interval with boundary ∂ℓ ⊂ int(ℓ1 ∪ ℓ3), where ℓ1 and ℓ3 are the two
smooth segments in ∂D ∩W s(Λ).

Let Σ1, ...,Σh be a finite collection of pages of a broken book decomposition of
(N,λ) such that each Reeb orbit intersects at least one of these pages. We further
require the diameter diam(D) to be small enough so that

diam(D) < min
{
c(Σj ,Σ)

∣∣ j = 1, ..., h
}
, (3.13)

where the positive constants c(Σj ,Σ) > 0 are those provided by Proposition 2.2.
Since W s(Λ) ∩Wu(Λ) = Λ according to Lemma 3.6, we have

Wu(Λ) ∩ ∂D =Wu
ϵ (Λ) ∩ ∂D, W s(Λ) ∩ ∂D =W s

ϵ (Λ) ∩ ∂D.

Consider now an arbitrary point z′ ∈ int(D)∩Wu(Λ). We must have z′ ⊂Wu(z′′)
for some z′′ ∈ Λ. Since Λ is a basic set (Lemma 3.4) containing infinitely many
closed Reeb orbits, every closed Reeb orbit in Λ is non isolated in Per(X) ∩ Λ
(Remark 3.1). Therefore, we can find two sequences y′′n ∈ Per(X) ∩ Λ \ K and
y′n ∈ Wu(y′′n) such that y′n → z′ and y′′n → z′′, where K ⊂ N is the binding of



24 GONZALO CONTRERAS AND MARCO MAZZUCCHELLI

the broken book decomposition of (N,λ). Since y′n → z′, there exists a sequence
tn → 0 such that ϕtn(y

′
n) ∈ D. We set

z′′n := ϕtn(y
′′
n) ∈ Per(X) ∩ Λ \K, z′n := ϕtn(y

′
n) ∈ D ∩Wu(z′′n),

and notice that z′n → z′ and z′′n → z′′. We fix a value of n, and a page Σj ∈
{Σ1, ...,Σh} whose interior intersects γz′′

n
. Since d(ϕ−t(z

′
n), ϕ−t(z

′′
n)) → 0 as t→ ∞,

there exists an arbitrarily large t > 0 and a smooth embedded path

ζ0 : [0, 1] ↪→ Σj ∩Wu
ϵ (γz′′

n
)

such that ζ0(0) = ϕ−t(z
′
n) and ζ0(1) ∈ γz′′

n
. Notice that

ζ̇0(1) ⋔W s(γz′′
n
).

By the implicit function theorem, there exists a maximal s0 ∈ (0, 1] and a smooth
function τ : [0, s0) → (0,∞) such that τ(0) = t and ζ1(s) := ϕτ(s)(ζ0(s)) ∈ D
for all s ∈ [0, s0). Notice that the smooth path ζ1 : [0, s0) → D satisfies ζ1(0) =
z′n, and is contained in the unstable lamination Wu(Λ). The function τ must be
bounded, otherwise Proposition 2.2 would imply that diam(ζ1([0, s0))) > c(Σj ,Σ),
contradicting (3.13). Therefore, τ admits an extension to a smooth function of the
closed interval τ : [0, s0] → (0,∞), and ζ1 admits a smooth extension ζ1 : [0, s0] →
Wu(Λ) ∩D. Since s0 was maximal, we have two possible cases:

• s0 = 1, and therefore ζ1(1) ∈ γz′′
n
⊂ Λ;

• s0 < 1, and therefore ζ1(s0) ∈Wu(Λ) ∩ (ℓ1 ∪ ℓ3) ⊂W s(Λ) ∩Wu(Λ) = Λ.

In both cases, ζ1(s0) ∈ Λ ∩ D, which implies z′n ∈ Wu
ϵ (Λ) ∩ D. Since Wu

ϵ (Λ) is
compact and z′n → z′, we conclude that z′ ∈Wu

ϵ (Λ). Summing up, we have proved
that

Wu(Λ) ∩D =Wu
ϵ (Λ) ∩D,

and therefore Wu(Λ) ∩D is compact. An analogous argument shows that

W s(Λ) ∩D =W s
ϵ (Λ) ∩D

is compact, and therefore (W s(Λ) ∪Wu(Λ)) ∩D is compact as well.
Finally, (W s(Λ) ∪Wu(Λ)) ∩D is path-connected. Indeed, it contains the path-

connected boundary ∂D. For each z ∈ D ∩Wu(Λ), the path-connected component
ℓ ⊂ D ∩Wu(Λ) containing z has boundary ∂ℓ ⊂ ℓ1 ∪ ℓ3 ⊂ ∂D. Analogously, for
each z′ ∈ D ∩W s(Λ), the path-connected component ℓ′ ⊂ D ∩W s(Λ) containing
z′ has boundary ∂ℓ′ ⊂ ℓ2 ∪ ℓ4 ⊂ ∂D. □

4. Proof of the main results

4.1. Reeb flows. We now have all the ingredients to carry out the proof of our
main general result for Reeb flows.

Proof of Theorem D. Let (N,λ) be a closed connected contact manifold with Reeb
vector field X = Xλ, Reeb flow ϕt : N → N , and satisfying the assumptions (i)

and (ii) of the theorem: the closure of the subspace of closed Reeb orbits Per(X)
is hyperbolic, and the stable and unstable manifolds of closed Reeb orbits inter-
sect transversely. The first assumption implies in particular that all closed Reeb
orbits are hyperbolic, and therefore non-degenerate. By a recent result of Colin,
Dehornoy, and Rechtman [CDR20, Theorem 1.2], which generalizes an earlier re-
sult of Cristofaro-Gardiner, Hutchings, and Pomerleano [CGHP19], the contact
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manifold (N,λ) has either two or infinitely many closed Reeb orbits. However, it
cannot have only two closed Reeb orbits, since in this case another recent result of
Cristofaro-Gardiner, Hryniewicz, Hutchings, and Liu [CGHHL21, Th. 1.2] would
imply that the two closed Reeb orbits are elliptic. We conclude that (N,λ) has
infinitely many closed Reeb orbits2.

We consider Smale’s spectral decomposition of Per(X) as a finite disjoint union

Per(X) = Λ1 ∪ ... ∪ Λk,

where each Λj is a basic set. Since there are infinitely many closed Reeb orbits,
at least one of the basic sets Λ ∈ {Λ1, ...,Λk} contains infinitely many closed Reeb
orbits. We fix such a basic set from now on.

Let us assume by contradiction that the Reeb flow of (N,λ) is not Anosov.
By Bowen and Ruelle’s Theorem 3.2, the basic set Λ must be of measure zero
in the closed manifold N . Consider the stable and unstable laminations W s(Λ)
and Wu(Λ). All points in the complement W s(Λ) \ Λ have ω-limit in Λ, and all
points in the complement Wu(Λ) \ Λ have α-limit in Λ. In particular, none of the
points in (W s(Λ) ∪ Wu(Λ)) \ Λ is recurrent. By Poincaré’s recurrence theorem,
(W s(Λ) ∪Wu(Λ)) \Λ is of measure zero in N , and therefore W s(Λ) ∪Wu(Λ) is of
measure zero as well.

We now consider a broken book decomposition of our closed contact manifold
(N,λ), as introduced in Section 2.3. Since the basic set Λ contains infinitely many
closed Reeb orbits, there exists a page of the broken book Σ ⊂ N such that

int(Σ) ∩ Λ ̸= ∅.

We fix such a page, and a point z1 ∈ Per(X) ∩ int(Σ) ∩ Λ on a closed Reeb orbit
γ1(t) = ϕt(z1). Notice that such a point z1 exists, for Per(X) ∩ Λ is dense in
Λ. Moreover, since the basic set Λ contains infinitely many closed Reeb orbits,
γ1 is non-isolated in Per(X) ∩ Λ (Remark 3.1). We then choose a second point
z2 ∈ Per(X) ∩ int(Σ) ∩ Λ such that d(z1, z2) < ϵ lying on a closed Reeb orbit
γ2(t) = ϕt(z2) distinct from γ1. Here, d : N × N → [0,∞) denotes an auxiliary
Riemannian distance, and ϵ > 0 is a small enough positive constant that we will fix
in the course of the proof.

We first require ϵ > 0 to be small enough so that the brackets ⟨z1, z2⟩ and ⟨z2, z1⟩
are well defined and, for some times t1, t2 ∈ R, the points w1 := ϕt1(⟨z1, z2⟩) and
w2 := ϕt2(⟨z2, z1⟩) are contained in int(Σ). Here, t1 and t2 may not be unique, and
in such a case we choose them having the smallest possible absolute value, so that
t1 → 0 and t2 → 0 as ϵ → 0. We further require ϵ to be small enough so that,
for each i, j ∈ {1, 2} with i ̸= j, wi and zi can be joined by a compact smooth
curve ℓii ⊂ W s(γi) ∩ int(Σ), wi and zj can be joined by a compact smooth curve
ℓij ⊂ Wu(γj) ∩ int(Σ), and the union ℓ11 ∪ ℓ12 ∪ ℓ22 ∪ ℓ21 is the piecewise smooth
boundary of a compact 2-disk D ⊂ int(Σ). With the terminology of Section 3.5,

2In the case in which (N,λ) is the unit tangent bundle of a closed Riemannian surface (M, g),
so that the Reeb flow of (N,λ) is the geodesic flow of (M, g), the existence of infinitely many
closed Reeb orbits (that is, closed geodesics of (M, g)) holds unconditionally, without the need
of assumptions (i) and (ii). Indeed, for closed surfaces M of positive genus it is an elementary
result: infinitely many closed geodesics can be found as the shortest closed curves in infinitely

many homotopy classes of free loops that are not multiples of one another. For M = S2, the
existence of infinitely many closed geodesics is a deep result that follows by combining the work
of Bangert [Ban93] with the work of Franks [Fra92] or, alternatively, Hingston [Hin93].
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D is a heteroclinic rectangle of Λ. Notice that diam(D) → 0 as ϵ→ 0. We require
ϵ > 0 to be small enough so that the following three conditions are verified:

(a) diam(D) < c(Σ,Σ), where c(Σ,Σ) > 0 is the constant given by Proposi-
tion 2.2;

(b) the bracket ⟨y1, y2⟩ is defined for any pair of points y1, y2 ∈ D ∩ Per(X);
(c) the space

(
W s(Λ)∪Wu(Λ)

)
∩D is compact and path-connected, according

to Lemma 3.7.

Since Λ is the closure of a homoclinic class (Lemma 3.4), condition (b) implies

D ∩ Per(X) ⊂ Λ. (4.1)

We choose an arbitrary connected component D′ of D \ (W s(Λ) ∪Wu(Λ)), which
is an open subset of int(D). Since the complement D \D′ is path-connected, D′ is
an open 2-disk.

Since D′ is a non-empty open subset, by Poincaré’s recurrence there exists a
point z0 ∈ D′ such that ϕt0(z0) ∈ D′ for some t0 > 0. By the implicit function
theorem, there exists a maximal connected open neighborhood U ⊂ int(Σ) of z0
and a smooth function τ : U → (0,∞) such that τ(z0) = t0 and ϕτ(z)(z) ∈ Σ for
all z ∈ U . As we already remarked at the end of Section 2.3, the associated arrival
map

ψ : U → Σ, ψ(z) = ϕτ(z)(z)

is a diffeomorphism onto its image that preserves the area form dλ, i.e. ψ∗dλ = dλ|U .
Notice that ψ(z0) = ϕt0(z0) ∈ D′. Let U ′ be the connected component of D′ ∩ U
containing z0. We claim that

ψ(U ′) ⊂ D′. (4.2)

Indeed, ψ(U ′) is connected and contains the point ψ(z0). If ψ(U ′) were not con-
tained in D′, there would exist z ∈ U ′ such that ψ(z) ∈ ∂D′ ⊂ W s(Λ) ∪Wu(Λ),
which is impossible since D′ ∩ (W s(Λ) ∪ Wu(Λ)) = ∅ and W s(Λ) ∪ Wu(Λ) is
invariant by the Reeb flow.

We claim that

(D′ \ U ′) ∪ (D′ \ ψ(U ′)) ̸= ∅. (4.3)

Indeed, if we had the equalities U ′ = ψ(U ′) = D′, we would have a diffeomorphism
ψ|D′ : D′ → D′ that preserves the area form dλ. Since the integral of dλ on
the open 2-disk D′ is finite, Brouwer’s plane translation theorem would imply the
existence of a fixed point z = ψ(z) ∈ D′, which would therefore be contained in
D′∩Per(X), and therefore in Λ according to (4.1). This would give a contradiction,
since D′ ∩ Λ = ∅.

Assume first that

D′ \ U ′ ̸= ∅, (4.4)

and fix a point y1 ∈ ∂U ′ ∩D′. We identify the closure D′ with a compact disk in
R2, so that we can employ cartesian coordinates. We choose a second point y2 ∈ U ′

that is close enough to y1 so that

|y2 − y1| < min
y∈∂D′

|y2 − y|. (4.5)
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Figure 6. The open disk D′.

We denote by Br ⊂ D′ the open ball of radius r > 0 centered at y2, i.e.

Br =
{
y ∈ D′

∣∣∣ |y2 − y| < r
}
.

We fix r > 0 to be the maximal positive radius such that Br ⊂ U ′. By (4.5), there
exists a point y3 ∈ (D′ \ U ′) ∩ ∂Br. We consider the smooth path

ζ0 : [0, 1] → D′, ζ0(s) = sy3 + (1− s)y2,

see Figure 6. The function τ ◦ ζ0|[0,1) must be unbounded, since ζ0(1) ̸∈ U ′. There-
fore, Proposition 2.1 implies that ζ0(1) ∈ W s(Kbr), where Kbr ⊂ N is the broken
binding of the broken book decomposition. The stable lamination W s(Kbr) is tan-
gent to the boundary ∂Br at ζ0(1); indeed, any sufficiently short smooth curve
ℓ ⊂ W s(Kbr) such that ζ0(1) ∈ ℓ must be disjoint from the open set U where the
arrival time τ is well-defined. In particular, we have

ζ̇0(1) ⋔W s(Kbr).

Proposition 2.2 implies that the curve ζ1 := ψ ◦ ζ0 : [0, 1) → D′ has diameter

diam(ζ1([0, 1))) ≥ c(Σ,Σ).

However, this implies

diam(D) ≥ diam(D′) ≥ diam(ζ1([0, 1)) ≥ c(Σ,Σ),

which contradicts property (a) above, and thus shows that (4.4) does not hold.
According to (4.3), it remains to consider the case D′\ψ(U ′) ̸= ∅. The argument

is analogous to the one of the previous paragraph, replacing the stable lamination
W s(Kbr) with the unstable lamination Wu(Kbr). Briefly, if we set

τ− := −τ ◦ ψ−1 : ψ(U) → (−∞, 0),

we can find a smooth path ζ0 : [0, 1] → D′ such that ζ0([0, 1)) ⊂ ψ(U ′), the function

τ− ◦ ζ0|[0,1) is unbounded, ζ0(1) ∈Wu(Kbr), and ζ̇0(1) ⋔Wu(Kbr). Proposition 2.2
and Remark 2.3 imply

diam(D) ≥ diam(D′) ≥ diam(ψ−1 ◦ ζ0([0, 1)) ≥ c(Σ,Σ),

which once again contradicts property (a) above. □
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4.2. Geodesic flows. Let (M, g) be a closed Riemannian surface. Its unit tangent
bundle SgM :=

{
(x, v) ∈ TM

∣∣ ∥v∥g = 1
}
is equipped with the canonical contact

form

λ(x,v)(w) = g(v, dπ(x, v)w), ∀(x, v) ∈ SgM, w ∈ T(x,v)S
gM.

Here, π : SgM → M denotes the base projection π(x, v) = x. The associated
Reeb vector field Xg, defined by the equations λ(Xg) ≡ 1 and dλ(Xg, ·) ≡ 0,
is the geodesic vector field. The associated Reeb flow ϕgt : SgM → SgM is the
geodesic flow; namely, its orbits are of the form ϕgt (γ(0)) = (γ(t)), where the curve
γ = (x, ẋ) is the lift of a geodesic x : R → M of (M, g) parametrized with unit
speed ∥ẋ∥g ≡ 1. From now on, with a slight abuse of terminology, we will call
g-geodesics the orbits of ϕgt , and closed g-geodesics the closed orbits of ϕgt . In
classical Riemannian terminology [Ano82], a Riemannian metric all of whose closed
geodesics are non-degenerate (in the sense of Equation 2.1) is called bumpy.

Let γ be a closed g-geodesic, and Σ ⊂ SgM a surface transverse to the geodesic
vector field Xg and containing the point z0 := γ(0). Let t0 > 0 be the minimal
period of γ. On a sufficiently small open neighborhood U ⊂ Σ of z0 there exists a
unique smooth function τ : U → (0,∞) such that τ(z0) = t0 and

ψ(z) := ϕgτ(z)(z) ∈ Σ, ∀z ∈ U. (4.6)

As we already remarked at the end of Section 2.3, the first-return map is a dif-
feomorphism onto its image ψ : U → Σ that preserves the area form dλ|Σ, i.e.
ψ∗dλ = dλ. Notice that z0 is a fixed point of ψ, and the Floquet multipliers of γ
are precisely the eigenvalues of the linearized first return map dψ(z0).

We denote by G2(M) the space of smooth Riemannian metrics on the closed
surface M , equipped with the C2 topology. We then denote by

A(M) ⊂ G2(M)

the subset of those g ∈ G2(M) whose geodesic flow ϕgt is Anosov. It is well known
that A(M) is open in G2(M), see [Ano67].

Lemma 4.1. Let (M, g0) be a closed Riemannian surface such that every Riemann-
ian metric g1 sufficiently C2-close to g0 has no elliptic closed g1-geodesics. Then
g0 ∈ A(M).

Proof. By Kupka-Smale’s theorem, which was proved for geodesic flows by Contr-
eras and Paternain [CBP02, Theorem 2.5], there exists a residual subset B ⊂ G2(M)
such that every g ∈ B is bumpy and each pair of (not necessarily distinct) hy-
perbolic closed g-geodesics γ1, γ2 have transverse stable and unstable manifolds
W s(γ1) ⋔Wu(γ2).

Let us assume that a Riemannian metric g0 ∈ G2(M) has an open neighborhood
V ⊂ G2(M) such that no Riemannian metric g ∈ V has an elliptic closed g-geodesic.
A priori, this only implies that, for every g ∈ V, each closed g-geodesic is hyperbolic.
A stronger result due to Contreras and Paternain [CBP02, Theorem D] implies that

actually, for every g ∈ V, the closure of the space of closed g-geodesics Per(Xg) is a
hyperbolic invariant set of the geodesic flow ϕgt . This allows us to apply Theorem D,
which implies that the geodesic flow ϕgt of every g ∈ V ∩ B is Anosov, i.e.

V ∩ B ⊂ A(M).

Therefore V ⊂ V ∩ B ⊂ A(M). □
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We denote by

E(M) ⊂ G2(M)

the open subset of those Riemannian metrics g on the closed surface M having a
closed g-geodesic with Floquet multipliers in S1 \ {1,−1}.

Lemma 4.2. Let (M, g) be a closed Riemannian surface having an elliptic closed

geodesic. Then g ∈ E(M).

Proof. Let (M, g0) be a closed Riemannian surface with an elliptic closed g0-geodesic
γ. We denote by σ, σ−1 ∈ S1 the Floquet multipliers of γ. If σ ∈ S1 \ {1,−1},
then g0 ∈ E(M). Assume now that σ ∈ {1,−1}. Let Σ ⊂ Sg0M be an embedded
surface transverse to the geodesic vector field Xg0 and containing z0 := γ(0). On
a sufficiently small open neighborhood U ⊂ Σ of z0 we have a smooth first-return
map ψ : U → Σ defined as in (4.6). At its fixed point z0 = ψ(z0), we consider the
linearized first-return map dψ(z0), which is a linear symplectic isomorphism of the
symplectic vector space (Tz0Σ, dλ). We identify this latter vector space with the
standard symplectic vector space (C, ω0), where ω0 = i

2dz ∧ dz, so that dψ(z0) is
represented by a matrix P0 ∈ Sp(2) = SL(2,R). We denote byW ⊂ Sp(2) the open
subset of those symplectic matrices whose eigenvalues are in S1 \{1,−1}. Since the
eigenvalues of P0 are both equal to σ ∈ {1,−1}, we have

P0 ∈W.

We now apply a version of the Franks lemma for geodesic flows of surfaces, which
was established by Contreras and Paternain [CBP02, Corollary 4.2]: for every open
neighborhood U ⊂ G2(M) of g0, there exists an open neighborhood Z ⊂ Sp(2) of
P0 such that, for each P1 ∈ Z, there exists a Riemannian metric g1 ∈ U such that
γ is also a closed g1-geodesic and its linearized first-return map with respect to
g1 can be identified with P1. By choosing P1 ∈ Z ∩W we infer that, as a closed
g1-geodesic, γ has Floquet multipliers in S1 \ {1,−1}, and therefore g1 ∈ E(M).

Since the neighborhood U was arbitrary, this proves that g0 ∈ E(M). □

Proof of Theorem A. By Lemmas 4.1 and 4.2, the open subset A(M) ∪ E(M) is
dense in G2(M). □

Proof of Corollary 1.1. By a result of Margulis [AS67, Appendix] (see also [PT72]),
if the geodesic flow of a closed Riemannian surface (M, g) is Anosov, then the
fundamental group π1(S

gM) has exponential growth, and therefore the surface M
has genus larger than one. This, together with Theorem A, implies the corollary. □

Let (Σ, ω) be a 2-dimensional symplectic manifold, that is, a surface Σ equipped
with an area 2-form ω. We consider the space of symplectomorphisms

Symp(Σ, ω) =
{
ϕ ∈ Diff(Σ)

∣∣∣ ϕ∗ω = ω
}
.

Here, Diff(Σ) denotes as usual the space of smooth diffeomorphisms of Σ. Consider
a symplectomorphism ϕ ∈ Symp(Σ, ω) having a fixed point z ∈ Fix(ϕ). With
the analogous terminology already introduced in Section 2.2 for Reeb orbits, the
Floquet multipliers σ, σ−1 of z are the eigenvalues of dϕ(z). The fixed point z is:

• elliptic when σ ∈ S1,
• hyperbolic when σ ∈ R \ {−1, 0, 1},
• k0-elementary, for an integer k0 ≥ 1, when σk ̸= 1 for all k ∈ {1, ..., k0}.
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Notice that a k0-elementary fixed point can be either elliptic or hyperbolic.
We now focus on the special case of the 2-dimensional symplectic vector space

(C, ω0), whose symplectic form is given by ω0 = i
2dz∧dz. We consider the subspace

of symplectomorphisms fixing the origin

Symp∗(C, ω0) =
{
ϕ ∈ Symp(C, ω0)

∣∣∣ ϕ(0) = 0
}
.

For each k ≥ 1, we denote by J k the space of k-th jets at the origin Jk
0 ϕ of such

symplectic diffeomorphisms ϕ ∈ Symp∗(C, ω0). Notice that J 1 is simply the linear
symplectic group Sp(2) = SL(2,R).

Let us recall some classical notions that go back to Birkhoff [Bir20]. Let ϕ ∈
Symp∗(C, ω0) be a symplectomorphism with a 4-elementary elliptic fixed point at
the origin. It turns out that, up to conjugation with a suitable symplectomorphism
on a neighborhood U ⊂ C of the origin, ϕ|U can be put in Birkhoff normal form

ϕ|U (z) = z ei(θ+β|z|2) + ϕ̃(z),

where θ ∈ R, β ∈ R, and ϕ̃ is a smooth map that vanishes to order 4 at the origin.
Notice that eiθ, e−iθ ∈ S1 are the Floquet multipliers of the fixed point at the origin,
and therefore they are not k-th root of unity for k = 1, 2, 3, 4. The fixed point 0
is called stable elliptic when β ̸= 0. This is a condition on the 4-th jet J4

0ϕ ∈ J 4.
More generally, if (Σ, ω) is a 2-dimensional symplectic manifold, a fixed point z0 of
a symplectomorphism ϕ ∈ Symp(Σ, ω) is called stable elliptic when there is a chart
κ defined on a neighborhood of z0 such that κ(z0) = 0, κ∗ω0 = ω, and κ ◦ ϕ ◦ κ−1

is in Birkhoff normal form with a stable elliptic fixed point at the origin.
We denote by

S ⊂ J 4

the union of the conjugacy classes of the 4-th jets J4
0ϕ of those symplectic diffeo-

morphisms ϕ ∈ Symp∗(C, ω0) in Birkhoff normal form with a stable elliptic fixed
point at the origin. We denote by

H ⊂ J 4

the space of 4-th jets J4
0ϕ of those symplectic diffeomorphisms ϕ ∈ Symp∗(C, ω0)

with a hyperbolic fixed point at the origin. The union S ∪ H is open and dense in
J 4. Finally, for each σ ∈ R ∪ S1 ⊂ C, we denote by

Fσ ⊂ J 4

the open and dense subspace of 4-th jets J4
0ϕ of those symplectic diffeomorphisms

ϕ ∈ Symp∗(C, ω0) whose fixed point at the origin is 4-elementary and has Floquet
multipliers different from σ, σ−1.

We now apply these notions to the geodesic flows. Let (M, g) be a closed Rie-
mannian surface, γ a closed g-geodesic, and Σ ⊂ SgM a surface transverse to the
geodesic vector field Xg and containing the point z0 := γ(0). On a sufficiently small
open neighborhood U ⊂ Σ of z0 we have a smooth first-return map ψ : U → Σ
defined as in (4.6), which preserves the area form dλ|Σ, i.e. ψ∗dλ = dλ, where λ is
the canonical contact form of SgM . Notice that z0 is a fixed point of ψ, and it is
hyperbolic or elliptic if the closed geodesic γ is hyperbolic or elliptic respectively.
Extending this terminology, we say that γ is k0-elementary if the fixed point z0 is
k0-elementary. On a sufficiently small open neighborhood V ⊂ U of z0, there exists
a Darboux chart, which is a diffeomorphism onto its image κ : V → C such that
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κ(z0) = 0, κ∗ω0 = dλ. The conjugated map κ ◦ ψ ◦ κ−1, which is well defined on a
neighborhood of the origin, has a fixed point at the origin. We denote by

Cγ ⊂ J 4

the conjugacy class of the 4-th jet J4
0 (κ◦ψ◦κ−1) ∈ J 4. Notice that Cγ is independent

of the choice of the Darboux chart κ. We say that the closed geodesic γ is stable
elliptic when Cγ ⊂ S, that is, when there exists a Darboux chart κ as above such
that κ ◦ ψ ◦ κ−1 is in Birkhoff normal form with a stable elliptic fixed point at the
origin.

After these preliminaries, we address the C2-stability conjecture for geodesic
flows of closed Riemannian surfaces (Theorem B). By definition, if the geodesic
flow ϕg0t of some Riemannian metric g0 ∈ G2(M) is C2-structurally stable, then g0
has an open neighborhood

Vg0 ⊂ G2(M) (4.7)

such that, for each g1 ∈ G2(M), there exists a homeomorphism

κg1,g0 : Sg0M → Sg1M

mapping g0-geodesics to g1-geodesics, i.e.{
κg1,g0 ◦ ϕ

g0
t (z)

∣∣∣ t ∈ R} =
{
ϕg1t ◦ κg1,g0(z)

∣∣∣ t ∈ R}, ∀z ∈ Sg0M.

Notice that each g1 ∈ Vg0 has a C2-structurally stable geodesic flow ϕg1t with
associated neighborhood Vg1 = Vg0 . The C2-stability conjecture will be a direct
consequence of Theorem A and of the following lemma.

Lemma 4.3. If a closed Riemannian surface (M, g) has an elliptic closed geodesic,
then its geodesic flow ϕgt is not C2-structurally stable.

Proof. This proof essentially follows from the work of Robinson [Rob70]. Assume
by contradiction that a Riemannian metric g0 ∈ G2(M) has an elliptic closed g0-
geodesic, but its geodesic flow ϕg0t is C2-structurally stable. By Lemma 4.2, we have

g0 ∈ E(M), and in particular E(M) ∩ Vg0 ̸= ∅. Notice that every g1 ∈ E(M) ∩ Vg0

has a C2-structurally stable geodesic flow ϕg1t with Vg1 = Vg0 , and has a closed
g1-geodesic with Floquet multipliers in S1 \ {1,−1}.

Since S ∪H is open and dense in J 4, Kupka-Smale’s theorem for geodesic flows
[CBP02, Theorem 2.5] implies that there exists a residual subset R ⊂ G2(M) such
that, for each g ∈ R, every closed g-geodesic γ satisfies Cγ ⊂ S ∪ H, that is, is
hyperbolic or stable elliptic. Since R is residual, the intersection R ∩ E(M) ∩ Vg0

is non-empty, and we fix a Riemannian metric g1 ∈ R ∩ E(M) ∩ Vg0 , which must
have a stable elliptic closed g1-geodesic γ1. We denote by σ, σ−1 ∈ S1 \ {1,−1} the
Floquet multipliers of γ1, and apply once more Kupka-Smale’s theorem for geodesic
flows: since Fσ is open and dense in J 4, there exists a residual subset Rσ ⊂ G2(M)
such that, for each g ∈ Rσ, every closed g-geodesic γ satisfies Cγ ⊂ Fσ, that is,
γ is 4-elementary and has Floquet multipliers different from σ, σ−1. Since Rσ is
residual, the intersection Rσ ∩ Vg0 is non-empty, and we fix a Riemannian metric
therein g2 ∈ Rσ ∩Vg0 . Since both g1 and g2 are in Vg0 , we have a homeomorphism

κ = κg2,g1 : Sg1M → Sg2M
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mapping g1-geodesics to g2-geodesics, i.e.{
κ ◦ ϕg1t (z)

∣∣∣ t ∈ R} =
{
ϕg2t ◦ κ(z)

∣∣∣ t ∈ R}, ∀z ∈ Sg1M.

We denote by γ2 := κ(γ1) the closed g2-geodesic corresponding to γ1. We fix a
point z1 ∈ γ1 and its image z2 := κ(z1) ∈ γ2. Let Σi ⊂ SgiM be an embedded
surface transverse to the geodesic vector field Xgi and containing a point zi ∈ γi.
Let Ui ⊂ Σi be a small enough open neighborhood of zi over which we have a well
defined first-return map ψi : Ui → Σi as in (4.6). The point z1 is a stable elliptic
fixed point of ψ1 with Floquet multipliers σ, σ−1 ∈ S1\{1,−1}, whereas every fixed
point of ψ2 is 4-elementary but with Floquet multipliers different than σ, σ−1.

Notice that if κ were a smooth diffeomorphism we could have chosen Σ2 = κ(Σ1);
however, κ is in general only a homeomorphism, and therefore the image κ(Σ1)
is not necessarily smooth, let alone transverse to the geodesic vector field Xg2 .
Nevertheless, for ϵ > 0 small enough, we have an embedded flow-box

N :=
⋃

t∈(−ϵ,ϵ)

ϕg2t (Σ2),

with associated smooth retraction r : N → Σ2 defined by

r(ϕt(z)) = z, ∀z ∈ Σ2, t ∈ (−ϵ, ϵ).

A sufficiently small open neighborhood V ⊂ U1 ∩ ψ1(U1) of z1 satisfies κ(V ) ⊂ N .
The composition

χ := r ◦ κ : V → Σ2

is a homeomorphism onto its image. On a sufficiently small open neighborhood
W ⊂ V of z1, the map χ conjugates the first-return maps ψ1 and ψ2, i.e.

ψ1|W = χ−1 ◦ ψ2 ◦ χ|W .

Since z1 ∈ Fix(ψ1) is stable elliptic, and every z ∈ Fix(ψ2) is 4-elementary, a
statement due to Robinson [Rob70, Lemma 22] implies that the corresponding fixed
points z1 and z2 = κ(z1) = χ(z1) have the same Floquet multipliers σ, σ−1. This
contradicts the fact that no fixed point of ψ2 has Floquet multipliers σ, σ−1. □

Proof of Theorem B. Let g0 ∈ G2(M) be a Riemannian metric whose geodesic flow
ϕg0t is C2-structurally stable. Let Vg0 ⊂ G2(M) be the neighborhood of g0 on which
the structural stability holds, as defined in (4.7). Lemma 4.3 implies that every
g ∈ Vg0 has no elliptic closed g-geodesics, that is, all the closed g-geodesics are
hyperbolic. By Theorem A, there exists a dense open subset U ⊂ G2(M) such that,
for each g ∈ U , either there exists an elliptic closed g-geodesic or the geodesic flow
ϕgt is Anosov. Therefore, every g ∈ Vg0 ∩ U has an Anosov geodesic flow ϕgt .

The proof is not complete yet, since a priori the original Riemannian metric g0
might not be contained in U . Since for every g ∈ Vg0 all the closed g-geodesics
are hyperbolic, a theorem due to Contreras and Paternain [CBP02, Theorem D]

implies that the closure of the space of closed g0-geodesics Per(Xg0) is a hyperbolic
invariant set of the geodesic flow ϕg0t . Consider a Riemannian metric g1 ∈ Vg0 ∩ U ,
and the associated homeomorphism κg1,g0 : Sg0M → Sg1M mapping g0-geodesics
to g1-geodesics. Since the geodesic flow ϕg1t is Anosov, the space of closed g1-
geodesics Per(Xg1) is dense in Sg1M , i.e.

Per(Xg1) = Sg1M.
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Therefore

Per(Xg0) = κ−1
g1,g0(Per(X

g0)) = κ−1
g1,g0(Per(X

g0)) = κ−1
g1,g0(S

g1M) = Sg0M.

This, together with the hyperbolicity of Per(Xg0), means that the geodesic flow ϕg0t
is Anosov. □

Proof of Theorem C. LetM be a closed surface of genus at most one, equipped with
a Riemannian metric g0. By Corollary 1.1, there exists a smooth Riemannian metric
g onM that is arbitrarily C2-close to g0 and has an elliptic closed g-geodesic. This,
together with Lemma 4.3, implies that the geodesic flow ϕg0t is not C2-structurally
stable. □
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[AS67] D. V. Anosov and Ja. G. Sinăı, Certain smooth ergodic systems, Russian Math.
Surveys 22 (1967), no. 5, 103–167.

[Ban93] V. Bangert, On the existence of closed geodesics on two-spheres, Internat. J. Math.

4 (1993), no. 1, 1–10.
[Bir20] G. D. Birkhoff, Surface transformations and their dynamical applications, Acta

Math. 43 (1920), 1–119.
[BL98] C. Bonatti and R. Langevin, Difféomorphismes de Smale des surfaces, Astérisque
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