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ABSTRACT. We prove several results concerning the existence of surfaces of
section for the geodesic flows of closed orientable Riemannian surfaces. The
surfaces of section ¥ that we construct are either Birkhoff sections, meaning
that they intersect every sufficiently long orbit segment of the geodesic flow,
or at least they have some hyperbolic components in 9% as limit sets of the
orbits of the geodesic flow that do not return to X. In order to prove these
theorems, we provide a study of configurations of simple closed geodesics of
closed orientable Riemannian surfaces, which may have independent interest.
Our arguments are based on the curve shortening flow.
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1. INTRODUCTION

Let N be a closed connected 3-manifold, and X a nowhere vanishing vector field
on N with flow ¢; : N — N. A surface of section for X is a (not necessarily
connected) immersed compact surface ¥ & N whose boundary 9% is tangent to X,
and whose interior int(X) is embedded in N \ 0¥ and transverse to X. A surface
of section allows us to read part of the dynamics of X as discrete dynamics of the
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first return map to ¥. For this purpose, we consider the first return time function
7 :int(X) — (0, +o0], 7(z) :=inf {t >0 ‘ di(2) € T}

Here, as usual, we set inf @ = +o0o. The function 7 is continuous on the whole
int(X), and smooth on the open subsets where it is finite. The surface of section X
is called a Birkhoff section when there exists a finite constant ¢ > 0 such that, for
each z € N, the orbit segment ¢(q ¢(2) intersects ¥. Under this condition, outside
0% the dynamical system defined by X is the suspension of the discrete dynamical
system defined by the first return map

¥ int(X) — int(X2), Y(2) = ¢r(2)(2).

Notice that a Birkhoff section ¥ is not necessarily connected, but any connected
component of ¥ is a Birkhoff section as well. By means of a Birkhoff section,
statements concerning 2-dimensional discrete dynamics can be translated into cor-
responding statements for the dynamics of vector fields in dimension 3.

The quest for Birkhoff sections has been a problem of major interest in dynamical
systems since the seminal work of Poincaré [Poil2] and Birkhoff [Birl7]. In the
context of Reeb vector fields on closed 3-manifolds, by a spectacular application of
holomorphic curves techniques, Hofer—-Wysocki—Zehnder [HWZ98] established the
existence of Birkhoff sections for all positively curved 3-spheres in the 4-dimensional
symplectic vector space, equipped with the canonical contact form. A result of the
first and third author [CM22] proved the existence of Birkhoff sections for all closed
contact 3-manifolds satisfying the Kupka-Smale condition: non-degeneracy of the
closed Reeb orbits, and transversality of the stable and unstable manifolds of the
hyperbolic closed Reeb orbits. In particular, the existence of Birkhoff sections holds
for the Reeb vector field of a C°° generic contact form on any closed 3-manifold,
and for the geodesic vector field of a C*° generic Riemannian metric on any closed
surface.

An independent work of Colin—Dehornoy—Hryniewicz—Rechtman [CDHR24] es-
tablished the existence of Birkhoff sections for those Reeb vector fields on any closed
3-manifold whose closed orbits are non-degenerate and equidistributed (i.e. the con-
tact volume form can be approximated, as a measure, by closed orbits). It is not
known whether the equidistribution of the closed orbits holds for the geodesic vec-
tor field of a C*° generic Riemannian metric on a closed surface; indeed, even the
fact that, for such a C°° generic Riemannian metric, the lifts of the closed geodesics
form a dense subset of the unit tangent bundle is an open problem. Nevertheless,
Irie equidistribution theorem [Iri21] implies that the equidistribution of the closed
orbits holds for the Reeb vector field of a C'* generic contact form on any closed
3-manifold, and together with [CDHR24] this provides an alternative proof of the
C™ generic existence of Birkhoff sections for closed contact 3-manifolds. We stress
that, on a closed 3-manifold diffeomorphic to the unit tangent bundle of a closed
surface, the Reeb flow of a C°° generic contact form is not necessarily conjugate
(or even orbitally equivalent) to the geodesic flow of a Riemannian metric.

In this paper, we focus on geodesic flows of closed orientable Riemannian surfaces
(M, g); hereafter, the Riemannian metrics are assumed to be C*°. The unit tangent
bundle SM = {v € TM | ||jv||, = 1} is equipped with the Liouville contact form
Ay = g(v,dm(v) - ), where w : SM — M is the base projection. The geodesic vector
field X on SM is the associated Reeb vector field, meaning that A(X) = 1 and
d\(X,-) = 0. The geodesic flow ¢; : SM — SM is the associated Reeb flow. Its
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orbits have the form ¢;(¥(0)) = 4(¢), where v : R & M is a geodesic parametrized
with unit speed ||¥|l; = 1. The closed geodesics of (M, g) are precisely the base
projections of the closed orbits of the geodesic flow. A closed geodesic is called
simple when it is an embedded circle in M.

In this setting, surfaces of section had important dynamical applications, among
which we mention the following ones: they played a crucial role in Bangert-Franks-
Hingston’s proof [Ban93, Fra92, Hin93] of the existence of infinitely many closed
geodesics on every Riemannian 2-sphere; they were employed by Contreras—Oliveira
[CO04] in order to establish the existence of an elliptic closed geodesic on a C?-
generic Riemannian 2-sphere, by Contreras—Mazzucchelli [CM24] in order to prove
the C2-structural stability conjecture for Riemannian geodesic flows of closed sur-
faces, and by Knieper-Schulz [KS24] in order to characterize Anosov Riemannian
geodesic flows of closed surfaces as the C2-stably transitive ones.

While the above mentioned result in [CM22] implies the existence of a Birkhoff
section for “most” geodesic flows of closed Riemannian surfaces, it does not provide
any information concerning the topology of such a Birkhoff section. In contrast, cel-
ebrated work of Birkhoff [Birl7] provides explicit Birkhoft sections for two classes of
geodesic flows: every positively curved Riemannian 2-sphere admits an embedded
Birkhoff section diffeomorphic to an annulus, and any negatively curved Riemann-
ian surface admits a Birkhoff section of genus one (see also [Fri83, Sect. 3]). This
paper is largely inspired by the work of Birkhoff.

Our first main result provides specific Birkhoff sections for geodesic flows of
closed surfaces that do not admit contractible simple closed geodesics without con-
jugate points. We refer the reader to Section 2.3 for the background on the classical
notion of conjugate points. A simple closed geodesic v is called a waist' when it is
a local minimizer of the length functional over the free loop space. We recall that
a non-degenerate simple closed geodesic is a waist if and only if it does not have
conjugate points.

Theorem A. Let (M,g) be a closed connected orientable Riemannian surface of
genus G > 1 that does not have any contractible simple closed geodesics without
conjugate points. Its geodesic vector field admits a Birkhoff section ¥ & SM , where
> is a compact connected surface of genus one and 8G — 4 boundary components
that cover waists.

Theorem A applies in particular to Riemannian surfaces without contractible
simple closed geodesics, and we obtain the following corollary.

Corollary B. The geodesic vector field of any closed connected orientable Rie-
mannian surface (M, g) of genus G > 1 admits a Birkhoff section of genus one and
8G — 4 boundary components that cover waists, provided any of the following two
conditions is satisfied:

e The Riemannian surface (M,g) has no conjugate points.
e The Gaussian curvature is bounded from above as

2m
K)<————.
max(Ky) < area(M, g)

1n the literature, sometimes “waist” refers to a closed geodesic that is a local length minimizer
in the free loop space, but is not necessary a simple closed geodesic.
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Proof. It (M,g) has no conjugate points, it does not have contractible closed
geodesics (see, e.g., [GM24, Th. 3.28]), and Theorem A applies. If instead (M, g)
contains a contractible simple closed geodesic v, we denote by B C M the open
disk such that B = -, and Gauss—Bonnet theorem implies

2r = / K, dmg < max(K,)area(B,g),
B

where mg denotes the Riemannian measure. In particular, K, attains positive val-
ues on B. This proves that, under the curvature bound max(K,) < 2w /area(M, g),
there are no contractible simple closed geodesic, and Theorem A provides a Birkhoff
section as claimed. O

Any oriented simple closed geodesic v on an oriented Riemannian surface (M, g)
defines two surfaces of section A(¥), A(—%) C SM diffeomorphic to annuli, which
are referred to as the Birkhoff annuli of v (see Section 4.1). Theorem A was inspired
by the following statement for Riemannian 2-spheres due to Bangert [Ban93, Th. 2],
which in turn generalizes the above mentioned result of Birkhoff for positively
curved Riemannian 2-spheres. Our methods will provide a slightly simpler proof.

Theorem C (Bangert). Let (S2,g) be a Riemannian 2-sphere, and v a simple
closed geodesic with conjugate points whose complement S\ v does not contain
simple closed geodesics without conjugate points. Then both Birkhoff annuli of ~
are Birkhoff sections.

Remark 1.1. Every Riemannian 2-sphere has at least two simple closed geodesics
with conjugate points. This follows from an addendum to the celebrated theorem
of Lusternik and Schnirelmann [L.S29], see [DPMMS22, Th. 1.3(iii) and Prop. 4.2]).

|

Our third theorem is an improvement of the above mentioned result [CM22] for
the case of geodesic flows. If K is a hyperbolic invariant subset for the geodesic
flow, we denote as usual by W#(K) and W*(K) its stable and unstable manifolds.

Theorem D. Let (M, g) be a closed connected orientable Riemannian surface sat-
isfying the following two conditions:

(i) All contractible simple closed geodesics without conjugate points are non-
degenerate.

(ii) Any pair of not necessarily distinct contractible waists vy1,v2 (if it exists)
satisfies the transversality condition W*(#1) h W#(42).

Then the geodesic vector field of (M, g) admits a Birkhoff section.

The Birkhoff section provided by Theorem D is constructed by applying a surgery
procedure due to Fried (see Section 4.1) to the Birkhoff annuli of a suitable finite
collection of closed geodesics. The topology of such a Birkhoff section depends on
the configuration of the closed geodesics in the collection, which in turn depends
on the geometry of the Riemannian surface.

When an orientable Riemannian surface does not satisfy the assumptions of
Theorems A, C, and D, but still satisfies a mild non-degeneracy condition, we are
at least able to construct a surface of section ¥ whose escaping orbits are asymptotic
to certain hyperbolic components of 9.
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Theorem E. Let (M,g) be a closed connected orientable Riemannian surface all
of whose contractible simple closed geodesics without conjugate points are non-
degenerate. Its geodesic vector field admits a surface of section ¥ ¥ SM satisfying
the following properties:

(i) Topology: If M = S?, ¥ is the disjoint union of the Birkhoff annuli of
some simple closed geodesics. If M has genus G > 1, ¥ is the disjoint
union of the Birkhoff annuli of some simple closed geodesics and of a com-
pact connected surface of genus one and 8G — 4 boundary components, all
covering non-contractible waists.

(ii) Completeness: X intersects any orbit ¢(_os ) (2) of the geodesic flow.
(iii) Escape set: There exists a possibly empty union of connected components
K C 0%, whose base projection w(K) is the union of hyperbolic contractible
waists, such that the complements W*(K)\ K and W*(K) \ K are given
by
WHEK)\K ={z€5M ’ Dlt,00)(2) N X = & for some t € R},
WK\ K ={2€ SM | ¢(—ooy(2) NE =& for some t € R}.

(iv) Return time: There exists £ > 0 such that, for each z € SM sufficiently
close to 0¥\ K, we have ¢ (2) VX # @.

For general non-degenerate Reeb flows on closed 3-manifolds, surfaces of section
satisfying properties analogous to (ii,iii,iv) of Theorem E were constructed by Colin—
Dehornoy—Rechtman [CDR23] by applying surgery to certain holomorphic curves
provided by Hutchings’ embedded contact homology [Hut14]. Colin-Dehornoy—
Rechtman further employed such surfaces of section to produce a so-called broken
book decomposition of the 3-manifold, which is a generalization of the classical
notions of open book decomposition and of Hofer—-Wysocki-Zehnder’s finite energy
foliations [HWZ03].

The mentioned works [HWZ98, HWZ03, CDR23, CM22, CDHR24] are ultimately
based on holomorphic curves techniques [HWZ02], and the last three ones even on
embedded contact homology [Hutl4]. In this paper we do not need any of these
techniques, and instead employ the curve shortening flow [Gag90, Gra89]. Our ap-
proach allows us to obtain sharper results for geodesic flows. On the one hand,
our theorems only require the non-existence or the non-degeneracy of contractible
simple closed geodesics without conjugate points, but no conditions on the other
closed geodesics. On the other hand, in all the statements except Theorem D we
obtain surfaces of section all of whose components have genus at most one, which
may be important for future applications. Incidentally, our arguments require a
study of maximal families of pairwise disjoint simple closed geodesics of closed ori-
entable Riemannian surfaces (Theorems 3.4 and 3.5), which may have independent
interest.

Finally, we remark that, even though we only considered Riemannian geodesic
flows, our results are valid as well for geodesic flows of reversible Finsler metrics,
by using the generalization of the curve shortening flow developed by Oaks [Oak94]
and further investigated by Angenent [Ang08] and De Philippis et al. [DPMMS22].

1.1. Organization of the paper. In Section 2 we recall the main properties of the
curve shortening flow, we provide the details of some applications to the existence
of simple closed geodesics that cannot be found in the literature, and we recall
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some features of conjugate points. In Section 3 we study configurations of simple
closed geodesics on closed Riemannian surfaces, whose properties will be an essential
ingredient for our main theorems. Finally, in Section 4, we shall state and prove
Theorems A, C, D, and E.

1.2. Acknowledgements. We are grateful to Marie-Claude Arnaud for a discus-
sion concerning the stable manifold of hyperbolic closed geodesics without conjugate
points. We are also particularly grateful to the many anonymous referees for their
careful reading of the manuscript, and their helpful reports.

2. PRELIMINARIES

2.1. The curve shortening flow. It is well known that closed geodesics are crit-
ical points of the length and energy functionals, and therefore their existence can
be investigated by means of critical point theory [K1i78]. In this paper, we will be
interested in contractible closed geodesics on surfaces; their critical point theory
requires the curve shortening flow [Gra89], whose main properties we shall now
recall.

Let (M, g) be a closed oriented Riemannian surface. For any smooth embedded
circle v : S < M, we denote by v, its positively oriented normal vector field,
and by k. the signed geodesic curvature of . Here, S = R/Z. We denote by
Emb(S!, M) the space of smooth embedded circles in M endowed with the C*
topology. The length functional

L) = [ Il (21)

is continuous over this space. Indeed, it is even differentiable, and its critical points
are the simple closed geodesics (that is, the closed geodesics in Emb (S, M)) with
arbitrary time reparametrization. The curve shortening flow is a continuous map

M%Emb(SaM)v (5770)’_)\115(70) = s

defined on a maximal open neighborhood U C [0,00) x Emb(S!, M) of {0} x
Emb(S!, M) by means of the following PDE:
0575 = kv, vy,
Its main properties are the following.
(i) ¥o =1id, and Uy, o Uy, = Uy, 1, for all 51,52 > 05
(ii) Ws(yol) = Vy(y) o for all (s,v) € U and 6 € Diff(S?);

(ili) 4 L(W,(7y)) <0 for all (s,7) € U, and the equality holds if and only if 7 is a
simple closed geodesic (not necessarily parametrized with constant speed);

(iv) for each v € Emb(S*, M), if s, € (0, 0] denotes the supremum of the times
s > 0 for which (s,7v) € U, then s, is finite if and only if W,(v) converges
to a constant as s — s,.

We refer the reader to [Gra89, DPMMS22] and to the references therein for the
proofs of these facts. For each £ > 0 and ¢ > 0, we consider the open subsets

Emb(S*, M)<* := {y € Emb(S*, M) | L(v) < ¢},
W(l,e€) == {v € Emb(S", M) | |L(y) — £| < €, ||k~ < €}
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The intersection

Ko=) W(te)
e>0
is precisely the subspace of those embedded circles that are reparametrizations of
simple closed geodesics of length £ > 0. Moreover, we have K, = @ if and only if
W(L,e) = @ for € > 0 sufficiently small.
In order to employ the curve shortening flow in the critical point theory of the

length functional, the following property is crucial. Its proof can be extracted from
Grayson’s [Gra89], and the details can also be found in [DPMMS22, Th. 1.2(iv)].
(v) For each ¢ > 0 and € > 0 there exists 6 € (0,¢) and a continuous function
7 : Emb(S*, M)<*% — [0,00) such that, for each v € Emb(S*, M)</+?
we have 7(7y) < s, and

U, () € Emb(SY, M)<*2UW(le), Vse [r(7),s,).

A path-connected subset U C M is weakly conver when, for any pair of distinct
points x,y € U that can be joined by an absolutely continuous curve contained in
U of length strictly less than the injectivity radius inj(M, g), the shortest geodesic
segment joining x and y is entirely contained in U. One of the crucial properties
of the curve shortening flow is that it preserves the embeddedness of loops. This
was first proved by Gage [Gag90, Sect. 3] as a consequence of a suitable maximum
principle. The same arguments actually imply the following analogous property.

(vi) The curve shortening flow preserves any weakly convex open subset U C M,

i.e. for any smooth embedded circle v in U and for any s € (0, s,), the
embedded circle W, (7) is still contained in U.

The following is a rather straightforward consequence of the properties of the
curve shortening flow.

Lemma 2.1. Let U C M be a weakly convex open subset that is not simply con-
nected, and C C Emb(S',U) a connected component containing loops that are
non-contractible in U. Then, there exists a sequence 7y, € C converging in the
C?-topology to a simple closed geodesic v contained in U of length

L(vy) = inf L({) > 0.
(v) = nf L(C)
Remark 2.2. The simple closed geodesic ¥ may not be a waist (see the definition
in Section 2.2) if it intersects the boundary oU. O
Proof of Lemma 2.1. We claim that
¢ :=inf L(¢) > 2inj(M, g) > 0.
Inf L(¢) = 2inj(M, 9)

Indeed, assume by contradiction that L(¢) < 2inj(M,g) for some ¢ € C. This
implies that ¢ can be written as

¢(t) = expe() (V (1))
for some smooth function V : St — Te0)yM. We define the smooth homotopy
G St = M, G(t) = exp¢ (o) (rV (1)), r € [0,1],

which satisfies {; = ¢(0) and ¢; = (. Since the open subset U is weakly convex,
each (. is contained in U. Therefore ( is contractible in U, which is a contradiction.
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We claim that
Wl e)NC # 2, Ve > 0.

Indeed, assume that W(l,e) N C = @ for some ¢ > 0. Consider the constant
§ > 0 and the continuous function 7 : Emb(S!, M)<¢*° — (0,00) provided by
property (v). For each (y € C of length L({y) < £+, property (vi) guarantees that
(s := U4 (Co) €C for all s > 0 for which it is well defined. Property (v) then implies
L(Cr(¢)) < € — 9, contradicting the definition of /.

We choose an arbitrary v, € W({,1/n) parametrized with constant speed. Up
to extracting a subsequence, we have that 7,(0) — z and 4,(0) — v for some
(z,v) € TM with |[v|| = ¢. The curve v : St — M, v(t) := exp,(tv) is a closed
geodesic of length ¢, and v, — ~ in the C! topology. Since ||k, — ky|[r~ < 1/n,
actually v, — ~ in the C? topology. Finally, since the closed geodesic v is the C?
limit of embedded circles on an orientable surface, y is a simple closed geodesic. [

We denote by SM = {v € TM | |[v||y = 1} the unit tangent bundle, by 7 :
SM — M the base projection, and by ¢; : SM — SM the geodesic flow, which is
defined by ¢:(7(0)) = 4(¢t) where v : R & M is a geodesic parametrized with unit
speed ||¥|lg = 1. In Section 3, we will need the following property of weakly convex
sets.

Lemma 2.3. If U C M is a weakly convexr subset, and K C SM is a subset
invariant under the geodesic flow (i.e. ¢1(K) = K for all t € R), then any path-
connected component of U\ w(K) is weakly convex.

Proof. Let V. .C U \ m(K) be a path-connected component, and consider two ar-
bitrary distinct points x1, x5 € V that can be joined by an absolutely continuous
curve (¢ contained in V of length strictly less than the injectivity radius inj(M, g).
Since U is weakly convex, the shortest geodesic segment v joining z; and g is
contained in U. Let us assume by contradiction that v N 7(K) # &, and choose a
point v € K such that z := w(v) € 7. Let B C M be the Riemannian open ball of
radius inj(M, g) centered at x, and n C 7(K) N B the maximal geodesic segment
passing through z tangent to v. Notice that n separates B, and intersects y only in
x. In particular, 1 and x5 lie in distinct connected components of B\ 7. This is not
possible, since the curve ¢ joining z1 and x5 is contained in B\ 7(K) C B\ n; in-
deed, any absolutely continuous curve joining x; and x5 and not entirely contained
in B must have length larger than or equal to inj(M, g). O

2.2. Types of closed geodesics. Let v be a closed geodesic of length £ > 0 in
the closed oriented Riemannian surface (M, g). We parametrize v with unit speed,
so that it is a curve of the form

v:R/NZ — M, Y(t) = 7o ¢i(v),

where v € SM, and the length ¢ is the minimal period of 7. The Floquet multipliers
of ~ are the eigenvalues of the linearized Poincaré map dey(v)|y, where V is the
vector subspace

Vi={weT,SM | g(v,dr(v)w) = 0}.

Since the linearized Poincaré map preserves a symplectic structure on the plane V,
the Floquet multipliers are of the form 0,0~ € UUR \ {0}, where U denotes the
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unit circle in the complex plane. The closed geodesic v is called non-degenerate®
when o # 1, and hyperbolic when o € R\ {1, —1}.

We recall that a simple closed geodesic v : S' < M is called a waist when any
absolutely continuous curve ¢ : S — M that is sufficiently C°-close to v satisfies
L(¢) > L(); here L is the length functional (2.1).

Remark 2.4. Let v : S' — M be a waist, W C M a sufficiently small open
neighborhood of «y, and W the space of absolutely continuous curves ¢ : ' — W
homotopic to v within W. One can easily prove that any ¢ € W has length
L(¢) > L(v). Moreover, the equality L(¢) = L(v) holds if and only if ¢ becomes
itself a waist after being reparametrized with constant speed ||C||l, = L(¢). If v is a
non-degenerate waist, then any ¢ € W satisfying the equality L({) = L(y) must be
geometrically equivalent to v, i.e. ¢ o @ = v for some homeomorphism 6 : ST — S'.

([l

Later on, we shall employ waists to infer the existence of other simple closed
geodesics, according to the following lemma. For closed geodesics that are possibly
self-intersecting, the analogous lemma is well known, see e.g. [Ban93].

Lemma 2.5. Let (M, g) be an oriented Riemannian surface.

(i) If A C M is a compact annulus bounded by two waists, then int(A) contains
a non-contractible simple closed geodesic.

(ii) If D is a compact disk bounded by a waist, then int(D) contains a simple
closed geodesic.

Proof. Let A C M be a compact annulus bounded by the waists yo, y1, with L(v;) <
L(vy0). Let W C A\ 71 be a sufficiently small open neighborhood of ~vo. If W'\ v
contains a simple closed geodesic, such a closed geodesic must be C?-close to g and
in particular non-contractible in A, and we are done. Assume now that W\ 7o does
not contain any simple closed geodesic. In particular, every absolutely continuous
curve v : S' — W homotopic to 7o within W and not geometrically equivalent to
vo satisfies the strict inequality L(y) > L(7o) (see Remark 2.4). Up to shrinking
W, there exists p > 0 such that any smooth curve v : S* < W homotopic to 7o
within W and that intersects OW \ v has length L(v) > L(vo) + p. We now detect
a simple closed geodesic in int(A) by means of a minmax procedure, as follows: let
{:= 12f rrél[%,}%] L(¢), (2.2)
where the infimum ranges over the family F of continuous homotopies of smooth
embedded loops ¢, : ST — A, r € [0,1], such that {y = o, (1 = 71, and ¢, C int(A)
for all » € (0,1). Notice that, for any such homotopy (¢;)re0,1], there exists a
minimal ¢ € (0, 1] such that the curve ¢, intersects OW \ 7o, and therefore

L(Cro) > L(’YO) +p.
This readily implies that

€= L(vo) + p > L(70)-
2A closed geodesic v of length £ and Floquet multiplier ¢ = ¢27/% for some integer k > 2 is

non-degenerate. However, the k-th iterate of = is degenerate. In this paper, we will not need to
consider iterates of closed geodesics.
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We claim that £ is the length of a non-contractible simple closed geodesic in A,
which must actually be contained in int(A) since L(y1) < L(v) < £ — p. Let us
assume that this is not the case. In particular, for € > 0 small enough, no embedded
loop v € W({, €) is entirely contained in A and non-contractible therein. We apply
property (v) of the curve shortening flow, which provides 6 > 0 and a suitable
continuous function 7 : Emb(S*, M)<*% — (0,00). Let ({;),co,1] be a homotopy
in F that is optimal up to §, meaning that

L(¢) < £+ 0.
max, (¢r)

We push the homotopy by means of the curve shortening flow, defining
Nr = \I/T(Crp)(CT)a re [07 1]

Property (v) implies that 7, € Emb(S*, M)<*=% UW((, €) for each r € [0,1]. Since
the compact annulus A is bounded by simple closed geodesics, int(A4) is weakly
convex. Property (vi) implies that 1, C int(A) for each r € (0,1). Since (o = o
and (; = 71 are simple closed geodesics, we have 19 = 79 and 17; = 1. Therefore the
homotopy (7:)re[o,1] belongs to F. Since no curve v € W(/, €) is entirely contained
in A and non-contractible therein, we conclude that 7, € Emb(S*, M)<¢=° for each
r € [0, 1], contradicting the definition of the minmax value £.

The case of a compact disk D C M bounded by a waist « is analogous, except
that in the definition of the minmax (2.2) the infimum ranges over the family of
continuous homotopies of smooth embedded loops ¢, : S* < D, r € [0,1], such
that (o =, ¢ C int(D) for all r € (0,1], and L({1) < L(7). O

2.3. Conjugate points. Let us recall the classical notion of conjugate points. If
~v: R — M is an (open or closed) geodesic parametrized with unit speed, the points
v(t1),7(t2) are conjugate along |, +,) when

ker d(m 0 ¢r,—t, (V(t1))) |ker(an(3(t1))) 7 10}

On orientable Riemannian surfaces, simple closed geodesics with conjugate points
are not waists, and actually satisfy the following lemma due to Bangert [Ban93,
Lemma 2].

Lemma 2.6. Let (M, g) be an orientable Riemannian surface, and vy : St — M
a simple closed geodesic with conjugate points. Then, for any open neighborhood
U C M of v, any connected component V-.C U \ v contains a smooth embedded
circle ¢ : S' < V homotopic to v within U such that L(¢) < L(7). O

On an orientable Riemannian surface, a non-degenerate simple closed geodesic
is a waist if and only if it does not have conjugate points, see for instance [DP-
MMS22, Lemma 4.1(iii) and Prop. 4.2(iii,vii)]. Moreover, a non-degenerate waist 7y
is hyperbolic, see for instance [K1i95, Theorem 3.4.2], and the corresponding orbit
4 of the geodesic flow ¢; has a stable manifold

We(%) = {z eSM ’ w(z) = "y},

which is an injectively immersed surface in SM. Here, w(z) denotes the w-limit of
z, i.e.

w(z) = () Git.00) (2)-

t>0
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Lemma 2.7. Let (M,g) be an orientable closed Riemannian surface, and vy a
non-degenerate waist. For any sufficiently small neighborhood V- C SM of ¥, if
W Cc VNW3(¥) is the path-connected component containing , the base projection
wlw : W = M is a diffeomorphism onto a neighborhood of . In particular, for
each z € W*(¥) \ 4 with associated geodesic ((t) := m o ¢1(2), there exists t € R
such that (|, does not intersect vy.

Remark 2.8. Since W*(¥) = —W?*(—%), the analogous statement holds for the
unstable manifold. O

Proof of Lemma 2.7. Since +y is hyperbolic, the closed orbit 4 has a Floquet mul-
tiplier 0 € (—1,1). We parametrize v with unit speed, and denote by ¢ > 0 its
length, so that 4(t) = 4(t +¢). We consider the stable line bundle E*® over %, which
is given by

E*(4(t)) = ker (dg(¥(t)) — oid).
The stable bundle is invariant under the linearized geodesic flow, i.e.

e ((0)) E°(7(0)) = E*((t)).
If we had E*(¥(t)) = ker(dm(5(¢))) for some ¢t € R/¢Z, the endpoints of the geodesic
segment 7|;,¢4+¢ would be conjugate. Therefore, since v has no conjugate points,
we infer

E*(4(t)) Nker(dm(%(t))) = {0}, vt € R/(Z.
This, together with the fact that
Ty inyW*(7) = span{y(t)} & E°(7(t)),  Vt € R/(Z,
readily implies that the local stable manifold of ¥ is a graph over the base manifold
M. Namely, for any sufficiently small neighborhood V' C SM of the closed orbit
4, if W C VN W?3(¥) is the path-connected component containing +, the base
projection 7|y : W — M is a diffeomorphism onto a neighborhood of 5. For each

z € W3(¥) \ 4, for all t > 0 large enough we have ¢:(z) € W\ %4, and therefore
modi(z) € (W) \ 7. O

We recall the following elementary property of geodesics with conjugate points
on surfaces (see for instance [DPMMS22, Lemma 5.9] for a proof).

Lemma 2.9. Let (M, g) be a Riemannian surface, and vy : [=T,T) — M a geodesic
arc such that, for some [t1,t3] C (=T, T), the points y(t1) and y(t2) are conjugate
along v, +,)- There exists an open neighborhood V-C SM of 4(0) such that, for
each z € V, the geodesic ((t) := m o ¢4(z) intersects y for some t € [T, T]. O
This lemma has the following immediate consequence for simple closed geodesics
with conjugate points.
Corollary 2.10. Let (M, g) be an orientable Riemannian surface, and v a simple
closed geodesic with conjugate points.

(i) There exists T > 0 and an open neighborhood V- C SM of the lift v such
that, for each z € V, the geodesic ((t) := 7 o ¢(2) intersects v for some
positive time t € (0,T] and for some negative time t € [=T,0).

(ii) There exists T > 0 and an open neighborhood U C M of v such that, for
each z € SU, the geodesic ((t) := mog(z) intersects v for somet € [-T,T].

O
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FIGURE 1. An open convex geodesic polygon B that is the complement of two
simple closed geodesics of a 2-torus of revolution.

3. CONTRACTIBLE SIMPLE CLOSED GEODESICS ON SURFACES

Let (M, g) be a closed Riemannian surface with geodesic flow ¢; : SM — SM.
If K C SM is a hyperbolic compact invariant subset for the geodesic flow, its stable
manifold is defined by

W*(K)={ze€S5M |w(z) C K},

where w(z) denotes the w-limit of z. The unstable manifold W*(K) is defined
analogously by employing the a-limit instead of the w-limit, or equivalently

WH(K)=-W?*(-K).
In this paper, we will consider invariant compact sets K of the form
K =J( U =),
i=1

where 71, ..., v, are hyperbolic closed geodesics of (M, g). In this case, the stable
and unstable manifolds of K decompose as the disjoint unions of the stable and
unstable manifolds of the closed orbits ++;, i.e.

O W* (%) UW* (=), Lnj W (%) UW*™(—4)).
Let V. C SM be an open subset. We define the forward trapped set trap (V)
and the backward trapped set trap_ (V') by
trapy (V {z € SM ‘ ¢+1(z) € V for all t > 0 large enough}
Notice that
trap_ (V) = —trap, (—V). (3.1)

In Section 2.1 we introduced the notion of weak convexity for an open subset
of a closed orientable Riemannian surface (M, g). In this section, we will consider
open disks B C M satisfying the following, stronger, convexity assumption.

Assumption 3.1. The open disk B C M is weakly convex, and there exist § > 0,
T > 0, and an open neighborhood N C B of 0B such that every smooth curve
v [-T,T] — M parametrized with unit speed ||¥||; = 1, with curvature bound
|lky|lzee < 0, and such that v(0) € N, is not entirely contained in B. O
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Example 3.2. Assumption 3.1 is satisfied when B C M is a conver geodesic
polygon, meaning an open disk whose boundary 0B, seen as a piecewise smooth
immersed submanifold of M, is a piecewise geodesic circle with at least one corner,
and all the inner angles at the corners of OB are less than 7. This definition
allows B to be a fundamental domain of M defined as the complement of a suitable
collection of finitely many simple closed geodesics (Figure 1). O

Example 3.3. Corollary 2.10(ii) readily implies that Assumption 3.1 is satisfied
when B C M is an open disk whose boundary is a simple closed geodesic with
conjugate points. O

The following two theorems are the main results of this section.

Theorem 3.4. Let (M, g) be a closed orientable Riemannian surface, and B C M
an open disk satisfying Assumption 3.1. If B does not contain any simple closed
geodesic without conjugate points, then trap, (SB) = trap_(SB) = @.

Proof. Equation (3.1) implies that trap  (SB) = —trap_(SB). Let us assume that
trap, (SB) # @, and consider an arbitrary point z € trap, (SB). Assumption 3.1
implies

m(w(z)) C B\ N, Vz € trap (SB).
By Lemma 2.3, the connected component U C B\ m(w(z)) containing N \ 0B is
weakly convex. Let C C Emb(S!,U) be a connected component containing loops

that are non-contractible in U. By Lemma 2.1, there exists a sequence 7,, € C that
converges in the C? topology to a simple closed geodesic v C U of length

L() = inf L(¢). (3.2)

Notice that v, C U\ N for all n large enough, for otherwise v, would intersect 0B
according to Assumption 3.1. Therefore v is contained in B. This, together with
Lemma 2.6 and Equation (3.2), implies that « has no conjugate points. (I

Theorem 3.5. Let (M, g) be a closed orientable Riemannian surface, and B C M
an open disk satisfying Assumption 3.1, containing at least one closed geodesic, but
no degenerate simple closed geodesics without conjugate points. Then there exists
a finite even number of pairwise disjoint simple closed geodesics v1,...,v2r C B
satisfying the following properties:
(i) vi+1 C Bs,, where By, C B are the open disks with boundary 0B, = ;.
) For each i odd, 7; is a waist.
(iii) For each i even, ~y; has conjugate points.
) Let U := B\ (y1 U...U~ak). The trapped sets of SU are given by
trap, (SU) = W*(K) \ K, trap_(SU) = W*(K) \ K,
where
K= | (s u—).
i odd
(v) No complete geodesic (i.e. a geodesic parametrized with constant speed and
defined for all times) is entirely contained in U.

We shall prove Theorem 3.5 after some preliminaries.
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exp, (rJv)
exp, (—5v)

Q
xT

FIGURE 2. The geodesic triangle T'(v, ).

Lemma 3.6. Let (M,g) be a closed oriented Riemannian surface. There exists
a constant ag > 0 such that, for each embedded compact annulus A C M with
area(4, g) < ag and whose boundary A is the union of two simple closed geodesics
V1,72, we have

3L(n) < L(y2) < 5L(m).

Proof. We denote by J the complex structure of the oriented Riemannian surface
(M, g), i.e. for all tangent vectors v € S, M we have that v, Jv is an oriented or-
thonormal basis of T, M. For each r € (0,inj(M, g)/2),z € M,and v € S; M, we de-
note by T'(v,r) the unique geodesic triangle with vertices x, exp, (rJv), exp,(—5v),
see Figure 2. We consider the continuous function

a: (0.mj(M.g)/4) = (0.00),  a(r) = min area(T(v,1).g)
veE
We fix r € (0,inj(M, g)/4) to be small enough so that, for each x € M andv € S, M
with corresponding geodesic v, (t) := exp, (tv), the smooth map
[0,7] x [0,7] = M, (t, ) = exp., ) (8 Y0 (1)) (3.3)
is an embedding. The positive constant of the lemma will be ag := a(r).

Consider two simple closed geodesics 71, 72 bounding a compact annulus A C M
such that area(A, g) < a(r). We choose two points z¢ € 71 and yo € 2 such that

dg(x0,y0) = min {dy(z,y) | © € 71, y € 12}. (3.4)

We set ¢4 := L(y1), {2 := L(72), and we consider the unit-speed parametrizations
i R/GT M, o :R/Z— M
such that v1(0) = o, ¥2(0) = yo, J%1(0) points inside the annulus A, while J42(0)
points outside the annulus A. Notice that
dg(zo,y0) < T

Otherwise, we would have T'(41(0),r) C A, which would give the contradiction

a(r) > area(A, g) > area(T'(71(0),r)) > a(r).
For each t € R/¢17Z, we consider the geodesic arc

G [0,r] = M, Ge(s) = exp., 1) (s (1))

The geodesic 2 intersects (o((0,7)) at yo = 72(0). Notice that all intersections
between 7, and the geodesic arcs (; must be transverse (otherwise some ¢; would
be contained in -9, contradicting the fact that v and ~; are disjoint). Therefore,
by the implicit function theorem, there exists a maximal time ¢, € (0,¢;] and a
smooth monotone increasing function o : [0,t5] — R such that ¢(0) = 0 and,
for all t € [0,%0], v2 intersects (;((0,7]) transversely at v2(o(t)). We denote by
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Y2(o(to))

2

"

71(0) 7 71(to —5)  71(to)

FIGURE 3. The geodesic triangle T = T'(¥1(to0),r) contained in A.

— %O
Ctl - 4¢o
“/1L(0)\
~Y1(t1) n

FIGURE 4. The geodesic triangle T".

p:[0,t0] = (0, 7] the smooth function such that (;(p(t)) = v2(o(t)) for all ¢ € [0, ¢o].
Notice that

Ct'[(),p(t)) Ny =, vt € [0, to]. (3.5)

We claim that tg = ¢;. Indeed, if ¢y < ¢;, we would have y2(o(to)) = (i, (7).
Therefore T'(%1(t9),r) C A (Figure 3), which would give the contradiction

area(A, g) > area(T'(Y1(to),r)) > a(r) > area(4, g).

Next, we claim that o(¢1) < £2. Indeed, assume by contradiction that o(¢1) > {2,
so that there exists t; € (0,¢1) such that o(t;) = ¢3. Suitable segments of the
geodesics 71, (¢, and (o bound a triangle 77 C A as in Figure 4. By (3.5), 72 does
not intersect the interior of 7”. Since the maps (3.3) are embeddings, the geodesic
segments (; and (s are disjoint whenever |t —t'| < r. Therefore, for each t € (1, (1)
the geodesic segment (; must intersect (p, = (o, but when ¢ > ¢; —r this contradicts
the embeddedness of the maps (3.3).

Finally, we claim that o(¢1) = ¢. Indeed, assume by contradiction that the strict
inequality o(¢1) < ¢5 holds, so that we have distinct values p(0) # p(¢1). Since
15(0) = Gop(0)) and 2(0(6r)) = Go(p(tr)), Bauation (3.4) mplies p(0) < p(6y).
Namely, 72(0) lies in oljo,p(e,)) = Ceulj0,0(e1)) (Figure 5), which contradicts (3.5).

We can now estimate the length of 5 as follows. Notice that

¢ > 2inj(M, g) > 8r.
Let k£ > 9 be the integer such that

0 0
— < .
TR
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Y2(0 (1))

72(0)

FIGURE 5. The point 72(0) intersecting the geodesic arc (¢, |j0,p(¢,))-

Notice that each restriction Ya|(s(4),o(¢+¢, /%) 15 contained in the open Riemannian
ball B, (y1(t),2r) which has diameter less than inj(M, g). Therefore

L(valio(t).o(t+e/k))) = dg(v2(0 (1), v2(0(t + €1 /k))) < 4r,  Vt€[0,4].
‘We infer

k—1
by =3 dg(va(c(tr)), ya(o (b)) < 4rk < 40, £ < 344
h=0
Switching the roles of 1 and 7s, we obtain the other inequality ¢; < %62. O

We now consider an open disk B C M satisfying Assumption 3.1. For any
smooth embedded circle v C B, we denote by B, C B its filling, namely the open
disk with boundary 05, = 1.

Lemma 3.7. If B contains closed geodesics, then it contains a simple closed ge-
odesic v without conjugate points and whose filling B., contains any other closed
geodesic in B.

Proof. We consider the compact subset
K=+,
S

where the union ranges over all closed geodesics v contained in B. The subset K
is invariant under the geodesic flow (i.e. ¢:(K) = K for all ¢ € R), and therefore
its projection m(K) is contained in the compact subset B \ N, where N C B is
the open subset of 0B given by Assumption 3.1. By Lemma 2.3, the connected
component U C B\ n(K) intersecting N is weakly convex. Since U is not simply
connected, there exists a connected component C C Emb(S*, U) consisting of loops
that are non-contractible in U and whose fillings contain 7(K). By Lemma 2.1,
there exists a sequence v, € C converging in the C? topology to a simple closed
geodesic v C U of length

L(y) = inf L(0) (36)

and whose filling B, contains 7(K) \ 7. We now conclude as in the proof of The-
orem 3.4. We must have v, C U \ N for all n large enough, for otherwise ~,
would intersect 0B according to Assumption 3.1. Therefore v is contained in B.
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This, together with Lemma 2.6 and Equation (3.6), implies that v has no conjugate
points. ([

From now on, we assume that B contains closed geodesics, and that all simple
closed geodesics without conjugate points and entirely contained in B are non-
degenerate (and therefore they are hyperbolic waists). The open ball B may con-
tain infinitely many simple closed geodesics. Nevertheless, we have the following
statement.

Lemma 3.8. Any collection of pairwise disjoint simple closed geodesics contained
in B is finite.

Proof. Let G be a collection of pairwise disjoint simple closed geodesics contained in
the open ball B. Let G’ C G be a maximal subcollection of simple closed geodesics
such that B,, N B,, = @& for all distinct v1,v2 € G’; namely, for each ¢ € G\ G’, we
have B N B., # & for some v € G'. Gauss-Bonnet formula implies

27 = / K,dmg < max(K,)area(B,,g), Vv € g,
B'Y

where m, is the Riemannian measure, and K, the Gaussian curvature of (M, g).
Therefore, G’ is a finite collection of cardinality
— max(K) area(B,g).
27
We define U C B to be the complement of the simple closed geodesics in G, i.e.
U:=B\ U .

yEG!

We consider the family mo(Emb(S!,U)) of path-connected components of the
space of embedded loops in U. Notice that mo(Emb(S!,U)) is infinite when k > 3.
Nevertheless, since G is a collection of pairwise disjoint simple closed geodesics, there
are only finitely many homotopy classes h € mo(Emb(S*,U)) containing elements
of G\ G’. For every such homotopy class h, let Gy, be the subcollection of those
v € G\ G contained in h. For each pair of distinct 1,72 € G, we denote by
A, ~, C B the compact annulus with boundary dA,, ,, = 71 Uy2. Consider the
constant ag > 0 provided by Lemma 3.6. Since area(U, g) < oo, there exist finitely
many Yp.1, .-, Yhn, € Gn such that, for each v € Gy \ {Vn,1, s Yh,ny }» We have
area(A, 5, ;,9) < ao for some i. We consider the finite subcollection G” C G that
comprises G’ and all the elements vj ;. Summing up, we showed that, for each
v € G\ G", there exists ( € G” such that area(A,¢) < ao. This, together with
Lemma 3.6, implies

¢ :=sup L(7) < max 2L(y) < .
vEQ veg”

Let KK C WH2(S1, M) be the subspace of closed geodesics v : St — M of length
L(v) < ¢, parametrized with constant speed. As a consequence of the Palais—Smale
condition for the geodesic energy functional [Kli78, Theorem 1.4.7], K is compact
in the W12 topology.

Assume by contradiction that there exist an infinite sequence v, € G C K. Up
to extracting a subsequence, ,, converges to a simple closed geodesic 7 in the W12
topology. A priori, 7y is contained in the closure B, but Lemma 3.7 guarantees that
~ is actually contained in the open ball B. Since the 7,,’s are pairwise disjoint, they
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are also disjoint from their limit . This, together with Corollary 2.10(ii), implies
that v is without conjugate points, and therefore it must be non-degenerate by our
assumption. This gives a contradiction, since a non-degenerate closed geodesic ~
cannot be the W2-limit of closed geodesics that are disjoint from -. [

Proof of Theorem 3.5. Let ~1,...,7, be a maximal sequence of pairwise disjoint
simple closed geodesics contained in the open ball B such that v;11 C B, for
each ¢ = 1,...,n — 1. Lemma 3.8 implies that such a sequence must be finite.
The maximality of this sequence implies that every other simple closed geodesic
contained in B and not intersecting any -; must have filling B, contained in the
complement U := B\ (11 U... U~,). Notice that the first simple closed geodesic
v1 must be the waist provided by Lemma 3.7, whose filling B,, contains any other
closed geodesic contained in B. We recall that, by our assumption on B, any simple
closed geodesic contained in B that is not a waist must have conjugate points.

For eachi € {1,...,n—1}, 7; or 7,11 must be a waist. Indeed, if none of them were
waists, Lemma 2.6 would imply that the open annulus A; := B,, \ B,,,, contains
a non-contractible embedded circle ¢y with length L({p) < min{L(y;), L(vi+1)},
and Lemma 2.1 would imply that there exists a non-contractible closed geodesic
¢ C A; such that L(¢) < L((p); these inequalities would imply that ¢ is contained
in A;, contradicting the maximality of the sequence 71, ...,7,. Moreover, v; and
vi+1 cannot both be waists. Otherwise Lemma 2.5(i) would imply that the open
annulus A; contains a non-contractible simple closed geodesic (, contradicting the
maximality of the sequence 71, ...,7,. Finally, the last simple closed geodesic vy,
of the sequence cannot be a waist, for otherwise Lemma 2.5(ii) would imply that
its filling B, contains another simple closed geodesic, contradicting once more the
maximality of the sequence 71, ..., y,. Summing up, we proved that n is even, ~; is
a waist if 7 is odd, whereas ; has conjugate points if i is even.

We denote by K = {v,7s,...,7n—1} the collection of waists in the sequence
Y1y --es Yn, and we set

K:=JGHu-).
yeK
Lemma 2.7 implies
WH(K)\ K C trap(SU).
Conversely, consider an arbitrary point z € trap, (SU), so that ¢;(z) € SU for all
t > 0 large enough. We shall prove that the w-limit w(z) is either 4 or —¥ for some
~v € K, which will imply the opposite inclusion

trap, (SU) C W*(K) \ K.

Let m : SM — M be the base projection. Since z € trap, (SU), there exists a
connected component W C U such that ¢;(z) € SW for all t > 0 large enough, and
therefore 7(w(z)) C W. We have three possible cases.

Case 1: W = B,, . Since v, has conjugate points, Corollary 2.10(ii) implies
that the geodesic mo ¢;(2) does not enter a sufficiently small neighborhood of 0B,
for all t > 0 large enough. Therefore, m(w(z)) is contained in the open disk B,,,.
Since w(z) is compact, so is its projection 7(w(z)). Lemma 2.3 implies that any
path-connected component of the open set B, \ m(w(z)) is weakly convex, and
Lemma 2.6 implies that B, \ m(w(z)) contains a non-contractible embedded loop
Co with length L({p) < L(7yn). We can now apply Lemma 2.1, which provides a
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sequence of non-contractible smooth embedded circles in B, \ m(w(z)) converging
in the C? topology to a simple closed geodesic ( C B,, \ m(w(z)) with length
L(¢) < L(¢o) < L(yn). These inequalities readily imply that ¢ is contained in the
open disk B, , which contradicts the maximality of the sequence 7, ...,¥,. This
proves that case 1 cannot occur.

Case 2: W = B\ B,,. Since B satisfies Assumption 3.1, the geodesic 7 o ¢(2)
does not enter a sufficiently small neighborhood of OB for all ¢ > 0 large enough, for
otherwise it would intersect B for ¢ > 0 arbitrarily large. Therefore the compact
set m(w(z)) is contained in W \ dB. Let V.C W \ m(w(z)) be the connected
component whose boundary 0V contains 0B. By Lemma 2.3, V is weakly convex.
Lemma 2.1 provides a sequence of non-contractible smooth embedded loops ( C V'
converging in the C? topology to a simple closed geodesic ¢ C V. Notice that ¢
cannot intersect 0B, for otherwise (j, would intersect 0B as well for k large enough
according to Assumption 3.1. Therefore, Lemma 3.7 implies that { = =1, and we
have V = B\ B,, and m(w(z)) = 1. Since w(z) is connected and invariant under
the geodesic flow, we infer that either w(z) =41 or w(z) = —41.

Case 3: W = B, \ B,,,, for some i € {1,...,n — 1}. Let us assume that 4
is odd, so that 7; is a waist and ~;+1 has conjugate points (the case of i even is
analogous). Since 7;4+1 has conjugate points, Corollary 2.10(ii) implies that there
exists a neighborhood of 7,11 that does not intersect 7(w(z)). If 7(w(2)) intersects
the interior W, then we can apply Lemma 2.1 as in case 1, and infer the existence
of a simple closed geodesic ( C W, contradicting the maximality of the sequence
M, -y Yn- This proves that m(w(z)) C ;. Since w(z) is connected and invariant

under the geodesic flow, we infer that either w(z) = 4; or w(z) = —4;.

Summing up, we proved that
trap, (SU) = W*(K) \ K.
Since trap_(SU) = —trap, (SU) and W*(K) = —W?*(K), we also have
trap_(SU) = W*(K) \ K.

It remains to show that no complete geodesic is entirely contained in U. Assume by
contradiction that this does not hold, so that there exists a point z € SU such that
¢(z) € SU for all t € R. In particular, z € trap_ (SU) Ntrap_(SU), and therefore
z € Wu(yU—%)NW3(yU—4)\ (§ U—%) for some waist v € K. Let W C U be
the connected component such that ¢:(z) € SW for all ¢ € R. The waist v is a
connected component of OW, and therefore we must have either W = B\ B, or

W =B, \ B,,, for someie€ {1,...,n —1}. The compact subset

c= o) ciu—sulJa)

teR teR

is invariant under the geodesic flow, and therefore any path-connected component
of W\ m(C) is weakly convex according to Lemma 2.3. The end of the argument is
entirely analogous to the one in cases 2 and 3 above. There exists a neighborhood
of OW \ v that does not intersect w(C). Since 7(C) intersects the open set W,
with a suitable application of Lemma 2.1 we infer the existence of a simple closed
geodesic in W, contradicting the maximality of the sequence 71, ..., Yy [
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FIGURE 6. The four Birkhoff annuli Af', AT, A;, A of the simple closed
geodesics v1,v2. The central vertical line of double points is the fiber Sy M of
a point & € 71 N~y2. The geodesic vector field should be thought as horizontal,
and makes a full turn as we move through the line of double points.

4. CONSTRUCTION OF SURFACES OF SECTION

4.1. Fried surgery of Birkhoff annuli. The surfaces of section provided by our
main theorems will be obtained by performing surgeries & la Fried [Fri83] on a
suitable collection of Birkhoff annuli of closed geodesics. In this subsection, we
briefly recall this procedure.

Let (M,g) be an oriented Riemannian surface, and J its associated complex
structure, i.e. v, Jv is an oriented orthonormal basis of T, M for all tangent vectors
v € S, M. Let v: R/€Z — M be a closed geodesic parametrized with unit speed
19l = 1. The Birkhoff annulus of -y is the immersed compact annulus in SM given
by

A() = {v €S, ,yM | t € R/Z, g(J¥(t),v) > 0}.

Its boundary 0A(%) = 4 U —+% is embedded, while its interior int(A(%)) is immersed
and transverse to the geodesic vector field X on SM.

Assume now that « is simple. In this case, A(%) is embedded, and therefore is a
surface of section for X. By considering the opposite orientation on 7y, we obtain a
second Birkhoff annulus A(—%) such that

int(A(9)) Nint(A(—9) = 8, DA() = DA(—3) = 4 U —.

For any pair of distinct simple closed geodesics 71,72 of (M, g) that intersect
each other, the Birkhoff annuli AF := A(+%;) intersect as in Figure 6. We see their
union

At - + —
T:=AT UA] UAT UA;
as a non-injectively immersed surface with boundary

AT =41 U —41 UAa U —Ha.
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\ N \
FIGURE 7. Fried surgery to resolve the double points in int(Y).
Ay

—_—
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FIGURE 8. Fried surgery to resolve the lines of double points near the boundary
point z € 0T.

Notice that, for any ¢ > max{L(vy1),L(72)}, there exists an open neighborhood
N C Y of 9T such that, for each z € N, the orbit segment ¢y ¢(2) intersects Y.

We apply the following surgery procedures, due to Fried, in order to resolve the
self-intersections with interior points of T, and produce a surface of section ¥ C SM
with the same boundary 9% = 9T. Away from an arbitrarily small neighborhood
U of the subspace of self-intersections of int(Y) with T, we set XN (SM \ U) :=
TN (SM\U). Along the lines of double points in int(Y), we resolve the self-
intersections and obtain ¥ as in Figure 7. Finally, near the intersections int(Y)N9oY,
the surface X is obtained as in Figure 8. Up to choosing the neighborhood U where
the surgery takes place to be small enough, for each z € Y the orbit segment
}(—1,1)(2) intersects ¥; analogously, for each z € ¥, the orbit segment ¢ 1)(2)
intersects Y.

If a closed geodesic 7 is not simple, one can apply Fried surgeries to resolve
the self-intersections of its Birkhoff annulus A(¥) and produce a surface of section.
More generally, one can apply Fried surgeries to produce a surface of section out of
the Birkhoff annuli of any finite collection of closed geodesics.

4.2. Complete system of closed geodesics. Let (M, g) be a closed connected
oriented Riemannian surface with unit tangent bundle 7 : SM — M and geodesic
flow ¢y : SM — SM. We introduce the following notion, which we will employ in
the next subsection.

Definition 4.1. A complete system of closed geodesics G is a non-empty finite col-
lection of closed geodesics of (M, g), together with a (possibly empty) subcollection
K C G, satisfying the following properties. We set

K=J@Hu-%, R= ] Gu-9. U=M\Jn

yEK yeG\K yEG
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(i) Every v € K is a non-degenerate contractible waist disjoint from all the
other closed geodesics in G\ {7}. In particular, K is a hyperbolic invariant
subset for the geodesic flow.

(i) No complete orbit ¢(_ o o0)(2) is entirely contained in SU, and the trapped
sets of SU are given by

trap, (SU) = W*(K) \ K, trap_(SU) = W*(K) \ K.

For this reason, we briefly call K the limit subcollection of G, and K the
limit set.

(iii) The invariant subset R admits an open neighborhood N C SM and a
positive number £ > 0 such that, for each z € N, the orbit segment ¢ ¢ (2)
is not contained in SU.

We stress that the closed geodesics in G \ K are not necessarily simple, and
can have mutual intersections as well. A complete system of closed geodesics with
empty limit subcollection will produce a Birkhoff section. For this purpose, we will
need the following lemma.

Lemma 4.2. If the limit subcollection K is empty, there is a constant £ > 0 such
that every geodesic segment of length £’ intersects some geodesic in G.

Proof. We denote by T the union of the Birkhoff annuli of the closed geodesics in
g, ie.

T = J (A(4) U A=)
YEG
Since K = @, we have empty trapped sets trap, (SU) = @. Therefore, for each z €
SM\Y, there exists £, > 1 such that the orbit segment ¢y ¢, _1)(2) intersects int(T)
transversely. The transversality guarantees that there exists an open neighborhood
N, C SM of z such that, for each 2’ € N, the orbit segment ¢y ¢ 1(2’) intersects
int(Y). Consider now the constant £ > 0 and the open neighborhood N of R given
by property (iii) above. Since SM is compact, there exists finitely many points
21y .o 2n € SM such that NUN,, U...UN, = SM. For ¢’ := max{{(,(,,,...,, }, we
conclude that, for each z € SM, the orbit segment ¢y (2) intersects T. Namely,
every geodesic segment of length ¢ intersects some geodesic in G. O

The arguments of Contreras—Mazzucchelli’s [CM22, Section 4] allow us to pro-
duce, out of a suitable complete system of closed geodesics with non-empty limit
subcollection, a new such complete system with strictly smaller limit subcollec-
tion. The setting of [CM22, Section 4] employs Colin—Dehornoy—Rechtman’s bro-
ken book decompositions [CDR23], but it turns out that the arguments go through
in our simpler setting as well. We include the details in the rest of this section, for
the reader’s convenience. We begin with the following preliminary lemma due to
Colin—Dehornoy—Rechtman [CDR23, Lemma 4.9], which is based on an argument
originally due to Hofer—-Wysocki—Zehnder [HWZ03, Proposition 7.5].

Lemma 4.3. If the limit set K is non-empty and satisfies the transversality con-
dition

W K)hW?3(K),
then there exists v € K such that WNW?*(%) #£ & for each path-connected component
W C W*(4)\ 4. Namely, the closed orbit 4 has homoclinics in all path-connected
components of W*(¥) \ 7.
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Proof. We first show that, for each v € K and for each connected component
W C W*(¥) \ %, there exists a heteroclinic

WAW*(K)# o (4.1)

Let us prove this by contradiction, assuming that W NW*(K) = @.

The path-connected component W is an immersed cylinder in SM with one end
equal to 4. Let S C W be an embedded essential circle that is C'-close to 4 and
transverse to the geodesic vector field, so that its base projection 7(S) does not
intersect v (Lemma 2.7), nor any other closed geodesic in the collection G. We
consider the union of the Birkhoff annuli

= U (AQuA-Q),
¢eg\{~}
and an open neighborhood V' C SM of Y’ such that VN @ o )(S) = @. We apply
Fried surgery as explained in Section 4.1 in order to resolve the self-intersection

points of Y/ with its interior (if there are any), and produce surfaces of section
3’ C V such that

P—1)(2)NE # 2, Vze T (4.2)

We set

T=TUAG)UA-Y), 5= UAG)UAS).
For each z € S, we have ¢(_o 0(2) C SU, whereas ¢(_ o0)(2) is not entirely
contained in SU, and thus intersects Y. This, together with (4.2), implies that there
exists a minimal ¢, > 0 such that the orbit ¢t — ¢;(2) intersects ¥ transversely for
t = t,. This transversality, together with the compactness of the circle .S, implies
that the function z — ¢, is smooth on S, and we obtain an embedded circle

So = {¢r.(2) ’ zeSpCcwWnx.
We consider the first return time
7+ int(2) — (0, +00], 7(z) :==inf {t > 0 | ¢u(z) € B},
which is smooth on the open subset ¥ := 771(0,00). The first return map
¥ = nt(%),  P(2) = dr(z)(2)

is a diffeomorphism onto its image that preserves the area form d\|i (s, where
is the Liouville contact form of SM.

Since SoNW*(K) = @, we have SyNtrap, (SU) = &, and therefore )" (Sy) C X
for all n > 0. We obtained an infinite sequence S,, := 9™ (Sy) of pairwise disjoint
embedded circles in the interior of the surface of section ¥. Since the unstable
manifold W*(%) is an immersed surface tangent to the geodesic vector field, the
2-form dA|w vanishes identically. If S, bounds a disk B, C int(X), we denote by
A,, C W the compact annulus with boundary dA,, = 4 U S,,, and Stokes’ theorem

implies
area(By,,d\) = / d\ = / d\ = / A= L(7),
n A’V'LUB’IL ;Y

where L(y) > 0 is the length of the simple closed geodesic . In particular, if
SnysSn, bound disks B,,,,B,, C int(X) for some distinct ny,no > 0, we have
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B,, N B,, = @. This, together with the finiteness of the area

area(int(E),d)\):/d)\:/ A,
by 0%

readily implies that there exist at most finitely many n > 0 such that S, is con-
tractible in int(X). Therefore, since the embedded circles S,, are pairwise disjoint,
there exist distinct n1,n > 0 and an embedded compact annulus A C int(X) with
boundary A = S,,, US,,. Let A C W be the embedded compact annulus with
boundary A’ = S,,, US,,,, so that the union AUA’ is a piecewise smooth embedded
torus in SM. By Stokes theorem, we have

/d)\:/ d\ =0,
A AUA’

which contradicts the fact that d\|4 is an area form. This proves the existence of
heteroclinics (4.1).

Our transversality assumption on the heteroclinics, together with the shad-
owing lemma from hyperbolic dynamics [FH19, Th. 5.3.3], implies that, for all
7,72,73 € K and for each path-connected component W C W*(4q) \ 41, if there
are heteroclinics W N W*#(42) # @ and W*(%2) N W#(43) # &, then there are also
heteroclinics W N W*(%3) # &.

For each v € K, we fix arbitrary path-connected components W5 C W*(£7%) \
++. We already proved that every such path-connected component must contain a
heteroclinic to K. Therefore, there exists a sequence of oriented waists v; € K with
heteroclinics Wi, NW*(¥;41) # @. The same waist may appear different times with
opposite orientations in the sequence. Nevertheless, since the collection G is finite,
there exists n < 2#G + 1 such that v; = =, as oriented waists. This implies that
Wi, N W (1) # 2. 0

Lemma 4.4. If the limit set K is non-empty and satisfies the transversality con-
dition

WK)hW?3(K),
then there exists v € K and another complete system of closed geodesics with limit
subcollection contained in IC\ {7}.

Proof. By Lemma 4.3, there exists v € K whose associated periodic orbit 4 has
homoclinics in all path-connected components of W*(%) \ 4. Since 7 is a non-
degenerate waist, Lemma 2.7 implies that there exists a tubular neighborhood A C
M of v and an open neighborhood V' C SM of 4 such that, if we denote by W C
V NW*(¥) the path-connected component containing ¥, the restriction of the base
projection 7|y : W — A is a diffeomorphism. An analogous statement holds for the
stable manifold W*(¥). Therefore, for any homoclinic point z € W*(§)NW*(¥)\ ¥,
the corresponding geodesic ((t) := 7 o ¢(z) is contained in A \ v provided |¢| is
large enough.

The complement A \ 7 is the disjoint union of two open annuli A; and As,
and therefore W \ 4 is the disjoint union of the open annuli Wy := 7|};' (4;) and
Wy = 77\;‘,1(142). Our assumption on v implies that both W7 and W5 intersect the
stable manifold W*(¥), and we fix homoclinic points z; € W; N W*(¥) such that, if
we denote by (;(t) := 7 o ¢;(2) the associated geodesics, we have (;(t) € A; for all
t < 0. We have two possible cases.
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Case 1: There exists ¢ € {1,2} such that (;(t) € Asz_; for all ¢ > 0 large enough.
For each § > 0, there exist arbitrarily large a, b > 0 such that the points ¢_,(z;) and
¢(2;) are d-close (where the distance on SM is the one induced by the Riemannian
metric g). We consider the orbit segment

Is: [—a,b] — SM, Fg(t) = ¢t(zi)7
and we extend it as a discontinuous periodic curve of period 7 := a + b.

Case 2: For all i € {1,2}, we have (;(t) € A, for all t > 0 large enough. For each
0 > 0, there exist arbitrarily large a1,b1,a2,ba > 0 such that the points ¢—_g,(2;)
and ¢y, (z;) are d-close. We consider the orbit segments

Ls,i: [—as,bi] — SM, Ls,i(t) = ¢e(2i),

and we define I's to be the discontinuous periodic curve of period 7 := a1+b;+as+bo
obtained by extending periodically the concatenation of I's ; and I's ».

In both cases, for each § > 0 we obtained a periodic §-pseudo orbit I's of the
geodesic flow with arbitrarily large minimal period. Moreover, the projection woI's
makes a d-jump from A; to A;. The shadowing lemma from hyperbolic dynamics
[FH19, Th. 5.3.3] implies that, for each ¢ > 0, there exist § > 0 and z € SM
such that the orbit ¢ — ¢;(z) is periodic and pointwise e-close to I's up to a time
reparametrization with Lipschitz constant e. Up to choosing € > 0 small enough,
the corresponding closed geodesic ((t) := m o ¢(z) must intersect -y transversely.

Let K’ be the subcollection of those simple closed geodesics n € K that intersect
¢, which is non-empty since it contains . The collection G U {(} is a complete
system of closed geodesics with limit subcollection I\ K. O

4.3. Proof of Theorems A, C, D, E. We first single out a suitable family of non-
contractible waists, which is always available in every closed orientable Riemannian
surface of positive genus.

Lemma 4.5. On any closed orientable Riemannian surface (M, g) of genus G > 1,
there exist waists 71, ..., voc such that:
(i) v Nit1 @s a singleton for alli € {1,...,2G — 1},
(i) Ny =2 if li—jl =22,
(iii) M\ (71U ...Ug) is simply connected,
(iv) every ~y; is a waist.

Proof. We first consider non-contractible embedded loops (i, ..., (o C M such that
G N i1 is a singleton for all ¢ € {1,...,2G — 1}, ;N ¢; = @ if [i — j| > 2, and
M\ (¢1U...U(ag) is simply connected (Figure 9). We denote by C; C Emb(S?, M)
the connected component containing ;. Notice that the C;’s are pairwise distinct,
and the embedded loops (i, ..., (o are in minimal position, i.e.

#(niNny) > #(GNG), Vi <j, mi €Ci, nj €Cy.
By Lemma 2.1, for each i = 1, ..., 2G, there exists a waist 7; € C; such that
L) = min L(3). (4.3)
v€EC;

We recall that a geodesic bigon is a compact disk D C M whose boundary is the
union of two geodesic arcs. For each i < j, there is no geodesic bigon bounded by an
arc in o; C y; and an arc o; C ;. Indeed, if there were such a geodesic bigon with
L(c;) < L(a;), we could further shrink the simple closed geodesics ;, and obtain a
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FIGURE 9. The embedded loops (1, ..., (2G-

shorter embedded loop in the same homotopy class C;, contradicting (4.3). By the
bigon criterium [FM12, Prop. 1.7], the waists 71, ..., ¥2¢ are in minimal position.
Therefore

#(vi Nv;) = #(G N G), Vi <j.

In order to prove that B := M \ (y1 U ... U vag) is simply connected, we cut
open the surface M at the simple closed geodesics 72,74, ..., V2¢, thus obtaining
a compact surface M’ of genus zero with 2G boundary components. Each waist
Y2i, With ¢ = 1,..., G, corresponds to two boundary components ’y;i,fy;i c OM'.
Each waist 9,41, with ¢ = 1,...,G — 1, splits into two embedded arcs fy;'i_H, Vaitts
the arc 'yQii 41 Jjoins the boundary components 'yi and %ii 1o Finally, the waist v,
corresponds to an embedded arc vf joining the boundary components 7; and vy, .

We now cut open M’ along the embedded arcs vgii 41, Obtaining a compact disk
M. The interior int(M") is diffeomorphic to B. O

By means of Fried surgery, we produce a connected surface of section out of the
union of the Birkhoff annuli of the waists given by Lemma 4.5.

Lemma 4.6. Let 71, ...,v2¢ be the waists provided by Lemma 4.5, and consider the

union of the associated Birkhoff annuli
2G

T:= U (A(%:) U A=) (4.4)

i=1

For each open neighborhood V-C SM of Y, there exists a surface of section
1Y%V

with the following properties:

(i) X is a compact connected surface of genus one and 8G — 4 boundary com-

ponents.
(ii) The restriction
2G
tos : 0% = | J (% U =)
i=1

is a double cover. The preimages 11 (%;) and 1=*(—%;) are connected if
i € {1,2G}, and have two connected components each if G > 1 and 2 < i <
2G — 1.

(iii) There exist £ > 0 such that, for each z € SM sufficiently close to 0%, we
have ¢_g0y(2) NE # D and ¢, (2) N E # 2.

(iv) For each z € T we have ¢(_1,1)(2) VX # @, and for each 2’ € ¥ we have
d-1)(Z)NT # 2.
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FIGURE 11. The surface ¥ near the boundary component —%;, for 2 < ¢ <
2G — 1. Notice that there are two open annuli in int(X) having boundary on

—i-

Proof. We see T as a non-injectively immersed surface in SM with boundary and
interior

2G 2G

oY =J(u—%),  int(0) = (int(A}) Uint(4;)),

i=1 i=1
where AF := A(+%;). We set £y := max{L(y1), ..., L(72¢)}. Since v; intersects v;_1
and ;41 for all 2 <4 < 2G — 1, we have ¢z 4,49)(2) Nint(T) # @ for all z € .
Therefore, there exists an open neighborhood N C SM of 9T such that

Pligo+3)(2) Nint(Y) # 2, Vz € N. (4.5)

Let V C SM be an open neighborhood of Y. We apply Fried surgeries in an
arbitrarily small neighborhood of the self-intersection points of T, as explained in
Section 4.1, and obtain a surface of section ¢ : ¥ 9 V with the same boundary
0% = 0T and satisfying point (iv) in the statement of the lemma. This, together
with (4.5), implies point (iii) for ¢ := ¢y + 4.

We claim that the interior int(X) is path-connected. Indeed near the point in
int(A7)NOAT NOA;, Fried surgery glues together the intersecting annuli AT, A5,
and A;‘ in the same connected component of int(X), as is clear from Figures 6 and §;
analogously, near the point in int(A; )N9A3 NOA; , Fried surgery glues together the
intersecting annuli A7, A5, and AJ. Therefore, the surgery sends the four annuli
AT, A7, AS, and A5 to the same path-connected component of int(¥). Assume
by induction that Fried surgery sends the annuli Af, AT, ...,Aj,A; to the same
path-connected component W C int(X). Near the point in Af NOAf, NIA.,
Fried surgery glues together the intersecting annuli A, A7, |, and A}, |. Therefore,
the surgery sends A, ; and A, to the connected component W as well, and we
conclude that W = int(X).

Let us now determine the number of connected components of the boundary 9%,
and how they cover the closed orbits +7;. The simple closed geodesic v, intersects
72 in one point, but does not intersect any of the other simple closed geodesics
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Yi

T4

F1GUure 12. Triangulation of AZTL UA U A;;l UA .

3, ..., Y2i; therefore 47 intersects the interior of the Birkhoff annulus int(Az+ ) in
one point, but does not intersect any of the other Birkhoff annuli Al-i. Analogously,
—4, intersects int(A; ) in one point but none of the other AE. Therefore, there is
a unique connected component of 9% that covers 47, and such connected compo-
nent winds around ~; twice; analogously, there is a unique connected component
of ¥ that covers —7;, and such connected component winds around —7; twice
(Figure 10). The same conclusions hold for y3¢. For each ¢ € {2,...,2G — 1},
intersects v;—; and ;41 in one point each, but does not intersect any other -;;
therefore, 4; intersects the interiors of the Birkhoff annuli int(A4;" ;) and int(A}, )
in one point each, but does not intersect any of the other Birkhoff annuli Aji;
analogously, —7; intersects A;‘_l and A, in one point each, but does not inter-
sect any other Aji. Therefore, there are two connected components of 93 that are
mapped diffeomorphically to 5;, and two other connected components of 0% that
are mapped diffeomorphically to —4; (Figure 11). All together, 9¥ has 8G — 4
boundary components.

Since int(X) is transverse to the geodesic vector field X, ¥ is orientable. Indeed,
the Liouville contact form A of SM induces an area form dA|ins). In order to
compute the genus of ¥, we first triangulate every Birkhoff annulus Af with 6
vertices, 14 edges, and 8 faces. We choose such triangulations so that, along the
intersections A NA;, AF ﬂAi_l, and AF NAF,, the vertices and edges of AF and
Aﬁl match as in Figure 12. All together, T is triangulated with 24 G vertices, 56 G
edges, and 32 G faces (once again, we stress that T must be seen as an immersed
compact surface with boundary, and therefore distinct Birkhoff annuli do not share
vertices, edges, or faces). The same number of edges and faces can be used to
triangulate X as well; however, the triangulation of T provides one extra vertex for
each of the points x;, y;, w;, z; depicted in Figure 12, where ¢ = 1,...,2G — 1, and
therefore we need to throw away 8 G—4 vertices. All together, X is triangulated with
16 G + 4 vertices, 56 G edges, and 32 G faces, and therefore has Euler characteristic

X(2)=16G+4—-56G +32G = —8G +4.
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Since
—8G +4=x(2)=2—2genus(X) — #mp(0%X) = 2 — 2genus(X) — 8 G + 4,
we conclude that ¥ has genus one. O

In the following, we shall employ the notion of complete system of closed geodesics,
which we introduced in Definition 4.1. Theorem A is a consequence of the following
statement.

Theorem 4.7. Let (M,g) be a closed oriented Riemannian surface of positive
genus, i, ...,Vag the waists provided by Lemma 4.5, and X the surface of section
provided by Lemma 4.6. If the open disk M \ (y1 U ... U7ag) does not contain any
simple closed geodesic without conjugate points, then X is a Birkhoff section.

Proof. With the terminology of Example 3.2, the open disk B := M\ (y1U...U2¢)
is a convex geodesic polygon, and in particular satisfies Assumption 3.1. Since B
does not contain any simple closed geodesic without conjugate points, Theorem 3.4
implies that we have empty trapped sets trap  (SB) = trap_(SB) = &. Therefore,
the collection of waists {71, ...,72¢} is a complete system of closed geodesics with
empty limit subcollection. Let T be the union of the Birkhoff annuli of the waists
Y1y ey Y2, 88 in (4.4). By Lemma 4.2, there exists £ > 0 such that, for each z € SM,
the orbit segment ¢(o ¢ (2) intersects Y. This, together with Lemma 4.6(iv), implies
that for each z € SM the orbit segment ¢ ¢4 2)(2) intersects X. Therefore, ¥ is a
Birkhoff section. O

The proof of Theorem C is analogous. We rewrite the statement for the reader’s
convenience.

Theorem C. Let (S?,g) be a Riemannian 2-sphere, and v a simple closed geo-
desic with conjugate points whose complement S\~ does not contain simple closed
geodesics without conjugate points. Then both Birkhoff annuli A(%) and A(—7) are
Birkhoff sections.

Proof. Both connected components By and Bs of the complement S? \ v satisfy
the convexity Assumption 3.1. Since B; and By do not contain any simple closed
geodesic without conjugate points, Theorem 3.4 implies that we have empty trapped
sets trap, (S(B1UB3)) = &. Therefore, {7} is a complete system of closed geodesics
with empty limit subcollection. By Lemma 4.2, there exists ¢ > 0 such that any
geodesic segment of length ¢ intersects . This implies that both Birkhoff annuli
A(¥) and A(—%) are Birkhofl sections. O

We recall that a consequence of Lusternik-Schnirelmann theorem is that every
Riemannian 2-sphere admits a simple closed geodesic with conjugate points (see
Remark 1.1).

Lemma 4.8. Let (M,g) be a closed connected oriented Riemannian surface all
of whose contractible simple closed geodesics without conjugate points are mnon-
degenerate. If M # S?, we consider the collection of waists G' = {v1,...,72¢}
given by Lemma 4.5; if instead M = S?, we set G' = {v}, where ~ is any simple
closed geodesic with conjugate points. There exists a possibly empty finite collection
G" of contractible simple closed geodesics that are pairwise disjoint and disjoint
from all the closed geodesics in G', such that G := G' UG" is a complete system of
closed geodesics whose limit subcollection K is given by the waists in G".
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Proof. Assume first that M has genus G > 1, so that G’ = {v1,...,72¢}. The
complement B\ (11 U...U~s¢) satisfies the convexity Assumption 3.1. Since every
closed geodesic v € G’ intersects some other closed geodesic in G’, if we fix £ > L(7),
for every z € SM sufficiently close to 4 U —7, the orbit segment ¢ ¢(2) is not
contained in SB. If B does not contain simple closed geodesics, Theorem 3.4
implies trap (SB) = @, and therefore G’ is a complete system of closed geodesics
with empty limit subcollection L = @. Assume now that B contains at least a
closed geodesic. By Theorem 3.5, B contains a finite collection of pairwise disjoint
simple closed geodesics G” such that:

e No complete geodesic is entirely contained in

U=2B\J ¢

ceg”

e If we denote by K the subcollection of the waists in G”, and we set

K:=J@Eu-9),

yeK

the trapped sets of SU are given by
trap, (SU) = W*(K) \ K, trap_(SU) = W*(K) \ K.

Since every v € G”\ K has conjugate points, Corollary 2.10 implies that there exists
£ > 0 such that, for every z € SM sufficiently close to ¥ U —%, the orbit segment
}(0,¢1(2) is not contained in SU. This proves that the union G := G'UG" is a
complete system of closed geodesics with limit subcollection K.

Assume now that M = S2 so that the collection G’ consists in just one simple
closed geodesic v with conjugate points. Let By and By be the connected com-
ponents of the complement S2 \ 7. Since v has conjugate points, each B; satisfies
the convexity Assumption 3.1. Corollary 2.10 implies that there exists £ > 0 such
that, for every z € SM sufficiently close to 4 U —¥, the orbit segment ¢ ¢(2) is
not contained in S(B; U Bs). If S?\ v does not contain any simple closed geodesic,
Theorem 3.4 implies trap, (SB;)Utrap, (SBz2) = @, and therefore G’ is a complete
system of closed geodesics with empty limit subcollection K = @. If S?\ v contains
closed geodesics, we argue as in the previous paragraph in both By and B, and
find another collection G” of pairwise disjoint simple closed geodesics in By U By
that, together with G’, form a complete system of closed geodesics G := G’ U G”
whose limit subcollection K is given by the waists in G”. O

We now have all the ingredients to prove Theorem D, which we restate for the
reader’s convenience.

Theorem D. Let (M, g) be a closed connected orientable Riemannian surface sat-
isfying the following two conditions:
(i) All contractible simple closed geodesics without conjugate points are non-
degenerate.
(ii) Any pair of not necessarily distinct contractible waists vy1,v2 (if it exists)
satisfies the transversality condition W*(%1) b W#(52).

Then the geodesic vector field of (M, g) admits a Birkhoff section.

Proof. Lemma 4.8 provides a complete system of closed geodesics. If its limit sub-
collection is non-empty, by applying Lemma 4.4 a finite number of times, we end up
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with another complete system of closed geodesics G with empty limit subcollection.
We denote by T the union of the Birkhoff annuli of the closed geodesics in G, i.e.

T = J (A@) VA=),
YEG
By Lemma 4.2, there exists £ > 0 such that, for each z € SM, the orbit segment
b(0,¢(2) intersects Y. We apply Fried surgery to resolve the self-intersection of T
(if there is any), and end up with a surface of section ¥ ¢ SM such that, for each
z € T, the orbit segment ¢(_; 1)(2) intersects ¥. Therefore, for each z € SM,
the orbit segment ¢ ¢42)(2) intersects X, and we conclude that X is a Birkhoff
section. g

Finally, Theorem E is a consequence of the following statement.

Theorem 4.9. Let (M, g) be a closed connected orientable surface. If M has genus
G > 1, we consider the collection of waists G' = {y1,...,y2¢} given by Lemma 4.5,
and the surface of section X' & SM provided by Lemma 4.6, which has genus one
and 8G — 4 boundary components, all covering the closed geodesics in G'; if instead
M = S%, we set G' = {vo}, where 7o is any simple closed geodesic with conjugate
points, and set X' := A(Y9) U A(—%0). Assume that the complement

B:=M\ U vy
veg’

contains at least a closed geodesic and no degenerate simple closed geodesics without
conjugate points. Then, there exists a finite collection G of simple closed geodesics
that are pairwise disjoint and disjoint from the closed geodesics in G' with the fol-
lowing properties.

(i) Ewvery orbit of the geodesic flow intersects X' U X", where
5= (AU A(—9) c SM\ Y.
,yeg//
(ii) We denote by K the subcollection of waists in G', and
K:=J (u—9).
yeK
The trapped sets of SM \ (X' UX") are given by
trap, (SM \ (X' UX")) = W*(K) \ K,
trap_(SM \ (X' U¥")) = W*K)\ K.
(iii) There exists £ > 0 such that, for each z € SM sufficiently close to the
boundary components 0¥ U 9% \ K, we have ¢ q(z) N (X' UY") # 2.

Proof. Lemma 4.8 provides a (possibly empty) finite collection G of contractible
simple closed geodesics that are pairwise disjoint and disjoint from all the closed
geodesics in G’ such that G := G’ U G” is a complete system of closed geodesics
whose limit subcollection K is given by the waists in G”. We set

Y= (A UuA(-9), Y= J (AH) UvA-).

vyeg’ yegG”
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If M = S?, we have set ¥/ := Y'. If instead M # S?, we require the surface of sec-
tion ¥’ provided by Lemma 4.5 to be contained in a sufficiently small neighborhood
of T/ so that ¥’ NY” = &, and by Lemma 4.6(iv) we have

dc1y(z)NE #£ @, Vze T, Pc1y(Z)NY # @, V' eX
We set

K=JOhu-%), R:= ) @GuU-49)=03U00s"\K.
veK ~YEG'UG\K

By properties (ii) in Definition 4.1, every complete orbit ¢(_. ~)(2) intersects
YUY, and we have

trap, (SM \ (' UY")) = trap, (SM \ (Y UX")) = W*(K) \ K,
trap_(SM \ (2 UY")) = trap_(SM \ (Y UY")) = W*(K) \ K.

Moreover, by properties (iii) in Definition 4.1, there exist £ > 0 and an open neigh-
borhood N C SM of R such that

(b(o’g](z) N (T/ U ZH) #+ g, Vz € N.
If we take a sufficiently small open neighborhood N’ € N of R, we also have
P(o,e+11(2) N (B UE") # @, Vze N'. O
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