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Exercise 1. First computations of homology groups.
Compute the homology groups of the following complexes:

1. --%z%z25%... %72
2. ...%z8z2%z728 72
3. -0 > 0 — Z “¥ Z, where n is an integer.

4. 0zt & Z, where g is an integer and f is the map n € Z — (2n,...,2n) € Z9.
Exercise 2. Some applications of Hurewicz’s theorem.

Compute the first homology group of the following spaces:

1. The sphere S™ where n > 1 is an integer.

2. The Mobius strip.

3. The Klein bottle K which is the quotient space of [0, 1]? under the relations (0,y) ~ (1,1 — %) and
(2,0) ~ (1—=x,1) if 2,y € [0,1]. You can use the fact that the fundamental group of K is isomorphic
to (a,b)/aba=1b.

4. The torus ¥, with g holes. You can use the fact that the fundamental group of ¥4 is isomorphic to

(a1,b1,...,a4,b,)/arbiay o7t - - agbgay bt

Exercise 3. Examples of chain complexes
1. Let (M,)n>0 be a sequence of abelian groups.

(a) Construct a chain complex C such that for all n > 0, we have H,(C) = M,.
(b) Same question but the C; have to be free abelian groups if ¢ > 0.

2. Give a complex C of abelian groups such that the C; are not all of finite type but for all n, the
abelian group H,(C) is of finite type.
Exercise 4. Abelianization

If G is a group, we denote G its abelianization.

1. Show that if ¢: H — G is a group homomorphism and G is abelian, there is a unique group
homomorphism ¢ : H* — G such that the diagram

H L G
| A
Hab
comimutes.

2. If : H — G is a group homomorphism, deduce that there is a unique group homomorphism
¢ . H*® — G such that the diagram

HLG

L]

ab
Hab ¢ Gab
commutes.
3. If f: X — Y is a continuous map of topological spaces, describe the morphism

(f )% Hi(X) — H (Y).



Exercise 5. Suspensions and cones of chain complexes

1. Let (C,0) be a chain complex. We let (C[1]), = Cp—1 and (9[1])p, = —0p—1 if n > 1 and we let
(C[1))o = 0. Show that (C[1],9[1]) is a chain complex. We call it the suspension of C.

2. Let f:C — D be a chain complex morphism. We let
Oo(f) = Dy and Cz(f) =C;®D;_,ifi > 1.

Moreover, if (z,y) € C; ® D;t1, we let 6(z,y) = (—0x,0y + f(x)) € C;—1 & D; for i > 1 and if
i =0, we let 0(z,y) = Oy + f(x) € Dy.

Show that (C(f),d) is a chain complex. We call it the cone of f.

3. Show that we have a short exact sequence of complexes:

0—-D—=C(f)y—=C[l]—>0

4. Using the snake lemma, show that we have a long exact sequence:
.. = Hy(D) — Hy(C(f)) = Hi(C[l]) = Hi—1(D) — -

ans that the map u is H;_1(f).

Exercise 6. A simple Van Kampen’s theorem in homology.

Recall Van Kampen’s theorem: Let X be a path connected topological space. Let Uy and Us be path
connected open subsets of X such that Uy NUs is simply connected. Let x € Uy NUs. Then, m (X, x) is
isomorphic to the free product

m1(Uy, x) * 71 (Us, ).

1. Let G and H be groups. Show that the abelianization of G * H is isomorphic to the product of the
abelianizations of G and H.

2. Let X be a path connected topological space. Let U; and U; be path connected open subsets of
X such that U; N Us is simply connected. Let € Uy N Us. Show that H;(X) is isomorphic to
Hy,(Uy) ® Hy(Us).

3. Compute the first homology group of a wedge sum of circles.



