ENS de Lyon — Math Department Master 1 — Spring 2019
Brownian Motion and Stochastic Processes E. Jacob & M. Maazoun

Solutions for Exercise sheet 6: Harmonic functions and
Brownian motion

Solution 1 — Recurrence and transience.
Let us denote T;. = Thp(o,-). We will use the fact that for 0 <r <z < R,

il if d=1
log R—log |x| .
]P)x{Tr<TR}: lngﬁ ifd=2

Rl ifd>3
(1) When d = 2. Assume z # 0. By continuity of Brownian trajectories and dominated
convergence,
]P)x(TQ < TR) = hl’I(l)Px(Tr < TR> =0
r—
We have that if Ty < oo, then T > Tj for large enough R by continuity of

trajectories and the fact that Brownian motion is unbounded. So by dominated
convergence,

On the other hand, for every x > 0, > 0, we have

log R—log |z|

Px(Te < TR) — log R—logr
1 otherwise, obviously

if £ < x by formula above

so that
P.(T: < 00) = lim P,(T. < Tg) = 1.
R—o0

We finally prove that Brownian motion is recurrent, that is that it visits every
open set at arbitratily large times almost surely. If we show this property for every
fixed small closed ball, then it will be enough by countable union. By translation
invariance we can assume the small ball is centered at 0. Let ¢ > 0. We define the
sequence of stopping times Ty = 0, and

Tk+1 = ll'lf{t > ’VTk—‘ + 1, Bt S (9B(O, 6)}

Let us show that P, (T < oo) = 1 for every k. As Ty +1—T} > 1 almost surely, this

will be enough to provide an unbounded sequence of times ¢ where B; € B(0,¢).
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Let us work by induction. Of cours P(Ty < oo) = 0. Now assume P(7}) = 1.
Then

PI(Tk+1 < OO) > E, ]lTk<OO ]lTk+1<OO}

x ]lTk<oo ]lT1<oo Q(Tk'\—l—l]

T ]lTk<<>o EB(TM-H []1T1<00]]

E.|
E,|
EI[ﬂTk<w [1T1<OO 09|—Tk]+1 ‘ ‘F(Tk1+1]]
E,|
Ez[]lTk<oo ]
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Here we have used the strong Markov property written in a similar form as the one
you are used to from last semester in the discrete setting. Let us state it:

Theorem : Let T be a stopping time, and 67 be map 2 — €2 that shifts of the
Brownian trajectory by time 7. Then for every random variable F' : {0 — R such
that F o0 € L,

E,[F o0r | Fr] =Ep,[F] as.

If you don’t like the f7 notation, you can also use
Theorem : Let T be a stopping time, and F : C(R,,R?) — R measurable such
that F((BT+S)320> € Ll. Then

Eo[F((Bris)szo) | Frl = Ep,[F((Bs)sxo)] ass.

You can admit each of these theorems and use them whenever needed. To prove
that it is equivalent to the version of strong Markov given in class, one can use
exercise b, TD 1.

(2) When d > 3, we similarly get P,(Tp.) < 00) = (¢/]z])4? for every z : |z] > .
We deduce

P,(T,, 0 O7,, < o0) = (n/2n)?? — 0 exponentially fast

By Borel-Cantelli, there exists almost surely ng such that for n > ng, the Brownian
motion does not return to distance n after To». This implies that B, — oo.

Solution 2 — Singularity remouval. N
Assume without loss of generality that U is a ball centered at z. Let h(y) = E,[h(Br)],
where 7' = T};c. This is well defined because almost surely By € 90U, and of course h is

harmonic on the whole of U. To show that h(y) = h(y) forall y # z, proceed as follows.
Define T, = Tye,p(,)- Then by harmonicity of h, h(y) = E,[h(Br,)]. Furthermore, since
almost surely z is not hit by B, we have By, — Br as ¢ — 0. Applying the dominated
convergence theorem yields h(y) = E,[h(Br,)] ei—0> E,[h(Br)] = h(y) and we are done.
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Whith the relaxed condition that u(x +¢€) = o(f(€)) where f is a fundamental solution, we
define the same T, h, T,. Now

h(y) = Ey[h(Bre)] = Ey[lz, <7 h(Br,)] + E[lz,—r h(Br)]
The first term is bounded by %o(f(e)) — 0 and the second term goes to E,[h(Br)] = h(y).
Hence we still have h(y) = h(y).

Solution 3 — Liouwville’s theorem.

Solution 4 — Harmonic functions and martingales. (1) Let us show that for every =z,
under P, t — h(B;,r) is a martingale that is closed by h(B7). Thus we shall show
that for every x, E,[h(Br) | Fi] = h(Biar). Indeed we can compute

E.[0(Br) | Fi] = Ey[h(Biar) 1oy +h(Br) Li<r | Fi
= h(Biar) Lot + EL[0(Br) Li<r | Fi
= W(Bint) Lr<t + Ey[0(Bi) Li<r | Fi
= h(Biar) Ir< + Eg[h(Bfe) Li<r | Fi]
= W(Bipr) Lr<i + Ep, [h(Br)] Li<r
= h(Brat) Lyt +h(By) 1rs: = h(Biar)
Where B! denoted the Brownian motion restricted from time ¢ onward, and 7% the
hitting time of 0D for this process.
(2) Consider D, = B(0,e) N {x,d(x, D) > £}, which is open and bounded. Then
Dt = B(0,e 1)U U,epe B(0,2). We can show that D, verifies the Poincaré cone

condition.
Let T be the hitting time of Dt. We can now apply question 1 and get that

E[h(Binr.) | Fs] = M(Bsnr.)

We can now use continuity of paths, continuity of h, and the (conditional) domi-
nated convergence theorem to conclude.

Solution 5 — Counterexample.

Set T = Typ and h(z) = E,[u(Br)]. This does not define a solution to the Laplace
equation, because since the Brownian motion started outside of 0 almost surely does not
hit 0, we have h(0) = 0 and h(x) =1 for all z € D\ {0}. Hence h is not continuous.
Suppose a solution h exists. Then a rotation of h is still a solution, and hence equals
h thanks to the maximum principle. Thus A is rotation invariant hence radial (h(z) =
g(|z)),z € D, for some g : Ry — R that must be twice differentiable.) We deduce
that 0 = ¢"(z) + 1¢/(z) for all 0 < = < 1, an ODE whose solutions are of the form
x +— A+ Blog(x), none of which fits our purpose. Hence a solution cannot exist.



