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Self-testing

Let G be a non-local game with input spaces X, Y and ouput spaces A, B.

Consider a quantum (tensor product) strategy p given by a unit vector ¢ € 73 ® 3,
where J#; and g are Hermitian spaces (i.e. finite-dimensional complex Hilbert
spaces), and by families of PVMs (ﬂ;,a)aeA on J#, for x € X, and (né’b)beg on g,
for y € Y. If the players (Alice and Bob) receive the inputs x and y, the probability that
they will answer a and b is

P(a,b | x,y) = (M5 5 ® MG )0, ¥).
We will only consider strategies of that form.

Definition (See Section 3.1 of [Col20].)
We say that the correlation P(a, b | x, y) self-tests the strategy
= (M Qaca)xex (Mg, b)beB) ev, ) if, for any strategy
p = (((nl a)aeA)xeX’ ((ﬂ B, b)beB)ye y,¥") such that
P(a,b | x,y) = {((N Aya®ﬂ’y7 ), ¢'), there exists isometries Vj : 7, — 7, ® ),
Vg : #3 — B ® 5 and a unitary vector ¢ € £, ® ;' such that:
o (Vae V)Y =4 @9,
o (Va® Va) (MA@ Mg, ) (%) = (M, ®M5,) (%) ®4".
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Robust self-testing

Definition (See Section 3.1 of [Col20].)

Let G be a non-local game, and let § : [0, 1] — R~ be a function such that

|im5*>0 5(6) = 0 -

We say that the correlation P(a, b | x, y) self-tests the strategy

p= (((I'Iia)aeA)Xex, ((n}é,b)beg)yey, 1) with robustness ¢ if, for every e > 0, for any

strategy p' = (((M"4,2)acA)xex: ((M'G ,)beB)yey, ¥') inducing a correlation
P'(a,b | x,y) such that [P’(a,b | x,y) —P(a,b| x,y)| < e for all x, y, a, b, there exists
isometries V : 4 — Jp @ ', Vp : S5 — Hp ® 5 and a unitary vector
W' e Ay ® Ay such that:
o [[(Va® VB)(¥') — v ®¢"| < d(e);
o [|(Va® Va) (W5, ® M5 ,)(w') — (M, ® % ) (%) ® ¢"|| < 6(e).

Here, we will only be interested in robustly testing perfect strategies, so we always use
the correlation corresponding to such a strategy.
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The Weyl-Heisenberg group

The n-qubit Weyl-Heisenberg group (or n-qubit Pauli group modulo complex
conjugation) is the group

1 % *
H — 10 | €GLua(F)
1 *
0 1
It has 2271 elements. If a = (ay, ..., an) € FJ, we write gx(a) for the element of H(")
that has first row equal to (1, ay, . . ., an, 0) and last column equal to (0, ...,0,1), and

gz(a) for the symmetric of gx(a) with respect to the antidiagonal. We also write J for
the element of H(" that has (1, n + 2) entry equal to 1 and all its other non-diagonal
entries equal to 0. Then J is in the center of H("), and we have

gx(a)gx(b) = gx(a+b), gz(a)gz(b) = gz(a+b), gx(a)gz(b) = J*Pgz(b)gx(a).
If n =1, we just write gx = gx(1), 9z = gz(1).

Letoy = (? é) , oz = (8 B1> € GLx(C). Ifa=(a,...,an) € F], we write
ox(a),oz(a) € End((C2)®") for the tensor product 0§y ®...® oy and o3 ®@...@ 0.

Then the assignment J°gx(a)gz(b) — (—1)%ax(a)az(b) is the unique irreducible
2n-dimensional representation of the group H(", and it is faithful (so we can identify
H(") with its image in U((C?2)®")).

All the other irreducible representations of this group have dimension 1 and send Jto 1.
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Schmidt decomposition

Let 77, and J#g be Hermitian spaces, and let ¢ € 7, ® 5.

Lemma

There exist orthonormal bases (uy, . .., un) and (v, ..., Vm) of # and g, and
nonincreasing nonnegative real numbers A1, ..., \r, with r = min(n, m), such that

r
P = Z \/)T,‘U,' R V.
i=1

Moreover, the numbers X1, . .., \r are uniquely determined by .

This is called the Schmidt decomposition of 1, the u; and v; are called the Schmidt
vectors, the \/)\; are called the Schmidt coefficients, and the number of nonzero
Schmidt coefficients is called the Schmidlt rank (it is a measure of entanglement).

We have ||[¢]|2 = A1 + ... + Ar, s0, if ¢ is a unit vector (a “state”), then
M+ .o+ A =1

Write ¢ = Y7, 21";1 bie; ® f;, where (e;) and (f;) are orthonormal bases of 7%, and
3B, let K = (1;;), take the singular value decomposition of K.

O
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Reduced density

Definition

The reduced density (on the first system) of v is

oy = KK*.

Remark

We can see ¢ € J# ® Hp as the linear map Ky, : Hg — Hp, W — (b, W) s,. Then
K Hn — Hg is the map v — (1, V) »,, and

r
Oy = Kﬂ’ oK} = Z)\,‘U,’U;k,
i=1

where (uj, ..., uy) is the dual basis.
Also, if A € End(#3) and B € End(.3), then

Kagsyy = Ao Ky o B*.

In the bases (e;) and (f;), the matrix of K, is K and the matrix of K4z g),, is AK'B.
In particular, we have

(A® id%s)wH2 = Tr(A*AKy, K};).
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Maximally entangled state

Let ¢ € 5, ® 3 be a unit vector. Let v = 3~7_; v/Aju; ® v; be its Schmidt
decomposition. We say that ¢ is maximally entangled if the entropy of (A1,...,Ar) is
maximal,i.e. if A\ = ... = Ar.

So, up to isometry, the unique maximal entangled state is

min(n,m)

- @ .
w\/ﬁ;e@)
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Find a non-local game that robustly tests the (perfect) strategy where the first player’'s
strategy is given by the observables ox(a) and oz(a), the second player’s strategy is
given by the same observables, and the vector on which we apply them is a maximally
entangled state of (C2)®" @ (C2)®",

Also, the robustness bound should not depend on n, and we also want a robust bound
on the Schmidt rank of the state used by the strategy.

We will present a game due to Natarajan and Vidick (see [NV16] and [Vid17]), but
there are other games that work, see for example [CS19].
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Binear linear system (BLS) games

We consider a linear system Mv = p over F» with p equations in n variables, so
M € Mpn(F2) and p € F. (Where Fp = 7Z,/27.)

Definition (Associated BLS game)

Alice receives as input x € {1,...,p}, Bob receives as input y € {1, ..., n} such that
My, = 1 (i.e. the variable v, appears in equation x).

Alice has to output an assignment to the variables v, appearing in equation x (i.e. such
that My; = 1), Bob has to output an assignment to the variable vj .

They win if Alice’s assignments satisfies equation x and if their assignments for v,
coincide.

Definition (Solution group of a BLS)

This is the group I generated by gy, . .., gn and f, satisfying the following relations:
) g,.2 = e for every i and f2 = e (where e is the unit);
@ g;f = fg; for every i;
o if there exists k € {1,..., p} such that M ; = M ;, then g;g; = g;g; (local
compatibility);
o forevery k € {1,...,p}, we have

M 1 Mg n
94 --On = fik

(constraint satisfaction).

v
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Example (Magic square game)

The magic square game corresponds to

and =

[oNe e No gt
OO 200 =
i =l =N e Ne R
[eNeNe o Ne)
oo+ —=-0O0
- o0 —+0O0
o —-00—=0
o=+ 2000
- 2000 Oo
OO 2000

The solution group is H®), with gx(1,0) = g7, gx(0,1) = ge, gz(1,0) = gs,
9z(0,1) =g4,and J = f.
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Perfect strategies and representations

We saw last time that perfect strategies in a BLS game correspond to representations
p: T — Uy(C) such that p(f) = —Iy. Let’s review the construction. (Cf. Theorem 1 in
[CM13], Theorem 5 in [CLS16].)

A strategy is given by a unit vector ¢ € 53 ® 5 (where 5%, and .#p are Hermitian

and (I‘I}E’; b)beF, On 3, for 1 < y < n, such that, if Alice and Bob receive the inputs x
and y, the probability that they will answer a and b is

P(a,b| x,y) = <(n£,a ® ”{a,b)%w-

Remember that an observable is a hermitian matrix whose square is the identity
(equivalently, a hermitian and unitary matrix). Define observables by

A= Z (_1)ayn£,a

ackfze {1} M =1}

for 1 < x < pand y such that My, = 1, and
By = Z(_1)bn}é7b7
beF,

for 1 < y < n. These uniquely determine the PVMs. Also, it is easy to check that A%
and AZ commute. We have

(A ® By)y,v) = > Do (=N PP(a b x, y).

aer{ze{L...,n}\sz:ﬂ beF,
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Perfect strategies and representations 2

Let = Y _; v/AjU; ® v; be a Schmidt decomposition. We may assume that
Hp = Span(uy,...,ur) and #g = Span(vy,..., V).

Since the strategy is perfect, we have, for x,x’ € {1,...,p}and y € {1,...,n} such
that Myy = My, = 1:

(AL ® By)ip, v) = (AL, @ By)ip, ) = 1.

This implies that (A} ® id )¢ = (idse, ® By ') (1) = (A, ® id s, )1), then that
A; = A, (“Alice’s observables are non-contextual”).

We define p : T — U() by p(gy) = A for any x such that My, = 1, and by

p(f) = —id .
We need to check the constraints, i.e. that, for every x,
[I A= (1)=id, )
z St Myz=1
As
H AZ = Z (—1)232”2,3
z St Myz=1 aE]FZ{zeﬂ ,,,,, n}|Myxz=1}

by definition of the AZ, we get
( TI A oidwg)p.¢) = (-1~
z St Myz=1
(the last equality uses the fact that the strategy is perfect), which implies (*).
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Approximate representations

Definition

Let I' be a finite group, % be a Hermitian space and p : I — U(.¢) be a function. If
o € End(.¢) is semi-definite positive and £ > 0, we say that p is an
(g, o)-representation if

Exyer Re(p(x)*p(y), p(x~'¥))e 21 —¢,

where we use the uniform measure on I and where, if T, T’ € End(5¢), then
(T, T =Te(TT o).

Note that this is also equivalent to
Ex yerllo(x)*p(y) — p(x y)II5 < 22,

where ||T||2 = (T, T),.
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Robust self-testing via approximate representations

A plan:

@ Find a game whose e-close to perfect strategies correspond to
(O(e), o )-representations of H(", where ¢ is the state used by the strategy.

@ Show that approximate representations are close to representations.

We will explain step 2 in the next slides.

Step 1 is not totally straightfoward: It is true that approximate representations of the
solution group give close-to-perfect strategies (Slofstra uses this in [Slo19], with a
weaker definition of “approximate representation” that works for infinite solution groups,
to construct a BLS game G such that G has finite-dimensional strategy that succeed
with probability 1 —  for every £ > 0, but no perfect finite-dimensional strategy).
However, the converse does not seem to be so easy. It was proved under some
conditions on I in [CS19], but the proof looks complicated.

Instead, we will construct by hand, using the magic square game as a building block, a
game whose close-to-perfect strategies produce approximate representations of H(".
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Approximate representations are close to true representations
Theorem (Gowers-Hatami, [GH16])

LetT be a finite group, 7 be a Hermitian space, o € End(.%¢’) be semi-definite positive
ande > 0.

Ifp: T — U(S) is a (e, o)-representation, then there exist an isometry V : # — 7'
and a representation p' : T — U(s¢") such that

Exerllo(x) = V' () VI3 < 2e.

Proof.

Let ' = L(T, 5#) be the space of functions f : T — 2, with the Hermitian inner form
(1, f2) = Exer(fi(X), 22(X)) 2 -

Consider the map V : 57 — L(I', #) sending u € ¢ to the function

V(u) : x — p(x)(u). Then V* : (T, #) — s# sends f : T — ¢ to

Exer (p(x)*(f(x))), so, for every u € 7, V*V(u) = Excr (p(x)"(p(x)(1))) = u.

Let p’ be the right regular representation of I on L(I', 5#): if x € T and f € L(T, ¢),
then (o' (X)f)(y) = F(yx).

Then, for x € I and u € 7,

(Vo' ) V)(u) = Eyer(p(y)" (o' () (p(1))(1))) = Eyer (p(y)" (p(yx) (1)),

Exer Re(p(x), V*p'(x)V)o = Ex,yer Re(p(X), p(y)"p(yx))o > 1 —&.

O

Robust self-testing via approximate representations




Constructing approximate representations of H”
Proposition (Vidick, [Vid17])

Letn > 1, % be a Hermitian space, 1y € 7 ® ¢ be a unit vector, e > 0. Consider a
map f: {X,Z} x F] — U(), write X(a) = f(X, a) and Z(b) = f(Z, b), and assume
that:

Q@ X(a), Z(b) are observables for all a, b € F};
Q Ea((X(a) @ X(2)(¥), ¥) > 1 —¢, Ep((Z(b) ® Z(b))(¥), ¥) > 1 —¢ (consistency);
Q E.-X(@X(&) - X(a+ a5, <e EppllZ(b)Z(') = Z(b+ )5, <e
(linearity);
Q E.p|X(a)Z(b) — (71)a'bZ(b)X(a)H§w < e (anticommutation).
Then the assignment gx(a) — X(a), gz(b) — Z(b) extends to a
(O(¢), o)-representation p of T sending J°gx(a)gz(b) to (—1)°X(a)Z(b) (for
a,b € F] and ¢ € ), where the implicit constant does not depend on n or
dim 7.

Corollary

Under the assumptions of the proposition, there exist an isometry V : 5 — ' and a
representation p’ : T — U(2¢") such that:

Q E.pl|X(2)Z(b) — V*p'(gx(a)gz(b)) VIl = O(e);

Q Ifwe write #' = ] &+ H#', where H#/ is the subrepresentation of 7' on
which J acts by +id, and if we decompose (V ® V)y as !, + ', then

/112 = O(e).




Proof of the corollary.

By the proposition and the Gowers-Hatami theorem, we get an isometry V : # — 5#’
and a representation p’ : ' — U(.##”) such that

Eqbll(—1)°X(a)Z(b) — V*p'(S°gx(a)gz(b)) V|15 = Ofe).

In particular, taking a= b =0and ¢ = 1, we get (*) |[lidy + V*p'(J) V|2 = O(e).
As p'(J) is an observable, we have an orthogonal decomposition ¢/ = ) @ ',
where p’(J) acts by +id on 7. If we write (V ® V)¢ = ¢/, + 4" with ¢/, € #4,
then (*) becomes ||, ||2 = O(e).
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Proofs (continued)

Proof of the proposition.

We must prove that the formula for p does define a (O(e), o )-representation. Let
a,a’,b,b’ € Fj. We are trying to bound

I1X(a)Z(b)X(a)Z(b') — (—1)%bX(a+ &)Z(b+ b’)||(2,w .We would like to use the fact
that
X(a)Z(b)X(a)Z(b') — (—1)¥ PX(a+ d)Z(b+ b) =

X(a)(Z(b)X(d) — (—1)7 P X(a)Z(b))Z(b')

+ (=17 X(a)X(&)(Z(b)Z(b)) - Z(b + b))

+ (=D (X(@)X(@) - X(a+d))Z(b+b)
because we know that the expressions in red have small ||. ||, -norm. Unfortunately,
this does not work, because ||.||»,, is invariant by right multiplication by unitary
matrices, but not by left multiplication. (Remember that (A, B)Uw = Tr(AB*oy).) On

the other hand, using the definition of o, we see that, if A € End() is Hermitian,
then [|(A ® id ¢ )¥||? = HAH , hence, if Ais Hermitian and U, V € U(s¢), then

I(UA® V)Y|? = ||AlZ, -

Also, if Ais an observable and ((A® A)Y, ) > 1 — ¢, then
(AQidoe ), (idop ® AY)) > 1 — €, 50 |(A® id e b — (id e ® A)|? < 2e.

O
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Proofs (continued)

Now note that

(X(@)Z(b)X(d)Z(b') — (—1)¥ PX(a+ a)Z(b+ b)) ®idy =
(X(a)Z(b)X(&') @ idw )(Z(b') @ id s — ide @ Z(D'))
+X(@)(Z(b)X(a) — (—1)7PX(a)Z(b)) ® Z(b)

+ (=T P(X(@)X(d) ® Z(b'))(Z(b) ® ide — idse ® Z(D))

+ (=) tX(a)X(d) ® (Z(b')Z(b) — Z(b+ b))
+(-D)TP(X(@)X(@) - X(a+ ) ® Z(b+b')

+(—1)¥P(X(a+ d) ®idye)(idyy @ Z(b+b) — Z(b+b') ®ide)

Applying this operator to 1) and using the calculations of the previous slide and the
assumptions, we get that

EablX(@X(a)Z(b)Z(b) — (~1)7 *X(a+ &) Z(b+ b, < %.

Now we need to find games that test the hypotheses of the proposition.
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Testing linearity and consistency

Consider the following game Gg;, based on the Blum-Luby-Rubinfeld linearity test:

(a) The referee selects W € {X, Z} and a, & € F] uniformly at random. He sends
(W, a,a) to Alice and (W, a), (W, &) or (W,a+ &) to Bob.

(b) Alice answers with two bits and Bob with one bit. The referee accepts if and only if
the players’ answers are consistent (that is, if Bob got (W, a) resp. (W, &), his bit
must equal the first resp. second bit of Alice, and if Bob got (W, a+ &), his bit
must equal the sum of Alice’s two bits).

Lemma

Suppose that we have a strategy that wins Gg; with probability 1 — e, that the state
used in that strategy is i € 3 ® g, and that Bob's strategy is described by
observables X(a) and Z(a), for a € FF}.

Then these observables satisfy linearity, with a bound O(e). (Where the implicit
constant does not depend on n.)

Suppose that that Bob’s strategy is defined by a family of PVMs (Mg |,/ Juer,, for
W e {X,Z} and a € F;. Then the observables X(a) and Z(a) are given by:

X@) = (-1)"Nfx, and Z(a)= > (-1)'NGz,.

UEF, UEF,
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Proof.

/

Suppose that Alice’s strategy is defined by a family of PVMs (M35, o, ot €E5» TOT

We {X,Z}and a,a € FJ. 7
Define observables for Alice by

Wia, @)= > (D)"N3% 0.0
Ug,uq €Fp
for W e {X,Z},ie{0,1} and a,a" € FJ. Then we have
E, 2 {(Xo(a, @) @ X(a)y, ) >1—2¢, Eya((Xi(aa)®X(@))p,¥) >1—2¢,

Eaa (Xo(a d)Xi(a, @)@ X(a+d )y, v) 21— 2¢
(and similarly for Z). For example, to prove the third statement, note that
((Xo(a, @) X1(a, @) ® X(a+ a))y,v) is equal to

Z (_1)UO+U1+VP(U07 u v | X7 a, al; a-+ a,)'

Ug,uq,vEFs

As the strategy wins with probability 1 — ¢, the expectation of this is bounded below by
(1—¢)—e=2e.

O
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So we get:
Eaall(Xo(a, @) ® X(a)) — v||? < 4e,

hence E,  [|(Xo(a, &)Xi(a, @) ® X(2)X(2)¥ — (Xi(a, &) ® X(@)¢|? < 4e;
Eaall(Xi(a,d) ® X&)y — ¢ < 4e;
Eax[(Xo(a @)Xi(a,d) @ X(a+a))p — ¢|? < 4e.
This shows that
Eaa l|(idse, © X(2)X(&))9 — (Xo(a, &) Xi(a, &) ® ideg)o||? < 8¢
Eaz|(ide, © X(a+ &)y — (Xo(a, &) X1(a, &) @ id ey )% < 4e,
and finally that

Eaa ll(idse, ® X(2)X(&))d — (i, ® X(a+ &)y < 12e.
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What about consistency ?

The consistency condition is only testable if the players apply the same strategy, but
the game G, ¢ is not symmetric. Two possible fixes:

@ In the proposition building approximate representations, replace X(a), Z(a) by
families of observables X;(a), Z;(a) acting on 5% and Xo(a), Z»(a) acting on 7%,
take ¢ € s ® %, assume that the X; and Z; satisfy linearity and
anticommutation, and replace consistency with (W € {X, Z}):

Ea((Wi(a) ® Wa(a))y, ) > 1 —e.

The proof goes through. Then use the observables associated to
I_Ia’b L Z I—Ia,b
AW,ug "™ w€eF " TA W, ug,ug
@ Make the game symmetric in the two players (this is a good idea anyway). Then it
is easy to see that if there exists a strategy succeeding with probability > 1 — ¢,

there exists a symmetric strategy succeeding with probability > 1 — . Restrict
attention to symmetric strategies.
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The symmetric linearity game

Here is the symmetric version of the linearity game:

@ Choose one player at random and label it Alice; label the other player Bob.

@ Choose W € {X, Z} uniformly at random, choose a, b € FJ uniformuly at random,
send (W, a, b) to Alice.

© Choose c be a, bor a+ b with equal probablity, choose ¢’ € F] uniformly at
random, send (W, c, ¢’) to Bob.

Q Alice responds with (o, 8) € F2, Bob responds with (v, ) € F2,

© The referee performs one of the following tests:
o If cwas a(resp. b), accept if only if v = « (resp. v = 3);
e If cwas a+ b, acceptif andonly if v = a + 3.
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Testing anticommutation

Lemma ([WBMS16], [CN16])

Consider a strategy for the magic square game that succeeds with probability > 1 — ¢,
using a state ) € 7, ® . Let X and Z be the observables corresponding to
questions 7 and 3 for Bob. Then

{(idote, ® (XZ + ZX)), ) > 1 — O(V2).

The anticommutation test is the following game:

@ The referee selects a, b € F] uniformly at random under the condition that
a- b = 1. He plays the magic square game with the players, with the following
modification: if the question that he sends Bob should have been question 7 (resp.
3), then he sends (X, a) (resp. (Z, b)) instead; otherwise, he sends the question
label and (a, b).

@ The players provide answers as in the magic square game, and the referee
accepts the answers if and only if they would have been accepted in the magic
square game.

If a strategy succeeds with probability 1 — e, using a state 1) € 7 ® 3, and if Bob’s
observables corresponding to the questions (X, a) and (Z, b) are X(a) and Z(b)
respectively, then

Eq pla.b=1((ide, ® (X(A)Z(b) — (~1)*°Z(b)X(@)))¥, ¥) > 1 — O(Ve)-
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The Pauli braiding test

We consider the following game, called the n-qubit Pauli braiding test: With
probability 1/2 each, execute the linearity test or the anticommutation test.

(This is an informal description, as we actually want to make the game symmetric in
the two players.)

Suppose that we have a symmetric strategy for this game that succeeds with probability
> 1 —¢, using a state ) € # ® . Then the Schmidt rank of ¢ is (1 — O(v/€))2".

Proof outline.

Consider observables X(a), Z(b) defined as before. Then they satisfy the conditions of
the approximate-representation-building proposition, with a bound O(+/). Using the
corollary of that proposition, we get an isometry V : # — J#’ and a representation p
of H(™ on 2’ such that

(*) EapllX(2)Z(b) — V*p(gx(a)gz(b)) V|5 = O(v/2).

Also, if 7’ is the subrepresentation of .72 on which J acts by —id, and if «/”_ is the
orthogonal projection of (V ® V)i on " @ ", then ||¢"_||> > 1 — O(y/€). Equation
(*) implies that Eq p[|(p(gx(2)gz(b)) ® p(gx(@)gz(b)))¥_ |12 > 1 — O( /).

This implies that there exists is a maximally entangled state ¢ in #’ ® s#’ such that

|{(@, )2 > 1 — O(+/) (see the first lemma).Let d (resp. d’) be the Schmidt rank of v
(resp. ¢’ ). Then d > d’ and |(y, ¥)|?> < d’2=" (see the second lemma), so we get
the result.
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First lemma

Let 7 be the space of the unique 2"-dimensional representation of H("), and let
Y € H# ® A be a nonzero vector such that

Eap((px(a)pz(b) ® px(a)pz(b))y, ) 21 —e.

Then there exists a maximally entangled state o € . ® 7 such that
lp*el2 > [9lF(1 — ).

<

The point is that there exists a maximally entangled state ¢ € /# ® .7 such that the
subspace of # ® # generated by ¢ is exactly the subspace of fixed points of all the
operators ox(a)oz(b) ® ox(a)oz(b). The condition implies that ¢ is very close to its
orthogonal projection on the subspace.

O

v
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The second lemma

Let p € # ® 7 be a maximally entangled state, and let ) € 7# ® . be a vector. If r
is the Schmidt rank of ), then ||v* ¢||? < 3= |42

Proof.

Suppose first that 1) = u ® v, with u, v € 5 unit vectors. Let d = dim(.%¢), and write
p= % Z}L e; ® f;, where (e;) and (f;) are orthonormal bases of .. Then

3 o) ()

We now take ) arbitrary. Let ¢ = Z,f:1 ViU ® v; be a Schmidt decomposition, where
we only write the nonzero Schmidt coefficients. Then

v, f)

r 1 d
[P* 0| = ‘Z VAU ® Vi) | < ﬁ Z VA,
i=1 i=1

hence

1 < r < r
2SOV S 5o N = Slwl
i=1 i=1

O
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