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Dark Discussions at Cafe In�nity1

�So on my last discrete math II class we were given the following

question:� for all n ∈ N and x ∈ R, with n < x < n+ 1, prove that

log(x2) > log(n2 + n)

�I tackled the problem for 20 minutes without success, and then

suddenly realized, it was de�nitely wrong. I grabbed my calculator

and chose n = 5, and x = 5.1, and computed:�

log(x2) = log(5.12) = 3.258... log(n2 + n) = log(30) = 3.401...

�I then wrote �The claim is false� on the exam sheet, and gave the

above calculations to support it, to receive credit for the problem.�

1Using Computers as Proof - Math is fun Forum
http://www.mathisfunforum.com/viewtopic.php?id=11990
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Dark Discussions at Cafe In�nity1

�After getting the exam back, my teacher laughed at me and said

my �disproof by calculator� was garbage, and reprimanded me for

trusting the accuracy of its calculations. He then gave us his own

�proof� of the claim.

But I trusted my calculator more than that... So this time i said:

4 < 6 < 9⇒ 2 <
√

6 < 3

so take n = 2 and x =
√

6, then

log(x2) > log(n2 + n)⇔ log(6) > log(6)

which is obviously false, no calculators needed.

1Using Computers as Proof - Math is fun Forum
http://www.mathisfunforum.com/viewtopic.php?id=11990
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Dark Discussions at Cafe In�nity1

In conclusion:
The teacher couldn't ignore this... Then I discovered and pointed

out the error in his proof, which he acknowledged.

But I do �nd it surprising that he distrusted the accuracy of a

calculator so much. In fact, my calculator gives me 9 digits after

the decimal place. Why would it bother to give me 9 if the �rst 2
were not reliable?

He, however, greatly doubted calculators were this sophisticated,

and insisted they can never be trusted.

Now I understand that a calculator only gives an approximation,

but I at least trust the �rst n− 1 digits if n are given.

Is this unreasonable? What do YOU think?

1Using Computers as Proof - Math is fun Forum
http://www.mathisfunforum.com/viewtopic.php?id=11990
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Floating point (FP)

"Look engineers. All we're asking for is an in�nite number of

transistors on a �nite-sized chip. You can't even do that?"

A real number x is approximated in machine by a rational:

x = (−1)s ×m× βe

β is the radix (usually β = 2)
s is a sign bit

m is the mantissa, a rational number of nm digits in radix β:

m = d0, d1d2...dnm−1

e is the exponent, a signed integer on ne bits
6 / 25



Floating point - Some common misconceptions 2

X A �oating-point number somehow represents an interval of

values around the �real value�.

! An FP number only represents itself (a rational).

! If there is an epsilon or an incertainty somewhere in your data,
it is your job (as a programmer) to model and handle it.

X I need 3 signi�cant digits in the end, a double holds 15

decimal digits, therefore I shouldn't worry about precision.

! You can destroy 14 signi�cant digits in one subtraction, but it
is relatively easy to avoid if you expect it

2Florent de Dinechin,
http://lipforge.ens-lyon.fr/www/crlibm/documents/cern.pdf
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Floating point - Some common misconceptions 2

X All �oating-point operations involve a (somehow fuzzy)

rounding error.

X Since 1985 there is a IEEE standard (IEEE-754) for FP
arithmetic.

X Correct Rounding: An operation whose entries are FP numbers
must return what we would get by in�nitely precise operation
followed by rounding. The standard de�nes 4 rounding modes.

2Florent de Dinechin,
http://lipforge.ens-lyon.fr/www/crlibm/documents/cern.pdf
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Floating point (FP)

X IEEE-754 requests correct rounding for : +,−,×,÷,√.
Advantages:

X FP programs with only these operations are deterministic

X Accuracy and portability are improved

What about elementary functions (sin, cos, log, etc.)?
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Mathematical Libraries

Software systems: scienti�c computing, �nancial, embedded
systems.

Need to compute sin, cos, exp in �nite precision,
�oating-point environment.

Most Mathematical Libraries do not provide correctly rounded
functions.

IEEE-754-2008 recommends correct rounding.

Arenaire team develops the Correctly Rounded Libm
(CRLibm†).

1†http://lipforge.ens-lyon.fr/www/crlibm/
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Correctly rounded functions
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Correctly rounded functions

Table Maker's Dilemma

Increase working precision

Worst cases search
V. Lefevre and J-M. Muller

I want 10 signi�cant digits

I have an approximation scheme
that gives 12

Usually that's enough to round
y = x,xxxxxxxxx17± 10−12

y = x,xxxxxxxxx83± 10−12

Dilemma when
y = x,xxxxxxxxx50± 10−12
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Correctly rounded functions

Table Maker's Dilemma - Worst cases search (V. Lefevre and
J-M. Muller)

Example of such a worst case:

log2(1.0110000101010101010111110111010110001000010110110100∗
2512) =
1000000000.011101110000001011010000001111010011011100 1...1︸︷︷︸

56

01...

13 / 25



Correctly rounded functions

3
S. Chevillard, M. Joldes and C. Lauter,�Certi�ed and fast computation of supremum norms of

approximation errors�, in 19th IEEE Symposium on Computer Arithmetic, June 2009

14 / 25



Supremum Norms of Error Functions

ε(x) = f(x)− p(x), x ∈ [a, b] or

ε(x) = p(x)
f(x) − 1, x ∈ [a, b]

De�ne ‖ε‖∞ = supx∈[a, b]{|ε(x)|}

Compute a certi�ed bound: small interval r s.t. ‖ε‖∞ ∈ r

�Quick and dirty� supremum norms - another class of
algorithms
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Rigorous computing tools

Why?
Get the correct answer, not an �almost� correct one
Bridge the gap between scienti�c computing and pure
mathematics - speed and reliability

How?
Use FP as support for computations (fast)
Bound roundo� errors
Bound discretization or truncation errors in numerical
algorithms
Compute enclosures instead of approximations

What?
1. Interval arithmetic (IA)
2. Taylor models (TM)
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Interval Arithmetic - Thou shalt not lie!

Each interval = pair of �oating-point numbers

π ∈ [3.1415, 3.1416]
Interval Arithmetic Operations
Eg. [1, 2] + [−3, 2] = [−2, 4]
Range bounding for functions
Eg. x ∈ [−1, 2], f(x) = x2 + x+ 1
F (X) = X2 +X + 1
F ([−1, 2]) = [−1, 2]2 + [−1, 2] + [1, 1]
F ([−1, 2]) = [0, 4] + [−1, 2] + [1, 1]
F ([−1, 2]) = [0, 7]

x ∈ [−1, 2], f(x) ∈ [0, 7], but Im(f(x)) = [3/4, 7]
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Interval Arithmetic - Overestimation

Example:

f(x) = ex, x ∈ [0, 1]
p(x) =

∑5
i=0 cix

i

s.t. ‖f − p‖∞ is as small as possible (Remez algorithm)
ε(x) = f(x)− p(x)

Using IA, ε(x) ∈ [−0.4, 0.4], but ‖ε(x)‖∞ ' 1.1295e− 6:
18 / 25



Interval Arithmetic - Overestimation

Overestimation can be reduced by using intervals of smaller width.

In this case, over [0, 1] we need 107 intervals!
19 / 25



Taylor Models - Why do we need them?

1. Interval Arithmetic

X Each variable replaced with an interval (two FP numbers)

X FP arithmetic is fast, enclosures are reliable

X Can not identify di�erent occurrences of the same variable

2. Taylor Models

Each function replaced with (polynomial, interval remainder)

Because operations (+,−,×) with polynomials are easier

20 / 25
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Taylor Models - How do we obtain them?

Let n ∈ N, n times di�erentiable function f over [a, b] around x0.

f(x) =
n−1∑
i=0

f (i)(x0)(x− x0)i

i!︸ ︷︷ ︸
T (x)

+ ∆n(x, ξ)︸ ︷︷ ︸
remainder

∆n(x, ξ) =
f (n)(ξ)(x− x0)n

n!
, x ∈ [a, b], ξ lies strictly between

x and x0

Compute an interval enclosure ∆ for ∆n(x, ξ)
We have: f(x)− T (x) ∈∆,∀x ∈ [a, b]
The couple (T,∆) is a taylor model for f of order n, over [a, b]
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Taylor Models - How do they look like?

�A tube around the function�

Given a tm (T,∆) for f , we have f(x)− T (x) ∈∆, ∀x ∈ [a, b]

Degree of T:
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Taylor Models - How do they look like?

�A tube around the function�

Given a tm (T,∆) for f , we have f(x)− T (x) ∈∆, ∀x ∈ [a, b]

Degree of T: 6
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Taylor Models - How do they look like?

�A tube around the function�

Given a tm (T,∆) for f , we have f(x)− T (x) ∈∆, ∀x ∈ [a, b]

Degree of T: 7
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Taylor Models

X Arithmetic operations on TMs are de�ned

X Apply to multivariate functions also

X Reduce overestimation

X Rigorous computing tool successfully used in global
optimization, ODE solving

23 / 25



Conclusion - What to take home?

Since 1985 there is an international standard (IEEE-754) for
�oating-point arithmetic

(Almost) All vendors comply with this norm.
On all modern computers it is possible to obtain a predictable
and portable behaviour for a FP program up to the last digit
But, some work is necessary to achieve this

Implementing elementary functions in FP is a complex process

Use a library that guarantees correct rounding: CRLibm

Use rigorous computing tools: Interval Arithmetic, Taylor
Models

24 / 25



Questions?

Do you trust your computer now?
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