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I. The Blum-Shub-Smale Model

Motivation: to provide a theoretical foundation for numerical computations with real
numbers in the sense of theoretical computer science

• extension of classical theory of NP-completeness to computationsoverR

• real numbers are basic entities (infinite precision assumed)

• basic computational step: arithmetic operation or≤-test at unit cost

• inputs and outputs are vectors inR∞; if x ∈ Rn thensize(x) = n

• decision problems formalized as subsets ofR∞ = tn≥0Rn; uniform model

• instead ofR can take any field; if unordered allow only=-test

• overF2 classical theory is recovered (Turing model)

• situationover fieldC is mathematically interesting

• Additive Model: no multiplications or divisions allowed
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• Originally: formalization bymachines overR

• Poizat: characterization byP-uniform families of algebraic circuits

• An algebraic circuitC is an acyclic digraph with the following type of nodes:

input, output, constant, arithmetic, selection (von zur Gathen)

• Semantic of selection node: on input(s, x, y) returnx if s ≥ 0 andy otherwise

• Thesizeof C is the number of its nodes

• Thedepthof C is the maximal length of a directed path inC

• Apart from the labelling of the constant nodes with reals, algebraic circuits are

discrete objects!
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• A family C := (Cn)n≥0 of algebraic circuits is calledP-uniform if there exists a

fixed numberm of real constantsα1, . . . , αm such that eachCn has exactlym

constant nodes labelled by these constants and such that there exists a poly time

Turing machine that on input(n, i) computes thei-th node ofCn

• C is calledconstant-freeif 0 and1 are the only constants

• A family C computesa functionf : R∞ → R∞ (if no division by zero occurs)

• The familyC decidesS ⊆ R∞ if it computes its characteristic function

• A relationR ⊆ R∞ × R∞ is calledbalancedif there exists a polynomialp such

that, for allx ∈ Rn, (x, y) ∈ R impliesy ∈ Rp(n)
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• The classPR consists of allS ⊆ R∞ decidable by aP-uniform family of

algebraic circuits(Cn)n≥0 of size polynomial inn

• The classNPR consists of allS ⊆ R∞ for which there exists a balanced relation

R ⊆ R∞ × R∞ in PR such that

∀x ∈ R∞(
x ∈ S ⇔ ∃y ∈ R∞(x, y) ∈ R

)
• Thecounting class#PR (Meer) consists of all corresponding functions

f : R∞ → N ∪ {∞} such that

f(x) = |{y ∈ R∞ | (x, y) ∈ R}|

• The classPARR (Cucker) consists of allS ⊆ R∞ decidable by aP-uniform

family (Cn)n≥0 of algebraic circuits of depth polynomial inn
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Analogy with Classical Complexity Classes

• The definitions ofPR, NPR, andPARR are analogous to the definitions ofP,

NP, andPSPACE in terms of Boolean cicuits

• The classical counting complexity class#P was introduced by Valiant in 1979

• The canonical#P-complete problem is#SAT: Given a Boolean formula, count

the number of its satisfying assignments

• Important#P-hard problems are known in different areas, such as geometry

(volume of polyhedra), knot theory (Jones polynomial), statistical physics

(partition function), and network reliability
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Basic Completeness Results

• Efficient algorithms of real algebraic geometry imply that

PR ⊆ NPR ⊆ #PR ⊆ FPARR

• We introduce notions of polynomialreductions(many-one/Turing) between

computational problems and obtain the corresponding notions of completeness

• FEASR: Given a multivariate real polynomial, decide whether it has a real root

• #FEASR: Given a multivariate real polynomial, count its real roots (returning

∞ if this number is not finite)

• Theorem [BSS 89] FEASR is NPR-complete

• Theorem [BC 04] #FEASR is #PR-complete

• Only few completeness results are known
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• No multiplications or divisions allowed: algebraic circuits specialize toadditive

circuits; we define additive complexity classes as before

• Padd ⊆ NPadd ⊆ #Padd ⊆ FPARadd

• The setSC accepted by an additive circuitC is semilinear, that is, derived from

(closed) halfspaces by finitely many Boolean operations

• CSATadd: Given an additive circuitC, decide whetherSC is nonempty

• Proposition CSATadd is NPadd-complete

More natural complete problems?

Connection to discrete Turing model?
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Boolean Parts

• Boolean partof a classC:

BP(C) := {S ∩ {0, 1}∞ | S ∈ C}

• Theorem [Koiran 94] (i) BP(Padd) = P/poly (ii) BP(NPadd) = NP/poly

• Idea for⊆:

(i) replace the constant vector by a rational vector serving as polynomial advice

(ii) instead of guessing a real vector guess a small rational point

• Corollary (Transfer result):Padd = NPadd impliesP/poly = NP/poly
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• We defineHn to be the set of linear polynomialsa0 +
∑n

i=1 aiXi with integer

coefficientsai such that
∑n

i=0 |ai| ≤ 2t(n), for a fixed polynomialt

• The spaceRn is the disjoint union of all cellsF , defined as

F =
⋂

f∈Hn

{x ∈ Rn | f(x) = σ(f)},

for some sign functionσ : Hn → {−1, 0, 1}

• Thepoint location problemis the problem of computing, for a given input

x ∈ Rn, a rational point of bit-sizenO(1) of the uniquely determined cellF in

whichx lies

• Theorem [Meyer auf der Heide 84]For fixedn, the point location problem can

be solved by a linear decision tree of depthnO(1)
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Point location in arrangements of hyperplanes (2)

• Fournier and Koiran observed that the nonuniformity in Meyer auf der Heide’s

construction can be eliminated provided anNP-oracle is available

• Thus:The point location problem can be solved in polynomial time by an

additive machine making oracle calls to a problem inNP

• Let S ∈ NPadd be decided by nondeterministic machineM with time boundt

• AssumeM constant-free

• W.l.o.g only digital guesses

• Locate inputx ∈ Rn in poly time in a cellF of the arrangementHn

(corresponding tot) obtaining a rational pointx′ of F

• Guess the digitaly and check inP whetherM accepts(x′, y)
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Power of Discrete Oracles: Extensions

• For the complexity classesC ∈ {Σk,PH,PSPACE}, one can show in a similar

way that

Cadd ⊆ PC
add

Similarly [BC 03],#Padd ⊆ FP#P
add

• The famous Toda Theorem states thatPH ⊆ P#P

• Hence Toda’s Theorem is also true in the additive model [BC 03]:

PHadd ⊆ PPH
add ⊆ P#P

add = P#Padd
add
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• Let the semilinear setSC ⊆ Rn be given by an additive circuitC that

acceptsSC

• We ask about deciding various properties ofSC in the Euclidean topology, like

closedness, compactness, connectedness, or irreducibility (Zariski topology)

• and about computing numerical invariants like (local) dimension, topological

Euler characteristic, Betti numbers

• We obtain completeness results in the additive model for all these problems

• Constant-free additive circuits can be taken as input of an ordinary Turing

machine

• When restrictingC to constant-free additive circuits, we also obtain

completeness results for the corresponding discrete complexity class



Some Completeness Results [BC 03, BC-de Naurois 05]

Problems Complete in Discrete version complete in

testing closedness coNPadd coNP

testing compactness coNPadd coNP

(loc) dimension at leastd? NPadd NP

testing irreduciblity P
NPadd[log]
add PNP[log]

is there an isolated point? Σ2
add Σ2P

count the isolated points FP
#Padd
add (T) FP#P (T)

count the irreducible components FP
#Padd
add (T) FP#P (T)

compute the topological Euler characteristicFP
#Padd
add (T) FP#P (T)

decide connectedness PARadd (T) PSPACE

compute thek-th Betti number FPARadd (T) FPSPACE
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Some Ingredients of Proofs

• NPadd hardness proofs by reducing theNPadd-completeCircuit Boolean

Satisfiabilityto the problem under question

• #Padd-hardness andPARadd-hardness by showing#P-hardness of

PSPACE-hardness and applying“power of discrete oracles”

• Toda and Watanabe’s result#PH ⊆ P#P

• Space-efficient linear algebra (for upper bound Betti)
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III. Unrestricted BSS-Model over C

• Efficient algorithms of complex algebraic geometry imply that

PC ⊆ NPC ⊆ #PC ⊆ FPARC

• HNC: Given a finite set of multivariate complex polynomials, decide whether

they have a common complex root

• #HNC: Given a finite set of multivariate complex polynomials, count its

complex common roots (returning∞ if this number is not finite)

• Theorem [BSS 89] HNC is NPC-complete

• Theorem [BC 04] #HNC is #PC-complete
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• Theorem P ⊆ BP(PC) ⊆ PRP

• Idea:

– W.l.o.g. constants algebraically independent

– substitute them by huge integers

– compute modulo random primes

• Corollary (Transfer result):PC = NPC impliesNP ⊆ PRP ⊆ BPP
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• Theorem [Koiran 96] NP ⊆ BP(NPC) ⊆ RPNP under (GRH)

• The proof is sophisticated. Rough Outline:

• Enough to show that the integer version HNZ
C is in RPNP

• Let (S) be a given system of polynomial equations overZ of degree at mostd
and weight at mostw

• Consider the “density”πS(x) := |{p ≤ x | p prime,(S) solvable inFp}|

• Using the effective arithmetic Nullstellensatz show that

– if (S) has no solution overC thenπS(x) ≤ A(n, d, w) for all x

– if (S) is solvable overC, then for allx (under (GRH))

πS(x) ≥ π(x)
dO(n)

− x1/2 log(wx)
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Boolean Parts:NPC (2)

• On input(S) andx (in binary) one can computeπS(x) in #NP and hence, by

Toda-Watanabe, inFP#P

• However, for deciding solvability of(S) overC, only approximate counting is

required

• Stockmeyer implies HNZC ∈ PH

• The universal hashing argument yieldingRP ⊆ Σ2 shows more precisely that

HNZ
C ∈ RPNP
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Boolean Parts:#PC

• We call the Boolean part of#PC theclass of geometric counting complex

problemsand denote it byGCC

• Efficient algorithms in algebraic geometry show that

#P ⊆ GCC ⊆ FPSPACE

• Tantalizing question: IsGCC ⊆ FP#P?

• Bernstein & Kushnirenko: the number of complex solutions in(C∗)n of a

regularsystem equals the mixed volume of the Newton polytopes of the

equations; the latter can be computed inFP#P
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Dimension

• DIMC: Given a finite set of multivariate complex polynomials with affine zero

setZ ⊆ Cn andd ∈ N, decide whetherdim Z ≥ d

• Theorem [Koiran 97] DIMC is NPC-complete

• TheNPC-hardness of DIMC follows by a trivial reduction from HNC to DIMC

• We parametrize affine subspacesAa ⊆ Cn of codimensiond by the coefficient

matrixa ∈ Cd(n+1) of a system of linear equations describingAa

• To prove the upper bound, we use

dim Z ≥ d ⇐⇒ ∀∗a Z ∩Aa 6= ∅

• This suggests an obvious randomized algorithm
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Generic quantifiers

• In the following we describe a general formal complexity framework for the
analysis of general position arguments

• We show that it is possible to compute in deterministic polynomial time a list of
candidatesα1, . . . , α2p+1 for generic parameters, among which the majority
satisfies the genericity condition

• FR denotes the set of first order formulas over the language of the theory of
ordered fields with constant symbols for real numbers

• Let F ∈ FR have free variablesa1, . . . , ak

• F is calledZariski-generically trueif the set of valuesa ∈ Rk not satisfying
F (a) has dimension strictly less thank. We express this fact by writing
∀∗aF (a) using thegeneric universal quantifier∀∗

• Define this similarly for formulas inFC
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• Let F (u, a) ∈ FC with free variablesu ∈ Cp anda ∈ Ck. We call a sequence

α = (α1, . . . , α2p+1) ∈ (Ck)2p+1 awitness sequencefor F iff

∀u ∈ Cp
(
∀∗a ∈ Ck F (u, a)⇐⇒ |{i ∈ [2p + 1] | F (u, αi)}| > p

)
.

• Let F (u, a) ∈ FR with free variablesu ∈ R2p anda ∈ Rk. A sequence

α = (α1, . . . , α4p+1) ∈ (Rk)4p+1 is called apartial witness sequencefor F iff

∀u ∈ R2p
(
∀∗a ∈ Rk F (u, a) =⇒ |{i ∈ [4p + 1] | F (u, αi)}| > 2p

)
.
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Derandomizing Genericity Conditions

• The set of (partial) witness sequences isZariski dense

• A (partial) witness sequence ofF can be computed by a machine overC in

polynomial timeunder some mild assumption:

the formula should be expressible in thepolynomial hierarchy overR (essential:

number of alternating quantifier blocks is fixed)

• The machine essentially produces huge numbers by repeated squaring

• The analysis is based on the full machinery of efficient quantifier elimination

over the reals
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• Let Zu be the zero set of polynomials with coefficient vectoru ∈ Cp

• Recall

dim Zu ≥ d ⇐⇒ ∀∗a Zu ∩Aa 6= ∅

• Let F (u, a) ∈ FC be the obvious parametrized formula expressing that

Zu ∩Aa 6= ∅

• Compute a witness sequenceA1, . . . , A2p+1 for F (u, a) in polynomial time

• ∀∗a Zu ∩Aa 6= ∅ ⇐⇒ the majority of theAj intersectZu

• the right-hand side can be testedin NPC

• Let DIMZ
C denote the discrete version of DIMC

• Analysis of the proof shows thatDIMZ
C is BP(NPC)-complete
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Geometric Degree

• Thegeometric degreedeg Z of an affine varietyZ ⊆ Cn of dimensiond is
defined, for almost alla, asdeg Z := |Z ∩Aa|

• Theorem [BC 04] The problem to compute the geometric degree is
FP#PC

C -complete

• For the upper bound, we have to analyzetransversality

– ∀∗a ∈ Ck Aa is transversal toZ

– ∀a ∈ Ck
(
Aa is transversal toZ =⇒ |Z ∩Aa| = deg Z

)
• Express transversality by a formulaF in the polynomial hierarchyoverR

• Compute partial witness sequenceA1, . . . , A4p+1 for F (u ∈ Cp = R2p)

• ObtainNj := |Z ∩Aj | by oracle calls to HNC and make a majority vote

• F overR: required for expressing tangent spaces if the given ideal is not radical!
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Euler Characteristic

• TheEuler characteristicχ(X) of a spaceX is one of the most basic invariants

in algebraic topology

• For spacesX admitting a finite triangulation it is defined as

χ(X) =
∑d

k=0(−1)kNk,

whereNk is the number ofk-dimensional simplices andd = dim X

• For a connected closed surfaceX of genusg we haveχ(X) = 2− 2g

• Alternative description:

χ(X) =
∑d

k=0(−1)kbk(X),

whereb0(X) is the number of connected components ofX and thekth

(topological) Betti numberbk(X) measures a “higher degree of connectedness”



Complexity of Computing Betti Numbers



Complexity of Computing Betti Numbers

• Consider the following problems for fixedk ∈ N:



Complexity of Computing Betti Numbers

• Consider the following problems for fixedk ∈ N:

BETTIC(k): Given a complex varietyZ, compute itsk-th topological Betti

number



Complexity of Computing Betti Numbers

• Consider the following problems for fixedk ∈ N:

BETTIC(k): Given a complex varietyZ, compute itsk-th topological Betti

number

EULERC: Given a complex varietyZ, compute its topological Euler

characteristic



Complexity of Computing Betti Numbers

• Consider the following problems for fixedk ∈ N:

BETTIC(k): Given a complex varietyZ, compute itsk-th topological Betti

number

EULERC: Given a complex varietyZ, compute its topological Euler

characteristic

• [BC 03] BETTIZC(k) is FPSPACE-hard



Complexity of Computing Betti Numbers

• Consider the following problems for fixedk ∈ N:

BETTIC(k): Given a complex varietyZ, compute itsk-th topological Betti

number

EULERC: Given a complex varietyZ, compute its topological Euler

characteristic

• [BC 03] BETTIZC(k) is FPSPACE-hard

• [Basu 04] BETTIZC(k) ∈ FPSPACE (?)



Complexity of Computing Betti Numbers

• Consider the following problems for fixedk ∈ N:

BETTIC(k): Given a complex varietyZ, compute itsk-th topological Betti

number

EULERC: Given a complex varietyZ, compute its topological Euler

characteristic

• [BC 03] BETTIZC(k) is FPSPACE-hard

• [Basu 04] BETTIZC(k) ∈ FPSPACE (?)

• [Basu 99] EULERZ
C ∈ FPSPACE



Complexity of Computing Betti Numbers

• Consider the following problems for fixedk ∈ N:

BETTIC(k): Given a complex varietyZ, compute itsk-th topological Betti

number

EULERC: Given a complex varietyZ, compute its topological Euler

characteristic

• [BC 03] BETTIZC(k) is FPSPACE-hard

• [Basu 04] BETTIZC(k) ∈ FPSPACE (?)

• [Basu 99] EULERZ
C ∈ FPSPACE

• What is the true complexity of EULER?
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The complexity of computing the Euler characteristic

• The Euler characteristic of a finite set equals its cardinality

• One can show that#HNC reduces to EULERC

(difficulty: decidedim Z ≤ 0 in poly time using oracle calls for EULER)

• Theorem [B-C-Lotz 04] EULERC is polynomial time equivalent to#HNC,

that is,FP#PC
C -complete. A similar statement holds for the Turingmodel.

• Corollary EULERZ
C is notPSPACE-complete, unlessGCC = PSPACE
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The Summation Lemma for#PC

Let ϕ : C∞ × {0, 1}∞ → N be in#PC andq be polynomial. Define forx ∈ Cn

ϕ̃(x) :=
∑

y∈{0,1}q(n)

ϕ(x, y).

Thenϕ̃ : C∞ → N is also in#PC
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Reduction from EULERC to #HNC (1)

Note thatχ is additive:for Z1, Z2 constructible and disjoint we have

χ(Z1 ∪ Z2) = χ(Z1) + χ(Z2)

• Reduce to case ofprojectivevariety.

EmbedZ ⊆ Cn into Zh ⊆ Pn (homogeneize equations). By additivity

χ(Z) = χ(Zh)− χ(Zh \ Z); note thatZh \ Z ⊆ Pn−1

• Reduce to the case of a projective(singular) hypersurface.

Additivity of χ and the principle of inclusion and exclusion implies

χ(Z(f1, . . . , fr)) =
∑

I 6=∅(−1)|I|−1χ(Z(
∏

i∈I fi))

The cost of the addition of exponentially many terms can be “passed to the

oracle” by the Summation Lemma (we ignore some technical difficulties)
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Reduction from EULER to #HN (2)

• Let f be homogeneous,Σ := Z(∂0f, . . . , ∂nf), andΓ ⊆ Pn × Pn be the

closure of the graph of the gradient mapgrad f : Pn − Σ → Pn

• Themultidegreedi is characterized asdi = #(Γ ∩ (Li × Ln−i)), whereLi

denotes a linear subspace ofPn of codimensioni in general position

• Use a formula due toAluffi (2003)

χ(Z(f)) = n +
∑n

i=1(−1)i−1dn−i

• If Li × Ln−i intersectsΓ transversallyand does not meet the exceptional

subvarietyΓ ∩ (Σ× Pn), thendi = #(Γ ∩ (Li × Ln−i))

• We express the transversality condition by a formula inPHR etc

• For rigorous proof, we introducegeneric parsimonious reductions
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Complexity of Computing the Hilbert Polynomial

• The Hilbert polynomial of a projective varietyZ encodes important information

aboutV , like its degree, dimension, arithmetic genus

• HILBERTsm: Compute the Hilbert polynomial of a givensmooth

equidimensional projective variety

• Theorem [B-Lotz 05] HILBERTsm can be reduced in polynomial time to

#HNC. The analogous statement is true for the Turing model.

• It seems that even the following is new

CorollaryHILBERTsm ∈ FPARC

• The proof is based on sophisticated concepts from enumerative geometry
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Very Rough Outline of Proof

• Let Z be ann-dimensional smooth projective subvariety ofPm. Consider the

Gauss mapϕ : Z → Grass(n, m), x 7→ TxZ (generalizes the gradient map in

the hypersurface case)

• The homology class of the graph ofϕ in Pm ×Grass(n, m) can be

characterized by integers (generalizing multidegrees of the hypersurface case)

• These integers can be characterized as the number of intersection points of the

graph ofϕ with a product of a linear subspace and a “Schubert variety” in

general position (Schubert calculus)

• From these integers one can obtain the so-calledChern numbersof Z (in

particular, the topological Euler characteristic)

• The Hilbert polynomial can be computed from the Chern numbers via the

Hirzebruch-Grothendieck-Riemann-Roch theorem
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IV. Unrestricted BSS-model overR

• There is a notion of amodified Euler characteristicχ∗(S) of a semialgebraic

setS that behaves additively on finite disjoint unions

• ForS compact we haveχ∗(S) = χ(S)

• ForS ⊆ Cn constructible we haveχ∗(S) = χ(S)

• Theorem [BC 03] The problem to compute the modified Euler characteristic

of a semialgebraic set is polynomial time equivalent to FEASR, that is, it is

FP#PR
R -complete

• Ingredients of the proof:

– reduction of semialgebraic sets to smooth hypersurfaces (algebraic topology)

– Morse theory (differential topology)

– partial witness sequences
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Open Problems

• Show completeness of the real knapsack problem in the additive model with

respect to many-one reductions!

• CharacterizeGCC in terms of known classical complexity classes!

• Give natural examples ofFPARC-complete orPARR-complete problems!

• Is FPARC = PPSPACE
C ?

• Relate the BSS-model to Valiant’s model. Could BSS-counting classes be

helpful for this?


