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Structures with P = NP
with Respect to
the Uniform Model of Computation

The uniform model of computation:
e Thesizeof aninput (Xg,..., X,): N.
» The cost of the execution of one instruction: 1.
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Concepts and Notations

>=(S ClroensCis Greens O [1,...,rk,,,:)

g Y— > isastructure of finitesignature, k= 2.
constants operations relations
ALA,0S” =[]Js" Aq, A, are problems.
n=1
f:S" > S"with f(X)UA, « xOA fisafunction reducing A, to A,.

Spo Ao A= oy Ao A; can bereduced to A, by afunction in polynomial time.

pol
A Pl Ay Thefunction f reduces A;to A; in polynomial time.

A R {c:} A is decidable by means of Rin constant time.
O(AONP) (A< 4y A))  ApisNP-hard.

SAT The Satisfiability Problem.

Structures with P= NP, Christine Galiner, Ernst-Moritz-Arndt-Universitét, Greifswald




EPIT2005

Conditionsfor P= NP

We have P = NP for a structure if we can show one of the following
reductions for each problem A [0 NP.

(1) AT SAT T {c}

f, f, Theideato define anew
relation goes back to B. Poizat.

or
pol pol l
2 — — —
@ A+ ST - A - {a
S S OS S

|

Tuples are encoded by means of
single elements.
and so on.
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What about a Tree of Computation Paths?

. Symbols: l A sequence of instructions without branching
: (computations defined by the operations, copy instructions)

0 A condition of abranching instruction
Yes No (aliteral defined by a relation)
I nput

> t
<X steps
P <> Y of the

5 2> < <> exe-

< X = = cution

/\

A A/
JUBh L)
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What about the Canonical Path? — An Example (A)

A structure: (Z; 0,1; +, -, =). The canonical path

IS traversed by all tuples

A program of a machine: (vectors of components

from Z) whose first

1: In ey X)) .
pUt (Xl’ ’Xn)’ component IS not a
szen square number.
2. X,:=0;
3: X, =X, +1;
4 X=X % Xy,
5: 1f x, = X, then goto 6 elsegoto 3;
6: x:=1;
/: Output X.
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What about the Canonical Path? — An Example (B)

All inputs accepted by the
machine only traverse afinite The canonical path
Initial segment of the canonical
path.

e Then-tuples (1, Xs,..., X,),

(41 X21---1 Xn)1 LI ((p(n))21 X21---1 Xn)

} 3 steps
are accepted by the machine

In 4 + 3p(n) steps. }
3 steps
For all the other inputs, the machine has the } 3 steps
same behaviour during thefirst 4 + 3p(n)

steps. These inputs can not be accepted in
thistime.

There isno more information up to here. — \ 4+3p(n) steps

Structures with P= NP, Christine Galiner, Ernst-Moritz-Arndt-Universitét, Greifswald




EPIT2005 7

A Structure of Paths Denoted by Strings and the Reduction

A - SAT - A, - {c}.

1S ey = " Se
Particularly, ' '
(X,..., Xn) O S' - (X1y.vy Xny Z1,- ., Zp(n)) — X 1[I¥ v Z 1 [1# () €18, -, [
FORPORPUIP IR R -~ e e o
ALINP. X1 X2 Xn1 Xn Z1 Z2 ZpwaaZpm ©& G G

Let (Zl, ceey Zp(n)) D{ Cl,Cz} P(")
be the code of aformula
which istrue for any tuple
from (S")" iff thistupleis
accepted by the NP-machine
recognized A non-
deterministically.

(We use unary codes

for theindices.)

A path with nodes |abelled by dlementsof S
or astring over the alphabet S,

Structures with P= NP, Christine Galner, Ernst-Moritz-Arndt-Universitét, Greifswald




EPIT2005

Problems for which We Need a Solution

« Thetuples have to be encoded by means of single elements.

» Extension of the structure.
We shall use paths (denoted by strings) as elements.

* \We need a new operation for the concatenation of paths or
strings.

» Expansion of the structure.

 \WWe need a new relation.

» Expansion of the structure.
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Problems in Defining R and a Solution

e For the new structure: SAT isdecidable = Risdefinable.

» The different evaluations of the free variables have to be finitely
describable.

We shall replace arbitrary paths by short paths.
(As the replacements of numbersin apaper by P. Koiran.)
e Theformulae of SAT contain R.
» Recursive definition of R.

 Theformulae of SAT aso contain free variables.

> If there is an evaluation of the variables satisfying aformulafrom SAT,
then we also want to have an evaluation of these variables by paths which
are shorter than the code of the corresponding tuple from SAT (in
general).

We use operations allowing few modifications of paths only such that we
can restrict the free variables in the formulae with “=" to paths of
polynomial length.
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— The new structure:
>3 =(S';¢,...,C,, A O1,.... 01, add, suby , sub ; 1., 1, R, ).

oo b T Wi W, [T,
v
w; v, e S add
> Willln X eeee W W s
| Wi Wo  Whg Wy X
Xe S ' 12 m
R b ~— —~ —
Su
________________________ C W1 W, [T, X

wOS', xOS,vOS \S = add(w, x) =wx, add(w,V)=A,
suby () = A, suby (wx) = w,
sub. (A) = A, sub, (wx) = X,

Xy, X500 0'S = (X Xy ) =G (e Xy )y (e X)) =1 (600 %),
V... V.)OES)M\ST = g'(v,....V, ) =A,
VoW )O(S)NST = 1(Vyen Y ) = false
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Example: 5,=({0,1};0,1;;:=) = ™" =({0,1}";0,1,1; add, sub;, sub,; R=)

Theliterasin the formulaein SAT,™"™ (= SAT for the structure Z,™'"%) have the
form:

add(U,V)=W, RU), U=V,

add(U V)ZW, - RU), U#V.

1. A conjunction with add and “=" can describe connections between strings like
the following.

add(Vy, a,) =V, & & add(V,,,a,,) =V, (a,..,a,,{01)
= V,=V,a Ula,_, & j<length of the code of the conjunction.
String V,

Thelengths of these segments of the
strings are | ess than the length of the code

\Q{Ij/ of the conjunction.
String Vo with an arbitrary length.
!

} The characters of V can not be determined or restricted by means of
the given description.
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2.Assumethat | is greater than m(= the length of the code of the conjunction) and
one of the strings satisfies R.

Assume that the string Vo0 satisfies R.

The behaviour of the given
stringswith respect to R

should be only dependent
\ on the characters of these
parts (at most m characters).
-~
A segment of the
> J
length | > m. ) _
) «—1 —  Thisnode belongsto V,.
String Vo with " Code of atuple from
L+ ) ,

We want to have at most one string w with R(Vow) = true. Then, we only have to know
at most one number j < mwith R(Vy0') = true. The characters of V, do not play arole.
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= For each formula
We restrict the free variables to a domain of short paths (or strings).

The lengths of the paths in such adomain are only dependent on the
length of the code of this formula and of the lengths of the pathsin the
bounded variables.

— New problem RES-SAT (with RES-SAT = SAT).

— We describe R by means of a tree being similar to a tree of
computation paths.

— The behaviour of the paths and their modifications with respect to R

hasto be similar to the behaviour of the inputs traversing computation
paths.
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The Tree Describing R

""""""""""""""""""" Each string corresponding to a path
fromaleaf totheroot satisfies R.

All nodes
of this

path
All paths ?raeb dled
PRI corresponding to codes of ov th
tuples from SAT with a y the
fixed length

Here we consider an arbitrary structure ( - infinite alphabet). For ™", we can take a binary tree.
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A Path Corresponding to a String Satisfying R

This segment without important
information hasthe length |.

This segment
containing the
information
has the length
.

Each path from the root to a
leaf consists of two segments
of the same length.
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Connections between Different Strings

ol
L]
....
L]
"

Vi=V, 0" o

16
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The Replacement of wy by v, and of w, by v, for a Given Formula

Thewidth of thissegment is
dependent on the length of the
code of the considered formula.

Only thelast
characters are important

for the truth value of the given formula. ‘
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Few Definitions for X,
SATIM = £(Xy,..., Xy Z1yeees Zn) | N, MO N+ & (Xg,..., %) O ({0, 137)"
& (z,...,zn) 0{0, 3™ isthe code of aformula ¢(X,,..., X, Yi,...,Y)
of the first order logic over >,

& thereisa(yy,...,y) with ™" & @(X4,..., X Yir-.., VI)} -

M; = {01 7's|s0{0,1}* & |s| <k & 1<i <j - 4}

Foral sOM=U; xonM; i let R(s) = trueiff s=017'0 for some 1< i <j - 4.
R(1) = false. For s[{0, 1} '\ M with |s|> 0, let R(S) = trueiff

s= gllgll---fnggzlo 250211 00 -+ 00) | t=2(my+--+myr m) +2(n + 1)

t characters ttimes“0” Xi = Xi1Xi 2 Xim

= X = 0% 10%; 20X m

and e
> SNeR [ ] A1,y Xevw Yiseers V)
Vi, W) O €Y YO{O,1}* & [y| < 28U My 141)

for all R with O(w O {y | yO{0,1}* & ly| < 2t} U My (1) (R (W) = R(w)) where
>R = (£0, 1} ;0,1,1; add, sub,, sub,; R ,=) for any relation R'.
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Replacements

Example — Replacements of long paths for free variables if the considered formula ¢ does
not describe connections between these variables and bounded variables:

1. Mi|>m, R(V;0) = truefor somej <m. [ 4< i, m=thelength of the
codeof g =i<m

<m o

v

\Klrﬁ)“ \W}
v } Vi Replace > om i1 g™ 1

2. Vi|>mand R(V,0) =falseforalj<m.

v } V, e > 12m - W
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The Decision of A LI NP in Polynomia Time

(Wy,..., Wp)

OAD ({0,139)"

f1

— the code of aformula which describes the acceptance of the inputsfrom A n ({0,1}" )"

\4

A problem where the free variables are restricted
(Wi, Wiy Zg, -+, Zp(n) P

(SAT = RESSAT 0 ({0,139

_ lace, » : ,
Wi = Wi 1 [ ¢ 0Ty B2 W= W1 W W1 Ty

(W,l W,n Zi,... Zp(n)) 9 A sub-problem for short strings
OSUB-SAT 0 SAT = RES-SAT O ({0, 9)”

f = \ :
| Wi= W= 0w 0w MM0W O W vy TOW

\ 4

A variant of RES-SAT, dimension 1

(W1 110, 11 02,02,[107,, 11 OOMD)

1A, O{0.F

R

\4

0/1

{3 0{0,3

20
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Thank you!

Christine Galdher
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