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Introduction
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We are interested in representing polynomial families.
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Introduction

-

We are interested in representing polynomial families.

n

DET,, = Z é(o) sz',a(i)

oESsS, 1=1

The determinant is computable with a polynomial number of

operations.
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Computation models
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Computation models

Circuit EXxpression
Size: 9 Size: 13
Depth: 3 Depth: 3
Degree: 3 Degree: 3
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Definitions and basic properties



Valiant’s complexity classes

- N

Definition 1. (f,,) € VP if there exists a sequence of circuits C;, of
polynomially bounded size and degree such that C,, represents f,,.

Definition 2. (f,,) € VNP if there exists a polynomial p and a
sequence g, € VP such that:

f@ = 3 ga@o).

ec{0,1}rzD)
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Valiant’s hypothesis

VP # VNP



The determinant and permanent families

- N

n

DET, = » e(0)[[ 00

oES, 1=1

PER, = ) ﬁzi,a@)

ccsS,, 1=1



The permanent

- N

If G Is a bipartite graph, the permanent of its adjacency
matrix counts the number of perfect matchings of G.
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The permanent

-

If G Is a bipartite graph, the permanent of its adjacency
matrix counts the number of perfect matchings of G.

If G Is a directed graph with a weight function on the edges,

the permanent of its adjacency matrix is the sum of the
weight of the cycle covers of G.
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The permanent

-

If G Is a bipartite graph, the permanent of its adjacency
matrix counts the number of perfect matchings of G.

If G Is a directed graph with a weight function on the edges,
the permanent of its adjacency matrix is the sum of the
weight of the cycle covers of G.
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The permanent

- N

(PER,,) € VNP because PER,,(z; ;) can be written as:

( \ /o
D [l —eijer) (Hzez])

\i:kiffj;él
n n
LI\ D eismis |-
i=1 \ j=1



Reductions

-

Definition 3. A polynomial f is a projection of a polynomial g if
f(z) =g(a,...,an), where the a; are elements of the field or
variables among x1, ..., x),.
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Reductions

- N

Definition 3. A polynomial f is a projection of a polynomial g if
f(z) =g(a,...,an), where the a; are elements of the field or
variables among x1, ..., x),.

Definition 4. A sequence ( f,) is a p-projection of a sequence (gy, ) if
there exists a polynomially bounded function #(n) such that f;, is a
projection of gy, for all 7.

o |

Valiant's Theory — EPIT 2005 — p.24/156



Reductions

- N

Definition 3. A polynomial f is a projection of a polynomial g if
f(z) =g(a,...,an), where the a; are elements of the field or
variables among x1, ..., x),.

Definition 4. A sequence ( f,) is a p-projection of a sequence (gy, ) if
there exists a polynomially bounded function #(n) such that f;, is a
projection of gy, for all 7.

Definition 5. A sequence of polynomials (f,,) € VNP is
VNP-complete if any sequence of polynomials (¢,) € VNP is a

p-projection of ( fy,).
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Valiant’s theorem

-

Theorem 1. The sequence (PER,,) is VNP-complete over any field of
characteristic different from 2.

Corollary 1. Over any field of characteristic different from 2,
VP = VNP iff PER € VP.
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Closure properties

- N

Theorem 2 (Valiant). VP and VNP are closed under sum, products
and composition.
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Closure properties

-

Theorem 2 (Valiant). VP and VNP are closed under sum, products
and composition.

Let f, =[], (2?21 zi,jyj), then:

e, 0

~ ...~ f —PER,.
ayl aynf
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Closure properties

- N

Theorem 2 (Valiant). VP and VNP are closed under sum, products
and composition.

Let f, =[], (2?21 zi,jyj), then:

e, 0

~ ...~ f —PER,.
ayl aynf

If VP # VNP, VP Is not stable under taking iterated partial

derivatives.
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Some algebraic results
-

Theorem 3 (P. Buirgisser). Let p > 0, the following statements are
equivalent:

(i) VP # VNP over all fields of characteristic p.
(i) VP # VNP over some algebraically closed field of characteristic p.
(i) VP #£ VNP over ),

Theorem 4 (P. Buirgisser). Under (GRH), VP = VNP over C implies
P /poly = NP /poly.
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Completeness of the permanent
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Completeness proof strategy

- N

(i) VNP, = VNP.

(i) PER is universal for formulas.

(i) The permanent can “eliminate” boolean sums.
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Classes defined via formulas

- N

Definition 6. (f,,) € VP, if there exists a sequence of formulas (E),)
of polynomially bounded size such that E,, represents f,,.
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Classes defined via formulas

- N

Definition 6. (f,,) € VP, if there exists a sequence of formulas (E),)
of polynomially bounded size such that E,, represents f,,.

Definition 7. (f,) € VNP, if there exists a polynomial p and a
sequence g, € VP, such that:

fn(j) — Z gn(gfj,é).

ec{0,1}»0zD
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Classes defined via formulas

- N

Definition 6. (f,,) € VP, if there exists a sequence of formulas (E),)
of polynomially bounded size such that E,, represents f,,.

Definition 7. (f,) € VNP, if there exists a polynomial p and a
sequence g, € VP, such that:

fn(j) — Z gn(gfj,é).

ec{0,1}»0zD

VP. C VP and VNP, C VNP.
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For unbounded degree
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For unbounded degree

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Lemma 1. The degree of a formula of size s is bounded by s.
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For bounded degree

-

Whether VP, = VP or not is still open.



For bounded degree

-

Whether VP, = VP or not is still open.

Valiant showed that VNP, = VNP.



Multiplicatively disjoint circuits

- N

Definition 8. Let a be a gate receiving arrows from gates (3 and 7, « is
said to be disjoint if the sub-circuits associated with the gates 3 and y
are disjoint from one another.

o |

Valiant's Theory — EPIT 2005 — p.42/156



Multiplicatively disjoint circuits

- N

Definition 8. Let a be a gate receiving arrows from gates (3 and 7, « is
said to be disjoint if the sub-circuits associated with the gates 3 and y
are disjoint from one another.




Multiplicatively disjoint circuits

- N

Definition 8. Let a be a gate receiving arrows from gates (3 and 7, « is
said to be disjoint if the sub-circuits associated with the gates 3 and y
are disjoint from one another.




Multiplicatively disjoint circuits

- N

Definition 8. Let a be a gate receiving arrows from gates (3 and 7, « is
said to be disjoint if the sub-circuits associated with the gates 3 and y
are disjoint from one another.

Definition 9. A circuit is said to be multiplicatively disjoint (MD) if all its
Lmultiplication gates are disjoint.
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Characterizing VP
- -

Proposition 1.  (f,) € VP iff (f,,) can be represented by a sequence
of MD circuits of polynomially bounded size.
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Characterizing VP
-

Proposition 1.  (f,) € VP iff (f,,) can be represented by a sequence
of MD circuits of polynomially bounded size.

Lemma 2. If C'is an MD circuit of size ¢, the degree of C' is bounded by
L.
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Characterizing VP
-

Proposition 1.  (f,) € VP iff (f,,) can be represented by a sequence
of MD circuits of polynomially bounded size.

Lemma 2. If C'is an MD circuit of size ¢, the degree of C' is bounded by
L.

Lemma 3. If C is a circuit of size ¢t and formal degree d, there exists an
MD circuit C’, representing the same polynomial as C' and of size
bounded by dt.
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A sufficient condition

- N

To show VNP, = VNP, it is sufficient to show VP C VNP..
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A sufficient condition

- N

To show VNP, = VNP, it is sufficient to show VP C VNP..

Suppose (f,) € VNP,

fn(T) = Zgn(:i, &) with (g,) € VP

=) hu(z,€n) with (h,) € VPq
&

N -
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A sufficient condition

- N

To show VNP, = VNP, it is sufficient to show VP C VNP..
Suppose (f,) € VNP,
fa(@) =) gn(z,6)  with (gn) € VP

=) hu(z,€n) with (h,) € VPq
&

Therefore (f,) € VNP,.

N -
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VP C VNP,

87
e: e 251315132 + X1T3 + Tox3
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VP C VNP,
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VP C VNP,
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VP C VNP,
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VP C VNP,

25131332 + 13 + ToI3




VP C VNP,

38 7
ez e 251315132 + X1T3 + Tox3
)

L1X2 L1X2
y
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VNP and gP
- -

Babal and Fortnow: Arithmetization: a new method In
structural complexity theory.



VNP and gP
-

Babal and Fortnow: Arithmetization: a new method In
structural complexity theory.

Valiant’s criterion: Suppose ¢ is a function in the class
#P/poly, and (f,) is defined as:

Jn = Z ¢(€)Zfl a2

ec{0,1}"

Then (f,) € VNP.
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Completeness proof strategy

- N

(i) VNP, = VNP.

(i) PER is universal for formulas.

(i) The permanent can “eliminate” boolean sums.
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Welighted graphs



Welighted graphs



Welighted graphs

The weight of the path in bold is z3.

o



Welighted graphs

The weight of the graph is 2 + 2179 + 23 + 913,

o



Universality for formulas

- N

Lemma 4. If f is a polynomial represented by a formula of size e, then
there exists an acyclic directed graph G of size e + 1 whose weight is f.

o |
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Universality for formulas

- N

Lemma 4. If f is a polynomial represented by a formula of size e, then
there exists an acyclic directed graph G of size e + 1 whose weight is f.

D
I
=
®
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Universality for formulas

- N

Lemma 4. If f is a polynomial represented by a formula of size e, then
there exists an acyclic directed graph G of size e + 1 whose weight is f.
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Universality for formulas

- N

Lemma 4. If f is a polynomial represented by a formula of size e, then
there exists an acyclic directed graph G of size e + 1 whose weight is f.

—_— — = = = = = = o
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Universality for formulas

- N

Proposition 2. If f is a polynomial represented by a formula of size e,
then f is a projection of PER..
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Universality for formulas
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Proposition 2. If f is a polynomial represented by a formula of size e,
then f is a projection of PER..
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Universality for formulas
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Proposition 2. If f is a polynomial represented by a formula of size e,
then f is a projection of PER..
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Completeness proof strategy

- N

(i) VNP, = VNP.

(i) PER is universal for formulas.

(i) The permanent can “eliminate” boolean sums.
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Eliminating sums

Suppose (f,) € VNP, then f,(z) = > - gn(Z, €),
with (gn(i‘7 Yo, @7)) € VPe.

o



Eliminating sums

gn(Z, y0,y) 1S the weight of the cycle covers of a graph G.

o



Eliminating sums

Some edges of G have weight .

o



Eliminating sums

We wish to compute g¢,,(z,0, ) + gn(Z, 1,7).

o



Eliminating sums

gn (7,0, 7) Is the sum of the weights of the cycle covers which

do not use any of the edges.

Valiant's T 2005 - p.80/156



Eliminating sums

For each subset S C {1,--- ,k}, let Wg be the weight of the
cycle covers using exactly the edges numbered in S .
Then:

gn(T,1,7) = Z WS

SC{1,-

|
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Eliminating sums

With this notation, ¢, (z,0,y) is Wj.

o



Eliminating sums

-

Therefore:
gn(Z,0,7) + gn(z,1,5) =2Wy+ > Ws.
Sg{l,... ’k}
SH()



Eliminating sums

-

The Rosette gadget:




Eliminating sums

The Rosette gadget:

A()Y
>
V ‘
\ I
\ /
\ /
\ /
\ /
N /7
AN 7
N 7
~ e
~_ -

There are exactly two cycle covers which do not go through
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Eliminating sums

The Rosette gadget:

1
2 k

There are exactly two cycle covers which do not go through
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Eliminating sums

The Rosette gadget:

There are exactly two cycle covers which do not go through
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Eliminating sums

- N

The Rosette gadget:

For each non-empty subset of {1, ..., .k} there is exactly one

cycle cover which goes through exactly the specified edges.
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Eliminating sums

-

The IFF gadget:

? (IFF)
U U
G ? G



Eliminating sums

The IFF gadget:

u v u v
° ° ° °
(FF)
° ° ° °
/ / / /
u v u v
G G’

Lemma 5. The permanent of G’ is the sum of the weights of all cycle
covers of (G which contain both edges (u,v) and (u’, v") or neither.
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Bringing everything together
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Generating functions of graph properties

- N

(P. Burgisser)

fG=(V.E), GF(G,E =) W(E
FE'CE

where the sum is over all E/ such that (V, E') € £.



Generating functions of graph properties

- N

(P. Burgisser)

fG=(V.E), GF(G,E =) W(E
FE'CE

where the sum is over all E/ such that (V, E') € £.

GF(Kp.n, PI) = PER,,



Generating functions of graph properties

- N

(GF(K,,, TREE)) € VP

(GF(K,,,CL)) IS VNP — complete.



-

Completeness of the determinant



What about the determinant?

- N

Theorem 1. The sequence (PER,,) is VNP-complete over any field of
characteristic different from 2.

Proposition 3. (DET,,) € VP.
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Strongly multiplicatively disjoint circuits

- N

Definition 10. A circuit is strongly multiplicatively disjoint (SMD) if for
any multiplication gate « receiving arrows from gates 3 and -y, one of the
sub-circuits Cg or C’7 Is disjoint from the rest of the circuit.

o |
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Strongly multiplicatively disjoint circuits

- N

Definition 10. A circuit is strongly multiplicatively disjoint (SMD) if for
any multiplication gate « receiving arrows from gates 3 and -y, one of the
sub-circuits Cg or C’7 Is disjoint from the rest of the circuit.

Valiant's Theory — EPIT 2005 — p.99/156



A new class

-

Definition 11. (f,) € VDET if there exists a sequence of strongly
multiplicatively disjoint circuits (C,, ), of polynomially bounded size,

representing ( fy,).

Theorem 5. (DET),,) is VDET-complete (with respect to
p-projections).

|
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Completeness of the determinant

- N

Lemma 6. If f is a polynomial computed by an SMD of size ¢, then f is
a projection of DET o 1.

Lemma 7. (DET,) € VDET.

o |
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Completeness of the determinant

- N

Lemma 6. If f is a polynomial computed by an SMD of size ¢, then f is
a projection of DET o 1.

Lemma 7. (DET,) € VDET.

Theorem 6 (Liu & Regan). If f is a polynomial computed by a formula
of size e with at least one + gate, then f is a projection of DET .

o |
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Universality for SMD circults
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Computing the determinant

- N

(1) The Samuelson-Berkowitz algorithm to compute the
determinant roughly reduces the computation of the
determinant to the computation of products of matrices.

(i) The product of n matrices of size n can be represented
by an SMD of polynomial size.

o |
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Complete families for VDET
- -

Theorem 7. The sequences of polynomials (F},), (Gy) and (Hy,)
defined as follows are VDET-complete:

(i) F, = Tr(X").
(i) Gp =Tr(Xy--X,).
(i) H, = Tr(DET(X) - X1).

In these definitions, 1T is the trace, and X or X; represents a matrix
with n? variables.

o |
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Another class for the determinant

- N

The determinant is complete for the class VQP of families
represented by circuits of quasi-polynomial size, via
guasi-polynomial projections.

N -
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Another class for the determinant

- N

The determinant is complete for the class VQP of families
represented by circuits of quasi-polynomial size, via
guasi-polynomial projections.

Lemma 8. If f is an n-variate polynomial computed by a circuit of size s

and degree d, f can be computed by a circuit of size O(d633) and depth
O(log(ds) log d + logn).

o |
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An algebraic characterization

- N

Theorem 8. The permanent is a p-projection of the determinant iff
VDET = VNP.

N -
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An algebraic characterization

- N

Theorem 8. The permanent is a p-projection of the determinant iff
VDET = VNP.

Theorem 9. The permanent is a gp-projection of the determinant iff
VNP C VQP.

o |
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Summary of classes

-

formula SMD MD
VP, C VDET C VP C VNP
(DET,,) (PER»)



Summary of classes

formula SMD MD
VP, C VDET C VP C VNP

(DET,) (PER,)

(DET,,) iIs VP-complete iff VDET = VP.
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- N

Coefficient functions and unbounded
degree



Coefficient functions

EE{O,l}n [log d]



For the permanent

() The permanent’s coefficient function:

( \ /o
g(€) = 1] @—ecijerd) (HZEw)

1<i,j,k,I<n ) i=1 j=1
\ i=k iff j£1

(i) Coefficient of the monomial y; - - - y,, IN:

fa@,2) =] (Z Zv:,jyj)

i=1 \ j=1



Stability for VNP and VP
-

Proposition 4. VNP is stable for coefficient functions, i.e. if the degree
of (f,,) is polynomially bounded, the following properties are equivalent:

(i) (fn) belongsto VNP.
(i) one of its coefficient functions belongs to VINP.

(iii) all its coefficient functions belong to VNP.

o |
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Stability for VNP and VP
-

Proposition 4. VNP is stable for coefficient functions, i.e. if the degree
of (f,,) is polynomially bounded, the following properties are equivalent:

(i) (fn) belongsto VNP.
(i) one of its coefficient functions belongs to VINP.

(iii) all its coefficient functions belong to VNP.

Proposition 5. VP is stable for coefficient functions iff VP = VNP.

|
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Unbounded degree

- N

Definition 12. (f,) € WP if there exists a sequence of circuits of
polynomially bounded degree representing (f,).

o |
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Unbounded degree

-

Definition 12. (f,) € WP if there exists a sequence of circuits of
polynomially bounded degree representing (f,).

Definition 13. (f,) € WNP if there exists a polynomial p and a
sequence g, € WP such that:

fn(j) — Z gn(gfj,é).

ec{0,1}rzD)
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A polynomial complete for WP

- N

HhGcm,=1 G ., =n ... GI'=yn.



A polynomial complete for WP

-

HhGcm,=1 G ., =n ... GI'=yn.

(i) for{ > 1,

[—1 -1
G = (Z al,iG{”> - (Z bl,iG;-”> .

1=—m 1=—m



A polynomial complete for WP

- N

HhGcm,=1 G ., =n ... GI'=yn.
(i) for{ > 1,
(-1 -1
| = (Z al,z’GqT;n> ' (Z bl,iG;';n> :

Lemma 9. Any circuit of size s with m input gates is a projection of G'*.
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A polynomial complete for WP

- N

HhGcm,=1 G ., =n ... GI'=yn.
(i) for{ > 1,
(-1 -1
| = (Z al,z’GqT;n> ' (Z bl,iG;';n> :

Lemma 9. Any circuit of size s with m input gates is a projection of G'*.

Lemma 10. (G}) € WP.

Valiant's T 2005 - p.136/156



Coefficient function

T
-1 -1
G = (Z al,iG%”> : (Z bz,ﬁ?) ,

1=—m 1=—m



Coefficient function
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Binomial coefficients



Positive characteristic

- N

Theorem 10 (Lucas,1878). If m and n are two integers,

m:mo—l—m1p+---+mdpdandn:n0—|—n1p—|—---—I—ndpdtheir
decompositions in base p, then:

() = (o) (o) () (o
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Positive characteristic

-

Proposition 6. WNP is stable for coefficients.



Positive characteristic

- N

Proposition 6. WNP is stable for coefficients.

Proposition 7. WP is stable for coefficients iff WP = WNP.
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Positive characteristic

- N

Proposition 6. WNP is stable for coefficients.
Proposition 7. WP is stable for coefficients iff WP = WNP.

Theorem 11. WP = WNP iff VP = VNP.
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Characteristic O

-

Let B,(a, 3) compute the binomial coefficient ().

Lemma 11. If B, (&, 3) is computable by a circuit of size polynomial in
n, then k! is computable by a circuit of size polynomial in log £.
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Characteristic O

- N

Let B,(a, 3) compute the binomial coefficient ().

Lemma 11. If B, (&, 3) is computable by a circuit of size polynomial in
n, then k! is computable by a circuit of size polynomial in log £.

Theorem 12 (cf. BCSS). |If k! is not ultimately easy to compute,
P =% NP over C.

Theorem 13 (Koiran). If k! is not ultimately easy to compute,
VP! # VNPV or P # PSPACE.
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Resources

-

P. BURGISSER, Completeness and reduction in algebraic
complexity theory, Algorithms Comput. Math. 7, Springer.

The slides of this presentation and some corresponding lec-
ture notes should be available soon after the end of EPIT

2005 on the school website.

|

Valiant's Theory — EPIT 2005 — p.156/156



	Introduction
	Introduction
	Introduction
	Computation models
	Computation models
	Computation models
	Computation models
	Computation models
	Computation models
	Computation models
	Computation models
	Definitions and basic properties
	Valiant's complexity classes
	Valiant's hypothesis
	The determinant and permanent families
	The permanent
	The permanent
	The permanent
	The permanent
	The permanent
	The permanent
	Reductions
	Reductions
	Reductions
	Valiant's theorem
	Closure properties
	Closure properties
	Closure properties
	Some algebraic results
	Completeness of the permanent
	Completeness proof strategy
	Completeness proof strategy
	Completeness proof strategy
	Classes defined via formulas
	Classes defined via formulas
	Classes defined via formulas
	For unbounded degree
	For unbounded degree
	For bounded degree
	For bounded degree
	Multiplicatively disjoint circuits
	Multiplicatively disjoint circuits
	Multiplicatively disjoint circuits
	Multiplicatively disjoint circuits
	Characterizing vp 
	Characterizing vp 
	Characterizing vp 
	A sufficient condition
	A sufficient condition
	A sufficient condition
	A sufficient condition
	A sufficient condition
	$vp subseteq vnpe $
	$vp subseteq vnpe $
	$vp subseteq vnpe $
	$vp subseteq vnpe $
	$vp subseteq vnpe $
	$vp subseteq vnpe $
	vnp  and sharpp 
	vnp  and sharpp 
	Completeness proof strategy
	Weighted graphs
	Weighted graphs
	Weighted graphs
	Weighted graphs
	Universality for formulas
	Universality for formulas
	Universality for formulas
	Universality for formulas
	Universality for formulas
	Universality for formulas
	Universality for formulas
	Universality for formulas
	Completeness proof strategy
	Eliminating sums
	Eliminating sums
	Eliminating sums
	Eliminating sums
	Eliminating sums
	Eliminating sums
	Eliminating sums
	Eliminating sums
	Eliminating sums
	Eliminating sums
	Eliminating sums
	Eliminating sums
	Eliminating sums
	Eliminating sums
	Eliminating sums
	Bringing everything together
	Bringing everything together
	Generating functions of graph properties
	Generating functions of graph properties
	Generating functions of graph properties
	Completeness of the determinant
	What about the determinant?
	Strongly multiplicatively disjoint circuits
	Strongly multiplicatively disjoint circuits
	A new class
	Completeness of the determinant
	Completeness of the determinant
	Universality for �md  circuits
	Universality for �md  circuits
	Universality for �md  circuits
	Universality for �md  circuits
	Universality for �md  circuits
	Universality for �md  circuits
	Universality for �md  circuits
	Universality for �md  circuits
	Universality for �md  circuits
	Universality for �md  circuits
	Universality for �md  circuits
	Universality for �md  circuits
	Universality for �md  circuits
	Universality for �md  circuits
	Universality for �md  circuits
	Computing the determinant
	Complete families for vdet 
	Another class for the determinant
	Another class for the determinant
	An algebraic characterization
	An algebraic characterization
	Summary of classes
	Summary of classes
	Coefficient functions and unbounded degree
	Coefficient functions
	For the permanent
	Stability for vnp  and vp 
	Stability for vnp  and vp 
	Unbounded degree
	Unbounded degree
	A polynomial complete for Vp 
	A polynomial complete for Vp 
	A polynomial complete for Vp 
	A polynomial complete for Vp 
	Coefficient function
	Coefficient function
	Coefficient function
	Coefficient function
	Coefficient function
	Coefficient function
	Coefficient function
	Coefficient function
	Coefficient function
	Coefficient function
	Coefficient function
	Coefficient function
	Binomial coefficients
	Positive characteristic
	Positive characteristic
	Positive characteristic
	Positive characteristic
	Characteristic 0
	Characteristic 0
	Resources

