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Introduction

We are interested in representing polynomial families.

DETn =
∑

σ∈Sn

ǫ(σ)
n
∏

i=1

zi,σ(i)

The determinant is computable with a polynomial number of

operations.
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Computation models
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Computation models
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Computation models

ExpressionCircuit
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Computation models

ExpressionCircuit
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Computation models
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Computation models
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Computation models

ExpressionCircuit

2

×+

+ ×

+

×+ ×

×+

+

x1 x2 x4 x1 x2 x2 x2 x4k kk

Size: 13Size: 9

Depth: 3Depth: 3

1 1 1 1 1 1 1 1 1 1 1

1 12 2 2

3 32

Valiant’s Theory – EPIT 2005 – p.11/156



Computation models

ExpressionCircuit

Degree: 3
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Definitions and basic properties
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Valiant’s complexity classes

Definition 1. (fn) ∈ VP if there exists a sequence of circuits Cn of
polynomially bounded size and degree such that Cn represents fn.

Definition 2. (fn) ∈ VNP if there exists a polynomial p and a
sequence gn ∈ VP such that:

fn(x̄) =
∑

ǭ∈{0,1}p(|x̄|)

gn(x̄, ǭ).
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Valiant’s hypothesis

VP 6= VNP

Valiant’s Theory – EPIT 2005 – p.15/156



The determinant and permanent families

DETn =
∑

σ∈Sn

ǫ(σ)
n
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i=1

zi,σ(i)

PERn =
∑

σ∈Sn

n
∏

i=1

zi,σ(i)
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The permanent

If G is a bipartite graph, the permanent of its adjacency
matrix counts the number of perfect matchings of G.
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The permanent

If G is a bipartite graph, the permanent of its adjacency
matrix counts the number of perfect matchings of G.

If G is a directed graph with a weight function on the edges,
the permanent of its adjacency matrix is the sum of the
weight of the cycle covers of G.
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The permanent

If G is a bipartite graph, the permanent of its adjacency
matrix counts the number of perfect matchings of G.

If G is a directed graph with a weight function on the edges,
the permanent of its adjacency matrix is the sum of the
weight of the cycle covers of G.
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The permanent

(PERn) ∈ VNP because PERn(zi,j) can be written as:

∑

ǭ∈{0,1}n2









∏

1≤i,j,k,l≤n
i=k iff j 6=l

(1 − ǫi,jǫk,l)









·





n
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i=1

n
∑

j=1

ǫi,j
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 ·

n
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i=1





n
∑

j=1

ǫi,jzi,j


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Reductions

Definition 3. A polynomial f is a projection of a polynomial g if
f(x̄) = g(a1, . . . , am), where the ai are elements of the field or
variables among x1, . . . , xn.
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Reductions

Definition 3. A polynomial f is a projection of a polynomial g if
f(x̄) = g(a1, . . . , am), where the ai are elements of the field or
variables among x1, . . . , xn.

Definition 4. A sequence (fn) is a p-projection of a sequence (gn) if
there exists a polynomially bounded function t(n) such that fn is a
projection of gt(n) for all n.
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Reductions

Definition 3. A polynomial f is a projection of a polynomial g if
f(x̄) = g(a1, . . . , am), where the ai are elements of the field or
variables among x1, . . . , xn.

Definition 4. A sequence (fn) is a p-projection of a sequence (gn) if
there exists a polynomially bounded function t(n) such that fn is a
projection of gt(n) for all n.

Definition 5. A sequence of polynomials (fn) ∈ VNP is
VNP-complete if any sequence of polynomials (gn) ∈ VNP is a
p-projection of (fn).
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Valiant’s theorem

Theorem 1. The sequence (PERn) is VNP-complete over any field of
characteristic different from 2.

Corollary 1. Over any field of characteristic different from 2,
VP = VNP iff PER ∈ VP.
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Closure properties

Theorem 2 (Valiant). VP and VNP are closed under sum, products
and composition.
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Closure properties

Theorem 2 (Valiant). VP and VNP are closed under sum, products
and composition.

Let fn =
∏n

i=1

(

∑n
j=1 zi,jyj

)

, then:

∂

∂y1
· · ·

∂

∂yn
fn = PERn .
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Closure properties

Theorem 2 (Valiant). VP and VNP are closed under sum, products
and composition.

Let fn =
∏n

i=1

(

∑n
j=1 zi,jyj

)

, then:

∂

∂y1
· · ·

∂

∂yn
fn = PERn .

If VP 6= VNP, VP is not stable under taking iterated partial

derivatives.
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Some algebraic results

Theorem 3 (P. Bürgisser). Let p ≥ 0, the following statements are
equivalent:

(i) VP 6= VNP over all fields of characteristic p.

(ii) VP 6= VNP over some algebraically closed field of characteristic p.

(ii) VP 6= VNP over F̄p.

Theorem 4 (P. Bürgisser). Under (GRH), VP = VNP over C implies
P/poly = NP/poly .
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Completeness of the permanent
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Completeness proof strategy

(i) VNPe = VNP.
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Completeness proof strategy

(i) VNPe = VNP.

(ii) PER is universal for formulas.
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Completeness proof strategy

(i) VNPe = VNP.

(ii) PER is universal for formulas.

(iii) The permanent can “eliminate” boolean sums.
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Classes defined via formulas

Definition 6. (fn) ∈ VPe if there exists a sequence of formulas (En)
of polynomially bounded size such that En represents fn.
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Classes defined via formulas

Definition 6. (fn) ∈ VPe if there exists a sequence of formulas (En)
of polynomially bounded size such that En represents fn.

Definition 7. (fn) ∈ VNPe if there exists a polynomial p and a
sequence gn ∈ VPe such that:

fn(x̄) =
∑

ǭ∈{0,1}p(|x̄|)

gn(x̄, ǭ).
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Classes defined via formulas

Definition 6. (fn) ∈ VPe if there exists a sequence of formulas (En)
of polynomially bounded size such that En represents fn.

Definition 7. (fn) ∈ VNPe if there exists a polynomial p and a
sequence gn ∈ VPe such that:

fn(x̄) =
∑

ǭ∈{0,1}p(|x̄|)

gn(x̄, ǭ).

VPe ⊆ VP and VNPe ⊆ VNP.
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For unbounded degree
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For unbounded degree

2
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Lemma 1. The degree of a formula of size s is bounded by s.
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For bounded degree

Whether VPe = VP or not is still open.
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For bounded degree

Whether VPe = VP or not is still open.

Valiant showed that VNPe = VNP.
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Multiplicatively disjoint circuits

Definition 8. Let α be a gate receiving arrows from gates β and γ, α is
said to be disjoint if the sub-circuits associated with the gates β and γ
are disjoint from one another.

Valiant’s Theory – EPIT 2005 – p.42/156



Multiplicatively disjoint circuits

Definition 8. Let α be a gate receiving arrows from gates β and γ, α is
said to be disjoint if the sub-circuits associated with the gates β and γ
are disjoint from one another.
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Multiplicatively disjoint circuits

Definition 8. Let α be a gate receiving arrows from gates β and γ, α is
said to be disjoint if the sub-circuits associated with the gates β and γ
are disjoint from one another.

x1 x3 x4x2

+ ++

×

×

Definition 9. A circuit is said to be multiplicatively disjoint (MD) if all its
multiplication gates are disjoint.
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Characterizing VP

Proposition 1. (fn) ∈ VP iff (fn) can be represented by a sequence
of MD circuits of polynomially bounded size.
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Characterizing VP

Proposition 1. (fn) ∈ VP iff (fn) can be represented by a sequence
of MD circuits of polynomially bounded size.

Lemma 2. If C is an MD circuit of size t, the degree of C is bounded by
t.
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Characterizing VP

Proposition 1. (fn) ∈ VP iff (fn) can be represented by a sequence
of MD circuits of polynomially bounded size.

Lemma 2. If C is an MD circuit of size t, the degree of C is bounded by
t.

Lemma 3. If C is a circuit of size t and formal degree d, there exists an
MD circuit C ′, representing the same polynomial as C and of size
bounded by dt.
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A sufficient condition

To show VNPe = VNP, it is sufficient to show VP ⊆ VNPe.
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A sufficient condition

To show VNPe = VNP, it is sufficient to show VP ⊆ VNPe.

Suppose (fn) ∈ VNP,

fn(x̄) =
∑

ǭ

gn(x̄, ǭ) with (gn) ∈ VP
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A sufficient condition

To show VNPe = VNP, it is sufficient to show VP ⊆ VNPe.

Suppose (fn) ∈ VNP,

fn(x̄) =
∑

ǭ

gn(x̄, ǭ) with (gn) ∈ VP

=
∑

ǭ,η̄

hn(x̄, ǭ, η̄) with (hn) ∈ VPe
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A sufficient condition

To show VNPe = VNP, it is sufficient to show VP ⊆ VNPe.

Suppose (fn) ∈ VNP,

fn(x̄) =
∑

ǭ

gn(x̄, ǭ) with (gn) ∈ VP

=
∑

ǭ,η̄

hn(x̄, ǭ, η̄) with (hn) ∈ VPe

Therefore (fn) ∈ VNPe.
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VP ⊆ VNPe
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VP ⊆ VNPe
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VNP and ♯P

Babai and Fortnow: Arithmetization: a new method in
structural complexity theory.
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VNP and ♯P

Babai and Fortnow: Arithmetization: a new method in
structural complexity theory.

Valiant’s criterion: Suppose φ is a function in the class
#P/poly , and (fn) is defined as:

fn =
∑

ǭ∈{0,1}n

φ(ǭ)ze1

1 · · · zen

n .

Then (fn) ∈ VNP.
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Completeness proof strategy

(i) VNPe = VNP.

(ii) PER is universal for formulas.

(iii) The permanent can “eliminate” boolean sums.
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Weighted graphs
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Weighted graphs

t
x2

x2

x1

x3

s

The weight of the path in bold is x2
2.
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Weighted graphs

t
x2

x2

x1

x3

s

The weight of the graph is x2 + x1x2 + x2
2 + x2x3.
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Universality for formulas

Lemma 4. If f is a polynomial represented by a formula of size e, then
there exists an acyclic directed graph G of size e + 1 whose weight is f .
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Universality for formulas

Lemma 4. If f is a polynomial represented by a formula of size e, then
there exists an acyclic directed graph G of size e + 1 whose weight is f .

t
e = 1: x x
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Universality for formulas

Lemma 4. If f is a polynomial represented by a formula of size e, then
there exists an acyclic directed graph G of size e + 1 whose weight is f .

t = t1 = t2

e = e1 + e2:

e2

e1

s

s2

s1

+

G1

G2
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Universality for formulas

Lemma 4. If f is a polynomial represented by a formula of size e, then
there exists an acyclic directed graph G of size e + 1 whose weight is f .

G2

e2

e1

e = e1 × e2:

×
t = t2

t1 = s2

s = s1

G1
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Universality for formulas

Proposition 2. If f is a polynomial represented by a formula of size e,
then f is a projection of PERe.
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Universality for formulas

Proposition 2. If f is a polynomial represented by a formula of size e,
then f is a projection of PERe.

G

s = t
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Universality for formulas

Proposition 2. If f is a polynomial represented by a formula of size e,
then f is a projection of PERe.
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Universality for formulas

Proposition 2. If f is a polynomial represented by a formula of size e,
then f is a projection of PERe.

s = t

G
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Completeness proof strategy

(i) VNPe = VNP.

(ii) PER is universal for formulas.

(iii) The permanent can “eliminate” boolean sums.
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Eliminating sums

Suppose (fn) ∈ VNP, then fn(x̄) =
∑

ǭ gn(x̄, ǭ),

with (gn(x̄, y0, ȳ)) ∈ VPe.
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Eliminating sums

G

gn(x̄, y0, ȳ) is the weight of the cycle covers of a graph G.

Valiant’s Theory – EPIT 2005 – p.77/156



Eliminating sums

G

y0
2

y0
k

y0
1

Some edges of G have weight y0.

Valiant’s Theory – EPIT 2005 – p.78/156



Eliminating sums

G

y0
2

y0
k

y0
1

We wish to compute gn(x̄, 0, ȳ) + gn(x̄, 1, ȳ).
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Eliminating sums

k

G

2

1

gn(x̄, 0, ȳ) is the sum of the weights of the cycle covers which

do not use any of the edges.
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Eliminating sums

k

G

2

1

For each subset S ⊆ {1, · · · , k}, let WS be the weight of the
cycle covers using exactly the edges numbered in S .
Then:

gn(x̄, 1, ȳ) =
∑

S⊆{1,··· ,k}

WS .
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Eliminating sums

k

G

2

1

With this notation, gn(x̄, 0, ȳ) is W∅.
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Eliminating sums

Therefore:

gn(x̄, 0, ȳ) + gn(x̄, 1, ȳ) = 2W∅ +
∑

S⊆{1,··· ,k}
S 6=∅

WS .
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Eliminating sums

The Rosette gadget:

1

2 k
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Eliminating sums

The Rosette gadget:

1

2 k

There are exactly two cycle covers which do not go through

any of the edges , 1, 2, . . . , k.
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Eliminating sums

The Rosette gadget:

1

2 k

There are exactly two cycle covers which do not go through

any of the edges , 1, 2, . . . , k.
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Eliminating sums

The Rosette gadget:

1

2 k

For each non-empty subset of {1, . . . , k} there is exactly one

cycle cover which goes through exactly the specified edges.
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Eliminating sums

The IFF gadget:

G
′

u

u
′

v

v
′

G

IFF

u

u
′

v

v
′
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Eliminating sums

The IFF gadget:

G
′

u

u
′

v

v
′

G

IFF

u

u
′

v

v
′

Lemma 5. The permanent of G′ is the sum of the weights of all cycle
covers of G which contain both edges (u, v) and (u′, v′) or neither.
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Bringing everything together

1

2 k

1

G

k
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Bringing everything together

IFFIFF

2 k

1

G

k
2

1

IFF

Valiant’s Theory – EPIT 2005 – p.92/156



Generating functions of graph properties

(P. Bürgisser)

If G = (V,E), GF(G, E) =
∑

E′⊆E

W (E′),

where the sum is over all E′ such that (V,E′) ∈ E .
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Generating functions of graph properties

(P. Bürgisser)

If G = (V,E), GF(G, E) =
∑

E′⊆E

W (E′),

where the sum is over all E′ such that (V,E′) ∈ E .

GF(Kn,n,DI) = PERn
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Generating functions of graph properties

(GF(Kn, T REE)) ∈ VP

(GF(Kn, CL)) is VNP − complete.
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Completeness of the determinant
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What about the determinant?

Theorem 1. The sequence (PERn) is VNP-complete over any field of
characteristic different from 2.

Proposition 3. (DETn) ∈ VP.
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Strongly multiplicatively disjoint circuits

Definition 10. A circuit is strongly multiplicatively disjoint (SMD) if for
any multiplication gate α receiving arrows from gates β and γ, one of the
sub-circuits Cβ or Cγ is disjoint from the rest of the circuit.
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Strongly multiplicatively disjoint circuits

Definition 10. A circuit is strongly multiplicatively disjoint (SMD) if for
any multiplication gate α receiving arrows from gates β and γ, one of the
sub-circuits Cβ or Cγ is disjoint from the rest of the circuit.

x1x1

+ +

+

x3

× ×

x2
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A new class

Definition 11. (fn) ∈ VDET if there exists a sequence of strongly
multiplicatively disjoint circuits (Cn), of polynomially bounded size,
representing (fn).

Theorem 5. (DETn) is VDET-complete (with respect to
p-projections).
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Completeness of the determinant

Lemma 6. If f is a polynomial computed by an SMD of size e, then f is
a projection of DETe+1.

Lemma 7. (DETn) ∈ VDET.
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Completeness of the determinant

Lemma 6. If f is a polynomial computed by an SMD of size e, then f is
a projection of DETe+1.

Lemma 7. (DETn) ∈ VDET.

Theorem 6 (Liu & Regan). If f is a polynomial computed by a formula
of size e with at least one + gate, then f is a projection of DETe+1.
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Universality for SMD circuits

s
x3x1 x2 x1 x2

x3

+ ×

Valiant’s Theory – EPIT 2005 – p.103/156



Universality for SMD circuits

s
x3x1 x2 x1 x2

x3

+ ×

Valiant’s Theory – EPIT 2005 – p.104/156



Universality for SMD circuits

s
x3x1 x2 x1 x2

x3

+ ×

Valiant’s Theory – EPIT 2005 – p.105/156



Universality for SMD circuits

s
x3x1 x2 x1 x2

x3

+ ×

Valiant’s Theory – EPIT 2005 – p.106/156



Universality for SMD circuits

s
x3x1 x2 x1 x2

x3

+ ×

Valiant’s Theory – EPIT 2005 – p.107/156



Universality for SMD circuits
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Universality for SMD circuits

s

+

+

x1

x1 x4

+
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Universality for SMD circuits

s
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x1 x4
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Universality for SMD circuits

x4
+

+

x1

x1

+

×

×

s′

x1 x4

x3x2 x1 x2

x3
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Universality for SMD circuits
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Universality for SMD circuits

x1

+

+

x1

x1

+

×

×

x3x2 x1 x2

x3

s

x4

x4

Valiant’s Theory – EPIT 2005 – p.114/156



Universality for SMD circuits
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Universality for SMD circuits
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Universality for SMD circuits
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x1
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Computing the determinant

(i) The Samuelson-Berkowitz algorithm to compute the
determinant roughly reduces the computation of the
determinant to the computation of products of matrices.

(ii) The product of n matrices of size n can be represented
by an SMD of polynomial size.
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Complete families forVDET

Theorem 7. The sequences of polynomials (Fn), (Gn) and (Hn)
defined as follows are VDET-complete:

(i) Fn = Tr(Xn).

(ii) Gn = Tr(X1 · · ·Xn).

(iii) Hn = Tr(DET(X) · X−1).

In these definitions, Tr is the trace, and X or Xi represents a matrix

with n2 variables.
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Another class for the determinant

The determinant is complete for the class VQP of families
represented by circuits of quasi-polynomial size, via
quasi-polynomial projections.
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Another class for the determinant

The determinant is complete for the class VQP of families
represented by circuits of quasi-polynomial size, via
quasi-polynomial projections.

Lemma 8. If f is an n-variate polynomial computed by a circuit of size s
and degree d, f can be computed by a circuit of size O(d6s3) and depth
O(log(ds) log d + log n).
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An algebraic characterization

Theorem 8. The permanent is a p-projection of the determinant iff
VDET = VNP.
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An algebraic characterization

Theorem 8. The permanent is a p-projection of the determinant iff
VDET = VNP.

Theorem 9. The permanent is a qp-projection of the determinant iff
VNP ⊆ VQP.
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Summary of classes

formula SMD MD

VPe ⊆ VDET ⊆ VP ⊆ VNP

(DETn) (PERn)
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Summary of classes

formula SMD MD

VPe ⊆ VDET ⊆ VP ⊆ VNP

(DETn) (PERn)

(DETn) is VP-complete iff VDET = VP.
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Coefficient functions and unbounded
degree
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Coefficient functions

f(x̄) =
∑

ǭ∈{0,1}n⌈log d⌉

g(ǭ)x̄ǭ.

f(x̄, ȳ) =
∑

ǭ∈{0,1}n⌈log d⌉

g(ȳ, ǭ) · x̄ǭ.
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For the permanent

(i) The permanent’s coefficient function:

g(ǭ) =









∏

1≤i,j,k,l≤n
i=k iff j 6=l

(1 − ǫi,jǫk,l)









·





n
∏

i=1

n
∑

j=1

ǫi,j





(ii) Coefficient of the monomial y1 · · · yn in:

fn(ȳ, z̄) =
n
∏

i=1





n
∑

j=1

zi,jyj




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Stability for VNP and VP

Proposition 4. VNP is stable for coefficient functions, i.e. if the degree
of (fn) is polynomially bounded, the following properties are equivalent:

(i) (fn) belongs to VNP.

(ii) one of its coefficient functions belongs to VNP.

(iii) all its coefficient functions belong to VNP.
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Stability for VNP and VP

Proposition 4. VNP is stable for coefficient functions, i.e. if the degree
of (fn) is polynomially bounded, the following properties are equivalent:

(i) (fn) belongs to VNP.

(ii) one of its coefficient functions belongs to VNP.

(iii) all its coefficient functions belong to VNP.

Proposition 5. VP is stable for coefficient functions iff VP = VNP.
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Unbounded degree

Definition 12. (fn) ∈ WP if there exists a sequence of circuits of
polynomially bounded degree representing (fn).
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Unbounded degree

Definition 12. (fn) ∈ WP if there exists a sequence of circuits of
polynomially bounded degree representing (fn).

Definition 13. (fn) ∈ WNP if there exists a polynomial p and a
sequence gn ∈ WP such that:

fn(x̄) =
∑

ǭ∈{0,1}p(|x̄|)

gn(x̄, ǭ).
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A polynomial complete for WP

(i) Gm
−m = 1, Gm

−m+1 = y1 . . . Gm
0 = ym.
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A polynomial complete for WP

(i) Gm
−m = 1, Gm

−m+1 = y1 . . . Gm
0 = ym.

(ii) for l ≥ 1,

Gm
l =

(

l−1
∑

i=−m

al,iG
m
i

)

·

(

l−1
∑

i=−m

bl,iG
m
i

)

.
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A polynomial complete for WP

(i) Gm
−m = 1, Gm

−m+1 = y1 . . . Gm
0 = ym.

(ii) for l ≥ 1,

Gm
l =

(

l−1
∑

i=−m

al,iG
m
i

)

·

(

l−1
∑

i=−m

bl,iG
m
i

)

.

Lemma 9. Any circuit of size s with m input gates is a projection of Gm
s .
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A polynomial complete for WP

(i) Gm
−m = 1, Gm

−m+1 = y1 . . . Gm
0 = ym.

(ii) for l ≥ 1,

Gm
l =

(

l−1
∑

i=−m

al,iG
m
i

)

·

(

l−1
∑

i=−m

bl,iG
m
i

)

.

Lemma 9. Any circuit of size s with m input gates is a projection of Gm
s .

Lemma 10. (Gn
n) ∈ WP.
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Coefficient function

Gm
l =

(

l−1
∑

i=−m

al,iG
m
i

)

·

(

l−1
∑

i=−m

bl,iG
m
i

)

,
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Coefficient function

G4
4 =

(

3
∑

i=−4

a4,iG
4
i

)

·

(

3
∑

i=−4

b4,iG
4
i

)

,
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Coefficient function
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Coefficient function
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Coefficient function

G4
4 =

(

3
∑

i=−4

a4,iG
4
i

)

·

(

3
∑

i=−4

b4,iG
4
i

)
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4

3

2 2

1 1 1
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Coefficient function

G4
4 =

(

3
∑

i=−4

a4,iG
4
i

)

·

(

3
∑

i=−4

b4,iG
4
i

)

,

4

3

2 2

1 1 1

0 0 0

−1 −1

−2

−3

−4
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Coefficient function
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Coefficient function
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Coefficient function
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Coefficient function
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Coefficient function
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Coefficient function
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Binomial coefficients

(

k

Ai,i−1

)(

k − Ai,i−1

Ai,i−2

)

· · ·

(

k − Ai,i−1 − . . . Ai,−n+1

Ai,−n

)
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Positive characteristic

Theorem 10 (Lucas,1878). If m and n are two integers,

m = m0 + m1p + · · · + mdp
d and n = n0 + n1p + · · · + ndp

d their
decompositions in base p, then:

(

n

m

)

≡

(

n0

m0

)(

n1

m1

)

· · ·

(

nd

md

)

(mod p).
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Positive characteristic

Proposition 6. WNP is stable for coefficients.
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Positive characteristic

Proposition 6. WNP is stable for coefficients.

Proposition 7. WP is stable for coefficients iff WP = WNP.
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Positive characteristic

Proposition 6. WNP is stable for coefficients.

Proposition 7. WP is stable for coefficients iff WP = WNP.

Theorem 11. WP = WNP iff VP = VNP.
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Characteristic 0

Let Bn(ᾱ, β̄) compute the binomial coefficient
(

ᾱ
β̄

)

.

Lemma 11. If Bn(ᾱ, β̄) is computable by a circuit of size polynomial in
n, then k! is computable by a circuit of size polynomial in log k.
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Characteristic 0

Let Bn(ᾱ, β̄) compute the binomial coefficient
(

ᾱ
β̄

)

.

Lemma 11. If Bn(ᾱ, β̄) is computable by a circuit of size polynomial in
n, then k! is computable by a circuit of size polynomial in log k.

Theorem 12 (cf. BCSS). If k! is not ultimately easy to compute,
P 6= NP over C.

Theorem 13 (Koiran). If k! is not ultimately easy to compute,

VP0 6= VNP0 or P 6= PSPACE.
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Resources

P. BÜRGISSER, Completeness and reduction in algebraic
complexity theory, Algorithms Comput. Math. 7, Springer.

The slides of this presentation and some corresponding lec-

ture notes should be available soon after the end of EPIT

2005 on the school website.
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