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Introduction

B Observation:

Data + Knowledge = Information
(corrupted) ( partial) ( Imprecise)
Measurement + Model = State
(noise) ( modeling errors, (?)

disturbances)

B Classification according to how uncertainties are d ealt with:
» Not explicit (Luenberger observers)
» Stochastic context (Kalman filters)

> Deterministic context  =» Set-membership approaches



Domain representation

M Solutions based on domain approximations:

» Orthotope (i.e. interval vector or aligned boxes)
» Parallelotope

» Ellipsoid

» Zonotope

» Polytope (+simplification)



Zonotopes : definitions

B Zonotope = Minkowski sum of straight line segments

[Z]=[8; ]+ +[5,]
[Si]=c¢+r0  O=[-LI]

B Exemple (n=2). p=1

/ﬂ"" .

B Zonotope = Linear image of a p-hypercube in a n-space
(abstract space)

[Z]=c+RO”?
H_}

®Rr

[(z100" cOO" ROO™?



Zonotopes : an example

http://www.decatur.de/wolfgang/zono/index.html



(Centered) Zonotopes : Properties

B Sum of two zonotopes :
®R,+®R,= ®[R,R)] =» matrix concatenation

B [mage of a zonotope by a linear application L :

L(®R)=®(LR) =» matrix product

B Smallest « box » containing a zonotope (« interval hull » ):

HR = ®rs(R) =» Norm of each line vector
[ 0 P
rs(R) = T rs(R); = ZI‘RU‘
0 | g
- _




Problem formulation n°L

B Model of the system (enclosing the real behavior):

X, =A.x, +B u +E v, v, 0O" O =[-t]

. =C.x, +*D,u, +F .w, w, O0O"

B Known: Aka Bka Cka Dka Eka F ) Ups Vi [x()] / X0 D['XO]
B Unknown: *r Ve Wk

B Goal: [x], smallestdomainsuchthat  x, O[x,] is guaranteed.



9& Problem formulation n2

B Model of the system (enclosing the real behavior):

%(0) = £ (x(0).u(0). (1) wooe
y(1) = g(x(1),u(?), m(1)) w(r) 00"
B Sampling:
> Notations: x, = x(kT)), ...

» Zeroorder hold:  u(?) =u,, tU[kT ; (k+1)T [

f(.) O C?, local. Lipschitz

B Known: [xo] / x(0)U[x,] U Vi { o()0C

B Unknown: x(¢), v(¢), w(?)

B Goal: [x;], (smallest) domain suchthat  x; U[x, i guaranteed.



Bounded error state estimation
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Model Measurement
prediction information

Correction

Compromise (for guarantee to be achieved):
t exactness < t complexity < | outer approximation



Main steps of the observation algorithm

11

Fork=1tok,

x,] < Correction(
X114 « Prediction(

X114 — Reduction(
End

Initialization ([x,,,] 1s computed from [x,])

System at time k: u,, y,

X1l Vi Up)

RA),

Xe1e)
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Main steps of the observation algorithm
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Fork=1tok,

x,] < Correction(
X.1.] — Prediction(

X114 — Reduction(
End

Initialization ([x,,,] 1s computed from [x,])

System at time k: u,, y,

X1l Vi Up)

RA),

Xe1e)




One step prediction

14
B Prediction:

> From: [xX;]1=c; + ®R,

> And: x(t) = f(x(2),u(t),v(t))

» Compute:  [Xps/i] = Craye + OR ik
H How ?

» Discretization

» Linearization

» Inclusion of the linearization error
» Inclusion of the discretization error

X Oy ]
v(t) O[-L+1]"

Xt D[ Xpr /4 ]



Discretization
15

x(2) = f(x(2),u(?),v(2))

W Discretization: Euler (for the sake of clarity)

Xpqp =X + f(xp,up,vp )T, Discretization error attime Kk

B Inclusion:

X UL I+ f (D Luge o Ivi DT +[ed ]

[xpl=cp + ‘Rk
Vil = [ +1]'
[ed,]=cd, + ®Rd, <«— Inclusion of the discretization error attime ~ k

X+l D{Ck TR s+ flep + Ry s,uy,v) T +edy ], s D[‘l;"‘l]p,VD[‘l;"‘l]r}



Linearization
16

X+ D{Ck +Ris+ fep + Rys,uy,v).Tg +ed, ], sO[=L+1]",v D[‘l;"‘l]r}

B Linearization of f around ( c,,u,,0):

c, +R, .s,u,,v)= f(c,,u, ,0)+L, )R, s+ v+el (R, .s,v)
kA S Uy koUk k ke U

L, = af(X,u,V)| M. = af(x,u,v)|
¢ Ox  |(ruw= ¢ v |(xuw)=

(Ck auk 90) (ck auk 90)

[el, ]=cl, + ®RI, €—Inclusion of the linearization error attime ~ k

B Prediction:

Xjat D[Xs1/a] = Carpie + O Rpari
Crar/k = Cp T f(Cpouy ,0).T +clp T +cdy
Ry =IU+ L TRy My T, R T, Rdy]




> Inclusion of the linearization error
1

B \With no loss of generality  (*):

_ 1
fq(Ck +RkS,uk) — fq(ck,uk) + fq[](ck,Rk.S,uk) + elq’k q— I...
f(c, + R, .s,u;) Constant (wrts)  Linear el
_ 2
el, i —fq[ ](ck,Rk.S,uk)+fq[3](ck,Rk.S,uk) s O[-L+1]7
Quadratic Higher order terms
m Goal: [el ]:(C[z] +0R[2])+(c + @R )
: k k k [31k [31k

(*) When fdependsonv, ¢, « [¢, 0], R, « [R,0;01], s « [sV].



Inclusion of quadratic terms
18

B Quadratic form related to the Taylor dev. of  f, around ( C,u,):

2 _ T
FP e Ry sau) = (Re) Rks)
nxn matrix obtained from

a formal calculus software

— 7 —p T
=S .qu.S g i _Rk .Qq(ck,uk).Rk
= + +
Z gq,k,ii Z (gq,k,ij gq,k,ji @
j i<j

— -+
5,2 O[o;+1] = = + L2
2 2

s;8; U[=L+1]



Inclusion of quadratic terms

19
B Result: : :
Lf 2 (Cp> Ry-s,u. )] U C;EZ] "“R/[(z] ' =|cor | R =| Ryl

[2] —

Cok = tmce(gq’k)/2
[2] —7... + .

Rqak [ gq,k,ii /2 ‘ (Qq,k,y Qq,k ji) |

i Hi<j

B An illustrative example:

s 2 | [ AGLx) ] [=x +(xx,)/2 {Zl}D{O]{—I 0}{51}_{ s2+ 5,
| %2 ] ) _fz(xloxz)} _{ — X, XX, } ﬂ 22 -1 -3 -l —2.512 —2.5.8,
9 _xl_D_0:|+|:2 OHSI} -Sl
L) L L 1L {zl} {1/2}{—1 0 1/2 1}%
) -2 -3 =1 =1 =2||s;

» Quadratic terms disappear
» Linear dependence between similar quadratic terms | S kept



Inclusion of higher order terms
20

B Rest expressed as a non linear function of linear f orms:

Matrix (formal calculus can be used)
No general methodology at present (application depe ndent)

» Goal: take linear dependence into accountas mucha s possible
before interval inclusion

Ja31(Cie> R s,y ) U 7q[3] (cr, MW (cr,up )Ry ), uy )

B Result (use of interval arithmetic):

[fi31(cks R s, 1 )] U et ‘R[3]k




Main steps of the observation algorithm
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Fork=1tok,

x,] < Correction(
X114 « Prediction(

X114 — Reduction(
End

Initialization ([x,,,] 1s computed from [x,])

System at time k: u,, y,

X1l Vi Up)

RA),

Xe1e)




Correction
22

B Correction: taking measurements into account

= (et W) X Olxs1i] = Crayne + O Rk
Vi = 8Xg Uy, Wy w, O[w, ] =[~L+1]"

B Linearization + inclusion of the related error (like in prediction)

v =d +C,s+F, . w, s O[-L+1]7, wO[-1;+1]*

=» Correction in the linear case can be applied.

v

Vi =Crx, +*Duy +Fow,




Correction using measurements

W Principle:

_________________________________________________

_________________________________________________

B [n the subspace influenced by the measurement ( V,):

Center of the corrected domain:

Ay depends on uncertainties




Main steps of the observation algorithm
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Fork=1tok,

x,] < Correction(
X114 « Prediction(

X.11.] — Reduction(
End

Initialization ([x,,,] 1s computed from [x,])

System at time k: u,, y,

X1l Vi Up)

RA),

Xe1e)




Reduction

B Zonotopes:

‘R :‘[1/‘1 cee P

l

rp] -

_’/'2

B Choose the zonotope complexity (max.

_’/'3

—I—rz

nd segments)

B Sort on decreasing Euclidian norm: HV,H 2 HI”I-HH

B Reduction:
Red(®R) = @ | |first (nd-n) col. ] i m other col. ]
Red(®R) = @ | |[first (ad-n) col. |in col.

(p=3)
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Application

B Model of a bio-reactor

S - X Fout =0
([ u=D=F,/V
[ x| (u-D).X
S - uX /Y, +D(S, -5)
< Vo |=x=f(xu)= DV -F,,
M 0
K ] 0
\ y=S+Fw wlU[-1;+]]
[x(0)] : Initial state (and parametric) uncertainty

!

In fed-batch mode (Dochain, 2001):

Law of Monod:

M.S
M=K ,M,S)=

K+S§

State extension:
parameter estimation

s out*

§ (resp. X) : concentration of the substrate (resp. biomass).

D : dilution rate. ¥ :volume. §,,: input concentration of the substrate.

Y, : efficiency coefficient for the growth of the biomass on the substrate.

M specific growth rate of the biomass. F;, F, . input and output flow.




Inclusion of the linearization error

28

® Higher order terms:

J([?)](CkaRk'Sauk) =

W Inclusion of X3

B Result;

(ﬂX)B] ()
B (/U‘X)[?)] (CkﬂRk'S)/Yxs

O3><1

HX (x) =

M.S.X
K+S§

(X 31 (ch, Ry.S)]=cpp +OR;

[fr31(ch> Ry s,u;)] O cpapp + O Risy,

o =| " Cru ! Y

Crk

O3><1

Ry =




3 Inclusion of the linearization error

_ (M +3M).(S +&B).(X +Y)
(K +0K)+(S +5)

B Inclusion of Xz HX (x+dx)

=
N Y v X

B Expression of X3 as a non linear function of linear forms:

Linear forms:
(LPI(X)CSC)(LPZ(X)CSC)(LP:),(X)&) qu(x):[() K 0 0 —S]

(Wy (3)-0) Wy (x)-(x + &) G =[k+5) -x 0 0 -x]
W) =0 -M 0 (K+S) -M]|
W,x)=¥,=[0 1 0 0 1]

X 3 (x, ar) =

B |nterval inclusion:

xX=c
cSc:R];.s — [ =B(Y;(c;)-Ry,)
Ly dy L3
[£X 31 (ck s Ry -5)] = EUPR
(Wacr) (Wy t14)
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Inclusion of the discretization error
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B Euler scheme: ed, =x,

B Empirical evaluation (simulation):

—xp ~ S (g, v ) T

u(f) = D(?) X, X,, S(@), S, V(©), V,, (edX,, edS,)
14 J[ 0'04 : -----------------:
r e IR :
" ) = 0.02 1 N I
I_l 8 X ?&XX 0 E \ :
] 6 & /Zz/ i \ :
r . l % o i
— 4! I
5 -0.0 : :
20 40 60 80 100 00 20 40 60 30 100 _0'98.03 - T0.-(;2- -—OT(.)I- - -0- - 30-1 - -0.02 0.03
B Dependency is taken into account, but not the dynam IC evol.

led, 1=cd, + ®Rd,

0.025

0.00125 Oy

cd, =0 Rd, =[-0.055 0.003 0,

03><1

03q 10705,



Simulation results: context
31

B |nitial (extended) state domain:
[x0] = [[0;20],[0;20],[0.5;2],[0.085;0.105],[1.9;2.4]]T

N N - v
X©0) SO V(O M(0) K(0)

B Measurement noise:
w is a uniform random noise (same bounds as the inter val)

B Zonotope complexity: d =25

B Computation of state bounds = Interval hull:
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Non linear observation and parameter estimation
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2 Conclusion & Future prospects

B Conclusion:

» Zonotopes =2 An alternative to other domain representations
» Wrapping effect =» Parameterization of the domain complexity

» Observer handling dependency in uncertain non-linea r systems with
no iterative optimization, no bissection, no facets or vertices enum.

» From linear to non-linear sys. = Analogy with (extended) Kalman filter
> Need for a refined evaluation of uncertainties =» Precision of estimation

B Future prospects:

» Dynamic inclusion of the discretization error

» Formal calculus = Automatic procedures to design the observer
» Quantifying the pessimism

» Design and evaluation of other correction approache S



