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Non-smooth convex optimization
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A pioneer

Jean-Jacques Moreau
(1923–2014)



4/19
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Subdifferential of a convex function: properties

Let f : H → ]−∞,+∞] be a proper function.
The (Moreau) subdifferential of f , denoted by ∂f , is such that

∂f : H → 2H

x → {u ∈ H | (∀y ∈ H) ⟨y − x |u⟩+ f (x) ≤ f (y)}
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Fermat rule : 0 ∈ ∂f (x) ⇔ x ∈ Argminf
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Subdifferential of a convex function: properties

Let f : H → ]−∞,+∞] be a proper function.
The (Moreau) subdifferential of f , denoted ∂f , is such that

∂f : H → 2H
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! u ∈ ∂f (x) is a subgradient of f at x .
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Let f : H → ]−∞,+∞] be a proper function.
The (Moreau) subdifferential of f , denoted ∂f , is such that

∂f : H → 2H

x → {u ∈ H | (∀y ∈ H) ⟨y − x |u⟩+ f (x) ≤ f (y)}

! u ∈ ∂f (x) is a subgradient of f at x .

! If x ̸∈ dom f , then ∂f (x) = ∅.
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Subdifferential of a convex function: properties

Let f : H → ]−∞,+∞] be a proper function.
The (Moreau) subdifferential of f , denoted ∂f , is such that

∂f : H → 2H

x → {u ∈ H | (∀y ∈ H) ⟨y − x |u⟩+ f (x) ≤ f (y)}

! u ∈ ∂f (x) is a subgradient of f at x .

! If x ̸∈ dom f , then ∂f (x) = ∅.

! For every x ∈ dom f , ∂f (x) is a closed and convex set.
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Subdifferential of a convex function: properties

If f : H → ]−∞,+∞] is convex and it is Gâteaux differentiable at x , then

∂f (x) = {∇f (x)}
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Subdifferential of a convex function: properties

If f : H → ]−∞,+∞] is convex and it is Gâteaux differentiable at x , then

∂f (x) = {∇f (x)}

(∀y ∈ H) ⟨∇f (x) | y⟩ = lim
α→0
α ̸=0

f (x + αy) − f (x)

α
.

Proof:
For every α ∈ [0, 1] and y ∈ H,

f
(

x + α(y − x)
)

≤ (1− α)f (x) + αf (y)

⇒ ⟨∇f (x) | y − x⟩ = lim
α→0
α ̸=0

f
(

x + α(y − x)
)

− f (x)

α
≤ f (y) − f (x)

Then ∇f (x) ∈ ∂f (x).



7/19

Subdifferential of a convex function: properties

If f : H → ]−∞,+∞] is convex and it is Gâteaux differentiable at x , then

∂f (x) = {∇f (x)}

(∀y ∈ H) ⟨∇f (x) | y⟩ = lim
α→0
α ̸=0

f (x + αy) − f (x)

α
.

Proof:
Inversely, if u ∈ ∂f (x), then, for every α ∈ [0,+∞[ and y ∈ H,

f (x + αy) ≥ f (x) + ⟨u | x + αy − x⟩

⇒ ⟨∇f (x) | y⟩ = lim
α→0
α ̸=0

f (x + αy) − f (x)

α
≥ ⟨u | y⟩

By selecting y = u −∇f (x), it results that ∥u −∇f (x)∥2 ≤ 0 and then
u = ∇f (x).
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Subdifferential of a convex function: properties

Let f : H → ]−∞,+∞] be Gâteaux differentiable on dom f .
Then, f is convex if and only if

(∀(x , y) ∈ (dom f )2) f (y) ≥ f (x) + ⟨∇f (x) | y − x⟩ .
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Subdifferential of a convex function: properties

Let f : H → ]−∞,+∞] be Gâteaux differentiable on dom f .
Then, f is convex if and only if

(∀(x , y) ∈ (dom f )2) f (y) ≥ f (x) + ⟨∇f (x) | y − x⟩ .

Proof:
We have already seen that the gradient inequality holds when f is convex
and differentiable at x ∈ H.
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Subdifferential of a convex function: properties

Let f : H → ]−∞,+∞] be Gâteaux differentiable on dom f .
Then, f is convex if and only if

(∀(x , y) ∈ (dom f )2) f (y) ≥ f (x) + ⟨∇f (x) | y − x⟩ .

Proof:
Conversely, if the gradient inequality is satisfied, we have, for every
(x , y) ∈ (dom f )2 and α ∈ [0, 1], αx + (1− α)y ∈ dom f , and

f (x) ≥ f (αx + (1− α)y) + (1− α) ⟨∇f (αx + (1− α)y) | x − y⟩

f (y) ≥ f (αx + (1− α)y) + α ⟨∇f (αx + (1− α)y) | y − x⟩ .

By multiplying the first inequality by α and the second one by 1− α and
summing them, we get

αf (x) + (1− α)f (y) ≥ f (αx + (1− α)y).
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Subdifferential of a convex function: example

For every x ∈ H, ∂ιC (x) is the normal cone to C at x defined by

NC (x) =

{

{

u ∈ H
∣

∣ (∀y ∈ C ) ⟨u | y − x⟩ ≤ 0
}

if x ∈ C

∅ otherwise.

C

NC (x)
x

u

C
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Subdifferential of a convex function: example

For every x ∈ H, ∂ιC (x) is the normal cone to C at x defined by

NC (x) =

{

{

u ∈ H
∣

∣ (∀y ∈ C ) ⟨u | y − x⟩ ≤ 0
}

if x ∈ C

∅ otherwise.

! Si x ∈ intC alors NC (x) = {0}.

! If C is a vector space, then for every x ∈ C , NC (x) = C⊥.

! Let c ∈ H, ρ ∈ ]0,+∞[ and C = B(c , ρ) =
{

y ∈ H
∣

∣ ∥y − c∥ ≤ ρ
}

.
For every x ∈ C ,

NC (x) =

{

{

α(x − c)
∣

∣ α ∈ [0,+∞[
}

if ∥x − c∥ = ρ

{0} si ∥x − c∥ < ρ.
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Subdifferential calculus

Let H and G be real Hilbert spaces.

! Let f : H → ]−∞,+∞] be proper, then for every λ ∈ ]0,+∞[
∂(λf ) = λ∂f .

! Let f : H → ]−∞,+∞] and g : G → ]−∞,+∞] be two proper
functions, and let L ∈ B(G,H). Then, ∂f + L∗∂gL ⊂ ∂(f + g ◦ L).
In addition, if f ∈ Γ0(H), f ∈ Γ0(G), and

dom g ∩ int
(

L(dom f )
)

̸= ∅ or int (dom g) ∩ L(dom f ) ̸= ∅,

then ∂f + L∗∂gL = ∂(f + g ◦ L).
Particular case:
If f ∈ Γ0(H), f ∈ Γ0(G), L ∈ B(G,H) and f is finite valued, then
∂f + ∂g = ∂(f + g).
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Exercise 1: Huber function

Let ρ > 0 and set

f : R → R : 2→

{

x2

2 , if |x | ≤ ρ

ρ|x |− ρ
2

2 , otherwise

1. What is the domain of f ?

2. Is f differentiable ? twice-differentiable ?

3. Prove that f is convex.
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Exercise 2

Let H be a Hilbert space. Let f : H → ]−∞,+∞] and let C ⊂ H such
that dom f ∩ C ̸= ∅.

1. Give a sufficient condition for x ∈ H to be a global minimizer of
f + ιC .

2. When f ∈ Γ0(H), C is a nonempty closed convex set, and f is
Gâteaux-differentiable on H, give a necessary and sufficient condition
for x ∈ H to be a minimizer of f + ιC .
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Conjugate

Adrien-Marie Legendre Werner Fenchel
(1752–1833) (1905–1988)
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Conjugate: definition

Let H be a Hilbert space and f : H → ]−∞,+∞].
The conjugate of f is the function f ∗ : H → [−∞,+∞] such that

(∀u ∈ H) f ∗(u) = sup
x∈H

(

⟨x | u⟩ − f (x)
)

.
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Conjugate: definition

Let H be a Hilbert space and f : H → ]−∞,+∞].
The conjugate of f is the function f ∗ : H → [−∞,+∞] such that

(∀u ∈ H) f ∗(u) = sup
x∈dom f

(

⟨x | u⟩ − f (x)
)

Examples :
! f = 1

2∥ · ∥
2 ⇒ f ∗ = 1

2∥ · ∥
2

Proof : For every (x , u) ∈ H2, ⟨x | u⟩ − 1
2∥x∥

2 = 1
2∥u∥

2 − 1
2∥u − x∥2

is maximum in x = u.
Consequently, f ∗(u) = 1

2∥u∥
2.
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Conjugate: definition

Let H be a Hilbert space and f : H → ]−∞,+∞].
The conjugate of f is the function f ∗ : H → [−∞,+∞] such that

(∀u ∈ H) f ∗(u) = sup
x∈dom f

(

⟨x | u⟩ − f (x)
)

Examples :

! f = 1
2∥ · ∥

2 ⇒ f ∗ = 1
2∥ · ∥

2 .

! Let φ : R → ]−∞,+∞] be a even function. (φ ◦ ∥ · ∥)∗ = φ∗ ◦ ∥ · ∥.

! (∀x ∈ RN) f (x) = 1
q∥x∥

q
q with q ∈]1,+∞[

⇒ (∀u ∈ RN) f ∗(u) = 1
q∗
∥u∥q

∗

q∗ with 1
q
+ 1

q∗
= 1
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Conjugate: definition

Let H be a Hilbert space and f : H → ]−∞,+∞].
The conjugate of f is the function f ∗ : H → [−∞,+∞] such that

(∀u ∈ H) f ∗(u) = sup
x∈dom f

(

⟨x | u⟩ − f (x)
)

! If f is even then f ∗ is even.

Proof : (∀u ∈ H) f ∗(−u) = sup
x∈H

(

⟨x | −u⟩ − f (x)
)

= sup
x∈H

(

⟨x | u⟩ − f (−x)
)

= sup
x∈H

(

⟨x | u⟩ − f (x)
)

= f ∗(u)
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Conjugate: definition

Let H be a Hilbert space and f : H → ]−∞,+∞].
The conjugate of f is the function f ∗ : H → [−∞,+∞] such that

(∀u ∈ H) f ∗(u) = sup
x∈dom f

(

⟨x | u⟩ − f (x)
)

! If f is even then f ∗ is even.

! For every α ∈ ]0,+∞[, (αf )∗ = αf ∗(·/α).

! For every (y , v) ∈ H2 et α ∈ R,
(

f (·− y) + ⟨· | v⟩+ α
)∗

= f ∗(·− v) + ⟨y | ·− v⟩ − α.

! Let G be a Hilbert space and L ∈ B(G,H) be an isomorphism.
(f ◦ L)∗ = f ∗ ◦ (L−1)∗.

! f ∗ is l.s.c. and convex.
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Moreau-Fenchel theorem
Let H be a Hilbert space and f : H → ]−∞,+∞] be a proper function.

f is l.s.c. and convex ⇔ f ∗∗ = f .
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Conjugate: definition

Let H be a Hilbert space and f : H → ]−∞,+∞].
The conjugate of f is the function f ∗ : H → [−∞,+∞] such that

(∀u ∈ H) f ∗(u) = sup
x∈dom f

(

⟨x | u⟩ − f (x)
)

Moreau-Fenchel theorem
Let H be a Hilbert space and f : H → ]−∞,+∞] be a proper function.

f is l.s.c. and convex ⇔ f ∗∗ = f .

! Consquence: Si f ∈ Γ0(R) alors f ∗ est propre et donc f ∗ ∈ Γ0(R).
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Conjugate: example

Let H be a Hilbert space and C ⊂ H.
σC is the support function of C if

(∀u ∈ H) σC (u) = sup
x∈C

⟨x | u⟩

= ι∗C (u).

ι[δ1,δ2](x)

δ2 xδ1

σC (u)

u

⟨x | u⟩σC (u)
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Conjugate: examples

Let H be a Hilbert space.
f : H → ]−∞,+∞] is positively homogeneous if

(∀x ∈ H)(∀α ∈ ]0,+∞[) f (αx) = αf (x).
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Conjugate: examples

Let H be a Hilbert space.
f : H → ]−∞,+∞] is positively homogeneous if

(∀x ∈ H)(∀α ∈ ]0,+∞[) f (αx) = αf (x).

Proof: (⇐)
f = ι∗C and ιC ∈ Γ0(H). Consequently σC ∈ Γ0(H).
Moreover, (∀x ∈ H) (∀α ∈ ]0,+∞[) σC (αx) = ασC (x).
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Conjugate: examples

Let H be a Hilbert space.
f : H → ]−∞,+∞] is positively homogeneous if

(∀x ∈ H)(∀α ∈ ]0,+∞[) f (αx) = αf (x).

Proof : (⇒)
Soit y ∈ dom f .
f (0) = limα→0,α≥0 f

(

(1− α)0 + αy
)

= limα→0 αf (y) = 0.
Let C =

{

u ∈ H
∣

∣ (∀x ∈ H) ⟨x | u⟩ ≤ f (x)
}

.
We have, for every u ∈ C ,
f ∗(u) = supx∈H ⟨x | u⟩ − f (x) ≤ 0 = ⟨0 | u⟩ − f (0) ≤ f ∗(u).
Consequently, f ∗(u) = 0.
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Conjugate: examples

Let H be a Hilbert space.
f : H → ]−∞,+∞] is positively homogeneous if

(∀x ∈ H)(∀α ∈ ]0,+∞[) f (αx) = αf (x).

Proof: (⇒)
Moreover, for every u ̸∈ C , there exists x ∈ H such that
⟨x | u⟩ > f (x). We have then, for every α ∈ ]0,+∞[,
f ∗(u) ≥ ⟨αx | u⟩ − f (αx) = α

(

⟨x | u⟩ − f (x)
)

. By taking α to +∞,
we obtain f ∗(u) = +∞.
To conclude, f ∗ = ιC ∈ Γ0(H) ⇒ f = σC and C is a nonempty closed
convex set.
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Conjugate: examples

! Let f : R → ]−∞,+∞] : x 2→

⎧

⎪

⎨

⎪

⎩

δ1x if x < 0

0 if x = 0

δ2x if x > 0
with −∞ ≤ δ1 < δ2 ≤ +∞.
Then, f = σC where C is the closed real interval such that inf C = δ1
et supC = δ2.
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! Let f : R → ]−∞,+∞] : x 2→

⎧

⎪

⎨

⎪

⎩

δ1x if x < 0

0 if x = 0

δ2x if x > 0
with −∞ ≤ δ1 < δ2 ≤ +∞.
Then, f = σC where C is the closed real interval such that inf C = δ1
et supC = δ2.

! Let f be a ℓq norm of RN with q ∈ [1,+∞].
We have f = σC where

C =
{

y ∈ R
N
∣

∣ ∥y∥q∗ ≤ 1
}

with 1
q + 1

q∗ = 1.
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Conjugate: examples

! Let f : R → ]−∞,+∞] : x 2→

⎧

⎪

⎨

⎪

⎩

δ1x if x < 0

0 if x = 0

δ2x if x > 0
with −∞ ≤ δ1 < δ2 ≤ +∞.
Then, f = σC where C is the closed real interval such that inf C = δ1
et supC = δ2.

! Let f be a ℓq norm of RN with q ∈ [1,+∞].
We have f = σC where

C =
{

y ∈ R
N
∣

∣ ∥y∥q∗ ≤ 1
}

with 1
q + 1

q∗ = 1.

Particular case: ℓ1 norm of RN : C = [−1, 1]N .
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Conjugate: properties

Fenchel-Young inequality : If f is proper, then

1.
(

∀(x , u) ∈ H2
)

f (x) + f ∗(u) ≥ ⟨x | u⟩

2.
(

∀(x , u) ∈ H2
)

u ∈ ∂f (x) ⇔ f (x) + f ∗(u) = ⟨x | u⟩.

If f ∈ Γ0(H), then

(

∀(x , u) ∈ H2
)

u ∈ ∂f (x) ⇔ x ∈ ∂f ∗(u).
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Exercise

! For every c ∈ RN , compute the conjugate of

f : RN → ]−∞,+∞]

x → c⊤x + ι[0,+∞[N (x)

! Same question for

g : RN → ]−∞,+∞]

x → ι[0,+∞[N (x − c)


