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Jean-Jacques Moreau
(1923-2014)
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Subdifferential of a convex function: definition

The (Moreau) subdifferential of f, denoted by Of,
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Subdifferential of a convex function: properties

Let f : H — ]—00,+0o0] be a proper function.
The (Moreau) subdifferential of f, denoted by Of, is such that

of - H — 2%
x—=>{ueH|(Vy eH)(y —x|u) +f(x) <f(y)}

f(y) A U
)+ y - x|u)

Fermat rule : 0 € 0f(x) < x € Argminf
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Subdifferential of a convex function: properties

Let f : H — ]—00,+0o0] be a proper function.
The (Moreau) subdifferential of f, denoted Of, is such that
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» u € Jf(x) is a subgradient of f at x.
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Subdifferential of a convex function: properties

Let f : H — ]—00,+0o0] be a proper function.
The (Moreau) subdifferential of f, denoted Of, is such that

of - H — 27
x—={ueH|(Vy eH)(y —x|u) + f(x) <f(y)}

» u € Jf(x) is a subgradient of f at x.
> If x ¢ dom f, then 0f(x) = @.

» For every x € dom f, Of(x) is a closed and convex set.
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Subdifferential of a convex function: properties

If f: H — ]—00,+00] is convex and it is Gateaux differentiable at x, then

0f (x) = {VFf(x)}
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Subdifferential of a convex function: properties

If f: H — ]—o00,+00] is convex and it is Gateaux differentiable at x, then

0f (x) = {VFf(x)}

(yeH) (V) |y) = lim LEFD 0D

(0%
a0

Proof:
For every a € [0,1] and y € H,

F(x+aly —x)) < (1—a)f(x) + af(y)
(TR |y — x) = lim LA =) = )

a—0 o
a0

< fy) = f(x)

Then Vf(x) € 9f(x).
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Subdifferential of a convex function: properties

If f: H — ]—o00,+00] is convex and it is Gateaux differentiable at x, then

0f (x) = {VFf(x)}

L fxcray) — ()
a—0 o
a0

(Vy e H) (VE(x) | y)

Proof:
Inversely, if u € 9f(x), then, for every a € [0, +oco[ and y € H,

fix+ay) 2 f(x) +(u|x+ay —x)
f(x+ay) — f(x)

(07

= (VI(x)|y)

= lim > (uly)

a—

a0
By selecting y = u — Vf(x), it results that ||u — Vf(x)||> < 0 and then
u = Vif(x).
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Subdifferential of a convex function: properties

Let f: H — ]—o00, +00] be Gateaux differentiable on dom .
Then, f is convex if and only if

(V(x,) € (domf)?) f(y) = F(x)+ (VF(x) | y —x).




8/19

Subdifferential of a convex function: properties

Let f: H — ]—o00, +00] be Gateaux differentiable on dom .
Then, f is convex if and only if

(V(x,) € (domf)?) f(y) = F(x)+ (VF(x) | y —x).

Proof:
We have already seen that the gradient inequality holds when f is convex
and differentiable at x € H.
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Subdifferential of a convex function: properties

Let f: H — ]—o00, +00] be Gateaux differentiable on dom .
Then, f is convex if and only if

(V(x,) € (domf)?) f(y) = F(x)+ (VF(x) | y —x).

Proof:

Conversely, if the gradient inequality is satisfied, we have, for every

(x,y) € (domf)? and a € [0,1], ax + (1 — a)y € dom f, and
f(x)>flax+(1—a)y)+(1—a)(Vf(ax+ (1 —a)y) | x —y)
fly) > flax+ (1 —-a)y) +a(Vf(lax+ (1 —a)y) |y —x).

By multiplying the first inequality by « and the second one by 1 — « and

summing them, we get

af(x) + (1 —a)f(y) = flax+ (1 —a)y).
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Subdifferential of a convex function: example

For every x € H, Juc(x) is the normal cone to C at x defined by

Ne(x) = {UGH| (VyeC) (uly—x) <0} if xe C
‘ - otherwise.

Nc(x)

Nc(x)




9/19
Subdifferential of a convex function: example

For every x € H, Juc(x) is the normal cone to C at x defined by

Ne(x) = {UGH| (VyeC) (uly—x) <0} if xe C
‘ - otherwise.

» Si x € int C alors N¢(x) = {0}.
» If C is a vector space, then for every x € C, N¢(x) = ct.

> Let ceH, pe ]0,+oof[and C=B(c,p)={y €H | [ly — || < p}.
For every x € C,

x) = {a(x=c) | ae[0,400[} ifllx—c|=p
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Subdifferential calculus

Let H and G be real Hilbert spaces.
» Let f: H — ]—00,400] be proper, then for every A € ]0, +o0[
I(NF) = NOf.
» Let f: H — ]—o00,+00] and g: G — ]—o00, +0c] be two proper
functions, and let L € B(G,H). Then, Of + L*0gL C O(f + g o L).
In addition, if f € To(H), f € To(G), and

dom g Nint (L(dom f)) # @ or int(domg) N L(dom f) # &,

then Of + L*0glL = O(f + g o L).

Particular case:

If felo(H) felo(G) LeB(G,H) and f is finite valued, then
of +0g = o(f + g).
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Exercise 1: Huber function

Let p > 0 and set

2

FRoR: 2, TSP
plx| = &, otherwise

1. What is the domain of f 7
2. Is f differentiable ? twice-differentiable ?
3. Prove that f is convex.
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Exercise 2

Let H be a Hilbert space. Let f: H — ]|—o00,+00] and let C C H such
that domf N C # @.
1. Give a sufficient condition for x € H to be a global minimizer of
f+ Lc-
2. When f € I'g(#H), C is a nonempty closed convex set, and f is
Gateaux-differentiable on H, give a necessary and sufficient condition
for x € H to be a minimizer of f 4 (c.
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Adrien-Marie Legendre Werner Fenchel
(1752-1833) (1905-1988)
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Adrien-Marie Legendre Werner Fenchel
(1752-1833) (1905-1988)
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Conjugate: definition

Let H be a Hilbert space and f: H — ]—o0, +00].
The conjugate of f is the function f*: H — [—00, +00] such that

(Vu e H) *(u) = sup
xeH

((xu) = f£(x)) -
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x€dom f

f(x)
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Conjugate: definition

Let H be a Hilbert space and f: H — ]—o0, +00].
The conjugate of f is the function f*: H — [—00, +00] such that

(VueH) f*(u)= sup ((x|u)—f(x))

x€dom f

Examples :
=gl =50 P

Proof : For every (x,u) € H?, (x | u) — 3||x||2 = &||u|> — 3||u — x|?
is maximum in x = u.
Consequently, f*(u) = 3||ull?.
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Conjugate: definition

Let H be a Hilbert space and f: H — ]—o0, +00].
The conjugate of f is the function f*: H — [—00, +00] such that

(Vu e H) f*(u)= sup ((x|u)—f(x))

x€dom f

Examples :
=5l P = =0 0R

> Let ¢: R — ]—00,+00] be a even function. (¢o| -|)*=¢* o] -|.

> (Vx € RN) f(x) = %||x||g with g €]1, 4+o0]

= (Yu e RV) f*(u) = Z[ulld. with 2 + L =1
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Conjugate: definition

Let H be a Hilbert space and f: H — ]—o0, +00].
The conjugate of f is the function f*: H — [—00, +00] such that

(VueH) f*(u)= sup ((x|u)—f(x))

x€dom f
» If fis even then f* is even.
Proof (YueH) F*(—u)=sup ((x|—u)—f(x))
xEH

:sup(x]u — f(—x))
p(x]u —f(x))

f*( )
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Conjugate: definition

Let H be a Hilbert space and f: H — ]—o0, +00].
The conjugate of f is the function f*: H — [—00, +00] such that

(Vu e H) f*(u)= sup ((x|u)—f(x))

x€dom f

If f is even then * is even.

For every a € 10, +o0[, (af)* = af*(-/a).

For every (y,v) € H? et a € R,

(FC=9+ (v +a) =FC-V+ |- -a

Let G be a Hilbert space and L € B(G,H) be an isomorphism.
(fol)*=f*o (L1

» f*isl.s.c. and convex.

v

v

v

v
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f is l.s.c. and convex & f** = f.
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Conjugate: definition

Let H be a Hilbert space and f: H — ]—o0, +00].
The conjugate of f is the function f*: H — [—00, +00] such that

(Vu e H) f*(u)= sup ((x|u)—f(x))

x€dom f

Moreau-Fenchel theorem
Let H be a Hilbert space and f: H — ]—00,+00] be a proper function.

f is l.s.c. and convex & f** = f.

» Consquence: Si f € I'g(R) alors f* est propre et donc f* € I'5(R).
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Conjugate: example

Let H be a Hilbert space and C C H.
oc is the support function of C if

(YueH) oc(u) = sup (x| u)
xeC

= 1¢(u).

A Uc(u)

\J
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Conjugate: example

Let H be a Hilbert space and C C H.
oc is the support function of C if

(YueH) oc(u) = sup (x| u)
xeC

= 1¢(u).

A L[51,52] (X) A Uc(u)

|
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Conjugate: examples

Let H be a Hilbert space.
f:H — ]—00,+00] is positively homogeneous if

(Vx € H)(Va € 10, +o0]) f(ax) = af(x).
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Conjugate: examples

Let H be a Hilbert space.
f:H — ]—00,+00] is positively homogeneous if

(Vx € H)(Va € 10, +o0]) f(ax) = af(x).

Proof: (<)
f =1¢ and vc € Tg(H). Consequently o¢c € Mo(H).
Moreover, (Vx € H) (Yo € 0, +00[) oc(ax) = aoc(x).
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Conjugate: examples

Let H be a Hilbert space.
f:H — ]—00,+00] is positively homogeneous if

(Vx € H)(Va € 10, +o0]) f(ax) = af(x).

Proof : (=)

Soit y € dom f.

f(0) = limaso,a>0 f ((1 — @)0 + ay) = lima0 af(y) = 0.
Let C={ueH | (VxeH)(x|u)<Ff(x)}

We have, for every u € C,

F*(u) = supyey, (x| u) — F(x) 0= (0| u) — F(0) < F*(u).
Consequently, f*(u) = 0.
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Conjugate: examples

Let H be a Hilbert space.
f:H — ]—00,+00] is positively homogeneous if

(Vx € H)(Va € 10, +o0]) f(ax) = af(x).

Proof: (=)

Moreover, for every u & C, there exists x € H such that

(x| u) > f(x). We have then, for every a € |0, +o0],

f*(u) > (ax | u) — f(ax) = a( (x| u) — f(x)). By taking a to +oo,
we obtain *(u) = +oc.

To conclude, * =1c € Tg(H) = f = o¢ and C is a nonempty closed
convex set.
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Conjugate: examples

ox ifx<0
> Let f: R — |—o00,400] i x—<0 ifx=0
dox if x>0

with —oco < 41 < 6> < +o00.
Then, f = o¢ where C is the closed real interval such that inf C = §;

et sup C = 0.
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Conjugate: examples

ox ifx<0
> Let f: R — |—o00,400] i x—<0 ifx=0
dox if x>0

with —oco < 41 < 6> < +o00.
Then, f = o¢ where C is the closed real interval such that inf C = §;
et sup C = 0.

> Let f be a £9 norm of RN with q € [1, +o0].
We have f = o¢ where
C={yeRV||yllg <1} withl+Ll=1

Particular case: ¢* norm of RN : C = [-1,1]V.
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Conjugate: properties

Fenchel-Young inequality : If f is proper, then
1o (V(x, u) € H?) f(x)+(u) > (x| u)

20 (Y(x,u) € H?) uedf(x)e f(x)+f*(u) = (x|u).

If f €To(H), then

(V(x, u) € H?) u € 9f(x) & x e af*(u).




19/19

Exercise

> For every ¢ € RV, compute the conjugate of

f:RN = 00, +o0]

-
X = C X+ (x)

» Same question for

g RV = ]—o00, 4]
X = g 4 ooV (x—c¢)



