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Fenchel-Rockafellar duality

Primal problem

Let H and G be two real Hilbert spaces.
Let f: H — ]—o00,4+00], g: G = |—00,+x]. Let L € B(H,G).
We want to

inimize f Lx).
e (x) + g(Lx)

Dual problem

Let H and G be two real Hilbert spaces.
Let f: H — ]—o00,+00], g: G = |—00,+x]. Let L € B(H,G).
We want to

minienglize f*(—L*v) + g*(v).
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Fenchel-Rockafellar duality

Weak duality

Let H and G be two real Hilbert spaces.

Let f be a proper fonction from H to |—o0,+00], g be a proper function
from G to ]|—o0,+oc], and L € B(H,G). Let

= inf f L d p* = inf FA(-L* *(v).
= inf f(x)+e(bl and = Inf A(=EV) +gt(v)

We have pu> —p* . If p € R, o+ p* is called the duality gap .
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Fenchel-Rockafellar duality

Weak duality
Let H and G be two real Hilbert spaces.
Let f be a proper fonction from H to |—o0,+00], g be a proper function

from G to ]|—o0,+oc], and L € B(H,G). Let

= inf f L d p* = inf FA(-L* *(v).
= inf f(x)+e(bl and = Inf A(=EV) +gt(v)

We have pu> —p* . If p € R, o+ p* is called the duality gap .

Proof: According to Fenchel-Young inequality, for every x € H and v € G,

F(x) + g(lx) + F(=Lv) + g"(v) = (x| =L"v) + (Lx | v) = 0
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Fenchel-Rockafellar duality

Strong duality

Let ‘H and G be two real Hilbert spaces.

Let f € To(H), g € To(G), and L € B(H,G).

If int (dom g) N L(dom ) # & or dom g Nint (L(dom f)) # &, then

p = infxer f(x) + g(Lx) = —minyeg F*(=L"v) + g"(v) = —u" .
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Example 1: Linear programming

Let L € RK*N b e RX and c € RV,
The primal problem

Primal-LP : minimize (c|x) st Lx>b
x€[0,4-o00[N

is associated with the the dual problem

Dual-LP : maximize (b|y) st. L'y <c.
y€[0,+oo[K

In addition, if the primal problem has a solution, then strong duality holds.
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Example 1: Linear programming

Let L € RK*N b e RX and c € RV,
The primal problem

Primal-LP : minimize (c|x) st Lx>b
x€[0,4-o00[N

is associated with the the dual problem

Dual-LP : maximize (b|y) st. L'y <c.
y€[0,+oo[K

In addition, if the primal problem has a solution, then strong duality holds.

(x € H=BY) F(x) = (€ | x) + o ooups (¥),
Proof: Set (Vze G =RX) g(z) = 1ptoo<(z — b),
y=-v
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Example 2: Consensus and sharing

Let H be a real Hilbert space.
For every i € {1,...,m}, let gi: H —] — 00, +00] and h;: H —] — oo, +0o0].
The consensus problem is given by
m
minimize Zg,-(x,-).

(X1a~~~7Xm)€’H )
X1="""=Xm i=1

The sharing problem is given by

(utyeeestum)EH™
u+-tUum=u

m
maximize Z hi(u;), uecH.
i=1

If, for every i € {1,...,m}, hy = —g¥(- — u/m), then sharing is the dual problem
of consensus.
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Example 2: Consensus and sharing

Let H be a real Hilbert space.
For every i € {1,...,m}, let gi: H —] — 00, +00] and h;: H —] — oo, +0o0].
The consensus problem is given by
m
minimize Zg,-(x,-).

(X17~~~7Xm)€’H )
X1="""=Xm i=1

The sharing problem is given by

m

maximize hi(u; ueH.

maximize, Z i(ui),
Ut up=u =1

If, for every i € {1,...,m}, hy = —g¥(- — u/m), then sharing is the dual problem

of consensus.

f(x) =, (x),

Proof: Set L =Id and (Vx = (xi,...,xm) € HN -
( ' ) {g(x) = Z,‘:1 g,-(x,-)

where A, = {(xl,...,xm) cH™ } X1 :...:xm}.
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Fenchel-Rockafellar duality

Let H and G be two real Hilbert spaces.
Let f: H — ]—o00,+00], g: G = ]—00,+0¢], and L € B(H,G).
If dom g N L(dom f) # &, then

(Vx €H)  Of(x)+ L*dg(Lx) C A(f + g o L)(x)

Let H and G be two real Hilbert spaces.
Let f € To(H), g € To(G), and L € B(H,G). If int (dom g)NL(dom ) # &
and dom g N int (L(dom f)) # @, then

Of + L*0gl = O(f + g o L)
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Fenchel-Rockafellar duality

Duality theorem (1)
Let H and G be two real Hilbert spaces.
Let f € To(H), g € To(G), and L € B(H,G).

zer (Of + LOgl*) # @ &  zer ((—L)Of*(—L*)+ 0g*) # @
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Fenchel-Rockafellar duality

Duality theorem (1)
Let H and G be two real Hilbert spaces.
Let f € To(H), g € To(G), and L € B(H,G).

zer (Of + LOgl*) # @ &  zer ((—L)Of*(—L*)+ 0g*) # @

Proof:
(Ix € H) 0€ 0f(x) + L"0g(Lx) < (Ixe H)(Fv € G) {;Z;ge(ij)()()
e e

& (Aved) 0e-—-Loff(—L"v)+0g"(v).
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Fenchel-Rockafellar duality

Duality theorem (2)
Let H and G be two real Hilbert spaces.
Let f € To(H), g € To(G), and L € B(H,G).

> If there exists X € H such that 0 € 0f(X) 4+ L*0g(LX), then X is a
solution to the primal problem. Moreover, there exists a solution v to

the dual problem such that —L*v € 9f(X) and Lx € dg*(V) .

> If there exists (X, V) € H x G such that —L*V € 9f(X) and
Lx € 0g*(v) then X (resp. V) is a solution to the primal (resp. dual)
problem.

If (x,V) € H x G is such that —L*v € 0f(x) and Lx € dg*(V),
then (x, V) is called a Kuhn-Tucker point .
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Fenchel-Rockafellar duality

Proof:
0 € OF(X) + L*9g(LX) C O(f + g o L)().

Then, according to Fermat rule, X is a solution to the primal problem.
In addition, there exists V € G such that

{0 cofR LV {—L*v € 0f(%)
Ve 0g(Lx) Lx € 0g*(V).
We have also X € 9f*(—L*V), which implies that
0 € —LOf*(—L"V) + 9g* (V).
On the other hand,
0 € —LOF*(—L*V) + 9g*(V) C O(f o (—L*) + g") (V)

= V solution to the dual problem.
The second assertion is shown in a similar manner.
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Fenchel-Rockafellar duality

Particular case:
If f =+ 1| - —z||? where ¢ € To(H) and z € H, then

—L'Vedf(xX)e —L'Vedp(X)+x—z
S 0eX+ L'V —z4 0p(x).

Hence,
X = prox,(—L*V + z).
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Link with Lagrange duality

Minimax problem

Let ‘H and G be two real Hilbert spaces.

Let f: H — ]—o0,+00], g: G = |—00,+0¢], and L € B(H,G).
The primal problem is equivalent to finding

= inf  supL(x,y,v
H (x,y)EHXG veg ( )

where L is the Lagrange function defined as

(VO y,v) €H xG?) Lx,y,v)=f(x)+g(y)+(v|Lx—y)
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Link with Lagrange duality

Minimax problem

Let ‘H and G be two real Hilbert spaces.

Let f: H — ]—o0,+00], g: G = |—00,+0¢], and L € B(H,G).
The primal problem is equivalent to finding

= inf  supL(x,y,v
H (x,y)EHXG veg ( )

where L is the Lagrange function defined as

(VO y,v) €H xG?) Lx,y,v)=f(x)+g(y)+(v|Lx—y)

: — inf f Lx)= inf f Lx —
Proof: ~ p=inf F()+g(bx)= —Inf f(x)+8(y)+eo(x=y)
= inf f(x)+ +sup{v | Lx —
LA (x) +gy) VEg( | y)

= inf  supf(x)+ +{v|Lx—y).
ot g SuP (x) +ely)+(v| y)
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Link with Lagrange duality

Maximin problem

Let ‘H and G be two real Hilbert spaces.

Let f: H — ]—o0,+00], g: G = |—00,+0¢], and L € B(H,G).
The dual problem is equivalent to finding

—p* =sup inf  L(x,y,v
=0, A EoyY)

where L is the Lagrange function defined as

(VO y,v) €H xG?) Lx,y,v)=f(x)+g(y)+(v|Lx—y)

Proof:

o= £ (L) gt (v) = 322(527'3 (x| =L"v) = f(x)) + (igg ylv)—gly)

= inf — inf f Lx —
inf (w;gm () +g0) + (v | Lx = y))

=—sup in gf(X)+g(y)+<VILx—y>-

f
veg (x,y)EH X
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Link with Lagrange duality

Maximin problem

Let ‘H and G be two real Hilbert spaces.

Let f: H — ]—o0,+00], g: G = |—00,+0¢], and L € B(H,G).
The dual problem is equivalent to finding

—p* =sup inf  L(x,y,v
=0, A EoyY)

where L is the Lagrange function defined as

(VO y,v) €H xG?) Lx,y,v)=f(x)+g(y)+(v|Lx—y)

Remark: v is called the Lagrange multiplier associated with the
constraint Lx = y.
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Link with Lagrange duality

Let (X,y,V) € H x G2.
(X,y,V) is a saddle point of the Lagrange function L if

(VO,yv) €HXG?)  L(X,¥,v) < L(X,Y, V) < L(x,y,V).

Let H and G be two real Hilbert spaces.
Let f € To(H), g € To(G), and L € B(H,G). Let (X,y,V) € H x G2.
Assume that int (dom g) N L(dom f) # @ or dom g Nint (L(dom f)) # @.

(x,y,v) is a saddle point of the Lagrange function

)

(x,v) is a Kuhn-Tucker point and y = LX.
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Link with Lagrange duality

Proof (=): If (X,y,V) is a saddle point of £, then it is a critical point
of £, that is

0 € O L(X,y,V) =0f(X)+ L*V

00 L(X,y,Vv)=0g(y)—V

0=V, L(X,y,V)=Lx—Yy

{L*V € 0f (%)

i3

v eogy)

y =Lx

—L*V € 9F(X)
L% € 0g*(V)
7= L%

T
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Link with Lagrange duality

Proof («<): Conversely, assume that (X, V) is a Kuhn-Tucker point
and y = LX. Since X (resp. V) is a solution to the primal (resp. dual)
problem, then

pw= inf  supL(x,y,v)=supL(X,y,V)
(x,y)EHXG veg veg
—p* =su inf  L(x,y,v)= inf L(x,y,V).
: veg (x.y)EH G by v) (x,y)EHXG (.5, ¥)

By strong duality, sup,cg L(X, ¥, v) = inf( yenxg L(x,y, V), which
can be rewritten as

(V(Xaya V)GHXg2) E(?aya V)SE(XayaV)
or equivalently
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Alternating-direction method of multipliers

Idea: iterations for finding a saddle point (X, y, Z):

Xp € Argmin L(+, yn, z)
(Vn e N) Ynt+1 € Argmin L(x,, -, zp)
Vat1 such that L£(xn, Ynt+1, Vat+1) = L(Xn, Ynt+1, Va)-

But the convergence is not guaranteed in general !
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Alternating-direction method of multipliers

Idea: iterations for finding a saddle point (X, ¥, Z):

Xp € Argmin L(-, yn, zn)
(Vn e N) Ynt+1 € Argmin L(xp, -, z,)
Vn+1 such that ﬁ(Xn7Yn+1a Vn+1) > »C(Xna}/n—l—la Vn)-

But the convergence is not guaranteed in general !

Solution: introduce an Augmented Lagrange function .
Let v € ]0, +o00[, we define

(V(x,y,2) € H x G) L(x,y.z) =F(x) +gly) +7(z | Lx —y)
+ FLx —y|?

The Lagrange multiplier is 'v =~z .
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Alternating-direction method of multipliers

Let H and G be two real Hilbert spaces.
Let f € To(H), g € To(G), and L € B(H,G). Let (X,y,V) € H x G°.
Assume that int (dom g) N L(dom f) # & or dom g Nint (L(dom f)) # @.

(X,y,Z) is a saddle point of the augmented Lagrange function

)

(x,7Z) is a Kuhn-Tucker point and y = LXx.
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Alternating-direction method of multipliers

Proof (=): If (%,,2) is a saddle point of L, then

0 € OL(X,7,2) = OF(X) + YL*Z + yL*(LxX — 7)
0 € 9,L(%.7.2) = 0g(y) — 12+ 7 — LX)
0=V.L(x,y,2)=Lx—7
0 € L(X,7,72)

& {0€d,L(X,7,72)

0=V, L(X,y,7Z).
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Alternating-direction method of multipliers

Proof («): Conversely, if (x,7Z) is a Kuhn-Tucker point and y = LX,
then it is a saddle point of £. In addition,

(V(x,y:2) € H X G?) Elx,y,2) = £(x,y,72) + 3|Lx — v
It can be deduced that

L(%,7,2) = L(X,7,72) < L(X,7,72) = L(X,7,?)
< L(x,y,72) < L(x,,2).
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Alternating-direction method of multipliers

Algorithm for finding a saddle point:

xp, = argmin  L(x, Yn, Zy)
XEH _

(Vn e N) Yn+1 = argmin L(x,, y, Z5)
yeg

Zp+1 such that Z(x,,,yn+1, Zpt1) > Z(Xn7Yn+17 z,).
By performing a gradient ascent on the Lagrange multiplier,
Xp = a,rgr;l{in f(x)+v(zn | Lx — yn) + %HLX — yall?
NS
(Vn e N) yni1 = argmin g(y) +7(zn | Lxa — y) + %lLxs — I
S
Zpny1 = Zp + %Vzﬁ(xn:}’M-len)
Xp = argmin % ILx — yn + z,,||2 + %f(x)
xXEH
& (VneN) Yn+1 = proxe (z, + Lxp)
il

Zni1 = Zp + Lxq — Yny1.
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Augmented Lagrangian method

ADMM algorithm (Alternating-direction method of multipliers)
Let H and G be two Hilbert spaces. Let f € ['o(#) and g € ['o(G) .
Let L € B(#,G) such that L*L is an isomorphism and let v € ]0, +oo[.

Xo = argmin 3 ||Lx — yn + zi||* + %f(x)
xEH

(Vn € N) sn=Lxa
Yn+1 = Proxg (20 + sn)

Zntl = Zn + Sn — Yn+1.




18/29

Augmented Lagrangian method

ADMM algorithm (Alternating-direction method of multipliers)

Let H and G be two Hilbert spaces. Let f € ['o(#) and g € ['o(G) .

Let L € B(#,G) such that L*L is an isomorphism and let v € ]0, +oo[.
We assume that int (dom g) N L(dom f) # & or dom g Nint (L(dom f)) # @, and that
Argmin(f + go L) # @. Let (yo,2) € G and
Xo = argmin 3 ||Lx — yn + za||* + %f(x)
xEH

(Vn € N) Sn = Lx,
Yn+1 = Proxg (20 + sn)
We have: Znt1 = Zn + Sn — Yn+1-

> Xp — X where X € Argmin(f + go L)

> 7z, — V where V € Argmin(f* o (—L") 4+ g").
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Augmented Lagrangian method

ADMM algorithm (Alternating-direction method of multipliers)

Let H and G be two Hilbert spaces. Let f € ['o(#) and g € ['o(G) .

Let L € B(#,G) such that L*L is an isomorphism and let v € ]0, +oo].
We assume that int (dom g) N L(dom f) # & or dom g Nint (L(dom f)) # @, and that
Argmin(f + go L) # @. Let (yo,2) € G and

Xo = argmin 3 ||Lx — yn + za||* + %f(x)

x€EH
(Vn € N) Sp = Lxn
Yn+1 = Proxg (20 + sn)
We have: Znt1 = Zn + Sn — Yn+1-

> Xp — X where X € Argmin(f + go L)
> 7z, — V where V € Argmin(f* o (—L") 4+ g").

Sketch of the proof: ADMM can be shown to be equivalent to
Douglas-Rachford applied to the dual problem.
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Augmented Lagrangian method

» Extension: Splitting more than 2 functions
M
minimize fi(x
XEH Z I( )
i=1
where H a real Hilbert space and, for every i € {1,...,m}, f; € To(H).
» |dea: Reformulate the problem as a consensus one in the product space
H=HT
mlnlmlze Z fi(xi) + e, (x)
I'i

X=(X1,...,Xm)EH

where

Am:{(Xla'--axm)E%|X1='~:Xm}.
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Augmented Lagrangian method

» Use of ADMM: set

(Vx = (X1, xm) €M) F(x) =M, fi(x)
g = Ay
L = 1d.

» Resulting SDMM (Simultaneous Direction Method of Multipliers):
_ o1 2 1
Xp = argmin 5 ||x — yn + z,||” + ;f(x)
XEH

(Vn € N) Ynt+1 = proxe (z, + xp)
Y

Zptl = Zn + Xn — Yn+1-
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Augmented Lagrangian method

» Use of ADMM: set

(Vx = (x1,...,xm) €M) F(x) =M, fi(x)
8 = LAy
L =1d.

» Resulting SDMM (Simultaneous Direction Method of Multipliers):

Xp = proxs (Yn — Zn)
vy
(Vn € N) Ynt+1 = Pp,, (zn + xp)

Znt1l = Zn + Xp — Yn+1-

= PnnZni1 = P, (Zo + Xn) = PAnYnt1 = Yot1 — Ynr1 =0
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Augmented Lagrangian method

» Use of ADMM: set

(Vx = (x1,...,xm) €M) F(x) =M, fi(x)
g = Ay
L =1d.

» Resulting SDMM (Simultaneous Direction Method of Multipliers):

Xp = proxs (Yn — Zn)
vy
(Vn E N) yn+1 = P/\an

Znt1l = Zn + Xp — Yn+1

provided that Py, zp = 0.
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Augmented Lagrangian method

» Projection onto A,:
(Vu:(ul,...,um)E'H) Pp,(u) = (4,..., 1)

where
1y
u= E Z uj.
i=1
» Resulting SDMM (Simultaneous Direction Method of Multipliers):

Xp = proxs (Yn — Zn)
vy
(Vn E N) yn+1 = P/\an

Zntl = Zn + Xp — Yn+1

provided that Py, zy = 0.
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Augmented Lagrangian method

» Projection onto Ap;:
(Vu=(u1,...,um) €H)  Pa,(u)=(G,...,0q)

where
1 m
u = E Z uj.
i=1
» Resulting SDMM (Simultaneous Direction Method of Multipliers):

Xn,i = proxs (Xp —zp), i €{1l,...,m}
LN
(VneN) Xp = m Z;Xn,i
=
Zni1,i = Zni+ Xni—Xn, 1 €{1,...,m}

provided that > 7, z; = 0.
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Augmented Lagrangian method

» Projection onto A,:
(Vu=(u1,...,um) EH) P, (v) = (u,...,0)

where
1 m
u= E Z uj.
i=1
» Resulting SDMM (Simultaneous Direction Method of Multipliers):

Xpj = proxs (Xn — zn;), i€{l,...,m}
P
(Vn eN) X, = - len,i
1=
Znt1,i = Zpnj+ Xnj— Xn, i €{1,...,m}

~~ Parallel computing of proximity operator, but centralized
computation of average.
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Distributed optimization

» V ={1,...,m} set of indices of the vertices of an undirected nonreflexive graph
x € H vector of node weights
E ={e;| (i,j) € E} (with i < j) set of edges.
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Distributed optimization

» V ={1,...,m} set of indices of the vertices of an undirected nonreflexive graph
x € H vector of node weights
E ={e;| (i,j) € E} (with i < j) set of edges.

> The graph is assumed to be connected:

X € Am =N (V(i,j) €E)  (xi,x)) € M2
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Distributed optimization

» V ={1,...,m} set of indices of the vertices of an undirected nonreflexive graph
x € H vector of node weights

E ={e;| (i,j) € E} (with i < j) set of edges.

> The graph is assumed to be connected:

X € Am =N (V(i,j) €E)  (xi,x)) € M2

> For every (i,j) € E, we define
> decimation operators: L;;: H — H?: x — (xi, X;)
> interpolation operators: LY : H2 = H: (y1,y2) = x = (xir)1<ir<m
where
yi ifit =i
vVi'e{l,....m})  xpo=<Ky» ifi'=]j
0  otherwise.
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Distributed optimization

» V ={1,...,m} set of indices of the vertices of an undirected nonreflexive graph
x € H vector of node weights
E ={e;| (i,j) € E} (with i < j) set of edges.

> The graph is assumed to be connected:

X € Am =N (V(i,j) €E)  (xi,x)) € M2

> For every (i,j) € E, we define
> decimation operators: L;;: H — H?: x — (xi, X;)
> interpolation operators: LY : H2 = H: (y1,y2) = x = (Xi1)1<ir<m
where
vy ifil =i
vVi'e{l,....m})  xpo=<Ky» ifi'=]j
0  otherwise.
The concatenated decimation operator L = (L;,j)(;,j)E]E is such that
L*L= " LjL;j=Diag(chld,...,dmyld)
(ij)eE

where, for every i € {1,..., m}, d; is the degree of vertex of index i.
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Distributed optimization

» Distributed consensus

M
g 200
Z LAy ((Xi’ Xj ))

(iJ)€E
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Distributed optimization

» Distributed consensus

mlnlmlze Zf (xi) + Z L/\2< ,Jx)

X=(X1,...;xm)EH (i/)eE
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Distributed optimization

» Distributed consensus

M
minimize Zﬁ(xi)+ Z i, (Ligx)
i=1

X=(X1,...;xm)EH (i f)eE

» Use of ADMM: Set

M
(Vx=(x,....0m) €EH)  Fx) = fi(x)
i=1

(Vy = (vij)ijee € H®)  gly) = Z tay (i)
(iJ)EE
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Distributed optimization

» Use of ADMM: Set

M
(Vx = (x1,...,Xm) €H) f(X)ZZfi(Xi)

(Vy = (}/i,j)(i,j)e]E € H“El) gly)= Z LA, (YiJ)-
(ij)EE

> Distributed ADMM (1):

X, = argmin % |Lx = yp + zn||* + %{f(x)
xeH

(Vn e N) sn = Dxn
Yn+1 = ProXg (zn + sn)

Zp+1 = Zn + Sn — Yn+1-
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Distributed optimization

» Distributed ADMM (1):
Xp = argmin % ||Lx — Y+ Zn||2 + %f(x)
x€EH
(Vn € N) Sn = LXn

Yos1 = prox (an + i)

Zn+1 = Zn+ Sn — Yn+1-
~ Distributed ADMM (2): provided that (¥(i,j) € E) Pr,z0.7j = 0,

0 € L*(Lxny = yn + 20) + 20f (xa)

Snjij = (XnisXnj), (i,j) €E

Ynt1,ij = Py (2n,ij + snij) = PaySnij. (i,J) €E
Znt1,ij = Znij+ Snij — Yat+1ijs (i,J) € E.

(VneN)
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Distributed optimization

» Distributed ADMM (2): provided that (V(/,j) € E) Pa,z0,j =0,

0e L*(LXn —Yn+t zn) + %af(xn)

Snij = (Xni>Xnj), (i,J) €E

Ynt1,ij = Py (Znij+ Snij) = PasSnjij, (i,j) €E
Znt1,ij = Znij+ Snij — Yn+1,ij, (i,)) € E.

(VneN)

> Distributed ADMM (3):

0 € dixni — (L*(yn — zn)); + %Bf,-(x,,,,-), eV
Snjij = (Xn,i»Xnj), (i,J) €E

Yni1,ij = PnSnij. (i,J) € E

Znt1,ij = Znij + Snij — Yn+1,ij, (i,J) € E.

(Vn e N)



22/29

Distributed optimization

» Distributed ADMM (3):

0 € dixpni — (L*(vn — 20)); + 20fi(xn), 1€V
snij = (Xni,xnj), (i,j) €E

Ynt1,ij = PnoSnij, (i,)) €E

Znt1,ij = Znij+ Snij— Ynt+1ij, (1,J) € E.

(Vn eN)

» Distributed ADMM (4):

fi

Xp,i = Prox

(df1 (L*(y,, — Z”))i) ieV
i
}7n+1’iJ = %(Xn,i +Xn,j)7 (’7./) €E
Yni1ij = Vnt1,ijs Yntt,ij)
Zn41,ij,l = Znig,l + Xni = Yog1ij (i,j) EE
Znt1,ij2 = Znij2 + Xnj — Yns1,ij (1)) € E.

(VneN)
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Distributed optimization

» Distributed ADMM (4):
Xaj = PIOX 5 (di M (L*(yn — 20)),;) i€V
T

;
YnJrl,i,j = %(Xn,i +X"J)7 (’7.]) €E

Yor1,ij = Vg, Yist,i)

Zn41,ij1 = Znijd + Xni = Vps,ijy (J) €E
Zn41,ij2 = Znij2 + Xnj = Ypy1,ijr (i) € E.

(Vn e N)

» Distributed ADMM (5):

Xn,ji = PIOX f, (d,-‘l( Y Onig—zij)+ Y, nji— Zn,j,l’#)))v iev
i (i J)eE J:(.i)eE
(Vn€N) {Vnirij = 30ni+xnj), (i.j) €E
Zn11,ij1 = Znijl T Xni = Vngaijs (i) €E
Znt1,i2 = Znji2 + Xni = Vi1 (1) €E.

- {yn+1,i,j = Znt1,ij1 = 2Vny1,ij — Xni = Znij,l = Xnj = Zn,ij,1

Vo1, = Znt14,i2 = Xnj = Znji2
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Distributed optimization

» Distributed ADMM (5):

Xn,i = PIOX f (d,-_l( Z (Fnij — 2nija) + Z (Vi — Zn,j,i,z))), iev

o J(id)eE JGA)EE
(VneN) {Vpi1ij=3(Xni+xnj), (i,J) €E
Zn11,ij,1 = Znijl + Xni — Ypi1,ijy (1)) €E
Znt1ji2 = Znji2 + Xni = Ypy1i Uy 1) € E.

= )iy T 2010l = D ngig  Xni T Znijd = Xnj = Zniji
Ynt1j,i = Znt+1,,i2 = Xnj = Zn,j,i2
» Distributed ADMM (6):

Znt,ij1 = Znij1 + 3(%ni — Xnj), (i,j) €E
Zni1ji2 = Znji2 + 3(ni — xaj), (i) €E

Yny,':dfl( Z Xnj + Z X,,yj) ieV

(VneN) Ji(ij)eE J:(j.)EE
Zpi = dfl( Z Zpij1+ Z Z,,)jy,'yz) eV
J:(ij)EE J:(,i)EE

Xp41,i = PTOX £ (Xn,i — ?n,i>, ieV
~d;
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Distributed optimization

» Distributed ADMM (6):

(VneN)

Zp+1,ij,1 = Zn,ij,1 T %(Xn,i —Xpj), (i,J) €E
Zni14i2 = Znjip + 3(%ni = Xng); (i) €E

Yn’;:dfl( Z Xnj + Z X,,J) ieV

JGDEE  JGi)eE
Zoi=d (D zmijait D znjip) i€V
Ji(id)eE JiU.)eE

Xp+1,i = Prox f_ (7,,,,' 77,,7,')7 eV
T

i

» Distributed ADMM (final form):

(VneN)

—_ _1 .
Xni = d; Z Xnj + Z Xnj) i€V
(i J)€E (i) EE

Zpy1,i = Zn,i + dan,i — Xn,i

Xp41,i = PIrox ¢

7,,7,' — 2”,")7 ieV.
~d;
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Primal-dual methods

Problem

Let 7 and G be two real Hilbert spaces, f € I'o(#), h € To(H), g € To(G),
and L € B(H,G).
It is assumed that h is differentiable and have a B-Lipschitzian gradient with
B € 10, +o0l.
We want to

minimize f(x)+ g(Lx)+ h(x).

xXEH
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Primal-dual methods

» ADMM algorithm: Let v € ]0, +oc].

Xy = argrgin SlILx — yn + zn|I> + %(f(x) + h(x))
X€
(Vn € N) Ynt1 = proxe (z, + Lx,)
Y

Znt1 = Zn + LXn — Yni1.
» Limitations:
» Computation of x, at iteration n € N may be complicated.
» Convergence requires L*L to be invertible.

» The smoothness of h is not exploited.
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Primal-dual methods

» ldea 1: the optimization problem is reformulated as finding

inL sup f(x) + h(x) + (v | Lx) — g*(v).
X€H yeg

» Arrow-Hurwitz method: Let (7,)nen and (0,)nen be sequences in
10, +oc.

tn € Of (xp)
Xn+1 = Xn — Tn(th + Vh(xy) + L*v,)
sn € 0g*(vn)

Vntl = Vp — Un(sn - LXn—I—l)

(Vn e N)

~~ requires stringent conditions on the choice of the step-size (e.g. decaying
to zero)
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Primal-dual methods

> Idea 2: Use implicit updates

th € 8f(x,,+1)
Xnt1 = Xp — Tn(tn + Vh(xp) + L*v,)
Sp € 0g*(Vnt1)

Va1l = Vo — 0n(Sp — LXpt1)

{0 € Xpt1 — Xn + Ta(Vh(xn) + L*v) + 7,0f (Xn41)

(VneN)

0 € Vpy1 — Vn — oplxpi1 + 008" (Vnt1)

Xnt1 = Prox, ¢ (xn — 7a(Vh(xa) + L*v))
Vntl = PIOXy o+ (v,, + op Lx,,+1)

~> still does not converge for constant values of the step-size.
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Primal-dual methods

> ldea 3: Use the approximation x,4+1 >~ 2Xp11 — Xp

X1 = Prox, ¢ (xn = Ta(Vh(xa) + L*v,))

Vnil = PIOXy, o (v,, + onl(2xp41 — x,,)).

(Vn e N) {
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Primal-dual optimization algorithm

Convergence of PD algorithm

Let # and G be two Hilbert spaces. Let L € B(#,G).
Let f € To(H) and g € ['o(G). Let h € I'o(#) have a S-Lipschitzian gradient.

Xnt1 = prox,¢ (xn — 7(Vh(xp) + L*vy))
Vpt1 = PrOX,gn (v,, + oL(2xp41 — x,,)).

(Vn eN) {
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Primal-dual optimization algorithm

Convergence of PD algorithm

Let # and G be two Hilbert spaces. Let L € B(#,G).

Let f € To(H) and g € ['o(G). Let h € I'o(#) have a S-Lipschitzian gradient.
Let 7 € 0, +oo[ and ¢ € ]0, +oc.

We assume that 71 — o||L||> > 8/2 and zer (8f + Vh+ L*0gl) # @.

Let x € H, vp € G, and

(Vn eN) {

Xpt1 = profo(x,, — T(Vh(x,,) + L* v,,))

Vpt1 = PrOX,gn (v,, + oL(2xp41 — x,,)).
We have:

» Xp = X €Argmin(f +h+gol)

> v, = V€ Argmin((f + g)* o (—L*) + g*).
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Primal-dual optimization algorithm

Convergence of PD algorithm

Let # and G be two Hilbert spaces. Let L € B(#,G).

Let f € To(H) and g € ['o(G). Let h € I'o(#) have a S-Lipschitzian gradient.
Let 7 € 0, +oo[ and ¢ € ]0, +oc.

We assume that 71 — o||L||> > 8/2 and zer (8f + Vh+ L*0gl) # @.

Let x € H, vp € G, and

(Vn eN) {

Xnt1 = prox,¢ (X, — 7(Vh(xp) + L*vp))

Vpt1 = PrOX,gn (vn + oL(2xp41 — x,,)).
We have:

» Xp = X €Argmin(f +h+gol)

> v, = V€ Argmin((f + g)* o (—L*) + g*).

Sketch of the proof: rewrite the algorithm as a Forward-Backward iteration for

solving a saddle point problem.
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Exercice

Let H and (Gi)i<i<m be real Hilbert spaces. Let f € ['o(H), let h € To(H),
and, for every i € {1,...,m}, let gi € To(G) and L; € B(H,G)).

It is assumed that h is differentiable and have a B-Lipschitzian gradient with
B € 10,400[. Propose a primal-dual algorithm to solve

m
inimize f (L h(x).
minimize (x) + ,Z:; gi(Lix) + h(x)



