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Sparsity - a gift from nature

Audio : time-frequency representations 

Images : wavelet transform 
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ANALYSIS
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SYNTHESIS
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Parcours “Image et Données”, Master 2 Recherche en Informatique, Université de Rennes 1

Example

23

R. Gribonval, cours “Traitements et Transformations”, module “Acquisition et Représentations de Données”
Parcours “Image et Données”, Master 2 Recherche en Informatique, Université de Rennes 1

Example
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Sparsity & frugality

As a natural objective: 
bits 
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R. Gribonval, cours “Traitements et Transformations”, module “Acquisition et Représentations de Données”
Parcours “Image et Données”, Master 2 Recherche en Informatique, Université de Rennes 1

Example
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MP3, AAC

JPEG2000? JPEG !

z = Ψx
Naive matrix multiplication = 

Fast DWT = 

O(N2)

O(N )

(Deep) sparse matrix product

sparse vector representations

Ψ =

flops 
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Sparsity & interpretability

As a useful prior: identification of latent variables 
Prime example = linear inverse problems 

Provably good algorithms, performance guarantees 

5
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Sparse know-how

 minimization induces sparsity 
Basis Pursuit  / Lasso  

 minimization does not induce sparsity 
Tikhonov / Ridge regression 

« It’s the support, stupid » 
Hard = find support (indices of nonzeros) 
Easy = find coefficients on support (least squares) 

Greed / thresholding is good 
Matching Pursuits

L1

L2

6
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Deep sparsity ?

A gift from nature ? 
MDCT coefficients of a sound 

7
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Deep sparsity ?

A gift from nature ? 
MDCT coefficients of a sound 
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Some (few) coefficients 
of large magnitude

Many small coefficients
Workshop DIPOpt, Lyon, Nov 27-30 2023
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Deep sparsity ?

A gift from nature ? 
MDCT coefficients of a sound 

7

Some (few) coefficients 
of large magnitude

Many small coefficients

Weights of a ResNet18 
(Trained on ImageNet) 

Thanks to Antoine Gonon 

All 11M+ weights

2.3M+ conv layer 16
Trained

Workshop DIPOpt, Lyon, Nov 27-30 2023
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« Deep » sparse know-how ?

 minimization induces sparsity 
Basis Pursuit  / Lasso  

 minimization does not induce sparsity 
Tikhonov / Ridge regression 

« It’s the support, stupid » 
Hard = find support (indices of nonzeros) 
Easy = find coefficients on support (least squares) 

Greed / thresholding is good

L1

L2

8

Can break down in deep / multilinear context



« L1 induces sparsity, but L2 does not » ?
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Bilinear sparsity: blind deconvolution

Goal = recover sparse signals from a convolution 

« Easy » if one of the signals is known, e.g. with 

« Natural » blind approach ? 

10

x = h ⋆ s

min ∥s∥1 s.t. x = h ⋆ s

min ∥h∥1 + ∥s∥1 s.t. x = h ⋆ s
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Bilinear sparsity: blind deconvolution

Goal = recover sparse signals from a convolution 

« Easy » if one of the signals is known, e.g. with 

« Natural » blind approach ? 

10

x = h ⋆ s

min ∥s∥1 s.t. x = h ⋆ s

min ∥h∥1 + ∥s∥1 s.t. x = h ⋆ s

Behind the scene
(in modern words) 
scaling ambiguities
~implicit bias
– coming up –

CVPR 2009

ICASSP 2013 h* = δ0, s* = x

Not so simple … 
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ReLU network training - weight decay

Weight decay = quadratic penalty 

Shallow ReLU-net implements      
(+variant with biases) 

Training = risk minimization                          

« Natural » : nonconvex + promotes flatness ( sparsity) ? ≠

11

f(x) = ∑
neurons i

ui $%&'(v⊤
i x)

min
ui,vi

)*++( f ) + ∑
i

(∥ui∥2
2 + ∥vi∥2
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ReLU network training - weight decay

Weight decay = quadratic penalty 

Shallow ReLU-net implements      
(+variant with biases) 

Training = risk minimization                          

« Natural » : nonconvex + promotes flatness ( sparsity) ? ≠

Not so simple …    
« Neural balance » at global minimum 

~Solution to (convex) Group Lasso  
See e.g. 

11

∥ui∥2 = ∥vi∥2, ∀i

Behind the scene
(in modern words) 
scaling ambiguities
~implicit bias
– coming up –

f(x) = ∑
neurons i

ui $%&'(v⊤
i x)

min
ui,vi

)*++( f ) + ∑
i

(∥ui∥2
2 + ∥vi∥2

2)

ICML 2020
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Behind the scene

Blind deconvolution 
Scaling ambiguity 

Apparent regularization 

Effective regularization 

+ a consequence: 
For every pair such that x = h ⋆ s

12

(h /λ) ⋆ (λs), ∀λ ≠ 0

∥h∥1 + ∥s∥1

min
λ

∥h /λ∥1 + ∥λs∥1 ∝ ∥h∥1∥s∥1

∥x∥1∥δ0∥1 = ∥x∥1 ≤ ∥h∥1∥s∥1

ICASSP 2013

ICANN 1998
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Behind the scene

Blind deconvolution 
Scaling ambiguity 

Apparent regularization 

Effective regularization 

+ a consequence: 
For every pair such that x = h ⋆ s

ReLU nets & weight decay 

Analog to Group Lasso 
See e.g. survey 

12

(h /λ) ⋆ (λs), ∀λ ≠ 0

∥h∥1 + ∥s∥1

min
λ

∥h /λ∥1 + ∥λs∥1 ∝ ∥h∥1∥s∥1

∥x∥1∥δ0∥1 = ∥x∥1 ≤ ∥h∥1∥s∥1

ICASSP 2013

ICANN 1998

(u/λ)$%&'(λv⊤x), ∀λ > 0,∀x

∑
i

∥ui∥2
2 + ∥vi∥2

2

∑
i

∥uiv⊤
i ∥2

IEEE Signal Processing Magazine, 2023
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Greed is good ?

Alice 

Train & release ReLU net 
ResNet 18 on ImageNet 

4lice 
with adversarial rescaling 

Bob 

Greedy sparsification 
Prune-out 50% largest weights on layers 2&3 

Top1 32% on ImageNet 
Top5 54% 

Idem 
Prune-out 50% largest weights on layers 2&3 

Top1 20% 
Top5 40%

≈
≈

≈
≈

13

Figures thanks to Antoine Gonon
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Greedy sparsification 
Prune-out 50% largest weights on layers 2&3 
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Prune-out 50% largest weights on layers 2&3 

Top1 20% 
Top5 40%

≈
≈

≈
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Figures thanks to Antoine Gonon



« It’s the support, stupid » … really ?
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Optimization with support constraints

Linear inverse problem 

Sparsity constraint 
unknown support 
NP-hard 

Fixed support 
Used in Greedy / Iterative methods 

Easy = least-squares 

Bilinear inverse problem 

Sparsity constraint 
covers sparse PCA  
NP-hard 

Fixed support 
E.g. : LU factorization 

Easy or hard ?

15

under constraints on 

min
X,Y

∥A − XY∥2
F

+122(X), +122(Y)under contraint on 

min
x

∥z − Mx∥2
2

+122(x)

[Magdon-Ismael, NP-hardness and inapproximability of sparse 
PCA, Information Processing Letters, 2017]
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Linear inverse problem 

Sparsity constraint 
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Curses of fixed support factorization

NP-hard to approximate
Minimizer does not always exist 

Similar to low-rank tensor decompositions … but also LU factorization 
Requires regularization (e.g. « weight decay » ) 
Phenomenon extends to shallow ReLU nets

∥X∥2
F + ∥Y∥2

F

16

With « fixed » support 

min
X,Y

∥A − XY∥2
F

+122(X) ⊂ I, +122(Y) ⊂ J

Details in: 

Quoc-Tung 
Le

Elisa 
Riccietti

 SIMAX 2023                                                                        NeurIPS2023
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Curses of fixed support factorization

NP-hard to approximate
Minimizer does not always exist 

Similar to low-rank tensor decompositions … but also LU factorization 
Requires regularization (e.g. « weight decay » ) 
Phenomenon extends to shallow ReLU nets

∥X∥2
F + ∥Y∥2

F

Is it really a problem ?  

16

With « fixed » support 

min
X,Y

∥A − XY∥2
F

+122(X) ⊂ I, +122(Y) ⊂ J

Details in: 

Quoc-Tung 
Le

Elisa 
Riccietti

 SIMAX 2023                                                                        NeurIPS2023
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Do bad supports occur in practice ?

Experiment 
Shallow ReLU network  
Random support constraints with various sparsities  
Algorithm to detect bad supports 

Guaranteed: no false positive (some false negatives are possible) 
Empirical probability of bad support 

fθ(x) = W2$%&'(W1x)

17

sparsity ratio =

#nonzero entries
#total nb entries

sparsity ratio layer 1

sparsity ratio layer 2
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Do bad supports occur in practice ?

Experiment 
Shallow ReLU network  
Random support constraints with various sparsities  
Algorithm to detect bad supports 

Guaranteed: no false positive (some false negatives are possible) 
Empirical probability of bad support 

fθ(x) = W2$%&'(W1x)

How to ensure "nice" supports  ?

17

sparsity ratio =

#nonzero entries
#total nb entries

sparsity ratio layer 1

sparsity ratio layer 2



Promises of butterfly supports 
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"Butterfly" supports

Ubiquitous for fast linear transforms (FFT ...) 

solid roots in numerical analysis (multipole methods, hierarchical matrices)  
efficient  implementation instead of     +   expressivity 

Rapidly emerging for (nonlinear) deep learning 
see e.g. [T. Dao & al, Monarch: Expressive Structured Matrices for Efficient and Accurate Training, ICML, 2022]

O(n log n) O(n2)

19
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Recent results on linear butterflies

Hierarchical factorization alg. 
Input: a (dense) matrix   
Output: butterfly factors 
Approach: one factor at a time 

exploiting structure of sparsity pattern 
Results 

Existence + Identifiability of optimum 
(+ongoing : stability to noise) 

Frugality of hierarchical approach:  
efficiency >> gradient descent

A

20

FIXED SUPPORT MATRIX FACTORIZATION 23

exists a feasible path joining this “smart” initialization to an optimal solution without801
increasing the loss function, the value of the objective function is “flat” in the first802
part of this feasible path. Thus, even if such initialization is completely outside any803
spurious local valley, it is not clear whether local information at the initialization804
allows to “guide” optimization algorithms towards the global optimum to blindly find805
such a path. In fact, first-order methods are not bound to follow our constructive806
continuous path.807

5. Numerical illustration: landscape and behaviour of gradient de-808
scent. As a numerical illustration of the practical impact of our results, we compare809
the performance of Algorithm 3.4 to other popular first-order methods on problem810
(FSMF).811

We consider two types of instances of (FSMF): I1 = 12a⇥2a ⌦ I2b⇥2b , J1 =812
I2a⇥2a ⌦ 12b⇥2b where ⌦ denotes the Kronecker product, a = dN/2e, b = bN/2c813
(hence a + b = N) and I2 = 12⇥2 ⌦ I2N�1 , J2 = I2 ⌦ 12N�1⇥2N�1 . These supports814
are interesting because they are those taken at the first two steps of the hierarchical815
algorithm in [25, 44] for approximating a matrix by a product of N butterfly factors816
[25]. The first pair of support constraints (I1, J1) is also equivalent to the recently817
proposed Monarch parameterization [9]. Both pairs (I1, J1) and (I2, J2) are proved to818
satisfy Theorem 3.3 [44, Lemma 3.15].819

Fig. 10. Evolution of log10 kA�XY
>kF for three variants of gradient descent and Algorithm 3.4

with support constraints (I1, J1) (left) and (I2, J2) (right) for N = 10.

We consider A as the Hadamard matrix of size 2N ⇥ 2N , which is known to admit820
an exact factorization with each of the considered support constraints, and we employ821
Algorithm 3.4 to factorize A in these two settings. We compare Algorithm 3.4 to822
three variants of gradient descent: vanilla gradient descent (GD), gradient descent823
with momentum (GDMomentum) and ADAM [18, Chapter 8]. We use the efficient824
implementation of these iterative algorithms available in Pytorch 1.11. For each matrix825
size 2N , learning rates for iterative methods are tuned by grid search: we run all the826
factorizations with all learning rates in {5⇥10�k, 10�k

| k = 1, . . . , 4}. Matrix X (resp.827
Y ) is initialized with i.i.d. random coefficients inside its support I (resp. J) drawn828
according to the law N (0, 1/RI) (resp. N (0, 1/RJ)) where RI , RJ are respectively829
the number of elements in each column of I and of J . All these experiments are830
run on an Intel Core i7 CPU 2,3 GHz. In the interest of reproducible research, our831
implementation is available in open source [24]. Since A admits an exact factorization832
with both the supports (I1, J1) and (I2, J2), we set a threshold ✏ = 10�10 for these833
iterative algorithms (i.e if log10(kA�XY >

kF )  �10, the algorithm is terminated and834

This manuscript is for review purposes only.

log(approximation error) - with two factors

Léon 
Zheng

Quoc-Tung 
Le

Elisa 
Riccietti
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Recent results on linear butterflies

Hierarchical factorization alg. 
Input: a (dense) matrix   
Output: butterfly factors 
Approach: one factor at a time 

exploiting structure of sparsity pattern 
Results 

Existence + Identifiability of optimum 
(+ongoing : stability to noise) 

Frugality of hierarchical approach:  
efficiency >> gradient descent

A
Efficient quantization alg. 

Input: butterfly factors 
Output: quantized butterfly factors 
Approach: one factor at a time  

exploiting rescaling invariances 
Results 

Optimal algorithm for two factors 
heuristic for multiple factors 

-30% bits compared to usual rounding

20
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exists a feasible path joining this “smart” initialization to an optimal solution without801
increasing the loss function, the value of the objective function is “flat” in the first802
part of this feasible path. Thus, even if such initialization is completely outside any803
spurious local valley, it is not clear whether local information at the initialization804
allows to “guide” optimization algorithms towards the global optimum to blindly find805
such a path. In fact, first-order methods are not bound to follow our constructive806
continuous path.807

5. Numerical illustration: landscape and behaviour of gradient de-808
scent. As a numerical illustration of the practical impact of our results, we compare809
the performance of Algorithm 3.4 to other popular first-order methods on problem810
(FSMF).811

We consider two types of instances of (FSMF): I1 = 12a⇥2a ⌦ I2b⇥2b , J1 =812
I2a⇥2a ⌦ 12b⇥2b where ⌦ denotes the Kronecker product, a = dN/2e, b = bN/2c813
(hence a + b = N) and I2 = 12⇥2 ⌦ I2N�1 , J2 = I2 ⌦ 12N�1⇥2N�1 . These supports814
are interesting because they are those taken at the first two steps of the hierarchical815
algorithm in [25, 44] for approximating a matrix by a product of N butterfly factors816
[25]. The first pair of support constraints (I1, J1) is also equivalent to the recently817
proposed Monarch parameterization [9]. Both pairs (I1, J1) and (I2, J2) are proved to818
satisfy Theorem 3.3 [44, Lemma 3.15].819

Fig. 10. Evolution of log10 kA�XY
>kF for three variants of gradient descent and Algorithm 3.4

with support constraints (I1, J1) (left) and (I2, J2) (right) for N = 10.

We consider A as the Hadamard matrix of size 2N ⇥ 2N , which is known to admit820
an exact factorization with each of the considered support constraints, and we employ821
Algorithm 3.4 to factorize A in these two settings. We compare Algorithm 3.4 to822
three variants of gradient descent: vanilla gradient descent (GD), gradient descent823
with momentum (GDMomentum) and ADAM [18, Chapter 8]. We use the efficient824
implementation of these iterative algorithms available in Pytorch 1.11. For each matrix825
size 2N , learning rates for iterative methods are tuned by grid search: we run all the826
factorizations with all learning rates in {5⇥10�k, 10�k

| k = 1, . . . , 4}. Matrix X (resp.827
Y ) is initialized with i.i.d. random coefficients inside its support I (resp. J) drawn828
according to the law N (0, 1/RI) (resp. N (0, 1/RJ)) where RI , RJ are respectively829
the number of elements in each column of I and of J . All these experiments are830
run on an Intel Core i7 CPU 2,3 GHz. In the interest of reproducible research, our831
implementation is available in open source [24]. Since A admits an exact factorization832
with both the supports (I1, J1) and (I2, J2), we set a threshold ✏ = 10�10 for these833
iterative algorithms (i.e if log10(kA�XY >

kF )  �10, the algorithm is terminated and834

This manuscript is for review purposes only.

log(approximation error) - with two factors

Théo  
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Elisa 
Riccietti
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Outlook (1)

Deep sparsity attractive objective for frugal AI ... 
Interpretability & privacy 
Expected flexible resource-performance tradeoffs

22
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Outlook (1)

Deep sparsity attractive objective for frugal AI ... 
Interpretability & privacy 
Expected flexible resource-performance tradeoffs

... but sparse know-how breaks down with depth 
No global optimum 
NP-hardness 

+Mismatch between explicit & implicit regularization 
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Outlook (1)

Deep sparsity attractive objective for frugal AI ... 
Interpretability & privacy 
Expected flexible resource-performance tradeoffs

... but sparse know-how breaks down with depth 
No global optimum 
NP-hardness 

+Mismatch between explicit & implicit regularization 

Promises & challenges of butterflies 
Stable and tractable learning  
Improved coarse quantization 
Ongoing work 

approximation guarantees 
improved GPU-friendliness ? 
performance vs efficiency tradeoffs within deep nets ?

22

OCKHAM
Optimisation, Connaissances pHysiques, Algorithmes et Modèles

Objectifs: Développer des techniques d’apprentissage et de traitement du signal munis de
solides fondements théoriques, physiquement interprétables, et économes en ressources.

Réseaux de neurones et parcimonie

Constat: les réseaux de neurones state-of-the-art sont très énergivores. La parcimonie est une propriété désirable.

Objectif: mâıtriser l’usage de la parcimonie.

• Instabilité intrinsèque des réseaux de neurones parcimonieux.

• Quelles structures pour la parcimonie ? E�cacité sur GPU ? Stabilité
numérique ?

• Études des factorisations en matrices butterfly.

Optimisation et algorithmes efficaces

Objectif: développer des algorithmes rapides et reproductibles pour l’apprentissage statistique et le traitement du signal.

• Optimisation multi-niveaux/multi-échelle, convexe et non-convexe pour les modèles parcimonieux.

• Recherche reproductible: Benchopt (benchmarks d’optimisation reproductibles, e�caces et collaboratives).

• Apprentissage compressif, a.k.a. sketching: résoudre des tâches d’apprentissage en gardant uniquement l’information pertinente.

Incorporer des connaissances, de la structure dans les données

Constat: l’apprentissage moderne est gourmand en données.

Objectif: incorporer des connaissances pour de meilleurs compromis frugalité / performance.

• Modèles avec des connaissances issues de la physique (EDP, PINNs).

• Graphes et modèles structurés: apprentissage de graphe (structure en
sortie d’algorithmes) + apprentissage avec graphes (structure comme
entrée des algorithmes).

• Le transport optimal comme outil pour les graphes.

Focus traverse: métriques entre distributions de probabilités

Constat: le choix de bonnes métriques entre distributions est crucial pour l’apprentissage, le sketching et l’analyse de graphes.

• Analyses théoriques des relations entre plusieurs de ces métriques.

• Schémas numériques e�caces pour le calcul de ces métriques (projections aléatoires structurées ou non).

Composition de l’équipe

• Rémi Gribonval, DR Inria

• Paulo Gonçalves, DR Inria

• Elisa Riccietti, MCF ENS Lyon

• Marion Foare, MCF CPE Lyon

• Mathurin Massias, CR Inria

• Titouan Vayer, CR Inria

• Pascal Carrivain, IR Inria

• Simon Delamare, IR CNRS

• 10 PhD & 3 Postdocs

Projets et partenaires (échantillons)

• Interface signal/apprentissage.

• Projets: Chaire IA AllegroAs-
sai, PEPR IA SHARP, ANR
DataRedux, ANR Darling.

• Labex Milyon & GDR ISIS.

• Académiques: Lab. Hubert
Curien, Lab. Phys. ENS
Lyon, UMPA, UC Louvain, U.
Genova.

• Industriels & applis: Meta /
Valeo / Lighton / CRNL.
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Outlook (2)

Harnessing rescaling-invariance in deep nets ? 
Ubiquitous property: ReLU, maxpool, average pool, residual connexions ... 
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Empirically: wander in equivalence class 
Improved SGD training   
Reused for quantization by [Nagel & al] 
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Outlook (2)

Harnessing rescaling-invariance in deep nets ? 
Ubiquitous property: ReLU, maxpool, average pool, residual connexions ... 

Empirically: wander in equivalence class 
Improved SGD training   
Reused for quantization by [Nagel & al] 

Path-embedding of weights/biases  
Rescaling-invariant embedding  

valid for general DAG architecture   
combinatorial dimension (#paths) 

Some consequences 
identifiability analysis 
statistical generalization bounds 
+ conservation laws during training 

Ongoing work 
provably good/optimal pruning and quantization ? 
from theoretical tool to computational one ?
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Thank you for your attention !

Direct contributors 

special thanks to the whole Ockham team @LIP, ENS de Lyon, and 
particularly to Pascal Carrivain, Simon Delamare, Hakim Hadj-Djilani for 
their work on pyfaust & lazylinop (python+matlab libraries) 
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