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Optimization: why?

We think that convex optimization is an important enough topic that
everyone who uses computational mathematics should know at least a little
bit about it. In our opinion, convex optimization is a natural next topic
after advanced linear algebra and linear programming.

(Stephen Boyd and Lieven Vandenberghe)
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Optimization: what ?

Whatever people do, at some point they get a craving to organize things in
a best possible way. This intention, converted in a mathematical form,
turns out to be an optimization problem of certain type.

(Yurii Nesterov)
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Optimization: convergence ?

We believe that convergence properties are relevant to clinical medical
imaging, since algorithm divergence could have unfortunate consequences.
(Jeffrey A. Fessler et Alfred Hero)
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Optimization: minimization problem

» Minimization problems
f: cost function
We want to

Find X € D such that (Vx € D) f(x) < f(x)
< Findx € D suchthat f(X) = im; f(x)
Xe

f(x)
that is \/
Find X € Argmin f(x). \\/
xeD | I ,
. . ) -
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Optimization: minimization problem

» Maximization problems
f: reward function
We want to

Find X € D such that (Vx € D) f(x) > f(x)
< Findx e D suchthat (Vxe€ D) —f(x) < —f(x)

& Find X € Argmin (— f(x)).
xeD

()

with f: D — ]—o0, +00].

Without loss of generality, we can \J
focus on minimization problems \\/

X D
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Various types of minimization problems

» D =RN: unconstrained problem

f(x)
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Various types of minimization problems

» D =RN: unconstrained problem

» D countable: discrete optimization problem

fx)
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Various types of minimization problems

» D =RN: unconstrained problem

» D countable: discrete optimization problem

f(x)
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Various types of minimization problems

» D uncountable: continuous optimization problem

» Optimization problem with P equality constraints and @ inequality
constraints:

D={xeRN|(Vie{l,...,P}) pi(x) =0
and (Vj € {1,...,Q}) ¥;(x) < n;}

where (Vi € {1,...,P}) §; € R and ¢;: RN — |—o0, +x],
(Vje{l,...,Q}) nj e Rand 9;: RN — ]—o0, +00].

If oi: x> (x| u) withi€{l,...,P} and u; € RN, then linear (or

affine) equality constraint.

If 12 x— (x| uj) with j € {1,..., Q} and u; € RV, then linear (or

affine) inequality constraint.
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Various types of minimization problems
Remark:
Find X € Argmin f(x)
xeD
& Find X € Argmin f(x)
xERN
where
f(x) ifxeD

Vx € RV)  f(x) =
( ) ) +o00 otherwise.

Allowing non finite valued functions leads to a unifying view of constrained
and unconstrained minimization problems.



Intro Basics Non-smooth Conjugate Duality Prox
0000008000 OOOO0OO0O0O0000O0O0O000000000O00000 OOOOO0OO00000 OOOO00O00 0000000000000 OOOOO0O000000000000

8/117

Convex/non-convex

Let f: RN —] — 0o, +0c]. An unconstrained minimization problem aims to
solve:

X € Argmin, pnf(x)

» Convex optimization and non-convex optimization
f f

Fonction convexe Fonction non—convexe
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Convex/non-convex

Let f: RN —] — 0o, +0c]. An unconstrained minimization problem aims to
solve:

X € Argmin, pnf(x)

» Convex optimization and non-convex optimizatione
f f

Fonction convexe Fonction non—convexe
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Main questions to be addressed

1. Existence/uniqueness of a solution X 7
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Main questions to be addressed

1. Existence/uniqueness of a solution X ?
2. Characterization of solutions: necessary/sufficient conditions for X to
be a solution.
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Main questions to be addressed

1. Existence/uniqueness of a solution X ?

2. Characterization of solutions: necessary/sufficient conditions for X to
be a solution.

3. Designing an algorithm to approximate a solution in the frequent case
when no closed form solution is available, i.e. building a sequence
(Xn)nen of RN such that

lim x, =X.
n——+o00
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Main questions to be addressed

1. Existence/uniqueness of a solution X ?

2. Characterization of solutions: necessary/sufficient conditions for X to
be a solution.

3. Designing an algorithm to approximate a solution in the frequent case
when no closed form solution is available, i.e. building a sequence
(Xn)nen of RN such that

lim x, =X.
n——+o00

4. Evaluation of the performance of the optimization algorithm:
» Convergence speed
Example: If there exists p €]0,1[ and n* € N such that (Vn > n*)
[[%a+1 — X|| < pllxn — X||, then Q-linear convergence rate.
If limp—s 400 ‘l)‘(”“ X)ﬁ‘ = 0, then Q-superlinear convergence rate.
» Robustness to numerical errors
» Amenability to parallel/distributed implementations.
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Convex functions: examples

Cf. cours de Laurent Jacob

v

Quadratic loss: f(x) = |y — Ax||? with y € RM and A € RM*N,
Logistic loss: f(x) = log(1 + e™¥*) with y € {0,1}

Hinge loss: f(x) = max(0,1 — yx) with y € {0,1}

LASSO: f(x) = |ly — Ax||? + ||x||1

v

v

v
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Reference books

v

D. Bertsekas, Nonlinear programming, Athena Scientic, Belmont,

Massachussets, 1995.

» Y. Nesterov, Introductory Lectures on Convex Optimization: A Basic
Course, Springer, 2004.

» S. Boyd and L. Vandenberghe, Convex optimization, Cambridge
University Press, 2004.

» H. H. Bauschke and P. L. Combettes, Convex Analysis and

Monotone Operator Theory in Hilbert Spaces, Springer, New York,

2011.
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Differentiable convex functions
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Hilbert spaces

A (real) Hilbert space H{ is a complete real vector space endowed with an
inner product (- | -). The associated norm is

(WxeH) xll = Vi{x[x).

» Particular case: H = RN (Euclidean space with dimension N).
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Hilbert spaces

Let H and G be two Hilbert spaces.
A linear operator L: H — G is bounded (or continuous) if

IL] = sup [lLx[lg < o0
Ixllze<1
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Hilbert spaces

Let H and G be two Hilbert spaces.
A linear operator L: H — G is bounded (or continuous) if

IL[ = sup [|Lx[| < +o0
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Hilbert spaces

Let H and G be two Hilbert spaces.
A linear operator L: H — G is bounded (or continuous) if

IL[ = sup [|Lx[| < +o0
<1

» In finite dimension, every linear operator is bounded.
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Hilbert spaces

Let H and G be two Hilbert spaces.
A linear operator L: H — G is bounded (or continuous) if

IL[ = sup [|Lx[| < +o0
<1

» In finite dimension, every linear operator is bounded.

B(H,G): Banach space of bounded linear operators from H to G.
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Hilbert spaces

Let H and G be two Hilbert spaces.
Let L € B(H,G). Its adjoint L* is the operator in B(G,H) defined as

(Voy) e xG)  {y[Lx)g=(Ly[x)y-
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Hilbert spaces

Let H and G be two Hilbert spaces.
Let L € B(H,G). Its adjoint L* is the operator in B(G,H) defined as

(Vx,y) eHxG)  {y[Lx)=(L"y[x).
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Hilbert spaces

Let H and G be two Hilbert spaces.
Let L € B(H,G). Its adjoint L* is the operator in B(G,H) defined as

(VOoy) eHxG)  (x|y)=(x|LY).
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Hilbert spaces

Let H and G be two Hilbert spaces.
Let L € B(H,G). Its adjoint L* is the operator in B(G,H) defined as

(VOoy) eHxG)  (x|y)=(x|LY).

Example:

If L:H—H" x—(x,...,x)
n
then L*:H"—)H:y:(yl,...,y,,)v—)Zy,-

Proof:

(Lx [ y) = (e 3) | O eom)) = 300 i) =< |Zy,>

i=1
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Hilbert spaces

Let H and G be two Hilbert spaces.
Let L € B(H,G). Its adjoint L* is the operator in B(G,H) defined as

(VOoy) eHxG)  (x|y)=(x|LY).

» We have |[L*|| = ||L]|.

> If L is bijective (i.e. an isomorphism ) then L=% € B(G,H) and
(L—l)* — (L*)_l.

» fH =RN and G = RM then L* = LT,
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Functional analysis: definitions

Let £ : H — ]—o00, 00| where H is a Hilbert space.
» The domain of fis domf = {x € H|f(x) < +o0}.
» The function f is proper if domf # &.

Domains of the functions ?

1 f(x |
\ ) | HOR

\ |/

x
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Functional analysis: definitions

Let £ : H — ]—o00, 00| where H is a Hilbert space.
» The domain of fis domf = {x € H|f(x) < +o0}.
» The function f is proper if domf # &.

Domains of the functions ?

l f(x |
\ ) | HOR

|/

x

domf =R

(nmnpr\
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Functional analysis: definitions

Let £ : H — ]—o00, 00| where H is a Hilbert space.
» The domain of fis domf = {x € H|f(x) < +o0}.
» The function f is proper if domf # &.

Domains of the functions ?

O i )

L/

x

7

domf =R dom f =]0, 4]

(broner) (hroner)
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Functional analysis: definitions

Let C C H.
The indicator function of C is

0 if xe C
+o0o otherwise.

(Vx € H) te(x) = {

Example : C = [01, d2]
F(x) = 111,01 (x)
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Epigraph

Let f : H — |—o00,+00]. The epigraph of f is

epif = {(x,¢) edomf xR | f(x) < ¢}




Intro Basics Non-smooth Conjugate Duality Prox
0000000000 OOOOOO®OO0000O0000000000000000 OOOOO0OO00000 OOOO00O00 0000000000000 OO0OO0O00000000000

18/117

Epigraph

Let f : H — |—o00,+00]. The epigraph of f is

epif = {(x,¢) edomf xR | f(x) < ¢}

I f(x) = || f(x) = t[—s,5(x)
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Lower semi-continuity

Let f: H — ]—o0, +0o0].
f is a lower semi-continuous function on H if and only if epi f is closed

» |.s.c. functions ?
) f(x)

RNV ! :
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Lower semi-continuity

Let f: H — ]—o0, +0o0].
f is a lower semi-continuous function on H if and only if epi f is closed

» |.s.c. functions ?

Xy
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Lower semi-continuity

» Every continuous function on H is |.s.c.
» Every finite sum of l.s.c. functions is l.s.c.

> Let (fi)ies be a family of I.s.c functions.
Then, sup;¢, fi is |.s.c.
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Existence of a minimizer

Let H be a Hilbert space. Let f: H — |—o0, +oa].
f is coercive if lim) 400 f(X) = +00.
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Existence of a minimizer

Let H be a Hilbert space. Let f: H — |—o0, +oa].
f is coercive if lim) 400 f(X) = +00.

Coercive functions ?
2 (%) L F(X) Af(X)

n
[ 8
Xy
><VV<Z\\\\\\
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Convex set

C C His a convex set if

(¥(x,y) € C?)(Va €]0,1]) ax+(1—a)yeC

Convex sets ?

NDOY
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C C His a convex set if
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Convex function: definitions

f:H — ]—00,+00] is a convex function if

(V(x,y) € Hz)(‘v’a €]0,1])
Flox + (1 a)y) < af(x) + (1 - @) (y)
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Convex function: definitions

f:H — ]—00,+00] is a convex function if

(V(x,y) € Hz)(‘v’a €]0,1])
Flox + (1 a)y) < af(x) + (1 - @) (y)

Convex functions ?

s F(x) = |x] f(x) = y-s,8(x)
(0si x € [—4,4]
+o00 sinon)

x 5 5 x
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Convex functions: definition

f:H — ]—00,+00] is convex & its epigraph is convex.
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Convex functions: definition

f:H — ]—00,+00] is convex & its epigraph is convex.

F(x) = Ix| F(x) = V/Ix] F(x) = 115, (x)
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Convex functions: definition

f:H — ]—00,+00] is convex & its epigraph is convex.

F(x) = Ix|

T F(x) = Ix] f(x) = t[-5,8(x)
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Convex functions: definition

f:H — ]—00,+00] is convex & its epigraph is convex.

F(x) = Ix|

T F(x) = Ix] f(x) = t[-5,8(x)

> If f:H — ]—o00,400] is convex, then dom f is convex.

» f:H — [—o0,+o00[ is concave if —f is convex.



Intro Basics Non-smooth Conjugate Duality Prox
0000000000 OOOO0OO0O0000O0O0®O0000000000000 OOOOO00O00000 OOOO00O00 0000000000000 OO0OO0O00000000000

25/117

Convex functions: properties

Every finite sum of convex functions is convex.

v

v

Let (f;)ies be a family of convex functions. Then, sup;¢, f; is convex.

» To(H) : class of convex, |.s.c., and proper functions from H to
|—o0, +o0.
> 1c € To(H) < C is a nonempty closed convex set.

Proof: epi,. = C x [0, +o0[.
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Strictly convex functions

Let H be a Hilbert space. Let f: H — |—o0, +oa].
f is strictly convex if

(Vx € dom f)(Vy € dom f)(Va €]0, 1[)
x#y = flax+(1—-a)y)<af(x)+(1—-a)f(y).
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Strictly convex functions

Let H be a Hilbert space. Let f: H — |—o0, +oa].
f is strictly convex if

(Vx € dom f)(Vy € dom f)(Va €]0, 1[)
x#y = flax+(1—-a)y)<af(x)+(1—-a)f(y).

Strictly convex functions ?

fCL/ X) | f(X)

x
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Strictly convex functions

Let H be a Hilbert space. Let f: H — |—o0, +oa].
f is strictly convex if

(Vx € dom f)(Vy € dom f)(Va €]0, 1[)
x#y = flax+(1—-a)y)<af(x)+(1—-a)f(y).

Strictly convex functions ?
f(x) f(x) ¢ f(x)

~ e

N

N|

4
.
.,
.
. .
N
v
N
VRN
~
_\—/
.
>
~ \
X

\

.
x
x
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Minimizers of a convex function

Let H be a Hilbert space. Let f: H — |—o00,+00] be a proper convex
function such that u = inf f > —oo.

> {xeH | f(x)=p} is convex.

» Every local minimizer of f is a global minimizer.

» If f is strictly convex, then there exists at most one minimizer.
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Existence and uniqueness of a minimizer

Let # be a Hilbert space and C a closed convex subset of . Let f € ['o(H)
such that domf N C # @.

If f is coercive or C is bounded, then there exists X € C such that

(%) = inf £(x).

If, moreover, f is strictly convex, this minimizer X is unique.
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Optimality condition

1st order necessary and sufficient condition (P. Fermat, 160X-1665)

Let f € To(R") be continuously differentiable function on RV. X is a global
minimizer of f, i.e., X € Argmin, pnf(x), iif

Vf(R) = 0.
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Optimality condition

1st order necessary and sufficient condition (P. Fermat, 160X-1665)

Let f € To(R") be continuously differentiable function on RV. X is a global
minimizer of f, i.e., X € Argmin, pnf(x), iif

Vf(x)=0.
Proof (=) : Let ¢ € RN. We set, for every a € R, g(a) = (X + ae)
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Optimality condition

1st order necessary and sufficient condition (P. Fermat, 160X-1665)

Let f € To(R") be continuously differentiable function on RV. X is a global
minimizer of f, i.e., X € Argmin, pnf(x), iif

Vf(x) =0.
Proof (=) : Let ¢ € RN. We set, for every a € R, g(a) = (X + ae)
di(;) = VF(X + ae)

dg(0) R
e = e VF(X)
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Optimality condition

1st order necessary and sufficient condition (P. Fermat, 160X-1665)

Let f € To(R") be continuously differentiable function on RV. X is a global
minimizer of f, i.e., X € Argmin, pnf(x), iif

Vf(x) =0.
Proof (=) : Let ¢ € RN. We set, for every a € R, g(a) = (X + ae)
dg(0) _ Tosio
o T € V£(x)

— lim f(X + ae) — f(X)
a—0 [0
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Optimality condition

1st order necessary and sufficient condition (P. Fermat, 160X-1665)

Let f € To(R") be continuously differentiable function on RV. X is a global
minimizer of f, i.e., X € Argmin, pnf(x), iif

Vf(x) =0.
Proof (=) : Let ¢ € RN. We set, for every a € R, g(a) = (X + ae)
‘1éf(()) T ~
da € V£(x)
— lim f(X + ae) — f(X) -0
a—0 «Q

— Because X is a minimizer of f
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Optimality condition

1st order necessary and sufficient condition (P. Fermat, 160X-1665)

Let f € To(R") be continuously differentiable function on RV. X is a global
minimizer of f, i.e., X € Argmin, pnf(x), iif

Vf(x) =0.
Proof (=) : Let ¢ € RN. We set, for every a € R, g(a) = (X + ae)
—dif) = (TVA(R)
— lim f(X + ae) — (X) -0
a—0 o

Thus

€'VF(x) > 0
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Optimality condition

1st order necessary and sufficient condition (P. Fermat, 160X-1665)

Let f € To(R") be continuously differentiable function on RV. X is a global
minimizer of f, i.e., X € Argmin, pnf(x), iif

Vf(x)=0.
Proof (=) : Let e € RV, We set, for every a € R, g(a) = f(X—ae)
#%2:—Jva@
— lim f(x—ae) — f(X) =0
a—0 o

Thus

€' VF(X) <0
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Optimality condition

1st order necessary and sufficient condition (P. Fermat, 160X-1665)

Let f € To(R") be continuously differentiable function on RV. X is a global
minimizer of f, i.e., X € Argmin, pnf(x), iif

Vf(x) =0.
Proof (=) : Let e € RV, We set, for every a € R, g(a) = f(X—ae)
CLZ—S? =¢'VF(®)
— im f(x—ae) — f(X) -0
a—0 «

Thus
Vf(x)=0
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Optimality condition

1st order necessary and sufficient condition (P. Fermat, 160X-1665)

Let f € To(R") be continuously differentiable function on RV. X is a global
minimizer of f, i.e., X € Argmin, pnf(x), iif

Vf(R) = 0.

Proof (<) : f being a convex function, this yields to

(V(x,z) € RN x RM)(Va € [0,1]) f(az+(1—a)x) < af(z)+(1—a)f(x)
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Optimality condition

1st order necessary and sufficient condition (P. Fermat, 160X-1665)

Let f € To(R") be continuously differentiable function on RV. X is a global
minimizer of f, i.e., X € Argmin, pnf(x), iif

Vf(R) = 0.

Proof (<) : f being a convex function, this yields to

(V(x,2z) € RN x RM)(Va € [0,1])  f(x+a(z — x)) < af(z) + (1 — )f(x)
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Optimality condition

1st order necessary and sufficient condition (P. Fermat, 160X-1665)

Let f € To(R") be continuously differentiable function on RV. X is a global
minimizer of f, i.e., X € Argmin, pnf(x), iif

Vf(R) = 0.

Proof (<) : f being a convex function, this yields to

f(x+ a(z —x))

(¥(x, z) € RN x RM)(Va € [0,1]) — f(x) < f(z) - f(x)
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Optimality condition

1st order necessary and sufficient condition (P. Fermat, 160X-1665)

Let f € To(R") be continuously differentiable function on RV. X is a global
minimizer of f, i.e., X € Argmin cpnf(x), iif

Vf(x)=0.
Proof (<) : f being a convex function, this yields to

f(x+ a(z —x))

(¥(x, z) € RN x RM)(Va € [0,1]) — f(x) < f(z) - f(x)

Thus
im FOHaz =) = £()
a—0 o

If Vf(X) =0, then

= (z - x)"Vf(x) < f(z) — f(x)

vz eRN) f(2) > f(X)
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Optimality condition

1st order necessary and sufficient condition (P. Fermat, 160X-1665)

Let f € To(R") be continuously differentiable function on RV. X is a global
minimizer of f, i.e., X € Argmin cpnf(x), iif

Vf(R) = 0.

v

Lead to a NV equations - N unknown problem.

v

Closed form expression for only few cases.

v

If no closed form expression exists, an iterative procedure is required.

Solve the optimization problem X € Argmin f(x) equivalent to find a
solution to V£ (X) = 0.

v
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Optimality condition

» Solving mean squares

Ac RMXN

. ~ . 2 .
Find X € Argmin,cgn||Ax — y|5 with J c M

— Optimality condition:

VFX)=0 & AT(AX—y)=0

Xx=(ATA)H(ATy)

— Sometimes difficult to invert ATA. Closed form expression known
if A models a circulant matrix.
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Optimality condition

» Logistic based criterion:

Find X € Argmin,cp log (1 + exp(—yx)) with yeR

— Optimality condition:

N —y exp(—yX)
VF(X) = At 2 N S
®)=0 < 1+ exp(—yX) 0

— No closed form expression. An iterative procedure is required.
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Gradient descent

Gradient descent
Let f € Mo(RN) be continuously differentiable on RV and with a 3-Lipschitz
gradient. Let xo € RV and v, €]0,2/8]

(Vn e N)  xp11 = Xxp — 7aVF(xn)

thus, the sequence (x,)nen converges to a minimizer of f.

Gradient (-Lipschitz

Let f € To(RV) be continuously differentiable on RN. f is gradient S-
Lipschitz with 8 > 0 if

(V(u,v) eRY xRY) [[Vf(u) = VE(V)| < Bllu—v|
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Gradient descent

Gradient descent
Let f € Mo(RN) be continuously differentiable on RV and with a 3-Lipschitz
gradient. Let xo € RV and v, €]0,2/8]

(Vn e N)  xp11 = Xxp — 7aVF(xn)

thus, the sequence (x,)nen converges to a minimizer of f.

> An iterative method consists to build a sequence (x,)nen such that, at
each iteration k

f(xnt1) < f(xn)
» Choose v, for fast convergence :
— Steepest descent, mthode de Newton, ...

» Convergence proof: detailed later.
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Optimality condition

1st order necessary and sufficient condition

Let C be a non-empty closed convex subset of RN, Let f € o(RN) be a
continuously differentiable function on C.

X is a minimizer of f on C, i.e, X € Argmin, . f(x) iif

(Vx e C) VFEX)"(x—X)>0.

» We are here interested in:

X € Argmin f(x) < (¥xe () f(x)<f(x)

» Feasible x when x satisfies the constraints.
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Projected gradient descent

Projected gradient descent

Let C be a non-empty closed convex subset of RN, Let f € o(RN) be a
continuously differentiable function on C with §-Lipschitz gradient.

Let xo € C and v, €]0,2/3]

(VneN) xpr1 = Pc(xn — 7aVF(xn))

then, the sequence (x,)nen converges to a minimizer of f on C.

» Pc : projection onto C
(Vx € RY)  Pc(x) = arg mig |z — x]||3
ze
» Let C = {X = (X(i))]_g,'g/\/ e RN ’ (\V/I S {1, RN N}) x (1) > 0}, then
Pc(x) = (max(0,x))), Cien
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Optimality conditions

Optimization problem under equality and inequality constraints:

(Vie{1,...,m}) ¢i(x) <0

X € Argmin pnf(x) s.t. _
. {(vj €{L,....p}) ¢j(x) =0

where,
> for every i € {0,...,m}, ¥; € To(RN),
> for every j € {0,...,p}, ¢; € To(RN),
> D =Lodomy; N7, domp; # 0.

Lagrangian

(V(x, A, v) € RVXRTXRP)  L(x, A,v) = F(x)+ 3 Nithi(x)+ > vjj(x)
i=1 j=1
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Optimality condition
Lagrangian
m P
(V(x, A\, v) € RVXR™XRP)  L(x,\,v) = f(x)—f—z A;z/;,-(x)—f—z vipi(x)
i=1 j=1
» dom L =D x R"™ x RP.

v

A = (Ai)1<i<m: Lagrange multiplier associated with );(x) < 0.

v

v = (vj)1<j<p: Lagrange multiplier associated with ¢;(x) = 0.

v

A and v are Lagrange multiplier vectors or dual variables.

v

Lagrange dual function :

V(A v) eR" xRP) d(\v)= infD L(x, A\, v)
X€
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Optimality condition

Necessary and sufficient condition: Karush Kuhn Tucker (KKT)

Let (¢i)o<i<m and (¢j)1<j<p be continuously differentiable.
x and (A, 7) are primal and dual solutions iif

(Vie{l,....,m}) $i(X) <0
(vjef{l,....p}) @j(x) =0
(Vie{l,....,m}) Xi>0

Vie{l,...,m})  Ai(x)=0
V(R ZA Vihi(X) +Zujwj =0
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Non-smooth convex optimization
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A pioneer

Jean-Jacques Moreau
(1923-2014)
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Subdifferential of function: definition

The (Moreau) subdifferential of f, denoted by Of,
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Subdifferential of function: definition

Let £ : H — ]—00,400] be a proper function.
The (Moreau) subdifferential of f , denoted by Of,

+f(y)
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Subdifferential of function: definition

Let £ : H — ]—00,400] be a proper function.
The (Moreau) subdifferential of f , denoted by Of, is such that

of - H — 2™
x—= {veH|(Vy e H) (y — x|u) +f(x) < f(y)}

+f(y) AU

A\
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Subdifferential of function: definition

Let £ : H — ]—00,400] be a proper function.

of : H — 2"

The (Moreau) subdifferential of f , denoted by Of, is such that

x—= {veH|(Vy e H) (y — x|u) +f(x) < f(y)}

A

A U
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Subdifferential of function: definition

Let £ : H — ]—00,400] be a proper function.

of : H — 2"

The (Moreau) subdifferential of f , denoted by Of, is such that

x—= {veH|(Vy e H) (y — x|u) +f(x) < f(y)}

A

A U
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Subdifferential of function: definition

Let £ : H — ]—00,400] be a proper function.
The (Moreau) subdifferential of f , denoted by Of, is such that

of - H — 2™
x—= {veH|(Vy e H) (y — x|u) +f(x) < f(y)}
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Subdifferential of function: definition

Let £ : H — ]—00,400] be a proper function.
The (Moreau) subdifferential of f , denoted by Of, is such that

of - H — 2™
x—= {veH|(Vy e H) (y — x|u) +f(x) < f(y)}
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Subdifferential of function: definition

Let £ : H — ]—00,400] be a proper function.
The (Moreau) subdifferential of f , denoted by Of, is such that

of - H — 2™
x—= {veH|(Vy e H) (y — x|u) +f(x) < f(y)}

f(y) AU
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Subdifferential of function: definition

Let £ : H — ]—00,400] be a proper function.
The (Moreau) subdifferential of f , denoted by Of, is such that

of - H — 2™
x—= {veH|(Vy e H) (y — x|u) +f(x) < f(y)}

f(y) AU
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Subdifferential of function: definition

Let £ : H — ]—00,400] be a proper function.
The (Moreau) subdifferential of f , denoted by Of, is such that

of - H — 2™
x—= {veH|(Vy e H) (y — x|u) +f(x) < f(y)}

AU
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Subdifferential of a function: properties

Let £ : H — ]—00,400] be a proper function.
The (Moreau) subdifferential of f, denoted by Of, is such that

of : H — 2
x> {ueH|(Vy eH) (y —x|u) + f(x) < f(y)}

f(y) u
f(x)+(y - x| u)

Fermat's rule : 0 € 0f(x) < x € Argminf




Intro Basics Non-smooth Conjugate Duality Prox
0000000000 OOOOO000000000000000000000000 OOOO®000000 0000000 0000000000000 OOOOOO00000000000

44/117

Subdifferential of a function: properties

Let £ : H — ]—00,400] be a proper function.
The (Moreau) subdifferential of f, denoted Jf, is such that

of : H — 2
x> {ueH|(Vy eH) (y —x|u) + f(x) < f(y)}

» u € Of(x) is a subgradient of f at x.
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Subdifferential of a convex function: properties

If f: H — ]—o00,+00] is convex and it is Gateaux differentiable at x, then

Of (x) = {VF(x)}

Let A be a Hilbert space and let f: 1 — ]—o00, +00] be a proper function.
f is Gateaux differentiable at x € dom f if there exists Vf(x) € H such

that
f(x +ay) —f(x)
- .

(yeH) (VI |y) = lim
=0
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Subdifferential of a convex function: properties

If f: H — ]—o00,+00] is convex and it is Gateaux differentiable at x, then

Of (x) = {VF(x)}

(yeH)  (VA()|y) = lim FEEIZT0D,

«
a0

Proof:
For every aw € [0,1] and y € H,

F(x+aly = x)) < (1—a)f(x) + af(y)
L (VAR |y ) = lim XA X)) ~ ()

a—0 o
a0

< f(y) = f(x)

Then Vf(x) € 9f(x).
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Subdifferential of a convex function: properties

If f: H — ]—o00,+00] is convex and it is Gateaux differentiable at x, then

Of (x) = {VF(x)}

(€M) (VH0x) | y) = fim LEEIZTED,

«
a0

Proof:
Conversely, if u € 9f(x), then, for every a € [0, +o0[ and y € H,
fix+ay) > f(x) + (u| x +ay —x)
f(x+ay) - f(x)
a

= (VF(x) |y) = lim >(uly)

=l

aa#ﬂ
By selecting y = u — Vf(x), it results that ||u — V£(x)||> < 0 and then
u = Vf(x).
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Subdifferential of a convex function: properties

Let f: H — ]—o00,+00] be Gateaux differentiable on dom f, which is con-
Vvex.
Then, f is convex if and only if

(V(x,y) € (domf)?) f(y) = F(x) + (VF(x) | y —x).
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Subdifferential of a convex function: properties

Let f: H — ]—o00,+00] be Gateaux differentiable on dom f, which is con-
Vvex.
Then, f is convex if and only if

(V(x,y) € (domf)?) f(y) = F(x) + (VF(x) | y —x).

Proof:
We have already seen that the gradient inequality holds when f is convex
and differentiable at x € H.
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Subdifferential of a convex function: properties

Let f: H — ]—o00,+00] be Gateaux differentiable on dom f, which is con-

vexX.
Then, f is convex if and only if

(V(x,y) € (domf)?) f(y) = F(x) + (VF(x) | y —x).

Proof:

Conversely, if the gradient inequality is satisfied, we have, for every

(x,y) € (domf)? and « € [0,1], ax + (1 — a)y € dom f, and
f(x)>flax+(1—a)y)+(1—a)(Vf(ax+ (1 —a)y) | x—y)
fly) > flax+ (1 —a)y)+a(Vi(lax+ (L —a)y) |y — x).

By multiplying the first inequality by o and the second one by 1 — o and

summing them, we get

af(x) + (1 — a)f(y) > f(ax + (1 — a)y).
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Subdifferential of a convex function: example

Let C be a nonempty subset of #.
For every x € H, Ouc(x) is the normal cone to C at x defined by

NC(X):{{QUEHHWEC) (uly—x)<0} ifxeC

otherwise.

Nc(x)
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Subdifferential calculus

Let H and G be two real Hilbert spaces.
» Let f: H — ]—o0,+0o0] be proper, then for every A € ]0, 00|
O(Af) = NOf.
> Let f: H — ]—o00,+00], g: G — |—00,+00], and L € B(H,G).
If dom g N L(dom f) # &, then

(Vx e H)  Of(x) + L*0g(Lx) C O(f + g o L)(x).
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Subdifferential calculus

Let H and G be two real Hilbert spaces.
» Let f: H — ]—o00,+00] be proper, then for every A € 10, +o0[
A(\F) = NOf.
» Let f: H — ]—00,+00], g: G — |—00,+00], and L € B(H,G).
If dom g N L(dom f) # &, then

(x €M)  Of(x)+ L*dg(Lx) C O(f + g o L)(x).

Proof: Let x € H, u € 9f(x) and v € 9g(Lx). We have:
u+ L*v € 9f(x) + L*0g(Lx) and

(VyeH) fly)>f(x)+{y—x]|u)
g(Ly) > g(Lx) + (Lly = x) | v).

Therefore, by summing,
fy) +g(ly) = f(x) +g(lx) +{y —x [ u+L"v).

We deduce that u+ L*v € 9(f + g o L)(x).
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Subdifferential calculus

Let H and G be two real Hilbert spaces.
Let f € To(H), g € T0(G), and L € B(H,G).
If int (dom g) N L(dom ) # @ or dom g Nint (L(dom f)) # &, then

Of + L*O0gL=0(f+gol).

Particular case:

» If f eTo(H), g € To(G), and f is finite valued, then
of + 0g = o(f + g).

» If g €To(G), L€ B(G,H), and int (dom g) Nran L # &, then
L*9g L= d(goL).
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Subdifferential calculus

Let (H)ie; where | C N be Hilbert spaces and let H = @, H,.
For every i € I, let f;: H; — ]—o00, 00| be a proper function. Let

f: M — ]—00,+00] : x = (x)ies = Y _ fi(xi)
icl

Then,

(Vx = (xi)ies €H)  Of(x) = ie,afi(xl.)_




Intro Basics Non-smooth Conjugate Duality Prox
0000000000 OOOO0O00O0000000000000000000000 OOO0000000® 0000000 0000000000000 OOOOOO00000000000

50/117

Subdifferential calculus

Let (#)ie; where | C N be Hilbert spaces and let # = @, Hi.
For every i € I, let f;: H; — ]—00,+00] be a proper function. Let

f: M — ]—o00,+00] : x = (xi)ier = Y _ fi(x))
iel
Then,
(Vx = (Xi)ies € 7-[) of(x) = _elaf,'(x;).

Proof: Let x = (x;)jc; € H. We have
t = (ti)iel € ielaﬁ'(Xi)
< (Yie)(Vyi € Hi) filyi) = filxi) + (ti | yi —xi)
= (Y =(nier €H) D An) = D fila)+ 3 {8 | yi—x)

i€l iel iel
& (WweH) fly)=>f(x)+(t|y—x).



Intro Basics Non-smooth Conjugate Duality Prox
0000000000 OOOO0O00O0000000000000000000000 OOO0000000® 0000000 0000000000000 OOOOOO00000000000

50/117

Subdifferential calculus

Let (#);cs where | C N be Hilbert spaces and let H = ;. Hi.
For every i € I, let fj: H; — ]—o00,+00] be a proper function. Let

f: H— ]—OO,+OO] X = (Xi)iel = Z f;'(X[)
i€l

Then,

(Vx = (xi)iest €H)  Of(x) = ’_elaf;(x,-).

Proof: Conversely,
t = (tj)ies € OF(x)
& (=i €H) D _ily) =D _filba)+ > (tilyi—x).

iel iel iel
Let j € I. By setting (Vi € I\ {j}) yi = x; € dom f;, we get

(Vy; € H)) fi(y;) = i) +(t [ y; — x5) -
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Conjugate

Adrien-Marie Legendre Werner Fenchel
(1752-1833) (1905-1988)
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Conjugate

Adrien-Marie Legendre Werner Fenchel
(1752-1833) (1905-1988)
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Conjugate: definition

Let H be a Hilbert space and f: H — ]—o0, +00].
The conjugate of f is the function f*: H — [—o00, +00] such that

(VueH) *(u) = jg?[_)l ((x]u)—f(x)) -
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Conjugate: definition

Let H be a Hilbert space and f: H — ]—o0, +00].
The conjugate of f is the function f*: H — [—o00, +00] such that

(VueH) f*(u)= sup ((x|u)—f(x))

x€dom f

f(x)
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Conjugate: definition

Let H be a Hilbert space and f: H — ]—o0, +00].
The conjugate of f is the function f*: H — [—o00, +00] such that

(VueH) f*(u)= sup ((x|u)—f(x))

x€dom f
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Conjugate: definition

Let H be a Hilbert space and f: H — ]—o0, +00].
The conjugate of f is the function f*: H — [—o00, +00] such that

(VueH) f*(u)= sup ((x|u)—f(x))

x€dom f
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Conjugate: definition

Let H be a Hilbert space and f: H — ]—o0, +00].
The conjugate of f is the function f*: H — [—o00, +00] such that

(Vu e H) f*(u)= sup ((x|u)—f(x))

x€dom f
Examples :
s f=sll P =50 )1
Proof : For every (x,u) € H?, (x | u) — 3|[x||? = 3||ul]* — 3||u — x|?

is maximum at x = u.
Consequently, f*(u) = 3||ull.
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Conjugate: definition

Let H be a Hilbert space and f: H — ]—o0, +00].
The conjugate of f is the function f*: H — [—o00, +00] such that

(Vu e H) f*(u)= sup ((x|u)—f(x))

x€dom f

Examples :
S F= AR =R

> Let ¢: R — |—00,400] be a even function. (¢ o]l -[[)* =¢*o | -|.
> (Vx € RN) f(x) = %HXHZ with g €]1, 00|

= (Vu e RY) f*(u) = &ulld with L + X =1
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Conjugate: definition

Let H be a Hilbert space and f: H — ]—o0, +00].
The conjugate of f is the function f*: H — [—o00, +00] such that

(Vu e H) f*(u)= sup ((x|u)—f(x))

x€dom f

» If f is even, then f* is even.

Proof: (wvye ) (- ) = sup (x| —u) = 1 X))

= sup

(
:jg%( —x | u) —f( x))
(Ol u) = £(2)
)-

= f*(u
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Conjugate: definition

Let H be a Hilbert space and f: H — ]—o0, +00].
The conjugate of f is the function f*: H — [—o00, +00] such that

(Vu e H) f*(u)= sup ((x|u)—f(x))

x€dom f

v

If fis even, then f* is even.

For every a € 10, +o0[, (af)* = af*(-/a).

For every (y,v) € H2 et a € R,

(FC=N)+ ([ +a) =FC -+ ]—v—a

Let G be a Hilbert space and L € B(G,H) be an isomorphism.
(fol) =f*o(L71)"

f*is l.s.c. and convex.

v

v

v

v
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Conjugate: definition

Let H be a Hilbert space and f: H — ]—o0, +00].
The conjugate of f is the function f*: H — [—o00, +00] such that

(Vu e H) f*(u)= sup ((x|u)—f(x))

x€dom f

Moreau-Fenchel theorem
Let H be a Hilbert space and f: H — ]—o00,+00| be a proper function.

f is l.s.c. and convex & f** = f.
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Conjugate: definition

Let H be a Hilbert space and f: H — ]—o0, +00].
The conjugate of f is the function f*: H — [—o00, +00] such that

(Vu e H) f*(u)= sup ((x|u)—f(x))

x€dom f

Moreau-Fenchel theorem
Let H be a Hilbert space and f: H — ]—o00,+00| be a proper function.

f is l.s.c. and convex & f** = f.

» Consequence: If f € To(R), then f* is proper, hence f* € H(R).
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Conjugate: example

Let H be a Hilbert space and C C H.
oc is the support function of C if

(VueH) oc(u) = sup (x| u)
xeC

= ¢ (u).

A Uc(u)

A\




Intro Basics Non-smooth Conjugate Duality Prox
0000000000 OOOOO00O0000000000000000000000 OOO00000000 OO®0000 0000000000000 OOOOOO00000000000

53/117

Conjugate: example

Let H be a Hilbert space and C C H.
oc is the support function of C if

(VueH) oc(u) = sup (x| u)
xeC

= ¢ (u).

A Uc(u)

\
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Conjugate: example

Let H be a Hilbert space and C C H.
oc is the support function of C if

(VueH) oc(u) = sup (x| u)
xeC

= ¢ (u).

A L[51,52] (X) A Uc(u)
{xlu)

***** oc(u)

51 52 X u
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Conjugate: example

Let H be a Hilbert space.
f:H — ]—o00,+00] is positively homogeneous if

(Vx € H)(Ve € 10, +00[) f(ax) = af(x).

f positively homogeneous and belongs to 'g(H) if and only if f = o¢ where
C is a nonempty closed convex subset of .
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Conjugate: example

Let H be a Hilbert space.

(Vx € H)(Va € 10, +0o0])

f:H— ]—00,+o0] is positively homogeneous if

f(ax) = af(x).

C is a nonempty closed convex subset of .

f positively homogeneous and belongs to 'g(#) if and only if f = o¢ where

Proof: (<)

f =% and vc € To(H). Consequently o¢c € Mo(H).

Moreover, (Vx € H) (Vo € 10, +o0[) oc(ax) = aoc(x).
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Conjugate: example

Let H be a Hilbert space.

(Vx € H)(Va € ]0, +00[)

f: H — ]—o0,+00] is positively homogeneous  if

f(ax) = af(x).

C is a nonempty closed convex subset of #.

f positively homogeneous and belongs to 'o(#) if and only if f = o ¢ where

Proof : (=)
Let y € dom f.

f(0) = limasso,a50 F (1 — )0 + ay) = lima_g af(y) = 0.

Let C={ueH | (Vxe€H)(x|u) <Ff(x)}.

We have, for every u € C,

F(u) = supeey (x | u) = F(x) <0 = (0| u) - f(0) < F*(u).

Consequently, *(u) = 0.
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Conjugate: example

Let H be a Hilbert space.
f:H — ]-o00,+00] is positively homogeneous if

(Vx € H)(Va € 10, 4+00]) f(ax) = af(x).

f positively homogeneous and belongs to I'g(#) if and only if f = o¢ where
C is a nonempty closed convex subset of H.

Proof: (=)

Moreover, for every u & C, there exists x € H such that

(x | uy > f(x). We have then, for every a € 10, +o0],

f*(u) > (ax | u) — f(ax) = o (x | u) — f(x)). By taking v — 400,
we obtain f*(u) = 4oo0.

To conclude, f* = 1c € To(H) = f = o¢ and C is a nonempty closed
convex set.
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Conjugate: example
aix ifx<0
» Let f: R — |—o0,+00]: x+—= (0 ifx=0
dox ifx>0

with —oco < 41 < §r < +o00.
Then, f = o¢ where C is the closed real interval such that inf C = §;
et sup C = 5.
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Conjugate: example
aix ifx<0
» Let f: R — |—o0,+00]: x+—= (0 ifx=0
dox ifx>0

with —oco < 41 < §r < +o00.
Then, f = o¢ where C is the closed real interval such that inf C = §;
et sup C = 5.

> Let f be a £9 norm of RN with g € [1, 4+o0].
We have f = o where

C={yeR"|lyly <1} with f+ g =1
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Conjugate: example

aix ifx<0
» Let f: R — ]—o00,+00] : x = <0 if x=0
dox ifx>0
with —oco < 41 < §r < +o00.
Then, f = o¢ where C is the closed real interval such that inf C = §;
et sup C = 5.

> Let f be a £9 norm of RN with g € [1, 4+o0].
We have f = o where

C={yeR"|lyly <1} with f+ g =1

Particular case: ¢! norm of RN : C =[-1,1]V.
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Conjugate: properties

Fenchel-Young inequality : If f is proper, then
1o (V(x, u) € H?) f(x)+(u) > (x| u)

20 (V(x,u) € H?) uedf(x)e f(x)+f*(u) = (x|u).

If f €To(H), then

(V(x, u) € H?) u € If(x) & xecof(u).
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Conjugate: properties

Let (#);cs where | C N be Hilbert spaces and let H = @, H,i.
For every i € I, let f;: H; — ]—o0, +¢]. Let

f:H— ]—00,4+00] : x = (xi)ies — Z fi(xi)

iel
Then,
(Vu = (u,-),-e, e 7‘[) f*(u) = Z f;'*(ui) .

i€l
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Conjugate: properties

Let (#H);es where | C N be Hilbert spaces and let % = @, Hi.
For every i € [, let fi: H; — |—00,+00]. Let

f:H — ]—00,4+00] : x = (Xi)ies — Z fi(x;)
iel

Then,
(Vu = (u)ier € H) f(u) = Z )]

i€l

Proof: Let u = (u;)ie; € H. We have

F(u) = sup (x | u) — F(x)

x€EH

= sup D (x| )~ fi(x)
x=(x)ici€M ")

Z sup (x; | uj) — fi(xi)

el X[ €H;

= f(u)

iel



Intro Basics Non-smooth Conjugate Duality Prox
0000000000 0000000000000 000000000000000 OOO00000000 OOO0000 000000000000 0O000000000000000
58/117

Fenchel-Rockafellar duality

Primal problem

Let H and G be two real Hilbert spaces.
Let f: H — ]—o00,+00], g: G = |—00,+x]. Let L € B(H,G).
We want to

inimize f Lx).
minimize (x) + g(Lx)

Dual problem

Let H and G be two real Hilbert spaces.
Let f: H — ]—o00,+0], g: G — |—00,+0]. Let L € B(H,G).
We want to

minirgize *(—=L*v)+ g*(v).
ve
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Fenchel-Rockafellar duality

Weak duality

Let H and G be two real Hilbert spaces.

Let f be a proper fonction from H to |—o0,+00], g be a proper function
from G to ]|—o0,+oc], and L € B(H,G). Let

= inf f L d p* = inf FA(-L* *(v).
ll = inf f(x) +g(lx) and [ = inf F(-L7v)+g"(v)

We have p > —p* . If p € R, p+ p* is called the duality gap .
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Fenchel-Rockafellar duality

Weak duality
Let H and G be two real Hilbert spaces.
Let f be a proper fonction from H to |—o0,+00], g be a proper function

from G to ]—o0,+o0], and L € B(H,G). Let

= inf f L d p* = inf FA(-L* *(v).
ll = inf f(x) +g(lx) and [ = inf F(-L7v)+g"(v)

We have p > —p* . If p € R, p+ p* is called the duality gap .

Proof: According to Fenchel-Young inequality, for every x € H and v € G,

F(x) +g(lx) + F(=Lv) + g"(v) = (x| =L"v) + (Lx | v) = 0
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Fenchel-Rockafellar duality

Strong duality

Let H and G be two real Hilbert spaces.

Let f € To(H), g € To(9), and L € B(H,G).

If int (dom g) N L(dom f) # & or dom g Nint (L(dom f)) # &, then

o = infren F(x) + g(Lx) = — minyeg £*(—L7v) + g"(v) = —pu* .
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Example 1: Linear programming

Let L € RN b e RX, and c € RV,
The primal problem

Primal-LP : minimize (c|x) st. Lx>b
x€[0,4-o0[N

is associated with the the dual problem

Dual-LP:  y e [0,4o0[K(b|y) st. LTy<ec.

In addition, if the primal problem has a solution, then strong duality holds.
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Example 1: Linear programming

Let L € RN b e RX, and c € RV,
The primal problem

Primal-LP : minimize (c|x) st. Lx>b
x€[0,4-o0[N

is associated with the the dual problem

Dual-LP:  y e [0,4o0[K(b|y) st. LTy<ec.

In addition, if the primal problem has a solution, then strong duality holds.

(€ H=BY) F(x) = (€ | x) + o ooops (4),
Proof: Set (Vze G =RX) g(z) = 1ptoo<(z — b),
y=-v
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Example 2: Consensus and sharing

Let H be a real Hilbert space.
For every i € {1,...,m}, let gi: H —] — 00, +00] and hj: H —] — oo, +0o0].
The consensus problem is given by

(meif;lze Zg,(x,
X1="""=Xm
The sharing problem is given by
(”1’ ’“'")EHmZh u;), ueH.

+Um=u

If, for every i € {1,...,m}, hy = —g/(- — u/m), then sharing is the dual problem
of consensus.
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Example 2: Consensus and sharing

Let H be a real Hilbert space.
For every i € {1,...,m}, let gi: H —] — 00, +00] and hj: H —] — oo, +0o0].
The consensus problem is given by

minimize gi(x)-
(>ﬁ§1::>oilx :E:: (
The sharing problem is given by
(”1’ ’“'")EHmZ hi(u;), u€eH.

+Um=u

If, for every i € {1,...,m}, hy = —g/(- — u/m), then sharing is the dual problem
of consensus.

F(x) = ta, (x);

Proof: Set L =1Id and (Vx = (x,...,xm) € HN i
( )6t = S s0)

where A, = {(xl,...,xm) cH™ } X1 :...:xm}.
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Fenchel-Rockafellar duality

Let H and G be two real Hilbert spaces.
Let f: H — ]—o00,+00], g: G = ]—00,+0¢], and L € B(H,G).
If dom g N L(dom f) # &, then

(Vx €H)  Of(x)+ L*dg(Lx) C A(f + g o L)(x)

Let H and G be two real Hilbert spaces.
Let f € To(H), g €T0(G), and L € B(H,G). If int (dom g)NL(dom f) # &
and dom g Nint (L(dom f)) # @, then

Of + L*0gL=0(f +gol)
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Fenchel-Rockafellar duality

Duality theorem (1)
Let H and G be two real Hilbert spaces.
Let f € To(H), g € To(G), and L € B(H,G).

zer (Of + LOgl*) # @ & zer ((—L)Of*(—L*)+ 0g*) # @
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Fenchel-Rockafellar duality

Duality theorem (1)
Let H and G be two real Hilbert spaces.
Let f € To(H), g € To(G), and L € B(H,G).

zer (Of + LOgl*) # @ & zer ((—L)Of*(—L*)+ 0g*) # @

Proof:
(Ix € H) 0€ 0f(x) + L"0g(Lx) < (Ixe H)(Fv € G) {;ggge(f:)()()
o @enmaeg {0

& (Aved) 0e-—-Loff(—L"v)+0g"(v).
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Fenchel-Rockafellar duality

Duality theorem (2)
Let H and G be two real Hilbert spaces.
Let f € To(H), g € To(G), and L € B(H,G).

If there exists X € H such that 0 € 0f(X) + L*0g (LX), then X is a
solution to the primal problem. Moreover, there exists a solution v to
the dual problem such that —L*v € 9f(x) and Lx € dg*(V) .

If there exists (X, V) € H x G such that —L*V € 9f(X) and

Lx € 0g*(v) then X (resp. V) is a solution to the primal (resp. dual)
problem.

If (x,V) € H x G is such that —L*V € 9f(X) and Lx € dg*(V),
then (x, V) is called a Kuhn-Tucker point .
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Fenchel-Rockafellar duality

Proof:
0 € Of(X) + L*0g(Lx) C O(f + g o L)(X).

Then, according to Fermat rule, X is a solution to the primal problem.
In addition, there exists v € G such that

{o cOFR+LT {—L*v € 0f(X)
v € 0g(Lx) Lx € 0g*(V).
We have also X € 9f*(—L*V), which implies that
0 € —LOf*(—L*V) + 0g™ (V).
On the other hand,
0 € —LOf*(—L*V) + 0g* (V) C O(f* o (—L*) + g") (V)

= Vv solution to the dual problem.
The second assertion is shown in a similar manner.
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Fenchel-Rockafellar duality

Particular case:
If f =@+ 4| - —z||*> where ¢ € To(H) and z € H, then

—L'Vedf(x)e —L'Vedp(X)+x—z
S 0eX+ L'V —z4 0p(x).

Hence,
X = prox,(—L"V + z).
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Link with Lagrange duality

Minimax problem

Let H and G be two real Hilbert spaces.

Let f: H — ]—o00,+00], g: G = |—00,+0¢], and L € B(H,G).
The primal problem is equivalent to finding

w o= inf  sup L(x,y,v
(x.Y)EHXG veg ( )

where L is the Lagrange function defined as

(V(x,y,v) EH X G?) L(x,y,v)=Ff(x)+gly)+(v|Lx—y)
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Link with Lagrange duality

Minimax problem

Let H and G be two real Hilbert spaces.

Let f: H — ]—o00,+00], g: G = |—00,+0¢], and L € B(H,G).
The primal problem is equivalent to finding

= inf  supL(x,y,
H ( 7y)€H><g veg ( vy )

where L is the Lagrange function defined as

(V(x,y,v) EH X G?) L(x,y,v)=Ff(x)+gly)+(v|Lx—y)

Proof. ~ p= inf f(x)+e(bx) =~ inf _f(x)+e(y)+uo(lx=y)
= inf f Lx —
= i (X)+g(y)+sup<VI X =)

= inf f Lx —
= oo 2upf) + () + (v [ Lx=y).



Intro Basics Non-smooth Conjugate Duality Prox
0000000000 0000000000000 000000000000000 OOO00000000 0000000 000000000000 0O000000000000000
67/117

Link with Lagrange duality

Maximin problem

Let H and G be two real Hilbert spaces.

Let f: H — ]—o00,+00], g: G = |—00,+0¢], and L € B(H,G).
The dual problem is equivalent to finding

—u* =sup inf  L(x,y,v
H veG (x,y)EHXG (o y,v)

where L is the Lagrange function defined as

(V(x,y,v) EH X G?) L(x,y,v)=Ff(x)+gly)+(v|Lx—y)

Proof:
w = inf F(=L"v) +g"(v) = inf (sup (x| =L"v) — f(x)) + (su v) —
veg ( ) € ( ) Veg(xe’)-tp< | > ( )) (yeg <y| > g(y))

= inf — inf f Lx —
inf (w;gw () + () + (v] Lx=y))

=—sup inf f(x)+gy)+{v|Lx—y).

e (x vVNeEHXC
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Link with Lagrange duality

Maximin problem

Let H and G be two real Hilbert spaces.

Let f: H — ]—o00,+00], g: G = |—00,+0¢], and L € B(H,G).
The dual problem is equivalent to finding

—u* =sup inf  L(x,y,v
H veG (x,y)EHXG (o y,v)

where L is the Lagrange function defined as

(V(x,y,v) EH X G?) L(x,y,v)=Ff(x)+gly)+(v|Lx—y)

Remark: v is called the Lagrange multiplier associated with the
constraint Lx = y.
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Link with Lagrange duality

Let (X,y,V) € H x G2.
(X,y,V) is a saddle point of the Lagrange function L if

(VO,yv) €H X G?)  L(X,¥,v) < L(X,Y,V) < L(x,y,V).

Let H and G be two real Hilbert spaces.
Let f € To(H), g € To(G), and L € B(H,G). Let (X,y,V) € H x G°.
Assume that int (dom g) N L(dom f) # @ or dom g Nint (L(dom f)) # .

(x,y,Vv) is a saddle point of the Lagrange function

)

(x,Vv) is a Kuhn-Tucker point and y = LX.




Intro Basics Non-smooth Conjugate Duality Prox
0000000000 OOOOOO0O0O000O0O0O0O00000000000000 OOOOO0OO00000 OOOO00O00 00000000000 e0 OO0O00O000000000000

69/117

Link with Lagrange duality

Proof (=): If (X,y, V) is a saddle point of £, then it is a critical point
of £, that is
0 € OL(X,y, V) =0f(X)+ L*V
0€9,L(x,y,v)=0g(y)—V
0=V, L(X,y,v)=Lx—-y

{L*V € 0f (%)

T

v e og(y)
y=Lx

—1*V € 9F(X)
L% € g*(V)
y=Lx.

i3
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Link with Lagrange duality

Proof («<): Conversely, assume that (X, V) is a Kuhn-Tucker point
and y = LX. Since X (resp. V) is a solution to the primal (resp. dual)
problem, then

ILL e |nf Sup ;C(X,_y7 V) e Sup ﬁ(g(\, S/\7 V)
(x,y)eEHXG veg veg
—u* = su inf L(x,y,v)= inf L(x,y,7V).
wo=sup b (x,y,v) LI (x,y,V)

By strong duality, sup,cg L(X, ¥, v) = inf(x )erxg £(x,y, V), which
can be rewritten as

(V(Xaya V)GHXg2) E(?aya V)SE(X?y?V)
or equivalently

(V(Xaya V) GHng) E()?ay’v)SE(SZ’?’V)SE(XJ/’V)‘
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Exercise

We are interested in the estimation of a piecewise estimate x by means of
total variation leading to the minimization problem:

~ 1
% = arg min =[x = y|3 + AllLx]s

where (Lx)() = x(+1) — x() for every i € {1,..., N — 1} such that
L € RIWN=1xN denoted a finite difference operator.

» Prove that the dual problem can be written as
. (Vie{l,....,N—1})  [u)] <\
i, 5 ‘Hy + L3 st { 40 — 4N — g
and that:
XxX=y+ LU
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Exercise

We are interested in the estimation of a piecewise estimate x by means of
total variation leading to the minimization problem:

~ 1 5
X = arg min =||x — + Al|Lx
gxeRNzll ylz + AllLx|ly

where (Lx)) = x(+1) — x() for every i € {1,..., N — 1} such that
L € RIN-1XN denoted a finite difference operator.

» Prove that optimality conditions can be written

o) = —\ si XU+ > 30)
a0 = 4\ si XU+ < %0)
o) e [N+ s x0HD =30
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Proximity operator: motivation

Let H be a real Hilbert space. Let f € 'g(#) have a Lipschitz gradient
with Lipschitz constant g > 0.
Find

X € Argmin f(x).
x€H

» Gradient descent algorithm
Set v € ]0,4o00[ and xp € H.
Forn=0,1...
[ Xn+1 = Xn — YV (Xn).

The sequence (x,)nen generated by this explicit scheme converges to a
minimizer of f provided that such a minimizer exists and v €]0,2/4].
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Proximity operator: motivation

Let H be a real Hilbert space. Let f € 'g(#) have a Lipschitz gradient
with Lipschitz constant g > 0.
Find

X € Argmin f(x).
x€H

» Alternative algorithm
Set v € ]0,400[ and xp € H.
Forn=0,1...
[ Xn+1 = Xp — ’YVf(Xn—i-l)-

Questions:
» How to determine x,;1 at each iteration n of this implicit scheme ?

» Which values of v guarantee the convergence of (x,)nen ?
» What +6o do if £ ic nonecmonth ?
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Proximity operator: definition

Let H# be a Hilbert space. Let f € [o(H).

» The Moreau envelope of f of parameter v € |0, +o0| is
1
Tf:H =R x> inf f —Ily — x|*.
xi inf £(y) + 5=y = x|
» The proximity operator of f is

1
prox;: H — H: x +— argmin f(y) + =|ly — x|*.
YEH 2

f(x) prox(x)
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Proximity operator: definition

3 2
’
’ ’
’ ’
1.5 il
L s L ’
2.5 \ 7 4
\ ; AL ’ i
\ ’ ’
2+ A% 4 - 4
\ ’ o5l ’ i
\ ’ 4
\ ’ l'
1.5 - ol -
\ ’ v
\ ’ ,
\ ’ ,
\ ’ —o-5r , 7
AL i
\ ’ ,
AY 4 1k V4 i
\ ’ ’
osl \ ’ 4 ’
\ ’ _1sl ’ i
[ ’
N7 4
o = —2 A
—3 —2 -1 o 1 2 3 —3 —2 -1 o 1 2 3
Moreau envelope Proximity operator

Tf(x) = infyen F(y) + 55 lly — x| proxy(x) = argmin f(y) + sy =l
y
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Proximity operator: definition
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y



Intro Basics Non-smooth Conjugate Duality Prox
0000000000 OOOO0OO0O0O000O0O0O0O00000000000000 OOOOOOO00000 OOOO00O00 0000000000000 OCO®OO0000000000000

73/117

Proximity operator: definition
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Proximity operator: definition

0.5 4 -

Moreau envelope Proximity operator
T (x) = infyen F(y) + 55 lly — x| prox(x) = argmin f(y) + slly = |12
ye
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Proximity operator: definition
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ye
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Proximity operator: definition
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Moreau envelope Proximity operator
T (x) = infyen F(y) + 55 lly — x| prox(x) = argmin f(y) + slly = |12
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Proximity operator: existence and uniqueness

Let f € T'o(H) and v € |0, +oc].
For every x € H, there exists a unique vector p € H such that

1 1
f —|lp—x|I* = inf f —ly —x|?.
(p) + 27Hp x|| iy (v) + 27Hy x||

Proof: f € To(H) < f* € To(H). Thus, there exists u € H such that
f*(u) € R. According to Fenchel-Young inequality, we have

(YyeH) fly)=(uly) —f(u).

Then, f(y) +(29) !y = x||* = +o00 when |ly|| — +oc.
Furthermore (27)7!|| - —x||? being strictly convex, f + (2v)7!|| - —x||?
is a strictly convex coercive function.
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Proximity operator: characterization

Let # be a Hilbert space and f € [o(H).

(VxeH) p=proxs(x) < x—pedf(p).
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Proximity operator: characterization

Let # be a Hilbert space and f € [o(H).

(VxeH) p=proxs(x) < x—pedf(p).

Proof: By using Fermat's rule, for every x € H, p = proxs(x) if and
only if

_ 1
p=argmin f(y)+ 5y — x|
yeEH

s 0o+l —xP)e)

0caf(p)+p—x
x € (Id + 9f)(p).

(I
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Proximity operator: examples

Projection
Let H be a Hilbert space. Let C be a nonempty closed convex subset of 7.

.1
(Vx € H) prox, (x) = argm|n§||y — x||2 = Pc(x).
yecC
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Proximity operator: examples

Projection :
Let H be a Hilbert space. Let C be a nonempty closed convex subset of 7.

.1
(Vx € H) prox, (x) = argm|n§||y — x||2 = Pc(x).
yeC

Remark :
» p=Pc(x) & x—pedic(p) = Ne(p)
& (Wwel)ly—-plx—p) <0.
Particular case: if C is a vector space: p = Pc(x) & x —p € Ct.

> Ve = (2y)~1d2 where dc distance to the convex set C is defined
by dc: x — infyec[ly — x|l = [|x = Pcx].
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Proximity operator: examples

Power g function with g > 1 :
Let x >0, g € [1,+o00[ and ¢: R — |—00,+00] : £ — x|&]9.
Then, for every £ € R,

' sign(&) max{|¢| - x, 0} e
&+ 5 amlle— 87— (c+8)'F)
where €= \/52 + 256x3/729 if g = %
prox, & = f+%( 1+16|§|) if g =3
T+2x if g =
sign(g) VAR if g =
(59~ (59 where e= EF1/2T) ifq=
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Proximity operator: examples

Power g function with ¢ > 1 and x = 2.

ol —a=1
—q=4/3
q=3/2
——q=2
—q=3
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Proximity operator: examples

Quadratic function
Let H and G be two Hilbert spaces.
Let L € B(G,H), v € ]0,+o0[ and z € G.

f=n~|L-—z|?/2 = prox = Id+yL*L)71(- +~L*2).

» Exercise : Prove this property.
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Proximity operator: properties

Let H be a Hilbert space, x € H and f € I'o(H).

[ Properties [ g(x) [ Prox,x |
Translation f(x—z),z€H z + proxs(x — z)
Quadratic perturbation )+l x| /24 (z|x)+~ prox_¢ (%37)

a+l

z€H,a>0,vy€ER

Scaling f(px), p € R* %proxpzf(px)

Reflexion f(—x) —proxs(—x)

Moreau enveloppe Yf(x) = inf f(y)+ S [|x — y||2 4 (’yx + prox (x))
yer 2v T+y (+7)f

v>0
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Exercice

Establish all the properties in the previous table.
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Proximity operator: properties

For every i € {1,...,n}, let H; be a Hilbert space and let f; € I'o(H;).
If

(Vx = (x1,.. ., xn) € H1 X -+ x Hp)  F(X) :Zf;(x,'),
i=1
then

(Vx = (Xl, .. ,Xn) € Hi XX Hn) pI‘OXf(X) = (pI‘OXf’.(Xi)) 1<i<n
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Proximity operator: properties

Let H be a separable Hilbert space.
Let (b;)ics be an orthonormal basis of H.
For every i € I, let ¢; € I'o(R) such that ¢; > 0. For every x € H,

if
F(x) =D oi((x| b))

i€l

then
proxs(x) = 3¢ prox,, ({x | bj))b;.

Remark: The assumption (Vi € 1) ¢; > 0 can be relaxed if H is finite
dimensional.
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Proximity operator: properties

Let H be a separable Hilbert space.
Let (b;)ics be an orthonormal basis of H.
For every i € I, let ¢; € I'o(R) such that ¢; > 0. For every x € H,

if
F(x) =D oi((x| b))

i€l

then
proxs(x) = 3¢ prox,, ({x | bj))b;.

Example: H = RN, (b;)1<i<n canonical basis of RN, f = A|| - ||; with
A € [0, +ocl.

(vx = (xDi<icn) € RY)  proxy, () = (proxy (<)) ey
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Proximity operator: properties

Moreau decomposition formula
Let H be a Hilbert space, f € I'o(H) and v € ]0, +oc].

(Vx € H) Prox. p«x = X — yprox,-1¢(y'x) .

Proof:
P = ProX X <& X —p € ~Of*(p)
spe 8f(ﬂ)
Y

e X (70

e XP proxvflf('y_lx)
Y

& p=x—prox,-17(y"'x).
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Proximity operator: properties

Moreau decomposition formula
Let H be a Hilbert space, f € I'o(H) and v € ]0, +o0].

(Vx € H) ProX,f«X = X — ’yprox7_1f(’y_lx) o

Example: If # =RV, f = 1| || with g €]1, +00], then £* = L |- ||,
with 1/g+1/g* =1, and

(Vx € RN) PIOX o | qr X = X — fyproxL”.“g(’Y_lX)-
q* Il llg* q
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Proximity operator: examples

Support function
Let H be a Hilbert space and C C H be nonempty closed convex.

(Vx € H) prox,. = Id — Pc.

Soft-thresholding : H =R, 6; = inf C and é, = sup C. For every x € R,

o1x ifx<0 x—01 ifx<d;
oc(x)=90 ifx=0 = prox,.(x) =softc(x) =10 if xe C
dox ifx>0 X —0p if x> 6.

Pc(x) prox, (x)

M 562 . /551 552x
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Proximity operator: properties

Let 7 and G be two Hilbert spaces. Let f € [o(H) and L € B(G,H) such
that LL* = uld where p € 0, +oo[. Then

proxs,; =Id — p~tL* o (Id — prox,s) o L.
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Proximity operator: properties

Let H and G be two Hilbert spaces. Let f € I'o(H) and L € B(G,H) such
that LL* = pId where p € 10, +o00[. Then

proxso; = Id — p=1L* o (Id — prox,¢) o L.

Proof: LL* = puld = ran L = H is closed, hence

V =ran (L*) = (ker L) is closed. The orthogonal projection onto V
is Py = L*(LL*) 1L = p~tL*L.

For every x € H, p = proxso x < x — p €= 9(f o L)(p) = L*0f (Lp)
(sinceran L =H). Thus, x —p e V.

It can be deduced that Py,.p = Pyix = x — Pyx = x — " L*Lx.
Furthermore,

x —p € L*0(Lp) = Lx — Lp € pdf(Lp) < Lp = prox,,¢(Lx).

We have thus Pyp = u~1L*Lp = /,FlL*prOXM(Lx) and
p=Pyp+Pyip=x—ptL*(1d - prox,,¢)(Lx).
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Proximity operator: properties

Particular case : L € B(H,H) unitary, proxs,; = L*prox,L.

[llustration: denoising using an ¢1 penalty on the coefficients resulting
from an orthogonal wavelet transform L.

PTOXN|I- |11
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Fixed point algorithm
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Naive answer

Fixed point theorem (E. Picard, 1856-1941)
If

» X is a fixed point of T, ie. Xx=Tx

» T is a strict contraction, i.e. there exists p € [0, 1] such that
(V(x,x") € RN x RN) | Tx — TX|| < p|lx — X||

then (x,)nen converges to X.
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Naive answer

Fixed point theorem (E. Picard, 1856-1941)
If

» X is a fixed point of T, ie. Xx=Tx

» T is a strict contraction, i.e. there exists p € [0, 1] such that
(V(x,x") € RN x RN) | Tx — TX|| < p|lx — X||

then (x,)nen converges to X.

Proof: For all n € N,
Ioss — %I = | T — T
< pllxa = X].

Consequently, ||x, — X|| < p"||xo — X]|. Hence, we have proved that
(xn)nen converges linearly to X.
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Objective of this part

» Extend this theorem to more general operators

» not necessarily strictly contractive
» possibly dependent on the iteration number n
» built from composition of simpler operators

( splitting techniques ).

» Apply this to solve minimization problems.
~~ How to relate T to the objective function f ?
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Fixed point algorithm: convergence

Let H be a Hilbert space.
Let (x,)nen be a sequence in H and X € H.

> (xn)nen converges strongly to X if

lim_x, — %] =0.

It is denoted by x, — X.
> (Xn)nen converges weakly to X if
(Vy e H) n—I!Too (y | xn —X)=0.

It is denoted by x, — X.

Remark: In a finite dimensional Hilbert space, strong and weak
convergences are equivalent.
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Fixed point algorithm: convergence

Let H be a Hilbert space.
Let (x,)nen be a sequence of H.
(xn)nen converges weakly if and only if

> (Xn)nen is bounded
and

> (Xn)neN posseses at most one sequential cluster point in the weak
topology.

» X is a sequential cluster point of (x,)nen in the weak topology if there
exists a subsequence (xp, )ken Of (Xn)nen that converges weakly to X.
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Fixed point algorithm: convergence

Let H be a Hilbert space.
Let (x,)nen be a sequence of H.
(xn)nen converges weakly if and only if

> (Xn)nen is bounded
and

> (Xn)neN posseses at most one sequential cluster point in the weak
topology.

Illustration:

X0 | X1 | X2 | X3 | X4 | X5
1 |-1|1]-1]1]-1 .
— (Xn)nen is bounded but it has 2 sequential cluster points: —1 and
1.

— (Xn)nen does not converge.
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Fixed point algorithm: convergence

Lemma 1

Let H be a Hilbert space and D C H nonempty.
Let (x,)nen be a sequence in D.

(xn)nen weakly converges to a point in D if

» for every x € D, (||xn — x||)nen converges
and

» every weak sequential cluster point of (x,)nen lies in D.
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Fixed point algorithm: convergence

Proof:

If (|[xn — x||)nen converges, then (||x, — x||)nen and thus (x,)nen are
bounded.

We assume that (xp, )ken and (xp,)een are such that x,, — X and
— X' where (X,X’) € D?. For every n € N,

Xny

< =12 2 <12 2
2(xn | & = %) = tn = K" = | = K% = K11 + 1X']]*.

Because (||xn — X]||)nen and (||x, — X'||)nen converge, there exists
« € R such that (x, | X' — X) = « and thus
(Xn, | X' =X) = (X | X a. Similarly, (X'

<!

X) = -X) =a.
Consequently, ||X’ —X||2 =0=x=X.
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Fixed point algorithm: Fejér-monotone sequence

Let H be a Hilbert space and D be a nonempty subset of .
Let (x,)nen be a sequence in H.
(xn)nen is Fejér-monotone with respect to D if

(Wx e D)(VneN)  [xpp1 = x[| < [Ixn = x]|-

Let H be a Hilbert space and D be a nonempty subset of 7.
Let (xn)nen be Fejér-monotone with respect to D then

~ (Xn)nen is bounded .

> for every x € D, (||xn — x||)nen converges.
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Fixed point algorithm: Fejér-monotone sequence

Fejér-monotone convergence

Let H be a Hilbert space and let D be a nonempty subset of H.
Let (xn)nen be a sequence in H.
(xn)nen converges weakly to a point in D if

> (Xn)nen is Fejér-monotone with respect to D
and

>~ every weak sequential cluster point of (xp)nen lies in D.
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Fixed point algorithm: Fejér-monotone sequence

Lemma 2
Let H be a Hilbert space and C be a nonempty closed convex subset of 7.
If (xn)nen denotes a sequence in C that weakly converges to X then X € C.
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Fixed point algorithm: Fejér-monotone sequence

Lemma 2
Let H be a Hilbert space and C be a nonempty closed convex subset of 7.
If (xn)nen denotes a sequence in C that weakly converges to X then X € C.

Proof:
We have X — Pcx € Nc(PC;(\).
Because (Vn € N) x, € C, we have

(xp — Pc | R — PcR) < 0.

By using x, — X, it results that ||X — PcX]||> = 0, and thus
X = Pc(x) € C.
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Nonexpansive operator: definition

Let H be a Hilbert space. Let T : H — 2.
The set of fixed points of B is
FixT = {x € H|x € Tx}

Let H be a Hilbert space and let C C H be a nonempty closed convex set.
Let T: C — H.
T is a nonexpansive operator if (V(x,y) € C?) [[Tx—Ty| <|[x—y] .
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Nonexpansive operator: fixed point algorithm

Demiclosedness principle

Let H be a Hilbert space and C be a nonempty closed convex subset of 7.
Let T: C — H be a nonexpansive operator .

If (xn)nen is a sequence in C that converges weakly to X and if Tx,—x, — 0
then X € FixT.
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Nonexpansive operator: fixed point algorithm

Demiclosedness principle

Let H be a Hilbert space and C be a nonempty closed convex subset of 7.
Let T: C — H be a nonexpansive operator .

If (xn)nen is a sequence in C that converges weakly to X and if Tx,—x, — 0
then X € FixT.

Proof:

X, — X = x € C and Tx defined. For every n € N,

X0 = TXI? =10 = X + X = TX|> +2(xa = X | X = TX)

[xn — TRI? = l1%0 — Txall? 4 | Txa — TXI2 +2(xy — Txn | Txp — TX)

= 1% = TR = [0 — Dxall? + [ T — TR = [0 — ]
+2(xn— Txn | Txp— TX) —2(xp — X | X — TX)
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Nonexpansive operator: fixed point algorithm

Demiclosedness principle

Let H be a Hilbert space and C be a nonempty closed convex subset of 7.
Let T: C — H be a nonexpansive operator .

If (xn)nen is a sequence in C that converges weakly to X and if Tx,—x, — 0
then X € FixT.

Proof:
X = TXI1? =llxo — Txall® + | Toto = TXI? — [0 — X2
F2(xn— Txn | TXn — TX) —2(xp — X | X — TX).
Since T is nonexpansive, by using the Cauchy-Schwarz inequality,
I = T|? < [I%0 = Txall® + 2/|x0 — Txall| Txa — TX|| — 2 (xp — X | X — TX)
< Ixn = Txal|2 + 2|1x0 — Txallllxn — X|| =2 (xp = X | X = TX) .

x, — X = (x,).en bounded. The result follows by taking the limit.
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Nonexpansive operator: fixed point algorithm

Let H be a Hilbert space and C be a nonempty subset of H.
Let T: C — C be a nonexpansive operator

(VneN)  xp11 = Txp.
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Nonexpansive operator: fixed point algorithm

Let H be a Hilbert space and C be a nonempty subset of H.
Let T: C — C be a nonexpansive operator

(VneN)  xp11 = Txp.

If x,— Tx, — 0,
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Nonexpansive operator: fixed point algorithm

Let H be a Hilbert space and C be a nonempty subset of H.
Let T: C — C be a nonexpansive operator such that FixT # &.
Let xg € C,

(VneN)  xp11 = Tx,.

If X, — Tx, — 0, then (x,)nen converges weakly to a point in FixT.

Proof :

For every n € Nand y € FixT, ||xpt1 — Y| < | Txn — Ty|| < [Ixn —y||-
(xn)nen is Fejér-monotone with respect to FixT.

Let (xn, )ken be a subsequence of (xp)nen such that x, — X where
XeH.

By assumption x,, — Tx, — 0 and thus, according to the
demiclosedness principle, x € FixT.

This shows the weak convergence of (xp)nen-
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Fixed point algorithm: Fejér-monotone sequence

Krasnosel'skii-Mann algorithm

Let H be a Hilbert space and C be a nonempty closed convex subset of 7.
Let T: C — C be a nonexpansive operator such that FixT # &.

Let (An)nen be a sequence in [0, 1] such that

> Aall = Ap) = +o0.
neN
Let xo € C and (Vn € N) x,11 = x5 + An(Txn — xp). Then,
> (Xn)nen is Fejér-monotone with respect to FixT.
> (Txn — Xn)nen converges strongly to 0.

> (xn)nen converges weakly to a point in Fix T.
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«-averaged operator: definition

Let H be Hilbert space and let C C H nonempty closed convex set.
Let A: C — H and let « €]0,1].
Alis a a-averaged operator if there exists a nonexpansive operator R: C —

H such that
A=(1-a)ld+ aR.

Let H be Hilbert space and let C C H nonempty closed convex set.
Let A: C — Hand let « €]0, 1].
Ais a a-averaged operator if

l—«
- I(Id — A)x — (Id — A)y||* < ||Ix—y|>.

(V(xy) € C?)  ||Ax—Ay|*+
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a-averaged operator: example

Let H be a Hilbert space, f € o(H), v €]0, 2][.
If f is differentiable with a v-lipschitzian gradient then, Id — Vf is a v/2-
averaged operator.

Remark : Id — V£ denotes the gradient descent operator.



Intro Basics Non-smooth Conjugate Duality Prox
0000000000 0000000000000 000000000000000 OOO00000000 0000000 0000000000000 0O000000000000000

103/117

a-averaged operator: example

Proof : 1) Descent lemma
For every (x,y) € H? and t € R, let o(t) = f(x + t(y — x)).
¢ is differentiable and ¢'(t) = (y — x | Vf(x + t(y — x))). We have then

(1) — (0) = /0 o ()t

& fly) = f(x) = {y = x| VF(x)) = /01 {(y =x [ V(x4 t(y — x)) = VF(x)) dt.
But, according to the Cauchy-Schwarz inequality,
{(y =x | Vi(x + t(y —x)) = Vf(x))
< ly =xllIVF(x + tly = x)) = V)| < tv]ly — x|
This leads to

(Vx,y) € H) F(y) < F(x) + {y = x | VFG)) + Sy = x|
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a-averaged operator: example

Proof : 2) Id — Vf is a-averaged
From the descent lemma, for every (x,y, z) € H3,

Fr(VE(y)) 2 (2 [ VE(y)) = f(2)
>(z | VI(y) = VE(x)) + (x| VI(x)) = f(x) - %IIZ — x|

Moreover, according to the Fenchel-Young inequality,
(x| VF(x)) = f(x) = £7(VF(x)).
Thus,

FH(VE(y)) =2 (z | VE(y) = VI(x)) + F(VF(x)) - gllz — x|
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a-averaged operator: example

Proof : 2) Id — Vf is a-averaged
Thus,

F(VF() 2 (2 | VF(y) = V() + £ (VF(x) = 51z = ]2
= F(VF(x) + (x| VF(y) = V() + (z = x | VF(y) = VF(x)) = Sz = ]
This yields
F1(VF(y)) ZF*(VF(x)) + (x| VF(y) = VF(x))
+ (vl -1P/2)" (VE(y) = V(%))
> (VF(x)) + (x| VE(y) — VF(x)) + %nw(y) — V()|

Consequently,

F(VE(y)) = FAVF(X)) + {x | VE(y) = VF(x)) + %I\Vf(y) — VFx)|I?.
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a-averaged operator: example

Proof : 2) Id — Vf is a-averaged
For every (x,y) € H?,

FH(VE(y)) = £(VF(x) + (x | VF(y) = VF(x)) + %I\Vf(y) - V)|
and symmetrically
F(VE(x) = £(VF(y)) + (v | VI(x) = VF(y)) + %IIW(X) - VEy)I*.
By summing
—y —x | VFf(y) = Vf(x)) + %HW(X) - Viy)|? <o

It results that

1-v/2

1(Id — VF)x — (Id — VF)y|]? + 7

IVF(x) = VEW)II? < llx = y]%.
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a-averaged operator: example

Let #H be a Hilbert space, f € [o(#), v € ]0,4+00[ and 7 €]0,2/v[.
If f is differentiable with a v-lipschitzian gradient then Id — 7V is a yv/2-
averaged operator.

Remark : Id — vV f denotes the gradient descent operator.
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a-averaged operator: example

Let H be a Hilbert space, f € To(H).
proxy is a 1/2-averaged operator.
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a-averaged operator: example

Let # be a Hilbert space, f € I'o(H).
proxs is a 1/2-averaged operator.

Proof:
» We recall that : 9f(x) = {ue H|(Vy € H) (y — x|u) + f(x) < f(y)}
AU
u» ¢
X1 .
: P2 x
| s 7u1
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a-averaged operator: example

Let # be a Hilbert space, f € I'o(H).
proxs is a 1/2-averaged operator.

Proof:
» We recall that : 9f(x) = {ue H|(Vy € H) (y — x|u) + f(x) < f(y)}
» Let ug € 9f(x1) and up € Of (x2). te
By definition: s |
(x2 —xa|u1) + f(x1) < f(x) A1 -
(X1 — x|t + F(x0) < F(x1) yah x
it results that ‘ (x1 —x2|ug —uw) >0 ‘ B
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a-averaged operator: example

Let # be a Hilbert space, f € I'o(H).
proxs is a 1/2-averaged operator.

Proof:
» We recall that : 9f(x) = {ue H|(Vy € H) (y — x|u) + f(x) < f(y)}
» Let ug € 9f(x1) and up € Of (x2). te
By definition: s |
(x2 —xa|u1) + f(x1) < f(x) A1 -
(X1 — x|t + F(x0) < F(x1) yah x
it results that ‘ (x1 —x2|ug —uw) >0 ‘ e

» Remark : Of is a monotone operator.
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a-averaged operator: example

Proof :
Let vy € Of(x1) and up € Of(x2)

qa—x|u—w) >0 (x1—x|x—x+u—w)> |x —x|?
We consider uj € (Id + 0f)x; et ub € (Id 4 Of )x, it results that
pa—xelup —up) > a—x|?
Then, from the definition of the proximity operator,
{proxeuj — proxeuy | uy — up) > |[proxsuj — proxeus ||
We can deduce that prox, is a 1/2-averaged operator, i.e,

Il h = 3| > [|proxuf — proxup || +||(1d — prox,)uy — (Id — prox)uj |
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Fixed point algorithm: a-averaged operator

Let H be a Hilbert space and let a €]0, 1[.

Let T: H — H be an a-averaged operator with a €]0, 1[ such that
FixT # 2.

Let (An)nen be a sequence in [0,1/a] such that

> An(l — aXy) = +oo.

neN

Let xg € H and (Vn € N) x,11 = x,+An( Tx,—x5). The following properties
are satisfied

> (Xn)nen is Fejér-monotone with respect to FixT.

» (Txn — Xn)nen converge strongly to 0.

> (xn)nen converge weakly to a point in FixT.
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Fixed point algorithm: a-averaged operator

Proof :

Since T is a-average, there exists a non expansive operator R such
that T = (1 — a)Id + aR.

Let (Vn € N) u, = aX, € [0,1].

The iterations can be written as

(Vn € N) Xnt1 = Xn + An(Txn — Xxp)
= Xp + pn(Rxn — Xn).

Moreover, FixR = FixT.
+ Krasnosel'skii-Mann algorithm.
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Optimization algorithm: Forward-Backward

Let H be a Hilbert space.

Let f € To(H).

Let g € To(#H) be differentiable with a v-Lipschitzian gradient where v €
10, +o0l.

Let v €]0,2/v[ and § = min{1,1/(vy)} + 1/2.

Let (An)nen be a sequence in [0, [ such that Y An(d — Ap) = +o00.
We assume that Argmin(f + g) # @. Let xo € H and

Yn = Xn — YV &(Xn)
Xp+1 = Xp + )\,,(proxwfyn — Xp).

(Vn € N) {

Then, (xn)nen converges weakly to a minimizer of f + g.
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Optimization algorithm: Forward-Backward

Proof: Let T = prox. ¢ o (Id —yVg). For every x € H,
x € FixT & (Id — yVg)x € (Id + v0f)x < 0 € Vg(x) + 9f (x).
Consequently, Fix T = zer (Vg + 0f) # &. Moreover, for every n € N,
Xpt1 = Xn + An(Txp — Xp).

prox. ¢ is 1/2-average and Id — Vg is yv/2-averaged.
It follows that T is a-averaged with
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Optimization algorithm: projected gradient

Let H be a Hilbert space.

Let C a nonempty closed convex subset of H.

Let g € To(#H) be differentiable with a v-Lipschitzian gradient where v €
10, +o0l.

Let v €]0,2/v[ and § = min{1,1/(vy)} + 1/2.

Let (An)nen be a sequence in [0, [ such that Y An(d — Ap) = +o00.
We assume that Argmin . ~g(x) # @. Let xo € X and

Yn = Xn —YVg(Xn)
Xnt1 = Xn + )\n(PCyn - Xn)-

(Vn e N) {

Then, (xp)nen converges weakly to a minimizer of g over C.
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Optimization algorithm: gradient descent

Let H be a Hilbert space.

Let g € To(H) be a differentiable function with a v-lipschitzian gradient
where v € 10, +o0[.

Le v €]0,2/v].

We assume that Argmin g # &. Let xp € H and

(Vn e N) Xnt1 = Xn — YV E(xn)

Then, (xn)nen converges weakly to a minimizer of f.
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Optimization algorithm: Douglas-Rachford

Let H be a Hilbert space.
Let felo(H)and g € To(H) .

Yn = PrOX,zXp
(Vn € N) Zy = proxX.¢(2yn — Xn)

Xp+1 = Xn + )\n(zn - _Vn)-
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Optimization algorithm: Douglas-Rachford

Let H be a Hilbert space.
Let felo(H) and g € To(H) .
Let v € ]0,+o00[ and let (Ap)nen be a sequence in [0,2] such that

>_nen An(2 — An) = +o0.
We assume that zer (Of + 0g) # @. Let xo € H and

Yn = PIOX,zXp
(Vn e N) Zy = proxX.¢(2yn — Xn)
Xp+1 = Xn + )\n(zn - _Vn)-

The following properties are satisfied:
Xy — X

> Zp—Yn— 0, ¥y = ¥, 2z, = ¥ where y = prox, X € Argmin(f +g).
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Optimization algorithm: Douglas-Rachford

Proof: follows from Krasnosel'skii-Mann algorithm (skipped)
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Optimization algorithm: Douglas-Rachford

Let H and G be two Hilbert spaces.

Let g € To(H) and L € B(G,H) such that ran L is closed and L*L is a
isomorphism.

Let v € ]0,+o0[ and let (A)nen a sequence in [0, 2] such that

Y nen An(2 = Ap) = 400,
We assume that zer (L* o 0g o L) # @. Let xo € H, vo = (L*L) *L*xq et

Yn = PIOX, g X
cn = (L*L)" Ly,

Xn+1 = Xp + )\,,(L(2c,, —vp) — y,,)
Vatl = Va + An(Cn — Vn).

(Vn eN)

We have then:
Vs — V where v € Argmin(g o L).
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Optimization algorithm: Douglas-Rachford

Sketch of proof:
o [V) < minimi
mininize g(Lv) minimize Le(x) + g(x)

where E = ran L.
We apply Douglas-Rachford algorithm with
f =g = prox,r = Pg by setting

(Vn e N) Peyn, = Lc, and Pgex, = Lv,

where ¢, = argmin ||y, — Lc||?> = (L*L)"IL*y,.
ceH
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Optimization algorithm: Douglas-Rachford

Particular case of Douglas-Rachford algorithm:

H="Hi % Hp where H1,...,H,, Hilbert spaces

(‘v’x =(x1,...,Xm) € H) g(x)=>"",gi(x)

where (Vi € {1,...,m} g € To(H;)

L:v (Liv,...,L;pv) where (Vi€ {1,...,m}) L; € B(G,H;).

PPXA+ algorithm

Let (XO,I')IS"S”" eEH, vp= (Zln;l L;-kl_,')_l Z:n:l L;-kXO’,' and

Yni = PIOX, g Xni, 1 €{1,...,m}

cn= (X LiL) ™ 30 Liymi

Xn+1,i = Xn,i + )\n(L,'(2C,, = V,,) = y,,7,'), i € {1, aoog m}
Vntl = Vp + )\n(cn - Vn)-

(Vn e N)

We have then v, — vV € Argmin ) ;" gi o L;.
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Optimization algorithm: Douglas-Rachford

Particular case of Douglas-Rachford algorithm:

H=Hy x - Hn where Hy = ... = H,, Hilbert spaces
(‘v’x =(x1,...,Xm) € H) g(x)=>",gi(x)

where (Vi € {1,...,m} gi € To(H;)

L:v (Liv,...,Lpv) where L1 = ... = L, = 1d.

PPXA algorithm

Let (x0,)1<i<m € H, vo = = Y11 X0, and

Yn,i = PrOX g Xni, 1 €{1,...,m}

Cn = % Z,n;l Yn,i

Xnt1,i = Xni + An(260 — Vo — ¥ni), i€{l,...,m}

Vatl = Vi + An(Cn — vp).

(Vn eN)

We have then v, — v € Argmin ) ", g;.
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