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Plan

1. Examples of inverse problems

2. Direct model: linear operator, noise

3. lll-posed problem

4. Inversion

5. Regularization

6. Gradient descent
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Example: denoising

Observations Denoised image
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Example: denoising
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Example: motion blur

Observations Restored image
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Example: motion blur
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Example: motion blur
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Example: structured illumination microscopy

Wide—field SIM linear SIM nonsmooth
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Example: positron emission tomography

Coincidence
Processing Unit

—>

Sinogram/
Listmode Data

Annihilation Image Reconstruction
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Example: positron emission tomography

Measurements Reconstructed
images
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Example: cartoon-texture decomposition

K

Observations Texture Cartoon
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Notations

> Image x € RMuxNe

X= (an’"z)ISmSN:L,lSnzSNz

» Vector consisting of the values of the image of size
N = N; x Ns arranged column-wise x € RN

(with N = Ny x Ny)

X = (X”) 1<n<N
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Direct model

X = (Xn)1<n<n € RV: vector consisting of the (unknown)
values of the original image of size N = Ny x N».

v

» z = (z)1<j<m € RM: vector containing the observed values of
size M = My x M.

» H € RM*N: matrix associated to a linear degradation
operator.

» Do: RM — RM: models other degradations such as nonlinear
ones or the effect of the noise, parameterized by « (e.g. additive
noise with variance «, Poisson noise with scaling parameter «).
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Direct model

X = (Xn)1<n<n € RV: vector consisting of the (unknown)
values of the original image of size N = Ny x N».

v

» z = (z)1<j<m € RM: vector containing the observed values of
size M = My x M.

» H € RM*N: matrix associated to a linear degradation
operator.

» Do: RM — RM: models other degradations such as nonlinear
ones or the effect of the noise, parameterized by « (e.g. additive
noise with variance «, Poisson noise with scaling parameter «).
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Direct model: convolution

z=Dy(HX)| = z=Dy(hx*X)

where {h*Xx}: convolution product with the Point Spread Func-
tion (PSF) h of size Q1 x Q.

Link between h and H:
Under zero-end conditions,

» unknown image X is zero outside its domain
[0, N1 — 1] X [0, N2 — 1],
> kernel h is zero outside its domain [0, Q1 — 1] x [0, Q2 — 1].
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Direct model: convolution

Link between h and H:

Zero padding of X and h: extended image X° and kernel h® of size

Ml X M2 as

DL = Xil’iz

i1,i2 0

he . — hiy iz
i1,i2 0

This yields to

>4

ifOSI'lSNl—landOSigSNg—l
ileSilng—lanszgiQSMz—l,

f0<ihi<@—1land0<iph<@-—-1
fQ<ih<M —land @ < <M —1,

M;—1 My—1

(HX)Jh/z: E : E : J1—i1,j2—i2 11 i2

where j; € {0,...,

i1=0 ih=0

M; —1} and jo € {0,...,M> —1}.
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Direct model: convolution

Link between h and H:

Ho f://vb—l E’M1—2
Hy Ho  Hwmy—1

H=| H Hy Ho

Hvy—1 Hvy—2 Hmy—3

Ay
Ho
Hs

Fo

where H;, denotes a circulant matrix with Mz columns such that

(¢ € €
hj170 hjl,Mz—l hj1,M2—2
(¢ € €
g | Mo Hio  Mamp—1
J1 : . .
€
iyl,ﬂﬂz-3

(&) (&)
Wy a—1 vy

€
fUl,l
2

€ RM2xM2

0
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Direct model: convolution

If H is a block-circulant matrix with circulant blocks, then

where
» D: diagonal matrix,
» U: unitary matrix (i.e, U* = U™1) representing the discrete
Fourier transform,
» -* denotes here the transpose conjugate.

Efficient computation of HXx:
Hx = U*DU(U*U)x
= U*DX

where X denotes the Fourier transform of X.
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Direct model: convolution

Gaussian filter h
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Direct model: convolution

Gaussian filter h

F(h)
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Direct model: convolution

Uniform filter h Original image X
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Direct model: convolution

Uniform filter h
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Direct model: tomography (without noise)

Tube of response j

> X = (Xn)i<n<n € RN: vector
consisting of the (unknown)
values of the original image

Pixel n

7/ / of size N = Ny x N».
IRV av > H = (Hji)i<j<m,i<n<n:
/ / / / / probability to detect an event

in the tube/line of response.
# b/ b/ > z=(z)1<j<m € RM: vector

containing the observed
values (sinogram).
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Direct model: compressed sensing

X = (Yn)lgng/\/ e RVN:
vector consisting of the

Observed Randomized Inverse Fourier Few active

Eetnel beariorcing welghe Main'x eyencies (unknown) values of the
original image of size
i = # . N = Ny x Ny,
I}

> z=(z)1gj<m €RM:
vector containing the
observed values (size
M < N).

> H = (Hji)i<j<m1<j<n:
random measurement
matrix (size M x N).
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Direct model: super-resolution

(vbe{l,....,B}) |z,=DyTWX +e,]

v

z: B multicomponent images at low-resolution (size M),

v

X: (high-resolution) image to be recovered (size N),
Dp: downsampling matrix (size M x N such that M < N),

v

» T: matrix associated to the blur (size N x N),

v

W: warp matrix (size N x N),

v

ep ~ N(0,0%Idk): noise often assumed to be a zero-mean
white Gaussian additive noise.
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Direct model

X = (Xn)1<n<n € RN: vector consisting of the (unknown)
values of the original image of size N = Ny x N,.

v

> z=(z;)1<j<m € RM: vector containing the observed values of
size M = Ml X Mg.

» H € RM*N: matrix associated to a linear degradation operator

» Dy: RM — RM: models other degradations such as nonlinear
ones or the effect of the noise, parameterized by « (e.g. additive
noise with variance «, Poisson noise with scaling parameter «)
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Direct model: Gaussian noise

z=D.(HX)| = z=Hx+0b
2

where b: white additive Gaussian noise with variance o = o“.

Original image Degraded image with 0 = 10
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Direct model: Gaussian noise

z=D.(HX)| = z=Hx+0b
2

where b: white additive Gaussian noise with variance o = o“.

Original image Degraded image o = 30
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Direct model: Gaussian noise

z=D.(HX)| = z=Hx+0b

where b: white additive Gaussian noise with variance a = &

2

Original image Degraded image o = 50
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Direct model: Poisson noise

where D,,: Poisson noise with scaling parameter «
= noise variance varies with image intensity.

Original image Poisson noise av = 1
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Direct model: Poisson noise

where D,,: Poisson noise with scaling parameter «
= noise variance varies with image intensity.

Original image Poisson noise a = 0.1
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Direct model: Poisson noise

where D,: Poisson noise with scaling parameter «
= noise variance varies with image intensity.

Original image Poisson noise o = 0.01
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Inverse problem

Inverse problem
Find X the closest from X from observations

z = D4 (Hx)

Observations z € RM Restored image X € RN
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Hadamard conditions

The problem z = HX is said to be well-posed if it fulfills the
Hadamard conditions (1902)

1. existence of a solution,

i.e. the range ran H of H is equal to RV,
2. uniqueness of the solution,
i.e. the nullspace ker H of H is equal to {0},

3. stability of the solution X relatively to the observation,
ie. (V(z,2) € (RM)?)

lz—Z =0 = |x(z)—x(z)|— Do.
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Hadamard conditions

The problem z = HX is said to be well-posed if it fulfills the
Hadamard conditions

1. existence of a solution,
i.e. every vector z in RM is the image of a vector x in RV,
2. uniqueness of the solution,

i.e. if X(z) and X'(z) are two solutions, then they are
necessarily equal since X(z) — X'(z) belongs to ker A,

3. stability of the solution X relatively to the observation,

i.e. ensure that a small perturbation of the observed
image leads to a slight variation of the recovered image.
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[nversion

Inverse filtering (if M = N et H est inversible)

x=H1z
= H7Y(Hx + b) if additive noise b € RM
=x+H b
Remark :

— Closed form expression but noise amplification if H
ill-conditioned
(ill-posed problem).
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[nversion

Inverse filtering (if M > N and rank of H is N)

X=(HH)H'z
= (H*H)"YH*(Hx + b) if additive noise b € RM
=X+ (H*H)"'H*b

Remark :

— Closed form expression but noise amplification if H
ill-conditioned
(ill-posed problem).
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ularization

Variational approach

X € Argmin ||z — Hx||3 4+ A\Q(x)
x€RN

where
> ||z — Hx||3: data-term,

» Q(x): regularization term (e.g. Q(x) = ||x||3),

» A > 0: regularization parameter.

Remarks
— If A = 0: inverse filtering,
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Maximum A Posteriori (MAP)

Let x and z be random vector realizations X and Z.
Maximum A Posteriori (MAP)

X € Argmax pux|z—(x)
xERN

— find x that maximizes the posterior 11x|7—(x)
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Maximum A Posteriori (MAP)

Let x and z be random vector realizations X and Z.
Maximum A Posteriori (MAP)

X € Argmax pux|z—(x)
xERN

— find x that maximizes the posterior 11x|7—(x)

Bayes rule

max fix|z—z(x) & Max jizjx—x(z) - f1x(x)

< Xng]g\,v { — log(1z)x=x(2)) — log(rx(x))}
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Maximum A Posteriori (MAP)

Let x and z be random vector realizations X and Z.
Maximum A Posteriori (MAP)

X € Argmax pux|z—(x)
xERN

— find x that maximizes the posterior 11x|7—(x)

Bayes rule

max _,(x) & max _(2)- %
max 1ix|2=2(x) max fzix=x(2) - px(x)
& min { —log(uz|x=x(2)) —log(ux(x)) }
XERN NS ~ ) ~
Data-term A priori
< min fi(x) + h(x
min fi(x) + (x)
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Data-term: Gaussian noise

(vx € RY)  fi(x) = — log(pzx=x(2))

» Let z = Hx + b with b ~ N(0, a)

» Gaussian likelihood:

x) (1) — Z(1))2
tzix=x(z) = H . exp <((H ) 20 ) )

i 2o

» Data-term:
M

A=Y 5 ((He)i — 2

i=1
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Data-term: Poisson noise

(vx € RY)  fi(x) = — log(pzx=x(2))

» Let z = D,(HX) where D,, Poisson noise with parameter «.

» Poisson likelihood:

M exp (— a(Hx)® i 20
NZ|X:X(Z) :H p( Z(,')(!H ) )<Oz(HX)(’)) ;

1=

> Data-term: fi(x) = S.M, W;((Hx)®)

av — z In(aw) if 2) > 0 and v > 0,
(Vv eR) WVi(v) =< av siz) =0and v >0,
+00 otherwise.
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Prior: Tikhonov /TV

(vx € RY)  f(x) = —log(ux(x))

» Tikhonov [Tikhonov, 1963]

fo(x) = ||Lx]|?
A 0 1 0

:ZZ{/*X}%’J- avec [ =

i=1 j=1 0 1 0

[y
|
N
[y
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Minimisation problem

Variational approach

X € Argmin L(x) + AQ(x)

xERN

where
» L(x) = f(z, Hx): data-term,
» Q(x): regularization term,

» A > 0: regularization parameter.
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Convex optimization ?

Let £: RV —] — o0, +-00].
An optimization problem consists in solving:

X € Argmin f(x)
x€RN

» X is a global solution if for every x € RN, f(X) < f(x),

Course objectif: Build a sequence (x,)nez that converges to X.
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Gradient descent

» |llustration:

*

Frr) '
% Fdy

» Remarks:
» f is displayed with its level lines,
» Fermat rule:
X € Argminf(x) < Vf(x) =0
xERN
» Solve a problem with N equations and N unknowns.
» Closed form expression for very few f.
» If no closed form expression possible = iterative method.
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Solving mean square problem

» Find

H RMXN
% € Argmin||Hx — z|2  with <
x€RN zeR

» Optimality conditions

VF(X)=0 < HHX—2)=0
& X=(H*H)'H*z

» Difficulty: invert H*H.
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Solving logistic regression
» Find

X € Argminlog(1 4+ exp(—yx) with yeR
x€eR

» Optimality conditions

—yexp(—yX

VIR0 ey

» Difficulty: no closed form expression.



Introduction Direct model Inversion Smooth minimization
000000 000000000000 0000 000000000080

Inverse problem and optimization 35/36

Gradient descent

» |llustration:

» |terations:
(Vk € N)  xlkt1l = xIK 4 [k glK]

where
dlkl € RN: descent direction,

AK > 0: step-size.
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