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Naive answer

Fixed point theorem (E. Picard, 1856-1941)
If

» X is a fixed point of T, i.e. X = Tx and x,11 = Tx,

» T is a strict contraction, i.e. there exists p € [0, 1] such that
(V(x,x") € RN x RN) | Tx — TX|| < p|lx — X||

then (x,)nen converges to X.

Proof: For all n € N,
Ioss — %I = | T — T
< pllxa = X].

Consequently, ||x, — X|| < p"||xo — X]|. Hence, we have proved that
(xn)nen converges linearly to X.
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Monotone operator: definition

Let H be a real Hilbert space.
Let A: H — 27
A'is monotone if

(V(xl, uy) € graA) (‘v’(xz, ) € graA) (i — | x1—x2) > 0.

» Monotone operators ?

u

NPl




Nonexpansive operator Resolvent Proximity operator
0@0000000 0000000 000000000000000000

3/35

Monotone operator: definition

Let H be a real Hilbert space.
Let A: H — 27
A'is monotone if

(V(xl, uy) € graA) (‘v’(xz, ) € graA) (i — | x1—x2) > 0.

» Monotone operators ?

J//_/ Jﬁf

u u,




Nonexpansive operator Resolvent Proximity operator
0@0000000 0000000 000000000000000000

3/35

Monotone operator: definition

Let H be a real Hilbert space.
Let A: H — 27
A'is monotone if

(V(xl, uy) € graA) (‘v’(xz, ) € graA) (i — | x1—x2) > 0.

» Monotone operators ?
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Nonexpansive operator
00®000000

Maximally monotone operator: definition

Let H be a Hilbert space.

Let A: H — 27
Ais maximally monotone if A is monotone and if there exists no monotone

operator B: H — 2% (different from A) such that graB properly contains
graA.

» Maximally monotone operator ?

LAy
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Nonexpansive operator
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Maximally monotone operator: definition

Let H be a Hilbert space.

Let A: H — 27
Ais maximally monotone if A is monotone and if there exists no monotone

operator B: H — 2% (different from A) such that graB properly contains
graA.

» Maximally monotone operator ?
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Nonexpansive operator
00®000000

Maximally monotone operator: definition

Let H be a Hilbert space.

Let A: H — 27
Ais maximally monotone if A is monotone and if there exists no monotone

operator B: H — 2% (different from A) such that graB properly contains
graA.

» Maximally monotone operator ?

u

» Example: subdifferential of a convex, proper and l.s.c. function.
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Nonexpansive operator: definition

Let H be a Hilbert space and let C be a nonempty subset of #.
Let A: C — H.
A'is nonexpansive if (V(x,y) € C?) |[|Ax—Ay[|<|x—y| .
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Nonexpansive operator: definition

Let H be a Hilbert space and let C be a nonempty subset of #.
Let A: C — #H and v € |0, +o0[

v 'A is nonexpansive if (V(x,y) € C?) [|Ax—Ay[| < v [x —y].
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Nonexpansive operator: definition

Let H be a Hilbert space and let C be a nonempty subset of #.
Let A: C — H and v € ]0,+o0]

v 'A is nonexpansive if (V(x,y) € C?) [|Ax—Ay[| < v [x —y].

v~LA is nonexpansive < A is v-Lipschitzian .

Lipschitz

Nonexpansive
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Nonexpansive operator: definition

Let H be a Hilbert space.
Let A: H — 2%
A'is firmly nonexpansive if

(V(x, u) € graA)(¥(y, v) € graA) [u—v[?<(u—v|x—y).
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Nonexpansive operator: definition

Let H be a Hilbert space and let C be a nonempty subset of #.
Let A: C — H .

A'is firmly nonexpansive if

(Vx € C)(Vy € C) [|Ax — Ay|? < (Ax — Ay | x —y) .
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Nonexpansive operator: definition

Let H be a Hilbert space and let C be a nonempty subset of #.
Let A: C — H .

A'is firmly nonexpansive if

(V(x,y) € C?) [ Ax = Ay|2 +[|(Id — A)x — (Id — A)y||* < [lx — y|* .
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Nonexpansive operator: definition

Let H be a Hilbert space and let C be a nonempty subset of #.
Let A: C — H .

A'is firmly nonexpansive if

(V(x,y) € C?) [ Ax = Ay|2 +[|(Id — A)x — (Id — A)y||* < [lx — y|* .

» A is firmly nonexpansive < Id — A is firmly nonexpansive.

» A is firmly nonexpansive < 2A — Id is nonexpansive.
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Nonexpansive operator: definition

Let H be a Hilbert space and let C be a nonempty subset of #.
Let A: C — H .

A'is firmly nonexpansive if

(V(x,y) € C?) [ Ax = Ay|2 +[|(Id — A)x — (Id — A)y||* < [lx — y|* .

» A is firmly nonexpansive < Id — A is firmly nonexpansive.

» A is firmly nonexpansive < 2A—1d iS honexpansive.
——

Reflection of A
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Nonexpansive operator: definition

Let H be a Hilbert space and let C be a nonempty subset of #.
Let A: C — H .
A'is firmly nonexpansive if

(V(x,y) € C?) [ Ax = Ay|2 +[|(Id — A)x — (Id — A)y||* < [lx — y|* .

A is firmly nonexpansive = A is nonexpansive.

Lipschitz
Nonexpansive

Firmly
nonexpansive
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Nonexpansive operator: definition

Let H be a Hilbert space and let C be a nonempty subset of #.

Let A: C — H and let « €]0,1].
Ais «-averaged if there exists a nonexpansive operator R: C — H such

that

A=(1-a)ld+aR .
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Nonexpansive operator: definition

Let H be a Hilbert space and let C be a nonempty subset of #.
Let A: C — H and let « €]0,1].

Ais «a-averaged if

l—«o
- [(Id — A)x — (Id— A)y||* < ||x—y||*.

(V(x,y) € C?)  Ax—Ay|*+
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Nonexpansive operator: definition

Let H be a Hilbert space and let C be a nonempty subset of #.
Let A: C — H and let « €]0,1].

Ais «a-averaged if

l—«o
- [(Id — A)x — (Id— A)y||* < ||x—y||*.

(V(x,y) € C?)  Ax—Ay|*+

» Ais a-averaged = A is nonexpansive.
» Als %—averaged < Ais firmly nonexpansive.
» Ais a-averaged = A is o’-averaged for every o/ € [o, 1].

> Let A €]0,1/af. Ais a-averaged = (1 — A\)Id + M\A is Aa-averaged.
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Nonexpansive operator: definition

Let H be a Hilbert space and let C be a nonempty subset of #.
Let A: C — H and let « €]0,1].

Ais «a-averaged if

l—«o
- [(Id — A)x — (Id— A)y||* < ||x—y||*.

(V(x,y) € C?)  Ax—Ay|*+

> Let (wi)1<i<n €]0,1]" be such that -7 ; w; =1 and let
(ai)i<i<n €]0,1[". If, for every i € {1,...,n}, Ai: C > H is

aj-averaged, then Z?:l wjAj is a-averaged with a = maxi<j<pa;.

> Let (aj)i<i<n €]0,1[" . If, for every i€ {1,...,n}, Ai: C = C'is
«j-averaged, then Aj--- A, is a-averaged with
n
n—1+ L

maXie ;< X;




Nonexpansive operator Resolvent Proximity operator
00000@000 0000000 000000000000000000

7/35

Nonexpansive operator: definition

Let H be a Hilbert space and let C be a nonempty subset of #.
Let A: C — H and let « €]0,1].
Ais «a-averaged if

l—«o
- [(Id — A)x — (Id— A)y||* < ||x—y||*.

(V(x,y) € C?)  Ax—Ay|*+

A:H — H is a-averaged with a €]0,1/2] = A is maximally monotone.
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Nonexpansive operator: recap

Lipschitz ‘

Nonexpansive
a—averaged |

Firmly
nonexpansiv

Cocoercive
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Nonexpansive operator: recap

(if the domain C is equal to H)

Lipschitz
Nonexpansiv
a—averaged |
R —— L Maximally‘
E Firmly E ' monotone
: nonexpansiv !
! :

Cocoercive
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Nonexpansive operator
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Nonexpansive operator What is their use
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Nonexpansive operator: example

Descent lemma
Let H be a Hilbert space, f: H — R and v € ]0, +o0].
If £ is differentiable and its gradient is v-Lipschitzian, then

(VO y) €H2) F(y) < F(x) + {y = x | V() + Sy = x|
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Nonexpansive operator: example

Descent lemma
Let H be a Hilbert space, f: H — R and v € ]0, +o0].
If £ is differentiable and its gradient is v-Lipschitzian, then

(VO y) €H2) F(y) < F(x) + {y = x | V() + Sy = x|

Let H be a Hilbert space, f € ['o(H), v € 0, +oo[ and v €]0,2v71[.
f differentiable and Vf v-Lipschitzian = Id — yVf is yv/2-averaged.




Nonexpansive operator Resolvent Proximity operator
00000000 0000000 0000000000000 00000

10/35

Nonexpansive operator: example

Descent lemma
Let H be a Hilbert space, f: H — R and v € ]0, +o0].
If £ is differentiable and its gradient is v-Lipschitzian, then

(VO y) €H2) F(y) < F(x) + {y = x | V() + Sy = x|

Let H be a Hilbert space, f € ['o(H), v € 0, +oo[ and v €]0,2v71[.
f differentiable and Vf v-Lipschitzian =  Id — yVf s yv/2-averaged.

———
gradient descent
operator
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Nonexpansive operators generaliti%s

Definition

-

Properties

-

Y
Examples Resolven
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Monotone operator: inversion

Let H be a Hilbert space.

Let A: H — 27t

A1 is the operator from # to 2" the graph of which is
gra(A1) = {(u,x) | (x,u) € graA}.

with graA = {(x,u) € H? | u € Ax}.
Graph of A Graph of A=1 2
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Monotone operator: inversion

Let H be a Hilbert space.

Let A: H — 27t

A1 is the operator from # to 2" the graph of which is
gra(A1) = {(u,x) | (x,u) € graA}.

with graA = {(x,u) € H? | u € Ax}.
Graph of A Graph of A=1 2
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Monotone operator: inversion

Let H be a Hilbert space.
Let A: H — 27
A1 is the operator from # to 2" the graph of which is

gra(A~1) = {(u,x) | (x,u) € graA}.

with graA = {(x,u) € H? | u € Ax}.

Let H be a Hilbert space.
Let A: H — 27 be a monotone operator.

A~1 is monotone .
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Resolvent: definition

Let H be a Hilbert space.
Let A:H — 27
The revolvent of Ais

Ja=(1d+ A
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Resolvent: definition

Let H be a Hilbert space.
Let A:H — 27
The revolvent of Ais

Ja=(1d+ A

» Example :

u

A A+1d? Ja?
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Resolvent: definition

Let H be a Hilbert space.
Let A:H — 27
The revolvent of Ais

Ja=(1d+ A

» Example :

u

Aand Id A+1d7? Ja?
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Resolvent: definition

Let H be a Hilbert space.
Let A:H — 27
The revolvent of Ais

Ja=(1d+ A
» Example :
u u
," X ,'/ X

Aand Id A+1d Ja?
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Resolvent: definition

Let H be a Hilbert space.

Let A: H — 2%,
The revolvent of A is
Ja=(1d+ A
» Example :
A and Id A+1d

Ja?
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Resolvent: definition

Let H be a Hilbert space.

Let A: H — 2%,
The revolvent of A is
Ja=(1d+ A
» Example :
A and Id A+1d Ja
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Resolvent: definition

The range of an operator B: H — 2* is

ran B = {u € N | 3x € H,u € Bx}.

Minty theorem
Let H be a Hilbert space.
Let A: H — 2™ be a monotone operator.

ran(Id+A)=H < A is maximally monotone.
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Resolvent: properties

Let H be a Hilbert space. Let A:H — 2%,
A is monotone < J, is firmly nonexpansive.

Remark : Ja: ran (Id + A) — H.
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Resolvent: properties

Let H be a Hilbert space. Let A: H — 27t
A is monotone < J, is firmly nonexpansive.

Let # be a Hilbert space. Let A: H — 2%
A is maximally monotone < Ju: H — H is firmly nonexpansive.

Proof: A monotone < J: ran (Id + A) — H firmly nonexpansive
+ Minty theorem.
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Resolvent: properties

Let H be a Hilbert space. Let A: H — 27t
A is monotone < J, is firmly nonexpansive.

Let # be a Hilbert space. Let A: H — 2%
A is maximally monotone < Ju: H — H is firmly nonexpansive.

Let H be a Hilbert space. Let A : H — 2 maximally monotone and
v € ]0,400[. For every x € H, there exists a unique p € H such that

x —p € YAp and thus p = J,ax.

Proof: x € (Id +vA)(p) & p € (Id + vA) Ix & p = Jyax
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Resolvent: properties

Let H be a Hilbert space.
Let A:H — 2™ be a maximally monotone and 7 € ]0, 4ol

> Jya and Id — J, 4 are firmly nonexpansive.

» The reflected resolvent R,z = 2J,4 — Id is nonexpansive.
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Resolvent
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Proximity
Resolvent
operator
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Convex analysis

Let H be a Hilbert space. Let f: H — |—o0, +oa].
f is coercive if lim) 400 f(X) = +00.
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Convex analysis

Let H be a Hilbert space. Let f: H — |—o0, +oa].
f is coercive if lim) 400 f(X) = +00.

Coercive functions ?
2 (%) L F(X) Af(X)

n
[ 8
Xy
XVVK
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Convex analysis
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f is coercive if lim) 400 f(X) = +00.
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Convex analysis

Let H be a Hilbert space. Let f: H — |—o0, +oa].
f is strictly convex if

(Vx € dom f)(Vy € dom f)(Va €]0, 1[)
x#y = flax+(1—-a)y)<af(x)+(1—-a)f(y).
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Convex analysis

Let H be a Hilbert space. Let f: H — |—o0, +oa].
f is strictly convex if

(Vx € dom f)(Vy € dom f)(Va €]0, 1[)
x#y = flax+(1—-a)y)<af(x)+(1—-a)f(y).

Strictly convex functions ?

fCL/ \ \

x
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Convex analysis

Let H be a Hilbert space. Let f: H — |—o0, +oa].
f is strictly convex if

(Vx € dom f)(Vy € dom f)(Va €]0, 1[)
x#y = flax+(1—-a)y)<af(x)+(1—-a)f(y).

Strictly convex functions ?
f(x) f(x) 4 f(x)

~ e

N

’
4
v
4
N 4
~ 7
v
7 N
4 N
v N
~
v
>
N
X

V4

\4
N
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X
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Convex analysis

Let H be a Hilbert space and C be a closed convex of H.
Let f € [o(#) such that domf N C # .
If f is coercive or C is bounded, then there exists p € C such that

f(p) = inf £(x).

Moreover, if f is strictly convex, this minimizer p is unique.




Nonexpansive operator Resolvent Proximity operator
000000000 0000000 000800000000000000

21/35

Proximity operator: definition

Let H be a Hilbert space. Let f € T'o(H) and v € ]0, +o0|.
For every x € H, there exists a unique p € H such that

1 , 1 )
“lp—x|? = inf f —ly — x|2 .
f(p) + 27||P | y'EL (v) + 27||y x|
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Proximity operator: definition

Let H be a Hilbert space. Let f € T'o(H) and v € ]0, +o0|.
For every x € H, there exists a unique p € H such that

1 1
f —|lp—x|I* = inf f —ly —x|?.
(p) + 27Hp x|| iy (v) + 27Hy x||

Let H# be a Hilbert space. Let f € [o(H).

» The Moreau envelope of f of parameter v € |0, +o0| is
1
f: R: x + inf f —ly — x|
H—R:x A, (v) + 27||y x||

» The proximity operator of f is

. 1
proxs: H — H: x +— argmin f(y) + =|ly — x|*.
yYEH 2
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Proximity operator: definition

Let H# be a Hilbert space. Let f € [o(H).

» The Moreau envelope of f of parameter v € |0, +o0| is

1
Vi H = R: x> inf f —ly — x|
Mo Rexs inf F(y) + 5oy =]
» The proximity operator of f is

. 1
prox;: H — H: x +— argmin f(y) + =|ly — x|*.
YEH 2

f(x) prox;(x)

<v
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Proximity operator: definition
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Proximity operator: definition
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Proximity operator: definition

0.5 ’ 4

_osl ’ i
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Proximity operator: definition
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Proximity operator: definition
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Proximity operator: definition
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Proximity operator: definition
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Proximity operator: definition
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Proximity operator: definition
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Proximity operator: definition
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Proximity operator: definition
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Proximity operator: definition

0.5 4 -
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Proximity operator: definition
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Proximity operator: definition

0.5 4 -

_o.s| ’ il




Nonexpansive operator Resolvent Proximity operator
000000000 0000000 0000@0000000000000

22/35

Proximity operator: definition
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Proximity operator: definition
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Proximity operator: definition
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Proximity operator: definition

0.5 4 -

_o.s| ’ il
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Proximity operator: definition

Let 7 be a Hilbert space. Let f € [o(H) and g € To(H).
If dom f Nint (dom g) # @ then O(f + g) = Of + Og.

Let H be a Hilbert space and f € 'o(H).

proxs = Jor .
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Proximity operator: definition

Let 7 be a Hilbert space. Let f € [o(H) and g € To(H).
If dom f Nint (dom g) # @ then O(f + g) = Of + Og.

Let H be a Hilbert space and f € 'o(H).

proxs = Jyr .

Proof: By using Fermat's rule, for every x € H,
_ 1
H-=xlP & 0ea(f+ 51 —xI2)(p)

& 0e€df(p)+p—x
< x e (Id+ of)(p)
o p=(Id + of) (x).

p=argmin f+ (2v)
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Proximity operator: definition

Let 7 be a Hilbert space. Let f € [o(H) and g € To(H).
If dom f Nint (dom g) # @ then O(f + g) = Of + Og.

Let H be a Hilbert space and f € 'o(H).

proxs = Jyr .

Remark: As dom (proxs) = H, this provides a proof that Of is
maximally monotone !
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Proximity operator: properties

Let H be a Hilbert space, f € I'o(H) and (x, p) € H>.

p=prox,;x & (VyeM) (y—plx—p)+f(p)<f(y)
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Proximity operator: properties

Let H be a Hilbert space, f € I'o(H) and (x, p) € H>.

p=prox,;x & (VyeM) (y—plx—p)+f(p)<f(y)

Let # be a Hilbert space, f € I'g(H) and ~ € ]0, +oo].
7f is differentiable and V7f is v~ !-Lipschitzian

(VxeH) V f =~"11d—-prox, )= [0f

Moreau Yosida
envelope approximation
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Proximity operator: properties

Let H be a Hilbert space, f € I'o(H) and (x, p) € H>.

p=prox,x & (VyeM) (y—p|x—p)+f(p)<f(y)

Let # be a Hilbert space, f € I'g(H) and ~ € ]0, +oo].
7f is differentiable and V7f is v~ !-Lipschitzian

(VxeH) V f =~"11d—-prox, )= [0f

Moreau Yosida
envelope approximation

Proof: Previous property + ... calculations.
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Proximity operator: properties

Let H be a Hilbert space, f € I'o(H) and (x, p) € H>.

p=prox,x & (VyeM) (y—p|x—p)+f(p)<f(y)

Let # be a Hilbert space, f € I'g(H) and ~ € ]0, +oo].
7f is differentiable and V7f is v~ !-Lipschitzian

(VxeH) V f =~"11d—-prox, )= [0f

Moreau Yosida
envelope approximation

Interpretation: 7f is a smooth approximation of f.
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Proximity operator: properties

Let H be a Hilbert space, x € H and f € I'o(H).

[ Properties [ g(x) [ Prox,x |
Translation f(x—z),z€H z + proxs(x — z)
Quadratic perturbation )+l x| /24 (z|x)+~ prox_¢ (%37)

a+l

z€H,a>0,vy€ER

Scale change f(px), p € R* %proxpzf(px)

Reflection f(—x) —proxs(—x)

Moreau envelope Yf(x) = inf f(y)+ L [Ix — y||2 i ('yx + prox( 4 )f(x))
yEH 2+ 1+~ v

v>0
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Proximity operator: properties

For every i € {1,...,n}, let H; be a Hilbert space and f; € I'o(H,;).
For all (x1,...,xn) € H1 X -+ X Hp,
if

Nonexpansive operator
000000000

FOx, %) = Y £i(xi):
i=1

then
ProxXs(xi, ..., xp) = (proxfl,(x;)) 1<i<n -
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Proximity operator: properties

Let H be a separable Hilbert space.
Let (b;)ics be an orthonormal basis of H.
For every i € I, let ¢; € I'o(R) such that ¢; > 0. For every x € H,

if
F(x) =D oi((x| b))

i€l

then
proxs(x) = 3¢ prox,, ({x | bj))b;.

Remark: The assumption (Vi € 1) ¢; > 0 can be relaxed if H is finite
dimensional.
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Proximity operator: properties

Let H be a separable Hilbert space.
Let (b;)ics be an orthonormal basis of H.
For every i € I, let ¢; € I'o(R) such that ¢; > 0. For every x € H,

if
F(x) =D oi((x| b))

i€l

then
proxs(x) = 3¢ prox,, ({x | bj))b;.

Example: H = RN, (b;)1<i<n canonical basis of RN, f = A|| - ||; with
A € [0, +ocl.

(vx = (xDi<icn) € RY)  proxy, () = (proxy (<)) ey
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Proximity operator: properties

Moreau decomposition formula
Let 7 be a Hilbert space, f € I'g(H) and ~ € ]0, +oc].

(Vx € H) ProX, f«X = X — 7prox7_1f(7_lx) :
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Proximity operator: properties

Moreau decomposition formula
Let 7 be a Hilbert space, f € I'g(H) and ~ € ]0, +oc].

(Vx € H) ProX, f«X = X — 7prox7_1f(’y_1x) :

Example: If # = RV, f = 1| -||§ with g €]L, +oc[, then f* = X || - ||&.
with 1/g +1/g* = 1, and

(vx € RV) Prox , ¢+ X = X — yprox 1y ya(y1x).
2 I
7 I ||q* ~yq 'l llq
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Proximity operator: properties
2 :
—p=1
1.5¢ p=4/3 7
1t —p=3/2
—p=2
0.5/ | —p=3 |
_p=4
or /— ]
-0.5f 1
1 |
-1.5r 1
_2 ! I ! I .
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Proximity operator: properties

Let 7 and G be two Hilbert spaces. Let f € [o(H) and L € B(G,H) such
that ran L = H. Then

d(fol)=L*f L.
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Proximity operator: properties

Let 7 and G be two Hilbert spaces. Let f € [o(H) and L € B(G,H) such
that ran L = H. Then

Nonexpansive operator Resolvent
000000000 0000000

d(fol)=L*f L.

Let 7 and G be two Hilbert spaces. Let f € [o(H) and L € B(G,H) such
that LL* = pld where p € ]0,+o0o[. Then

proxso; = Id — p~1L* o (Id — prox,) o L.
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Proximity operator: properties

Let 7 and G be two Hilbert spaces. Let f € [o(H) and L € B(G,H) such
that ran L = H. Then

Nonexpansive operator Resolvent
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d(fol)=L*f L.

Let 7 and G be two Hilbert spaces. Let f € [o(H) and L € B(G,H) such
that LL* = pld where 1 € ]0,400[. Then

proxso; = Id — p~1L* o (Id — prox,) o L.

Remark :

Useful property for data fidelity terms involving a neg-log-likelihood f
and a synthesis tight frame operator L.
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Proximity operator: properties

Particular case : L € B(H,H) unitary, proxs,; = L*prox,L.

[llustration: denoising using an ¢1 penalty on the coefficients resulting
from an orthogonal wavelet transform L.

PTOXN|- |11
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Projection

(Vx € H)

Let H be a Hilbert space. Let C be a nonempty closed convex subset of 7.

o1
proxbc(x) = argmln§||y —X||2 = Pc(x).
yeC
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Proximity operator: examples

Quadratic function :
Let H and G be two Hilbert spaces.
Let L € B(G,H), v € ]0,+o0[ and z € G.

f=n~|L-—z|?/2 = prox = Id+yL*L)71(- +~L*2).
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Proximity operator: examples
£>-norm

Let f € T'o(H) such that f =~ - ||2, its proximity operator is

1—
(Vx € H) prox,ex = max (0, ||x—||’y)x
2
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Some take-home messages

» Gradient descent is a-averaged.

» proxs = Jpr with f € [o(H) is firmly non-expansive, thus a-averaged.

v

The reflected resolvent is nonexpansive.

v

Closed form expressions form several functions.

v

Next course: design algorithms.



	Nonexpansive operator
	1/36

	Resolvent
	10/36

	Proximity operator
	17/36


