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Conjugate: definition

Let H be a Hilbert space and f: H — ]—o0, +00].
The conjugate of f is the function 7*: H — [—o00, +00] such that

(ueH) [ F()=sup (] u) = ()
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Conjugate: definition

Let H be a Hilbert space and f: H — ]—o0, +00].
The conjugate of f is the function 7*: H — [—00, +00] such that

(Vu e H) f¥(u)= sup ((x|u)—Ff(x))

xedom f
Examples :
o f=3ll-IP=Ff=3lI
Proof : For every (x,u) € H?, (x | u) — 3||x||? = 3||u|®> — |ju — x||?

is maximum at x = u.

Consequently, f*(u) = 3||ull.



Conjugate: definition

Let H be a Hilbert space and f: H — ]—o0, +00].
The conjugate of f is the function 7*: H — [—o00, +00] such that

(Vu e H) f*(u)= sup ((x|u)—f(x))

xedom f

Examples :

o =3P = F= 3R

e (Vx e RN) f(x) = %HX”Z with g €]1, 4+-00[

= (Vu e RN) f*(u) = L [lullf. with £ + X =1



Conjugate: definition

Let H be a Hilbert space and f: H — ]—o0, +00].
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Conjugate: definition

Let H be a Hilbert space and f: H — ]—o0, +00].
The conjugate of f is the function 7*: H — [—00, +00] such that

(Vu e H) f¥(u)= sup ((x|u)—Ff(x))

xedom f

If fis even, then f* is even.

For every a € |0, 4+o0], (af)* = af*(-/a).

For every (y,v) € H? et a € R,

(FC-=n+ (v +a) =FC-V+{| —v)-a

Let G be a Hilbert space and L € B(G,H) be an isomorphism.
(fol)*=f*o(L )"

e *isl.s.c. and convex.
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Conjugate: definition

Let H be a Hilbert space and f: H — ]—o0, +00].
The conjugate of f is the function 7*: H — [—o00, +00] such that

(Vu e H) f*(u)= sup ((x|u)—f(x))

xedom f

Moreau-Fenchel theorem
Let H be a Hilbert space and f: H — ]—o00, +00] be a proper function.

fis l.s.c. and convex < ™ = f.

e Consequence: If f € [o(R), then * is proper, hence f* € I'o(R).



Conjugate: properties

Fenchel-Young inequality: If f is proper, then
1. (V(x,u) € H?) f(x)+(u) > (x| u)

2. (Y(x,u) € H?) uedf(x)e f(x)+f*(u) = (x|u).

If f € Fo(H), then

(V(x, u) € H?) u e df(x) & xedf(u).




Proximity operator: Moreau decomposition

Moreau decomposition formula
Let H be a Hilbert space, f € I'o(#H) and v € ]0, +o0].

(Vx € H) Prox, f«X = X — Yprox,-1¢(y"1x) .

Proof:

p = Prox,.x < x — p € 70f*(p)
S pe (’)f(x—_p)
v

— 1 —
o X_XZP ¢ Lop(x=p)
y Y Y y

sX7P_ proxﬁ/q,c(’y*lx)
v

Sp=x-— ’yproxvqf('y*lx).



Proximity operator: Moreau decomposition

Moreau decomposition formula
Let H be a Hilbert space, f € I'g(#H) and v € ]0, +o0].

(Vx € H) Prox. X = X — Yprox, —17(y"1x) .

Example: If H =RN, f = %H - ||d with g €]1, +o0[, then f* = ql*|| .
with 1/g+1/q* =1, and

q*

(Vx € RN) PIOX y | q* X = X — vprOXL||.||g(771X)'
q* Il llg* vq



Conjugate: properties

Let (#)ie; where | C N be Hilbert spaces and let % = @, H,.
For every i € I, let fi: H; — ]—o00,+00]. Let

f:H — |—o00,+00] : x = (Xi)ies = > fi(x)
el
Then,
(Vu = (uj)ier € H) f*(u) = Z i (ui) -




Conjugate: properties

Let (H)je; where | C N be Hilbert spaces and let H = @, ., H,.
For every i € [, let fi: Hj — ]—o0, +00]. Let

f: H = |00, +o0] : x = (xi)ies = Y filx))
iel
Then,
(V” = (ui)ier € H) *(u) = Z (ui) -

i€l

Proof: Let u = (uj)ic; € H. We have

f*(U):§25<X\ u) — f(x)

= sup Z (xi | ui) — fi(x;)

x=(x;)iciEH iel

= Z sup (x; | uj) — fi(x;)

iel Xi€Hi

= St (w).

iel



Conjugate: example

Let H be a Hilbert space and C C H.
oc is the support function of C if

(VueH) oc(u) =sup (x| u)
xeC

*

= ¢ (u).

A Ls,,5, (%) roc(u)

A\
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Let H be a Hilbert space and C C H.
oc is the support function of C if

(VueH) oc(u) =sup (x| u)
xeC

*

= ¢ (u).

roc(u)

\

<
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Let H be a Hilbert space and C C H.
oc is the support function of C if

(VueH) oc(u) =sup (x| u)
xeC
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Proximity operator: support function

Support function :

Let H be a Hilbert space and C C H be nonempty closed convex.
(Vx € H) prox,. = Id — Pc.




Conjugate: example

0x ifx<0
o Let f: R — ]—00,+00]: x = ¢ 0 ifx=0
dox if x>0
with —oco < 41 < 0y < +00.
Then, f = o¢ where C is the closed real interval such that inf C = §;

et sup C = 9».
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0x ifx<0
o Let f: R — ]—00,+00]: x = ¢ 0 if x=0
dox if x>0
with —oco < 41 < 0y < +00.
Then, f = o¢ where C is the closed real interval such that inf C = §;
et sup C = 9».

e Let f be a ¢9 norm of RN with g € [1, +o0].
We have f = o¢ where

C={yeR"||yle <1} withl+L=1



Conjugate: example

0x ifx<0
o Let f: R — ]—00,+00]: x = ¢ 0 if x=0
dox if x>0
with —oco < 41 < 0y < +00.
Then, f = o¢ where C is the closed real interval such that inf C = §;
et sup C = 9».

e Let f be a ¢9 norm of RN with g € [1, +o0].
We have f = o¢ where

C={yeR"||yle <1} withl+L=1

Particular case: ¢! norm of RV : C =[-1,1]V.



Proximity operator: existence and uniqueness

Let f € [o(#) and v € ]0, +o0|.
For every x € H, there exists a unique vector p € ‘H such that

1 1
f —lp—x|? = Ay — x||?.
(p) + 2ﬂyllp x| (v) + 27||y x|

inf f
yeEH

Proof: f € Tg(H) < f* € To(H). Thus, there exists u € H such that
f*(u) € R. According to Fenchel-Young inequality, we have

(YyeH)  fly)>(uly)—f(u).

Then, f(y)+ (29)7 Yy — x||> = +oc when |ly|| — +oo.

Furthermore (27)7!|| - —x||? being strictly convex, f + (2v)7!| - —x]|?

is a strictly convex coercive function.



a-averaged operator: example

Let H be a Hilbert space, f € I'g(H), v €]0,2].
If f is differentiable with a v-lipschitzian gradient then, Id — Vf is a v/2-
averaged operator.

Remark : Id — V£ denotes the gradient descent operator.

10



a-averaged operator: example

Proof : 1) Descent lemma

For every (x,y) € H? and t € R, let p(t) = f(x + t(y — x)).
@ is differentiable and ¢'(t) = (y — x | Vf(x + t(y — x))). We have then

o(1) - 9(0) = / o (t)dt

& Fy) = ()= by = x| VA = [ty =x| VF(x+ ely =) = V()
But, according to the Cauchy-Schwarz inequality,
(y =x | Vi(x + t(y —x)) = VFf(x))

< |ly = x[[IVF(x + t(y — x)) = VF(X)|| < tv]ly — x|
This leads to

(V0o y) € H2) () < FO) + {y = x | VA()) + 2lly = xI2.

11



a-averaged operator: example

Proof : 2) Id — Vf is a-averaged
From the descent lemma, for every (x,y, z) € H3,

Fr(VE(y)) 2 (z | Vi(y)) — f(2)
> (2| VF(y) = V() + (x| VF(x)) = £() = Sllz = x]”.
Moreover, according to the Fenchel-Young inequality,
(x| VF(x)) = f(x) = £7(VF(x)).

Thus,

F(VE() 2 (z | VE(y) = VFR) + £ (VF(x) = 51z = x|

11



a-averaged operator: example

Proof : 2) Id — Vf is a-averaged
Thus,

F(VF(y)) 2 (z | VF(y) = V() + F(VF() = 51z = x|
= F*(VF()) + (x| VF(y) = V() + (2 = x | VF(y) = VF(x)) = 2]z —xI%.
This yields
F(VE(Y)) 2F(VF(9) + (x| VF(y) = VF(x)
+ (- 11/2)" (VF(y) = VF())
>F(VF(0) + (x| VF(y) = () + 5| F(y) — VAP

Consequently,

FVF)) 2 PV + (x| V) = Vi) + oo V() = VA2

11



a-averaged operator: example

Proof : 2) Id — Vf is a-averaged
For every (x,y) € H?,

FVF)) 2 FVF) + (x| Vi) = Vi) + o= IV Fly) = VI
and symmetrically
FE(VE(x) = (V) + (v | VE(x) = VI(y)) + %HW(X) — V)%
By summing
—ly — x| VF(y) — VFG) + 2|V F(x) ~ TE)IP <0

It results that

1-v/2
v/2

I(1d = VF)x — (Id = VF)y|* + IVE(x) = VEW)I? < llx = yII*.

11
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Fenchel-Rockafellar duality

Primal problem

Let H and G be two real Hilbert spaces.
Let f: H — ]—o00,+00], g: G = ]—00,+0]. Let L € B(H,G).
We want to

inimize f Lx).
minimize (x) + g(Lx)

Dual problem

Let H and G be two real Hilbert spaces.
Let f: H — ]—o00,4+00], g: G = |—00,+0]. Let L € B(H,G).
We want to

minimize f*(—L"v)+ g*(v).
veg




Fenchel-Rockafellar duality

Weak duality
Let H and G be two real Hilbert spaces.

Let f be a proper fonction from H to |—o0, +00], g be a proper function
from G to |—o0,+0o0], and L € B(#H,G). Let

w = inf f(x)+g(Lx) and p* = inf F*(—L"v)+g*(v).
xEH veg

We have p > —p* . If p € R, p+ p* is called the duality gap.




Fenchel-Rockafellar duality

Weak duality
Let H and G be two real Hilbert spaces.

Let f be a proper fonction from H to |—o0, +00], g be a proper function
from G to |—o0,+0o0], and L € B(#H,G). Let

— inf f L d p* = inf F(—L* “(v).
[l = inf f(x)+g(bx) and g = inf F(—L7v)+g"(v)

We have p > —p* . If p € R, p+ p* is called the duality gap.

Proof: According to Fenchel-Young inequality, for every x € H and v € G,

f(x)+g(lx)+ f*(—=L"v)+g"(v) > (x| =L"v) + (Lx | v) = 0.



Fenchel-Rockafellar duality

Strong duality

Let H and G be two real Hilbert spaces.

Let f € To(H), g € To(9), and L € B(H,G).

If int (dom g) N L(dom f) # & or dom g Nint (L(dom f)) # &, then

p = infeer f(x) + g(Lx) = — minyeg £*(—L*v) + g*(v) = —p* .




Fenchel-Rockafellar duality

Duality theorem (1)
Let H and G be two real Hilbert spaces.
Let f € To(H), g € T0(G), and L € B(H,G).

zer (Of + LOgl*) # @ & zer ((—L)Of*(—L*) + 0g*) # @.




Fenchel-Rockafellar duality

Duality theorem (1)
Let H and G be two real Hilbert spaces.
Let f € To(H), g € T0(G), and L € B(H,G).

zer (Of + LOgl*) # @ & zer ((—L)Of*(—L*) + 0g*) # @.

Proof:
(Ix € H) 0€ OF(x) + L*0g(lx) < (3xeH)(Iv € G) {—L*v € Of (x)
v € 0g(Lx)
X € OF*(—L*V)
Lx € g*(v)
& (veg)  0e-Laf(~L*v)+dg*(v).
4

& (X eH)3veq) {



Fenchel-Rockafellar duality

Duality theorem (2)
Let H and G be two real Hilbert spaces.
Let f € To(H), g € T0(G), and L € B(H,G).

e If there exists X € H such that 0 € 9f(x) + L*0g(LX), then X is a
solution to the primal problem. Moreover, there exists a solution v to
the dual problem such that —L*v € 9f(X) and Lx € dg*(V) .

e If there exists (X, V) € H x G such that —L*v € Jf(X) and
Lx € 0g*(V) then X (resp. V) is a solution to the primal (resp. dual)

problem.

If (x,V) € H x G is such that —L*v € 0f(x) and Lx € dg*(V),
then (X, V) is called a Kuhn-Tucker point.




Augmented Lagrangian method

ADMM algorithm (Alternating-direction method of multipliers)

= Lagrangian interpretation

imize f ! - imize f
minimize (x) + g(Lx) Iilé?iglelzge (x) +&(y)
x=y

Lagrange function:

(V(x,y,v) € Hx G?) L(x,y,z) =f(x)+g(y)+ (z | Lx —y)

where z € G denotes the Lagrange multiplier.



Alternating-direction method of multipliers

A~

Idea: iterations for finding a saddle point (X, y, Z)

Xp € Argmin L(-, yp, zp)
(Vn € N) Yn+1 € Argmin L(xp, -, 2,)

Vp41 such that L(Xna Yn+1, Vn+1) > »C(Xm)/nJrlv Vn)‘

But the convergence is not guaranteed in general !



Alternating-direction method of multipliers

A~

Idea: iterations for finding a saddle point (X, y, Z)
Xp € Argmin L(+, yn, z)

(Vn e N) Ynt+1 € Argmin L(xp, -, )
Vnt1 such that £(xn, Ynt+1, Vat+1) = L(Xn, Yn+1, Va)-

But the convergence is not guaranteed in general !
Solution: introduce an Augmented Lagrange function.
Let v € ]0, +o0[, we define
(V(x,y,2) € H x G) L(x,y,2) =f(x) + g(y) +7(z | Lx — y)
+ 3l = y?

The Lagrange multiplier is v = vz .



Alternating-direction method of multipliers

Algorithm for finding a saddle point:

Xp = argmin  L(x, yn, Zn)
XEH

(Vn € N) Vo1 = argmin L(xp, v, zn)
y€eg

zpy1 such that £(Xp, Ynt1, Zn+1) = L(Xns Ynt+1s Zn)-

By performing a gradient ascent on the Lagrange multiplier,

Xp = argmin f(x)+y(zn | Lx — yn) + %HLX fy,,H2
xXEH

(Vn € N) yar1 = axgmin. g(y) +7 {zn | bxa =) + 3l1bx0 — yI*
yve
Znt1 = Zp + %Vzﬁ(xm)/nﬂa Zn)
X, = argmin 3 ||Lx — y, + zal? + %/f(x)
xEH

& (VheN) Yn+1 = proxe (z, + Lxp)
¥

Znt1 = Zn + Lxn — Ynt1-



Augmented Lagrange method

ADMM algorithm (Alternating-direction method of multipliers)
Let H and G be two Hilbert spaces. Let f € ['o(#) et g € ['0(G) .

Let L € B(H,G) such that L*L is an isomorphism and let v € |0, +o0|.

X, = argmin 3 ||Lx — y, + za|I* + %f(x)
XEH

Sp = Lx,

(Vn e N)
Yn+1 = pI"OXg (Zn + Sn)

Zn+1 = Zn + Sn — Yn+1-




Augmented Lagrange method

ADMM algorithm (Alternating-direction method of multipliers)
Let H and G be two Hilbert spaces. Let f € ['o(#) et g € ['0(G) .
Let L € B(H,G) such that L*L is an isomorphism and let v € |0, +o0|.

We assume that int (dom g)NL(dom f) # & or dom gNint (L(dom f)) # &
and that Argmin(f + go L) # @. Let

X, = argmin 3 ||Lx — y, + zo||? + %f(x)
XEH
(Vn € N) sn = bxn
Yn+1 = pI"OXg (Zn + Sn)
We have Zn+1l = Zn + Spn — Ynt1-
e VE:

e x, — X where X € Argmin(f + go L)
® vz, — V where v € Argmin(f* o (—L*) 4+ g*).




Augmented Lagrangian method

ADMM algorithm (Alternating-direction method of multipliers)
= Douglas-Rachford for the dual problem

Let % and G be two Hilbert spaces. Let f € [o(H) and g € [4(G).
Let L € B(H,G) such that L*L is an isomorphism and let v € ]0, 4o0|.
The Douglas-Rachford iterations to minimize 7* o (—L*) 4 g* are

Vi = Prox

~g* up

(VneN) Wp = PIOX. fxo(—p#)(2Vn — Un)

Upt1 = Up + Wp — Vv

10



Augmented Lagrangian method

ADMM algorithm (Alternating-direction method of multipliers)
= Douglas-Rachford for the dual problem

Let % and G be two Hilbert spaces. Let f € [o(H) and g € [4(G).
Let L € B(H,G) such that L*L is an isomorphism and let v € ]0, 4o0|.
The Douglas-Rachford iterations to minimize 7* o (—L*) 4 g* are

Vp = Up — yproxrlg(wflun)
(Vn € N) 2vp — up — wp € YO(F* o (—L*))wi

Upt1 = Up + Wp — Vp

10



Augmented Lagrangian method

ADMM algorithm (Alternating-direction method of multipliers)
= Douglas-Rachford for the dual problem

Let % and G be two Hilbert spaces. Let f € [o(H) and g € [4(G).
Let L € B(H,G) such that L*L is an isomorphism and let v € ]0, 4o0|.
The Douglas-Rachford iterations to minimize 7* o (—L*) 4 g* are

Va = Up — YProx,—1, (Y un)
(Vn € N) 2Vp — Up — Wp € —yL o OFf* o (—L*)w,

Upt1 = Up + Wy — Vv

10



Augmented Lagrangian method

ADMM algorithm (Alternating-direction method of multipliers)
= Douglas-Rachford for the dual problem

Let % and G be two Hilbert spaces. Let f € [o(H) and g € [4(G).
Let L € B(H,G) such that L*L is an isomorphism and let v € ]0, 4o0|.
The Douglas-Rachford iterations to minimize 7* o (—L*) 4 g* are

Vp = Up — Vprox,rlg(y_lu,,)

(Vn € N) 2Vy, — Up — Wy € —yLo OFf* o (—L")w,
Xp€

Upt1 = Up + Wy — Vv

10



Augmented Lagrangian method

ADMM algorithm (Alternating-direction method of multipliers)
= Douglas-Rachford for the dual problem

Let % and G be two Hilbert spaces. Let f € [o(H) and g € [4(G).
Let L € B(H,G) such that L*L is an isomorphism and let v € ]0, 4o0].
The Douglas-Rachford iterations to minimize * o (—L*) 4+ g* are

Vp = Up — wprox,yflg(w_lu,,)
2vp — Uup — wp = —ylx,

Xp € OF*(— L wp)

(Vn e N)

Upt1 = Up + Wp — Vp

10



Augmented Lagrangian method

ADMM algorithm (Alternating-direction method of multipliers)
= Douglas-Rachford for the dual problem

Let % and G be two Hilbert spaces. Let f € [o(H) and g € [4(G).
Let L € B(H,G) such that L*L is an isomorphism and let v € ]0, 4o0].
The Douglas-Rachford iterations to minimize * o (—L*) 4+ g* are

Vp = Up — wprox,yflg(w_lu,,)
2vp — Uup — wp = —ylx,

—L*w, € Of(xp)

(Vn e N)

Upt1 = Up + Wp — Vp

10



Augmented Lagrangian method

ADMM algorithm (Alternating-direction method of multipliers)
= Douglas-Rachford for the dual problem

Let % and G be two Hilbert spaces. Let f € [o(H) and g € [4(G).
Let L € B(H,G) such that L*L is an isomorphism and let v € ]0, 4o0|.
The Douglas-Rachford iterations to minimize 7* o (—L*) 4 g* are

Va = Up — YProx, -1, (¥ tn)
(Vn € N) L*(up — 2v, — yLxp) € Of(xn)

Upt1 = Up + Wy — Vj

using y, = '7_1(Un — Vp) and z, = 7_1Vn

10



Augmented Lagrangian method

ADMM algorithm (Alternating-direction method of multipliers)
= Douglas-Rachford for the dual problem

Let % and G be two Hilbert spaces. Let f € [o(H) and g € [4(G).
Let L € B(H,G) such that L*L is an isomorphism and let v € ]0, 4o0|.
The Douglas-Rachford iterations to minimize 7* o (—L*) 4 g* are

Vn = proxflg(v_lu,,)
(Vn € N) L*(yn — 20 — Lxp) € 20f(xn)
Unt1 = 7YZn + 7Lxn

10



Augmented Lagrangian method

ADMM algorithm (Alternating-direction method of multipliers)
= Douglas-Rachford for the dual problem

Let % and G be two Hilbert spaces. Let f € [o(H) and g € [4(G).
Let L € B(H,G) such that L*L is an isomorphism and let v € ]0, 4o0|.
The Douglas-Rachford iterations to minimize 7* o (—L*) 4 g* are

Yn = proxrlg(fy_lu,,)

(Vn € N) anargrgin %HLX_yn‘FZnH2+%f(X)
S

Upt1 = YZn + YLX,

10



Augmented Lagrangian method

ADMM algorithm (Alternating-direction method of multipliers)
= Douglas-Rachford for the dual problem

Let % and G be two Hilbert spaces. Let f € [o(H) and g € [4(G).
Let L € B(H,G) such that L*L is an isomorphism and let v € ]0, 4o0|.
The Douglas-Rachford iterations to minimize 7* o (—L*) 4 g* are

X, = argmin % ILx — yn + z,,H2 + %f(x)
XEH

(Vn € N) sn = Lxn
Yn+1 = prOX% (Zn + Sn)

Zn+1 = Zn + Sn — Yn+1-




Primal-dual optimization algorithm : min, f(x) + h(x) + g(Lx)

Condat-Vii algorithm:

Pn = ProxX ¢ (xn — 7(Vh(xn) + L*vy))
(Vn € N) Jn = ProX, g« (Vo + o (L(2pn — xn)))
(Xn—&-la Vn+1) = (Xm Vn) - )\n((pna qn) - (Xn, Vn))'

e Remark:
*he CHH)
* No operator inversion.
* Allow the use of proximable or/and differentiable functions.
* Convergence when 1 —o||L[|> > %
* Xy — )?eArgmin(f—l—h—i—goL)

11




Primal-dual optimization algorithm : min, f(x) + h(x) + g(Lx)

Condat-Vii algorithm: = Chambolle-Pock algorithm

Pn = ProxX ¢ (xn — 7(Vh(xn) + L*vy))
(Vn € N) Qn = ProX,gs (Vo + o (L(2pn — xn)))
(Xn—&-la Vn+1) = (Xm Vn) aF )\n((pna qn) - (Xn, Vn))'

e Remark:

* When h =0, \, =1 and o7]||L||? < 1, this yields the
Chambolle-Pock algorithm.
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Primal-dual optimization algorithm : min, f(x) + h(x) + g(Lx)

Condat-Vii algorithm: = Chambolle-Pock algorithm

Xp4+1 = PrOX,¢ (X,, —7L* v,,)
(Vn e N) Vn = 2Xn11 — Xn

Vnt1 = ProX,g» (v,7 + aLyn).

e Remark:

* When h =0, \, =1 and o7]||L||? < 1, this yields the
Chambolle-Pock algorithm.
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Primal-dual optimization algorithm : min, f(x) + h(x) + g(Lx)

Condat-Vii algorithm: =- Forward-backward algorithm

Pn = ProxX £ (xn — 7(Vh(xn) + L*vy))
(Vn € N) Gn = Proxygs (Vo + 0 (L(2pn — Xn)))
(Xn—&-la Vn+1) = (Xm Vn) - )\n((pna qn) - (Xn, Vn))'

e Remark:
* When h =0, \, =1 and o7]||L||? < 1, this yields the
Chambolle-Pock algorithm.
* When g = 0 and L = 0, this yields the forward-backward algorithm.
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Primal-dual optimization algorithm : min, f(x) + h(x) + g(Lx)

Condat-Vii algorithm: =- Forward-backward algorithm

(v € N) Pn = ProxX,¢(xn — TV h(xp))
Xnt1 = Xn + Ap (Pn - Xn))'

e Remark:
* When h =0, A\, =1 and o7||L||> < 1, this yields the
Chambolle-Pock algorithm.
* When g = 0 and L = 0, this yields the forward-backward algorithm.
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Primal-dual optimization algorithm : min, f(x) + h(x) + g(Lx)

Condat-Vii algorithm: = Douglas-Rachford algorithm

Pn = ProxX ¢ (xn — 7(Vh(xn) + L*vy))
(Vn € N) Jn = ProX, g« (Vo + o (L(2pn — xn)))
(Xn—&-la Vn+1) = (Xm Vn) aF )\n((pna qn) - (Xn, Vn))'

e Remark:
* When h =0, \, =1 and o7]|L||? < 1, this yields the
Chambolle-Pock algorithm.
* When g = 0 and L = 0, this yields the forward-backward algorithm.
*In the limit case when h=0, A\, =1, L =1d and o = 1/7, this
yields the Douglas-Rachford algorithm.
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Primal-dual optimization algorithm : min, f(x) + h(x) + g(Lx)

Condat-Vii algorithm: = Douglas-Rachford algorithm

Xp41 = PIOX, ¢ (x,, — TVn)
(Vn € N) Sn = ProX,, (2X,,+1 — (xn — Tv,,))

Xp+1 — TVp+l = (Xn - 7'Vn) + Sp — Xn+1

e Remark:
* When h =0, A, = 1 and o7]|L||? < 1, this yields the
Chambolle-Pock algorithm.
* When g = 0 and L = 0, this yields the forward-backward algorithm.
*In the limit case when h=0, A\, =1, L =1d and o0 = 1/7, this
yields the Douglas-Rachford algorithm.
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Optimization algorithms

Forward-Backward L+ h fi grad. Lipschitz [Combettes,Wajs,2005]
prox;,
ISTA h+h fi grad. Lipschitz | [Daubechies et al, 2003]
o= Al
Douglas-Rachford i+ h proxg [Combettes,Pesquet, 2007]
Proxg,
PPXA PO Prox, [Combettes,Pesquet, 2008]
ADMM S fiol; prox; [Eckstein, Yao, 2015]
Cr, L)
Chambolle-Pock fi+fholy proxy [Chambolle, Pock, 2011]
Proxg,
Condat-Vi ftholstf prox;, [Condat, 2013][Vii, 2013]
prox,

f3 grad. Lipschitz

12



https://pcombet.math.ncsu.edu/mms1.pdf
https://arxiv.org/abs/math/0307152
https://pcombet.math.ncsu.edu/jstsp1.pdf
https://pcombet.math.ncsu.edu/inv2.pdf
http://www.optimization-online.org/DB_HTML/2015/06/4954.html
https://link.springer.com/article/10.1007/s10851-010-0251-1
https://www.gipsa-lab.grenoble-inp.fr/~laurent.condat/publis/Condat-optim-JOTA-2013.pdf
https://link.springer.com/article/10.1007/s10444-011-9254-8

