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Deep learning: generalities
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(extracted from: datasciencepr.com)

e Deep networks are composed of a stack of layers.
e Each layer is composed with linear transforms (e.g. convolution,

pooling), nonlinear transforms (i.e. activation functions).


https://datasciencepr.com/convolutional-neural-network/

Feedforward neural network model

e Database: S = {(up,z) e Hx G | L€ {l,...,L}}
e Goal: Learn a prediction function dg
I
©c Argmm E(©): Z Zg,d@ Ug (1)

E:

e Feedforward neural network model:

de(ug) = pI (WK B wlly,  plly . plKT)

where for every k € {1,..., K},
e WIX denotes a weight matrix,
e bl is a bias vector,
e 74l is the nonlinear activation function.



Standard activation functions

e Most basic: n = Id = prox,

e Saturated linear activation function: n = prox,  with C =[-1,1],

e Rectified linear unit (ReLU): n = prox, . with C = [0, +o0,

e Parametric Rel U,

e Bent identity,

e Inverse square root,

e Unimodal sigmoid

e Elliot function

e Softmax
— Most of activation functions are proximity operators.
— Exhaustive list in P. L. Combettes and J.-C. Pesquet, Deep neural
network structures solving variational inequalities, Set-Valued and
Variational Analysis, vol. 28, pp. 491-518, September 2020. [PDF]


https://pcombet.math.ncsu.edu/svva5.pdf
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Feedforward neural network model

e Database: S = {(uy,z) € Ho x Hk | £€{1,...,L}}

e Goal: Learn a prediction function dg

/
©c Argmln E(©) : E zp,de( Uﬁ
Z:
e Feedforward neural network model:

do(ug) = I (WD pil(witly, + plily 1 plK)

where for every k € {1,..., K},
e WIX denotes a weight matrix,
o bl is a bias vector,
e 7Kl is the nonlinear activation function.



Feedforward neural network model

e Database: S = {(Ug,Zg) € Ho x Hk | le {1,...,L}}

e Goal: Learn a prediction function dg
I
Oc Argmln E(©): Z zp, do( ue
e:

e Feedforward neural network model:

de(ur) = proxyk (W[K] . .proxE,[L(W[llu + bty .+ b[K])

where for every k € {1,...,K},
e W!K denotes a weight matrix,
e bkl is a bias vector,
e 7Kl is the nonlinear activation function.
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Feedforward neural network model

e Database: S = {(Ug,Zg) € Ho x Hk | le {1,...,L}}

e Goal: Learn a prediction function dg
I
Oc Argmln E(©): Z zp, do( ue
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e Feedforward neural network model:

de(ur) = proxyk (W[K] . .proxE,[L(W[llu + bty .+ b[K])

where for every k € {1,...,K},
o WIK: 24, 1 — H, denotes a bounded linear operator,
e blKl € 74, is a bias vector,
o K € To(Hy).



Feedforward neural network model

e Database: S = {(U[,Z[) € Ho X Hk ‘ ted{l,..., L}}
e Goal: Learn a prediction function dg
¢ Argmln E(© Z f(z¢,do(ue))

e Feedforward neural network model:

de(ue) = proxx (W[K] .. .prox[l] (W[1] ug+ by 4 b[K])

where for every k € {1,..., K},
e WK 72,1 — H, denotes a bounded linear operator,
e bkl € H, is a bias vector,
o I € Mo(Hy).

— This model allows to derive tight Lipschitz bounds for feedforward
neural networks in order to evaluate their stability.
More details in P. L. Combettes and J.-C. Pesquet, Deep neural network structures solving

variational inequalities, Set-Valued and Variat. Anal., vol. 28, pp. 491-518, 2020. [PDF]5


https://pcombet.math.ncsu.edu/svva5.pdf

Unfolded Forward-Backward

e Reminder: One iteration of Forward-Backward to solve

minimize f(x) + g(x)
X

is, for some v > 0, | xx41 = prox,, (xx — vV f(xk))

e Specific case: Considering the specific minimization problem
1
minimizeEHAx — 2|3 4+ \||x|1
X

the iteration are
Xie+1 = POXyx |, (Xk = VA" Axic + 7A"2)

= prox, ., (I = yA"A)xk +vA*z)
which can be equivalently written Wik —1_ VA* A

Xkl = n[k](W[k]Xk + b[k]) where plkl = yA*z

6
= prox, .,



Unfolded Condat-Vii splitting algorithm

e Reminder: One iteration of Condat-Vii splitting to solve
Ininixmize f(x) + g(Lx)
is, for some 0,7 > 0,
Xpr1 = xk — TV (xk) — 7L  yi

Yk+1 = PrOX 4 (yk + oL(2xk41 — xk))

e Specific case: Considering the specific minimization problem
1
minimize§||Ax — 2|3 4+ M| Lx||1
X

the iteration are
Xk+1 = Xk — TA*(AXk — Z) — TL*yk

Yk+1 = PIOX 4 (yk + oL(2xk41 — xk))



Unfolded Condat-Vii splitting algorithm

e Specific case: Considering the specific minimization problem
1
minimize§||Ax — 2|2 4+ M| Lx||1
X

the iteration are
Xpr1 = xk — TA (Axx — z) — 7L  yi

Yk+1 = PIOX 4 (yk + oL(2xk11 — xk))

or equivalently

Xkp1 = (Id = TA*A)xk — 7L yi + TA™z

Yir1 = Proxy .« (eL(Id = 27 A" A)xi + (Id — 270 LL*)yk + 270 LA*z).
which can be equivalently written e = (s i)

B < Id — TA*A —TL* )
D E
ol(Id — 27A*A)  Id — 2rolLL*

ki1 = n[k](W[k] U + b[k]) where ol _ [ TAZ )
270LA* 7

"l _ 1d )
L <prox0” o 8



Unfolded Condat-Vii splitting algorithm

e Reminder: Predictor designed from proximal algorithm

do(ug) = nK (DT (DB y, 4 pBTY . 4 plKT)

e Learn the parameters ©: The parameter to learn can be the

algorithmix step-size v but also DIl or Ik,

e Algorithmic strategy: based on stochastic gradient descent to estimate

i
Z f Zg,d@ Ug

(=1

|n

~l=

— require the computation of the gradient of fg (backpropagation
strategy, automatic differentiation)



olded Condat-Vii splitting algorithm

e Image restoration on MNIST database: original X, degraded z, restored ones by
EPLL, TV, NLTV, IRCNN, MWCC, and the proposed full DeepPDNet (K = 6).

(first row) uniform 3 x 3 blur and Gaussian noise with o = 20,
(second row) uniform 5 x 5 blur and Gaussian noise with o = 20,

(third row) uniform 7 x 7 blur and Gaussian noise with o = 20.

EPLL TV NLTV IRCNN  MWCNN Full DeepPDNet

— Results extracted from M. Jiu and N. Pustelnik, A deep primal-dual proximal network

10
for image restoration, accepted to IEEE JSTSP, 2021. [PDF]
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https://arxiv.org/pdf/2007.00959.pdf

Unfolded Condat-Vi splitting algorithm:

¢ Image restoration on MNIST database: Performance PSNR/SSIM
for different configurations.

3 X 3 Blur 5 x 5 Blur 7 X 7 Blur
Data Method a =10 a =20 a =30 a =20 a =20
PSNR/SSIM | PSNR/SSIM | PSNR/SSIM | PSNR/SSIM | PSNR/SSIM
EPLL [18] 24.02/0.8564 | 20.99/0.7628 | 19.05/0.6871 | 16.42/0.5629 | 13.97/0.3265
TV [8] 25.07/0.8583 | 19.58/0.7004 | 18.86/0.6681 18.86/0.6681 16.31/0.5665
NLTV [57] 25.49/0.8697 | 21.98/0.7738 | 20.73/0.7353 | 20.73/0.7353 | 16.79/0.6228
MNIST MWCNN [58] 19.16/0.7219 | 18.53/0.6782 | 17.78/0.6499 | 15.83/0.5343 | 13.04/0.3175
IRCNN [59] 28.52/0.8904 | 25.00/0.8193 | 22.63/0.7723 | 21.46/0.7698 | 18.29/0.6546
Partial DeepPDNet | 23.67/0.8366 | 22.03/0.7983 | 20.93/0.7750 | 17.96/0.6534 | 16.21/0.5505
Full DeepPDNet 27.40/0.9410 | 25.09/0.9254 | 23.61/0.9097 | 22.43/0.8738 | 20.43/0.8157

— Results extracted from M. Jiu and N. Pustelnik, A deep primal-dual proximal
network for image restoration, accepted to IEEE JSTSP, 2021.
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Unfolded Condat-Vi splitting algorithm: robustness

e Image restoration on MNIST database: Robustness to additional

noise.

MWCNN IRCNN Full DeepPDNet z+&  MWCNN IRCNN  Full DeepPDNet

— Results extracted from M. Jiu and N. Pustelnik, A deep primal-dual proximal
network for image restoration, accepted to IEEE JSTSP, 2021.



Optimization
Part VIII: Recent advances (Acceleration,
non-convexity, stochastic)

Nelly Pustelnik

CNRS, Laboratoire de Physique de I'ENS de Lyon, France

—_— i — ’l’

ENS DE LYON
ENS de LYON



Make algorithms faster



Acceleration: Nesterov acceleration

Beck-Teboulle proximal gradient algorithm (FISTA) [Beck, Teboulle,2009]:

e Goal: minyey f(x) + g(x) with f is v-Lipschitz differentiable.

e Iterations: Let v €]0,1/v[, xo = 20 € H, tp = 1, and

Xp41 = ProX. . (zn — YV £(zn))

" 14+4/4t2+1
1 = ——u
(Vn € N) " L
_ th—
)\n - th+1

Znyl = Xpg1 + /\n(Xn+1 - Xn)'

e Guarantees:

- Convergence of (f(x,) + g(xn))nen with rate O(1/n?).
- Convergence of (x,)ncn not secured theoretically. 1


https://epubs.siam.org/doi/abs/10.1137/080716542?journalCode=sjisbi

Acceleration: Nesterov acceleration

Chambolle-Dossal proximal gradient algorithm [Chambolle,Dossal,2015]:
e Goal: minyey f(x) + g(x) with f is v-Lipschitz differentiable.

e Iterations: Let v €]0,1/v[, xo =20 € H, a > 2, and

Xp+1 = Proxg-1,(zn — B~IVF(z,))

(Vn e N) )\n:%

Znyl = Xpg1 + /\n(Xn+1 - Xn)'

e Guarantees:

- Convergence of (f(x,) + g(xn))nen with rate O(1/n?).
- Weak convergence of (xp)nen-


https://hal.inria.fr/hal-01060130v3

Acceleration: strong convexity

Chambolle-Pock algorithm [Chambolle,Pock,2011]:
e Goal: min,cy f(x) + g(Lx).

o Iterations: Let xg € H and yy € G. Set 19, 0g > 0 with Tol|L||* < 1,

Yn+1 = ProX, g+ (Yn + onlXpy)
Xn41 = Prox, (X, — ThL*yn)
0, =1/y/142y7,

Th+1 = 0n7n

(Vn e N)

On+l1 = 0',7/9,7

Xnt+1 = Xn+1 + Hn(xn—',-l - Xn)

e Guarantees:

- O(1/n?) convergence rate.
- Convergence of (xp)nen secured theoretically. 3


https://link.springer.com/article/10.1007/s10851-010-0251-1

we obtain the results
withA =0

Mask Image / Leaders coefs. Lj.» h when A =0 the estimate fails
in performing a
Dx=d+x segmentation
~ A>0
X =arg mln —@ @2 Al[Dx||y | where €77 brn
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— extracted from B. Pascal, N. Pustelnik, P. Abry, M. Serres, V. Vidal Joint estimation of local
variance and local regularity for texture segmentation. Application to multiphase flow

characterization, IEEE ICIP, Athens, Greece, Oct. 7-10, 2018. [ |


http://perso.ens-lyon.fr/barbara.pascal/icip2018.pdf

Acceleration: strong convexity — lllustration

(d) TLLR (e) i;'ROF (f) ﬁROF

Figure 1: Piecewise homogeneous fractal texture and local variance

and regularity estimates. (a) Synthesis mask (Ho, Xy) = (0.5,0.6) and

(H1,%1) = (0.8,0.65); (b) sample texture (see Section [, (c) and ((}‘l\) linear

regression based estimates of local variance and regularity Drr and hrgy; (e)

and (f) Total variation based estimates of local regularity EROF and segmenta- 5
tion I\/Z'ROF obtained with Alg. m



Acceleration: strong convexity — lllustration

Configuration I Configuration IIT

T-ROF T-joint T-coupled T-ROF T-joint T-coupled
s ~ DFB 96 + 48 > 250 > 250 241118 > 250 > 250
2 £ FISTA 1.7+04 50.2 +21.0 231 +37 3.7+£0.7 48.1+34 > 250
; é PD 318+17.0 > 250 > 250 201 + 69 > 250 > 250
= — AcPD 15104 31.4+4.6 125 + 67 45.2+43 40.5 +2.8 121 + 42
- DFB 1,090+520 4,840%+15 4,210 £+ 76 2,010£73 4,810+215 4,200+ 76
% FISTA 16 +4 1,030 £410 4,800 £ 560 30+5 989 + 64 5,110 + 340
E PD 297+ 150 4,180 £ 69 4,110 + 43 1,580 £490 4,150+18 4,100+ 15
& AcPD 15+4 619496 2,420+1,300| 349+ 330 785 +59 2,320+ 790

Table 2: Number of iterations and computational time necessary to reach
Condition for the different proximal algorithms investigated, illustrated
on two configurations I (AH = 0.2, AX? = 0.1) and III (AH = 0.1, AX? =
0.1). DFB: Dual Forward-Backward, FISTA: inertial acceleration of DFB,
PD: primal-dual, AcPD: strong-convexity based acceleration of PD.



Acceleration: strong convexity — lllustration

(a) Image z € R b) Zoom of z € R (c) PLOVER : § (d) PLOVER : h

(f) Yuan et al [1] (g) Disjoint TV (h) PLOVER

Fig. 3: Multiphase flow image (a) and zooms (b). PLOVER estimates for local variance (c) and regularity (d). State-of-the-art segmentations
applied on z (e) and (f), K-means based segmentation from disjoint estimates (g) and PLOVER (h).




Acceleration: strong convexity — lllustration

Morphological this
I/1o tools collaboration

LOW ACTIVITY*

HIGH ACTIVITY*

" (Q6,01) = (300,300) mL/min  (Qs,Q:) = (1200,300) mL/min



Acceleration: preconditioning

Variable metric forward-backward [Combettes,Vii,2012]:
e Goal: minycy 7(x) + g(Lx).

e Iterations: Let xo € H, v < 2/(Bsup, ||Px||), and

(Vn e N) Xptl = proxfjf (X,, — 'yP,,Vg(xn))

where prox';;(x) = argminy 3(x — y, P(x — y)) + f(y).

e Guarantees:

- Convergence of (xp)nen secured theoretically under specific
assumptions on (Pp)pen. [Chouzenoux et al, 2014]

- Diagonal preconditionner is the more suited choice to have a closed
"
-Primal-dual with preconditioning in [Vi1,2015][Lorentz-Pock, 2015]

form expression of prox

9


https://hal.archives-ouvertes.fr/hal-01076989
https://hal.archives-ouvertes.fr/hal-00789970/file/Article.pdf
https://hal.archives-ouvertes.fr/hal-00826597
https://arxiv.org/abs/1403.3522

Deal with non-convexity




Optimization algorithm: non-convex

Proximal map for nonconvex functions [Rockafellar,Wets,1998]
Let f: RN —] — 00, +oc] be a proper, |.s.c function with infgn f > —oo0.
Given x € RN and v > 0, the proximal map associated to f is defined as

1
prox. ¢(x) = arg min §||X — ul3 +~f(u)

e prox,s(x) is nonempty and compact.
e prox,f(x) is a set-valued map.

e If f is also convex: unicity of prox,¢(x).

10


https://www.springer.com/us/book/9783540627722

Optimization algorithm: non-convex

Gauss-Seidel /alternating minimization/coordinated descent method

[Auslender,1971]
e Goal: min, , V(x,y)

o lterations: Let yp € H.

(Vi € N) Xpt+1 € Argmin, V(x, yn)

Yn+1 € Argminylll(x,,+1,y)

e Guarantees:

- Convergence to a critical point of W if the minimum in each step is
uniquely attained. Else the method may cycle indefinitely without
converging.

- Convergence if W strictly convex w.r.t one argument when the other

one is fixed. "


https://link.springer.com/article/10.1007/BF01397082

Optimization algorithm: non-convex

Proximal reguarization of the Gauss-Seidel scheme
e Goal: min,, V(x,y)

o let yg € H and xp € G. Set ¢, >0 and d, > 0.

Xpi1 € arg miny &(|x — x,[|3 + W(x,
wmery [ e rEmine g lx— B+ u(xy

Ynt1 € argmin, Ly — yul13 + V(xp, ¥)

e Guarantees:

- Until 2000, only convergence of the subsequences can be established
when W convex w.r.t one argument when the other one is fixed.

- [Attouch et al, 2013] convergence of the sequences in the general
nonconvex and nonsmooth setting.

12


https://link.springer.com/article/10.1007/s10107-011-0484-9

Optimization algorithm: non-convex

Proximal Alternating Linearized Algorithm (PALM)
[Bolte et al, 2014]

e Goal: min, , W(x,y) = f(x) + g(y) + H(x, y)

e lterations: Let yp € H and xg € G. Set ¢, > 0 and d, > 0.

1
Xn E 1{0) Xn - 7VXH Xn7 n
(Vn € N) +1 €D Xf/cn( n (Xns ¥n))

Ynt1 € Proxg g (Yo — 32 VyH(Xa11, ¥n))

e Guarantees:

- Convergence to a critical point established under some technical
assumptions.

13


https://link.springer.com/article/10.1007/s10107-013-0701-9

Nonconvexity : example — Mumfor

minimize W(u,e) == L(u;z) + B|(1 —e) ® Du||* + A\R(e)

ue

°
Q

\
N
—

,...,Nl}X{l,...,NQ};

e z ¢ RI¥I: input data = image/graph (eg. z=Au+e);

u € RI%: piecewise smooth approximation of z;

[ ]

e L: data fidelity term convex, |.s.c., proper;

e D e RIEIXIQ models a finite difference operator;

o e c RIEl: edges between nodes whose value is 1 when a contour
change is detected and 0 otherwise;

e R: favors sparse solution (i.e. “short |K|"), convex, |.s.c., proper.

u w  ur €14
u us ug . |

u; ug uy | ({e=1}

1/40
14



Nonconvexity : example — Mumford-Shah

Ground truth

— extracted from M. Foare, N. Pustelnik, and L. Condat, Semi-linearized proximal alternating
minimization for a discrete Mumford-Shah model, IEEE Trans. on Image Processing, vol. 29, pp
2176-2189, Oct. 2019. | |

15


https://hal.archives-ouvertes.fr/hal-01782346v1

Nonconvexity : example — Mumford-Shah

TV

(Strekalovskiy,
Cremers, 2014)

Discret AT
(Foare et al., 2016)

Quadratic-#;

SNR = 22.42 dB
SSIM = 0.855
Time = 1.92s

SNR = 24.67 dB
SSIM = 0.944
Time = 29.25 s

SSIM = 0.867
Time = 19925

SNR = 2343 dB

SNR = 23.75 dB
SSIM = 0.877
Time = 57.84s

16



Nonconvexity : example — Mumford-Shah

Convergence PALM versus SL-PALM: W(ul’l ell) w.rt. iterations ¢

200 ‘ ‘
| — PALM, d; = 1.01 % 3||D|?
\ SL-PAM, dj, = 1.01 = 3||D|?
\ -= SL-PAM, d}, = 1.01  3||D||? » 10!
\ — SL-PAM, d;, = 1.01 = 3| D||? » 10~2
150 | ‘\ wn SL-PAM, dj, = 1.01 % 3||D||2 1073
\
\
\,
N\
™ ~
100 | esiibissesererssssssssssssstssssersrere s s i PETTTTTITIIRII I

17



Handle with large scale problems




Stochastic optimization

Stochasticity appears in optimization from different problems:

e intrinsically stochastic problem [Robbins-Monro, 1951]
min Eueo [f(x,w)], solved by xtk+1 = xIK — v £(xIK ),
Xe

where w denotes realizations of a random process.

18



Stochastic optimization

Stochasticity appears in optimization from different problems:

e intrinsically stochastic problem [Robbins-Monro, 1951]
min Eueo [f(x,w)], solved by xtk+1 = xIK — v £(xIK ),
Xe

where w denotes realizations of a random process.

e separable variables problems (random block-coordinate strategies)

N
Z x;), solved by xM<H = XKl _ ~ v (x [])7

m|n —
x=(x)en N
where i, : Q — {1,..., N} is a sequence of random indices s. t.,

(VK) (Vi), Plix = i] = 1/N.

18



Convergence rates

Stochastic gradient descent (a.k.a Robbins-Monro)

Xl = [k of (x40

Tk

Classical setting v« = Ck—* [Bach-Moulines, 2011]

19


http://papers.nips.cc/paper/4316-non-asymptotic-analysis-of-stochastic-approximation-algorithms-for-machine-learning.pdf

Convergence rates

Stochastic gradient descent (a.k.a Robbins-Monro)

JVILS 2 | I ’Ykaik(X[k])

ik

Classical setting v« = Ck—* [Bach-Moulines, 2011]

e o = 1: not robust to the choice of C.

o O(max{kl/2=3a/2k™ 2k "1y tate for o €]1/3, 1].

e Strongly convex: O(k~1!) rate for a = 1.
Polyak-Ruppert averaging: X, = % Zﬂ;é x[K

e « €]1/2,1] is robust with averaging.

e O(n~'/?) rate with averaging for a = 1/2.

e Strongly convex: O(n~1) rate with averaging for o €]1/2,1[.
19


http://papers.nips.cc/paper/4316-non-asymptotic-analysis-of-stochastic-approximation-algorithms-for-machine-learning.pdf

Convergence rates

Stochastic gradient descent (a.k.a Robbins-Monro)

XU = K, vf, ()

Classical setting v« = Ck—* [Bach-Moulines, 2011]

Example (machine learning): minimization of the empirical risk

I
ZZ (2e, do(ur))
=1

where (up, z))_; is the training dataset.

19


http://papers.nips.cc/paper/4316-non-asymptotic-analysis-of-stochastic-approximation-algorithms-for-machine-learning.pdf

Non-smooth stochastic optimization

Goal: minimization composite non-smooth objective function

N
f(x) = F(x) + AR(x Z 2(xi) + AR(x
=il

where R is a non-smooth regularizer.
Reminder: Standard forward-backward iterations

Ul = PFOXW/\R(X[H - VkVF(X[k]))

Stochastic forward-backward iterations

xlk1l — prokaR(x[k] — % Vfi (%))

where i, : Q — {1,..., N} is a sequence of random indices s. t.,
(Vk) (Vi), Plix =i] =1/N.

20



Stochastic forward-backward convergence

Stochastic forward-backward iterations

xlkl = prokaR(x[k] — % Vi (%))

where i, : Q — {1,..., N} is a sequence of random indices s. t.,
(Vk) (Vi), Plix = i] = 1/N.

e Assumptions

X € arg min f(x) exists.

Let x[ such that E[||x1%|]?] < +oo,

e F is p-strongly convex and R is v-strongly convex with p+ v > 0.
F is S-Lispchitz

Let C >0, @ €]0,1] and v = Ck—* < 11}22/)’

e Results [Rosasco-Villa-Vii, 2014]
e O(n~?) rate for E[||xI"l —x]?].
e Almost sure convergence of (xI"),cn. 21
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