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Fixed point algorithm




Fixed point algorithm: zeros and fixed points

27 is the power set of #, i.e. the family of all subsets of .

Let 7 be a Hilbert space. Let ®: H — 2%.
The set of fixed points of ® is : Fix® = {x € H | x € dx}.
The set of zeros of ® s : zerd = {x € H |0 € dx}.




Fixed point algorithm: convergence

Let H be a Hilbert space.
Let (xk)ken be a sequence in H and X € H.

e (xx)ken converges strongly to X if
li — x| =0.
Jm[[xi = x|

It is denoted by xx — X.

e (xx)ken converges weakly to x if

(Vy e H) lim (y|xx—Xx)=0.

n—-+o00

It is denoted by x, — X.

Remark: In a finite dimensional Hilbert space, strong and weak

convergences are equivalent.



Banach-Picard theorem

An operator ®: H — H is w—Lipschitz continuous for some w € [0, +-o00[
if

(Wx e H)(Vy € H) [|®x = dy[| < wllx —yl].

® is nonexpansive if it is 1—Lipschitz continuous.

Banach-Picard theorem Let w € [0, 1], let ®: H — H be a w—Lipschitz
continuous operator, and let xp € H. Set

(Vk € N) Xk4+1 = dx.
Then, Fix® = {x} for some X € H and we have

(Vk €N) xi — K| < w¥lixo - RII.

Moreover, (xx)ken converges strongly to X with linear convergence rate w.
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Averaged nonexpansive operator

An operator ®: H — H is u—averaged nonexpansive for some y € |0, 1]
if, for every x € H and y € H,

]_ _
0 — @y < Ix— I = (2 ) 1014 - 0)x - (1 - @)y,

® is firmly nonexpansive if it is 1/2—averaged.

® is nonexpansive if and only if ® is 1—averaged.

Theorem Let p € ]0,1[, let ®: H — H be a p—averaged nonexpansive
operator such that Fix® # &, and let xg € H. Set

(Vk € N) Xk+1 = Px.

Then (xx)ken converges weakly to a point in Fix®.




Nonlinear operators

Lipschitzian operators

nonexpansive operators

averaged operators

firmly nonexpansive
operators/resolvents

proximity operators

projection operators

cocoercive
operators

— extracted from [

Fig. 3: Classes of nonlinear operators.



https://arxiv.org/pdf/2008.02260.pdf

Averaged operator: example

Let H be a Hilbert space, f € I'o(H), v €]0, 2].
If f is v-smooth then, Id — Vf is a v/2-averaged operator.

Remark : Id — V£ denotes the gradient descent operator.



Averaged operator: example

Proof : 1) Descent lemma

For every (x,y) € H? and t € R, let (t) = f(x + t(y — x)).
¢ is differentiable and ¢'(t) = (y — x | VFf(x + t(y — x))). We have then

o(1) - 9(0) = / o ()dt

1
& fly) =) =y = x| VF(x)) :/o {y =x | Vf(x +t(y — x)) = VF(x)) dt.
But, according to the Cauchy-Schwarz inequality,
{(y =x | VF(x+ t(y —x)) = VFf(x))
< |ly = xIlIVF(x + t{y = x)) = V)| < tv]ly — x|
This leads to

(VO y) € H) F(y) < F(x) + {y = x | V() + Sy = x|




Averaged operator: example

Proof : 2) Id — Vf is a-averaged

From the descent lemma, for every (x,y,z) € H3,
FH(VE(y)) 2 (z | Vi(y)) — f(2)
1%
> (2 [ VF(y) = VF(x)) + (x| VF(x)) = F(x) = ]z = x|*
Moreover, according to the Fenchel-Young inequality,
(x [ VF(x)) = f(x) = £ (VF(x)).

Thus,

Fr(VE(y)) = (z | VE(y) = VI(x)) + F(VF(x)) - %HZ — x|



Averaged operator: example

Proof : 2) Id — Vf is u-averaged
Thus,

F(VF(y)) 2 (2| VE(y) = V() + £ (VF() = 51z = x]?
= F*(VF()) + (x| VF(y) = V() + (2 = x | VE(y) = V() = 2]z —xI.
This yields
F(VE(y) 2F*(VF(0) + (x| VF(y) = VF(x))
+ (V|- IP/2)" (VF(y) = VF(x))
>FH(VF()) + (x| V() = VF()) + 5 [9F(y) — TFG)P

Consequently,

F(VE(y)) = £5(VF(x)) + (x | VI(y) = VF(x)) + %Hw(y) — V)|
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Averaged operator: example

Proof : 2) Id — Vf is u-averaged
For every (x,y) € H?,

Fr(VE(y)) 2 £ (VF(x) + (x| VF(y) = VF(x)) + %HVf(y) - V()|
and symmetrically
F(VE(x)) = £(VI(y)) + (v | V(x) = VF(y)) + %HW(X) - V)l
By summing
—(y = x| VF(y) = VF(x)) + %IIW(X) — Vf(y)|I? <o.

It results that

1-v/2
v/2

I(1d = VF)x = (1d = V)y||* + IVF(x) = VEW)I? < lIx = yII*.




Averaged operator: example

Let H be a Hilbert space, f € ['o(H).
proxs is a 1/2-averaged operator.




Averaged operator: example

Let H be a Hilbert space, f € ['o(H).
proxs is a 1/2-averaged operator.

Proof:
e We recall that : Of(x) ={uve H|(Vy € H) (y — x|u) + f(x) < f(y)}



Averaged operator: example

Let H be a Hilbert space, f € ['o(H).
proxs is a 1/2-averaged operator.

Proof:
e We recall that : Of(x) ={uve H|(Vy € H) (y — x|u) + f(x) < f(y)}

o Let uy € Of(x1) and uy € Of (x2).
By definition:
(x0 — xq|u1) + f(x1) < f(x)
(x1 = xo|w2) + f(x2) < f(x1)

it results that ’ (x1 —=x0|u1 —uw) >0 ‘




Averaged operator: example

Let H be a Hilbert space, f € ['o(H).
proxs is a 1/2-averaged operator.

Proof:
e We recall that : Of(x) ={uve H|(Vy € H) (y — x|u) + f(x) < f(y)}

o Let uy € Of(x1) and uy € Of (x2).
By definition:
(x0 — xq|u1) + f(x1) < f(x)
(x1 = xo|w2) + f(x2) < f(x1)

it results that ’ (x1 —=x0|u1 —uw) >0 ‘

e Remark : Of is a monotone operator.



Averaged operator: example

Proof :
Let uy € Of(x1) and ur € Of(x2)

(x1i—x|u—w) >0 (q—x|x1—x04u —u) > Hx1—><2H2
We consider uj € (Id + 9f)x; et ub € (Id + Of )xa, it results that
(= xelup —up) > |a — x|
Then, from the definition of the proximity operator,
(prox,uy — proxeuj | uy — up) > ||proxsuy — prox,u ||?
We can deduce that prox, is a 1/2-averaged operator, i.e,

Il h — 3| > [|prosyui — proxup || +1|(Id — prox,)uj — (Id — prox)uj ||
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Composition of averaged operator

Theorem Let D be a nonempty subset of H. Let a3 €]0, 1] and a2 €]0, 1[.
Let &1 : D — D be aj-averaged and ®5 : D — D be ap-averaged.

Then & = &9, is a-averaged with

-2
o A R Bl €]0, 1].
1—ajan

Proof: Extracted from Theorem 26.14 [Bauschke-Combettes, 2017]
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Gradient method

Let f € To(#) and f is v-smooth. We set, for some 7 > 0,

¢ :=1d—-7Vf

e lterations: (Vk € N) xi11 = xx — 7V (xx).

12



Gradient method

Let f € To(#) and f is v-smooth. We set, for some 7 > 0,

¢ :=1d—-7Vf

e lterations: (Vk € N) xii1 = xx — 7V (xx).
e For every 7 > 0, zer Vf = (Vf)7'(0) = Fix®.

12



Gradient method

Let f € To(#) and f is v-smooth. We set, for some 7 > 0,

¢ :=1d—-7Vf

e lterations: (Vk € N) xii1 = xx — 7V (xx).
e For every 7 > 0, zer Vf = (Vf)7'(0) = Fix®.
e & =1d — 7Vf is a Tv/2-averaged operator.
— cf. 5.7 or Proposition 4.39 in [Bauschke-Combettes, 2017]
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Gradient method

Let f € To(#) and f is v-smooth. We set, for some 7 > 0,

¢ :=1d—-7Vf

Iterations: (Vk € N) x1 = xk — 7V (xk).

e For every 7 > 0, zer Vf = (Vf)7'(0) = Fix®.

e & =1d — 7Vf is a Tv/2-averaged operator.

— cf. 5.7 or Proposition 4.39 in [Bauschke-Combettes, 2017]

For every T € ]0,2v![, the gradient method converges to a point in zer Vf.

— cf. 5.5
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Proximal Point Algorithm (PPA)

Let f € T'o(#H). We set, for some 7 > 0,

® := prox,; = (Id + 79f) 1.

e lterations: (Vk € N) X1 = prox. ¢(xx)-

13



Proximal Point Algorithm (PPA)

Let f € T'o(#H). We set, for some 7 > 0,

® := prox,; = (Id + 79f) 1.

e lterations: (Vk € N) X1 = prox. ¢(xx)-

e For every 7 > 0, Fix® = zer Of.
Proof:
x =prox, ¢x < x € (I+79f)x
& x € x + 70f(x)
& 0eof
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Proximal Point Algorithm (PPA)

Let f € T'o(#H). We set, for some 7 > 0,

® := prox,; = (Id + 79f) 1.

e lterations: (Vk € N) X1 = prox. ¢(xx)-
e For every 7 > 0, Fix® = zer Of.
e For every 7 >0 and any f € I'g(H), prox, is 1/2-averaged.

— cf. 5.10 or Proposition 23.8 in [Bauschke-Combettes, 2017]
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Proximal Point Algorithm (PPA)

Let f € T'o(#H). We set, for some 7 > 0,

® := prox,; = (Id + 79f) 1.

Iterations: (Vk € N) X1 = prox. ¢(xx)-

e For every 7 > 0, Fix® = zer Of.

For every 7 > 0 and any f € Tg(H), prox, ¢ is 1/2-averaged.

— cf. 5.10 or Proposition 23.8 in [Bauschke-Combettes, 2017]

The PPA method converges to a point in zer Of.

— cf. p.6
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Forward-backward splitting

Let f € I'o(#) and v-smooth and g € 'o(#). We set, for some 7 > 0,

® := prox,,(Id — 7Vf) = (Id + 70g)*(Id — V)

e lterations:(Vk € N) 1 = pr'ong(xk — 7VF(xk)).
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Forward-backward splitting

Let f € I'o(#) and v-smooth and g € 'o(#). We set, for some 7 > 0,

® := prox,,(Id — 7Vf) = (Id + 70g)*(Id — V)

e lterations:(Vk € N) 1 = pr'ong(xk — 7VF(xk)).

e Roots in projected gradient method [Levitin 1966] when g = ¢c for some closed
convex set C
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Forward-backward splitting

Let f € I'o(#) and v-smooth and g € 'o(#). We set, for some 7 > 0,

® := prox,,(Id — 7Vf) = (Id + 70g)*(Id — V)

e lterations:(Vk € N) 1 = pr'ong(xk — 7VF(xk)).

e For every 7 > 0, zer (Vf + 0g) = Fix®.
Proof:
x € Fix® < (Id — yVf)x € (Id + v0g)x

< 0 € VF(x) + dg(x).
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Forward-backward splitting

Let f € I'o(#) and v-smooth and g € 'o(#). We set, for some 7 > 0,

® := prox,,(Id — 7Vf) = (Id + 70g)*(Id — V)

e lterations:(Vk € N) x 1 = pr()xl_g(xk — 7V (xk))-

e For every 7 > 0, zer (Vf + dg) = Fix®.

e f €To(H), VFis v '—cocoercive and 7 € ]0,2v [, prox,(Id — 7Vf) is
a-averaged nonexpansive where

a1 + ar — 2a100

1— oo
where a; = 7v/2 and a1 = 1/2 leading to
1
=——— €]0,1].
o=5=p o
Leading to
v <2/v.
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Forward-backward splitting

Let f € I'o(#) and v-smooth and g € 'o(#). We set, for some 7 > 0,

® := prox,,(Id — 7Vf) = (Id + 70g)*(Id — V)

e lterations:(Vk € N) x 1 = pr()xl_g(xk — 7V (xk))-

e For every 7 > 0, zer (Vf + dg) = Fix®.

e f €To(H), VFis v '—cocoercive and 7 € ]0,2v [, prox,(Id — 7Vf) is
a-averaged nonexpansive where

a1 + ar — 2a100

1— oo
where a; = 7v/2 and a1 = 1/2 leading to
1
=——— €]0,1].
o=5=p o
Leading to
v <2/v.

e Forevery 7 € ]O, vt [ the FBS method converges to a point in zer (Vf + dg}4



Peaceman-Rachford splitting

Let f € [o(#) and g € To(H). We set, for some 7 > 0,

& := (2prox,, — Id) o (2prox, ¢ — Id)

e lterations: (Vk € N) xki1 = 2prox,(2prox, ;xk — Xk) — 2prox, (X + X.

ii5)



Peaceman-Rachford splitting

Let f € [o(#) and g € To(H). We set, for some 7 > 0,

& := (2prox,, — Id) o (2prox, ¢ — Id)

e lterations: (Vk € N) xki1 = 2prox,(2prox, ;xk — Xk) — 2prox, (X + X.
e For every 7 > 0, zer (Vf + 0g) = prox_(Fix®).
— cf. Proposition 26.1(jii)(b)[Bauschke-Combettes, 2017]

ii5)



Peaceman-Rachford splitting

Let f € [o(#) and g € To(H). We set, for some 7 > 0,

& := (2prox,, — Id) o (2prox, ¢ — Id)

e lterations: (Vk € N) xki1 = 2prox,(2prox, ;xk — Xk) — 2prox, (X + X.
For every 7 > 0, zer (Vf + 0g) = prox, ((Fix®).
— cf. Proposition 26.1(jii)(b)[Bauschke-Combettes, 2017]

e Weak
e Weak convergence guaranteed if f is v-smooth.

— cf. Corollary 1& Remark 2(2) [Lions-Mercier, 1979]

ii5)



Douglas-Rachford splitting

Let f € [o(#) and g € To(H). We set, for some 7 > 0,

® := prox,, o (2prox, ¢ — Id) + Id — prox, ¢

e lterations: (Vk € N) xki1 = prox, (2prox, (xx — xk) + Xk — Prox, ¢X.
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Douglas-Rachford splitting

Let f € [o(#) and g € To(H). We set, for some 7 > 0,

® := prox,, o (2prox, ¢ — Id) + Id — prox, ¢

e lterations: (Vk € N) xki1 = prox, (2prox, (xx — xk) + Xk — Prox, ¢X.
e For every 7 > 0, zer (Vf + 0g) = prox_((Fix®).
— cf. Proposition 26.1(jii)(b)[Bauschke-Combettes, 2017]
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Douglas-Rachford splitting

Let f € [o(#) and g € To(H). We set, for some 7 > 0,

® := prox,, o (2prox, ¢ — Id) + Id — prox, ¢

e lterations: (Vk € N) xki1 = prox, (2prox, (xx — xk) + Xk — Prox, ¢X.
e For every 7 > 0, zer (Vf + 0g) = prox_((Fix®).

— cf. Proposition 26.1(jii)(b)[Bauschke-Combettes, 2017]
e Weak convergence insured as

— cf. Corollary 1& Remark 2(2) [Lions-Mercier, 1979]
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Additional properties of smooth functions

Let f € I'o(#) and v-smooth. Then

(Vx,y €H)  (VF(x) = VE(y)lx—y) <vlx—yl|

Proof: From Cauchy-Schwarz inequality

(VI(x) = VE(y)lx —y)
< [x = ylllIVE(x) = VI
< vllx -yl

17



Additional properties of smooth functions

Let f € I'o(#) and v-smooth. Then

(Vx,y €H)  (VF(x) = VE(y)lx—y) <vlx—yl|

Proof: From Cauchy-Schwarz inequality
(VE(x) = Vi(y)lx —y)
< [Ix = yllIVE(x) = VE(y)ll
< vlx -yl

Let f € [o(#) and v-smooth. Then

(Vx,y €H)  |[VF(x) = VF(y)II? < v(VF(x) = V(y)lx — y)
Proof: cf. s. 8.
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Strong convexity

Let f € To(#H). f is p-strongly convex with p > 0 if

P 2
f—2.
2113

is convex.

Properties:

e If f is p-strongly convex then
(Vx,y €H)  (VF(x) = VF(y)lx —y) = pllx — y||?

e If f is twice differentiable, then f is p-strongly convex if and only if all
the eigenvalues of the Hessian matrix of f are at most equal to p.

18



Gradient method: linear convergence

Let f € I'o(#) and f is v-smooth and p strongly convex.
We set, for some 7 €]0,2/v/],

¢ :=1d — 7VF

Then,
(Vk eN) [xx — x| < wk||x0 —X||.

with
w=max{|1—7p|,|1—Tv|}

Moreover, (xx)ken converges strongly to X with linear convergence rate w.
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Gradient method: linear convergence

Proof:
e Since f is v smooth and p strongly convex with v > p:
(Vx,y €M) (VF(x) = VE(y)lx —y) < vlx - y|?
by substracting —p||x — y/||*:
(VF(x) = VE(y) = px + pylx = y) < vlx =yl = pllx = yI?
< (v =p)llx =yl

— f=Ff—6]-|?is (v — p)-smooth.

e Gradient descent on f:
Grvr=1d—7Vf
=1d — 7Vf — 7pld
=(1—7p)ld — 7VF 20



Gradient method: linear convergence

Proof:

e Let 7 €]0, 2[ and {p = Gomt
q= Grvry
lp = gl” = (1 = 7p)(x — y) = 7VF(x) — F(y)I
= (1= 7p)?||(x — y)II> + T?| VF(x) — VF(y)|?
— il = e = V) = V)
< (1= I(x = y)IP
+ (720 = 2(1 = 7p)7){(x — ¥)|VF(x) — VF(y))
< (1 —=7p)ll(x = y)II?
+ max{O,T(T(V +p)— 2)}(V —p)llx — }’H2

< max{(1 —7p)?, (1 = 7v)*}|x — y||?
21



Forward-Backward method: linear convergence

Let f € To(#) and f is v-smooth and p strongly convex and g € o(H).
We set, for some 7 €]0,2/v/],

¢ := prox,,(Id — 7Vf)

Then,
(Vk eN) |[xxk —X]|| < wk||x0 —X||.

with
w=max{|1—7p|,|1—Tv|}

Moreover, (xx)ken converges strongly to X with linear convergence rate w.

Remark: Same rate as gradient descent.
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Forward-Backward method: linear convergence

Let f € To(#) and f is v-smooth and p strongly convex and g € o(H).
We set, for some 7 €]0,2/v/],

¢ := prox,,(Id — 7Vf)

Then,
(Vk eN) |[xxk —X]|| < wk||x0 —X||.

with
w=max{|1—7p|,|1—Tv|}

Moreover, (xx)ken converges strongly to X with linear convergence rate w.

Proof: The proximity is a non expansive operator, that is for

p = prox,,(Grvrx) ] o
_ e leading to |5 — 4l < |p — q|
G = prox,z(Grvry) 22



Comparisons

Let f € Cll/L(H) and g € Cll/lﬁ(H) for some @ > 0 and 5 > 0.

The problem is to

imize f
minimize (x) + g(x),

under the assumption that solutions exist.

Example: Smooth TV denoising

1
minimize =||x — z||3 + xh,(Lx),
xeRN 2

e L e RV"1XN denotes the first order discrete difference operator
(Vne{l,...,N—-1}) (Lx),= %(Xn — Xp—1)
e h,: Huber loss, the smooth approximation of the ;1 —norm parametrized by p > 0.

h, € Cll/’i(RN‘l).

Closed form expression of Prox, .
23



Comparisons

Proposition (see | | for detailed references)

In the context of Problem p.16, suppose that f is p—strongly convex, for some
p € ]0,a7t], and let 7 > 0. Then, the following holds:

1. Gradient descent Suppose that 7 € ]0,28a/(8 + «)[. Then,
Id — 7(Vg + V) is rg(7)—Lipschitz continuous, where
re(r) = max {|1 = 7p|,[1 = (87" + a7 M|} €]0,1[. (1)
In particular, the minimum in (1) is achieved at
. 2
T =
ptrat+pt

and
al+ Bt —p

re(r*) = ———F.
o(77) al+81+p



https://arxiv.org/abs/2101.06152

Comparisons

Proposition (see | | for detailed references)

In the context of Problem p.16, suppose that f is p—strongly convex, for some
p € ]0,a7t], and let 7 > 0. Then, the following holds:

1. FBS Suppose that 7 € ]0,2a[. Then prox, (Id — 7Vf) is rr, (1) —Lipschitz
continuous, where

rr, (1) = max{|1—7p|,|1—7a*1|}6]0,1[. (1)
In particular, the minimum in (1) is achieved at

2 at—p
pr— d * pr— .
Py an rr, (77) oTtp

*

24
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Comparisons

Proposition (see | | for detailed references)

In the context of Problem p.16, suppose that f is p—strongly convex, for some
p € ]0,a7t], and let 7 > 0. Then, the following holds:

1. FBS Suppose that 7 € ]0,24]. Then prox,¢(Id — 7Vg) is rr,(7)—Lipschitz

continuous, where rr,(7) == €10, 1[.In particular, the minimum in

1+7p
(1) is achieved at
1

=28 and rr(77) = 1725

24
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Comparisons

Proposition (see | | for detailed references)

In the context of Problem p.16, suppose that f is p—strongly convex, for some
p € ]0,a7t], and let 7 > 0. Then, the following holds:

1. PRS (2prox,, —Id) o (2prox,; —Id) and (2prox,; —Id) o (2prox,, — Id)
are rg(7)—Lipschitz continuous, where

1—7p 7o -1
1+7p 7a 1+1

ell) = i €10,1[. (1)
{ }

In particular, the minimum in (1) is achieved at

il = /o
T o= /€ and rr(7) = i Vi
p 1+ /ap

24
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Comparisons

Proposition (see | | for detailed references)

In the context of Problem p.16, suppose that f is p—strongly convex, for some
p € ]0,a7t], and let 7 > 0. Then, the following holds:

1. DRS S,vg -vr and S.vr rvg are rs(7)—Lipschitz continuous, where

1+ rr(T) B+ 12p
s =mn {200 BETe Ay

and rg is defined in p.16. In particular, the optimal step-size and the

minimum in (1) are

e 1 H .
(7%, rs(77)) = ( P 1+\/fo’) , FAsda
( %, 2+\2/W> , otherwise.

24
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Theoretical comparisons

- - 1-EA we
—1-EA r¢
- - 2FBS wy
—2FBS ry
3-FBS rp, = wnp,
- - 4-PRS wg 1
—4-PRS rp
- - 5-DRS wg
——5-DRS rg

Comparison of the convergence rates of EA, FBS, PRS, DRS for two choices of a,

B, and p. Note that optimization rates are better than cocoercive rates in general.
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Example: Smooth TV denoising

1
e First formulation: minimize =||x — z||3 + xh(Lx)
x€RN 2 ——

f("x) g(x)
— fis p=1 strongly convex, « =1, and 8 = XlllZHQ'

1- EA: Use Gr(vgivr)
2- FBS: Use Tvaﬂ-vg

1
e Second formulation: min,cy =||x — 2|13 + xhr, (L1, x) + xh, (L1, x)
2 ——

f(x) &(x)
—f is p = 1 strongly convex, a = u+XIIL12II2 and g = L HQ.
3- FBS 2: Use TTVg VT
4- FBS 3: Use vaTvg
5- PRS: Use R Y rVE
6- DRS: Use S

rVF, ,TVg 26



Numerical and theoretical comparisons

Piecewise constant de-

St R BR— o s e
11| —Original B 1
72:EBA§ 10, 100, and 10000 it-
ol —as-FBS2|| |f o8 08
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Numerical and theoretical comparisons

Piecewise constant de-

10000 iterations

noising estimates after
10, 100, and 10000
iterations with y =
0.7 and p = 0.0001
when considering gra-
e, dient descent, FBS,
PRS or DRS. Asso-
ciated theoretical and

numerical convergence

B aes rates.
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Optimization algorithms

Forward-Backward | f + g | f (-smooth [Combettes,Wajs,2005]
prox,
ISTA f+g | f {-smooth [Daubechies et al, 2003]
g=Al"1h
Projected gradient | f + g | f (-smooth
g=tc
Gradient descent f+g | f (-smooth
=0
Douglas-Rachford | f + g proxy [Combettes,Pesquet, 2007]
prox,
PPXA D proxg. [Combettes,Pesquet, 2008]

28


https://pcombet.math.ncsu.edu/mms1.pdf
https://arxiv.org/abs/math/0307152
https://pcombet.math.ncsu.edu/jstsp1.pdf
https://pcombet.math.ncsu.edu/inv2.pdf

Forward-Backward method: Worst case complexity

Let f € To(#) and f is (-smooth and g € 'o(H).
We set, for some 7 €]0,1/3] where g > ,

¢ = prox,,(Id — 7Vf)

Then,
(h>1)  Flx) ~ F(R) < 2o — %2

29



Make algorithms faster




Acceleration: Nesterov acceleration

Beck-Teboulle proximal gradient algorithm (FISTA)
[Beck, Teboulle,2009]:

e Goal: minyey f(x) + g(x) with f is v-Lipschitz differentiable.

e lterations: Let v €]0,1/v[, xo = 20 € H, tp = 1, and

Xn4+1 = prOX'yg(zn - ’YVf(zn))

" 14+4/4t2+1
1 = ——u
(Vn € N) " L
—_ n—_
)\n - th+1

Zn+1 = Xn+1 + An(Xn—&—l - Xn)'

e Guarantees:

- Convergence of (f(xn) + g(xn))nen with rate O(1/n?).
- Convergence of (x,)ncn not secured theoretically. 30


https://epubs.siam.org/doi/abs/10.1137/080716542?journalCode=sjisbi

Acceleration: Nesterov acceleration

Chambolle-Dossal proximal gradient algorithm
[Chambolle,Dossal,2015]:

e Goal: minyey f(x) + g(x) with f is v-Lipschitz differentiable.

e Iterations: Let v €]0,1/v[, xo =20 € H, a > 2, and

Xp+1 = Proxg-14(zn — BIVE(z,))
(Vn e N) Ap =21

n = pta

Zp+l = Xpt+1 + An(Xn—&—l - Xn)'

e Guarantees:

- Convergence of (f(xn) + g(xn))nen with rate O(1/n?).
- Convergence of (xp)nen- 31


https://hal.inria.fr/hal-01060130v3
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