Optimization
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Conjugate: definition

Let H be a Hilbert space and f: H — ]—o0, +o0].
The conjugate of f is the function f*: H — [—o00, +00] such that

(Vu e H) *(u) = 527?[ ((x|u)y—f(x)) .




Conjugate: definition

Let H be a Hilbert space and f: H — ]—o0, +o0].
The conjugate of f is the function f*: H — [—o00, +00] such that

(VueH) f*(u)= sup ((x|u)—F(x))

xEdom f

Examples :

o PRI P =R

Proof : For every (x,u) € H2, (x| u) — ||x||? = 3||u|®> — |ju — x|]2
is maximum at x = u.
Consequently, f*(u) = 3| ull.
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(VueH) f*(u)= sup ((x|u)—F(x))

xEdom f

Examples :

o F=3l- 2= =3

o (Vx € RV) f(x) = %Hng with g €]1, 4+-o0]

= (Yu € RV) [F5(u) = Z[Julld- with 2 + L =1
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e If f is even, then f* is even.
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(VueH) f*(u)= sup ((x|u)—F(x))
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If fis even, then f* is even.

For every a € |0, +oc], (af)* = af*(-/«).

For every (y,v) € H? et a € R,

(FC=)+ (1 +a) =F (=) +{]-—v)-a

Let G be a Hilbert space and L € B(G,H) be an isomorphism.
(foL)*=f*o(L71)*.

e *isl.s.c. and convex.
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Moreau-Fenchel theorem
Let H be a Hilbert space and f: H — ]—o00, 00| be a proper function.

f is l.s.c. and convex & f** = f.
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Conjugate: definition

Let H be a Hilbert space and f: H — ]—o0, +o0].
The conjugate of f is the function f*: H — [—o00, +00] such that

(VueH) f*(u)= sup ((x|u)—F(x))

xEdom f

e Consequence: If f € [o(R), then * is proper, hence f* € [4(R).



Conjugate: properties

Fenchel-Young inequality: If f is proper, then
1. (V(x,u) € H?) f(x)+ *(u) > (x| u)

2. (V(x,u) € H?) uedf(x)e f(x)+*(u) = (x| u).

If f € o(H), then

(V(x, u) € H?) u € df(x) = xedf(u).




Proximity operator: Moreau decomposition

Moreau decomposition formula
Let H be a Hilbert space, f € I'o(#) and v € ]0, +o0].

(Vx € H) Prox sx = X — Yprox.—1¢(y"1x) .

Proof:

p = Prox. s x < x — p € ¥0f*(p)
S pe 8f(ﬂ)
~y

_ 1 _
o X X2P Ly(xop)
Y Y Y Y

sX"P_ proxﬂflf(v_lx)
v

Sp=x-— fyproxv,flf(’yflx).



Proximity operator: Moreau decomposition

Moreau decomposition formula
Let H be a Hilbert space, f € I'g(#) and v € ]0, +ool.

(Vx € H) Prox. X = X — Yprox, —17(y"1x) .

Example: If H=RN, f = *” |3 with g €]1, 400, then f* = = g:

with 1/g+1/q* =1, and

(vx € RV) prox 3 ”q*x =x— yprox%H.”Z(fy_lx).



Conjugate: properties

Let (H)ie; where I C N be Hilbert spaces and let % = @, H;.
For every i € I, let fi: H; — |—o00, +00]. Let

f:H — ]—o00,+00] : x = (Xi)ier > ¥ fi(x)
icl

Then,
(Vu = (uj)ies € H) Fr(u) = () -

i€l




Conjugate: properties

Let (#);e; where | C N be Hilbert spaces and let H = @, H,.
For every i € [, let fi: H;j — |—o00, +0o0]. Let

f:H — ]—0o,+00] : x = (Xi)iet = Z fi(xi)
il
Then,
(Vu = (ui)ics € H) f*(u) = Z £ (ui) -

i€l

Proof: Let u = (uj)ics € H. We have

f*(U):fgz(X\@—f(X)

= sup D (6| u) = filx)

x=(x;)ic1€EH icl

Z sup (xi | ui) — fi(x;)

icl X €H;

= (w).

iel



Conjugate: example

Let H be a Hilbert space and C C H.
oc is the support function of C if

(VueH) oc(u) =sup (x| u)
xeC

= tc(v).




Proximity operator: support function

Support function :

Let H be a Hilbert space and C C H be nonempty closed convex.
(Vx € H) prox,. =Id — Pc.




Conjugate: example

0ix ifx<0
e Let f: R — |—00,4+00]: x =<0 ifx=0
dox if x>0

with —oo < 1 < Jr < +00.
Then, f = o¢ where C is the closed real interval such that inf C = 63

et sup C = 0.
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g <1} with 2 4+ - =1.
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Conjugate: example

o Let f = 1c with C =] — oo, b]N with b € R, then
(Yu e RV) *(u) = (b, u) + t>0(u)
e Let f = 1c with C = [b, +oo[N with b € R, then
(Yue RY)  f*(u) = (b, u) + 1<o(u)

e Many others in:

e the work by Komodakis and Pesquet [link]
e Beck's table [link]
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https://hal.archives-ouvertes.fr/hal-01010437v3/document
https://drive.google.com/file/d/1VtygIwMENGqzdordpzPT7HvPdfQ-r5ZM/view

Link with SVM

e Reminder about SVM
1
min EHWH2 s.t. (Vo) Cg<<w, ) + b> >1
e Simplified formulation:

1
min -||0]> st.  X0>1
0 2
1
& mgin max 5”(9”2+<V7X9>—f*(v) where f =151

1
< max EHXTVH2 — (v, XXTv) — f*(v) where f =151

v

1
< max —§||XTvH2—<V,1> st. v<0

1
< max —§||XTyH2 +(y,1) st. y>0
y
1
<~ max _7<Y7XXTy> + <y7 1> s.t. y Z 0

y 2 u



