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Image analysis: serving other sciences

Black hole, Galaxy M87, Event Horizon Telescope (EHT)
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https://eventhorizontelescope.org
https://www.facebook.com/photo.php?fbid=10213326021042929&set=a.10211451091290857&type=3
https://www.ted.com/talks/katie_bouman_what_does_a_black_hole_look_like?language=fr


Image analysis: serving other sciences

(source : F. Jolivet)
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Forward model



Notations

� Image x ∈ RN1×N2

x =
(
xn1,n2

)
1≤n1≤N1,1≤n2≤N2

� Vector consisting of the values of the image of size N = N1 ×N2 arranged

column-wise x ∈ RN

(with N = N1 ×N2)

x =
(
xn
)
1≤n≤N
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Direct model

Observation model:

Objective: Find an estimate x̂ ∈ RN of x from z ∈ RM .

?

Degraded image z Original image x
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Direct model: convolution

z = Φx ⇔ z = ϕ ∗ x

� {ϕ ∗ x}: convolution product with the Point Spread Function (PSF) ϕ of size

Q1 ×Q2.

� Φ is a block-circulant matrix with circulant blocks related to ϕ, then

Φ = F∗ΛF where

- Λ: diagonal matrix,

- F: represents the discrete Fourier transform where ·∗ denotes here the

transpose conjugate and F∗ = F−1.

� Efficient computation of Φx by means of its Fourier transform of X:

Φx = F∗ΛFx

= F∗ΛX.
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Direct model: convolution

∗ =

x ϕ z
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Direct model in medecine: MRI

z ≃ Φx

� x ∈ RN : vectorized original (unknown)

image.

� Φ = F : RN →M : measurement operator

selecting (mask : N →M ) Fourier

coefficients (2D Fourier transform

F : RN →N ).

� z: vector containing the observed values

(undersampled Fourier coefficients).
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Direct model in medecine: Tomography

z ≃ Φx

� x = (xn)1≤n≤N ∈ RN : vector

consisting of the (unknown) values of

the original image of size N = N1 ×N2.

� Φ = (Φm,n)1≤m≤M,1≤n≤N : probability

to detect an event in the tube/line of

response.

� z = (zm)1≤m≤M ∈ RM : vector

containing the observed values

(sinogram).
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Application examples in medecine: Tomography

?

Degraded images Reconstructed images
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Direct model in Astronomy: Radio-interferometry

z ≃ Φx

� x ∈ RN : vectorized original (unknown) 2D image.

� Φ = F : RN →M : measurement operator selecting

Fourier coefficients.

� F : RN →N : 2D Fourier transform (with

zero-padding),

� ∈M×N : (de)-gridding matrix modelling

non-uniform (undersampled) Fourier transform,

and direction (in)dependent effect (calibration

artefacts).

� z: vector containing the observed values

(undersampled Fourier coefficients)
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Application examples in astronomy: High-contrast imagery

RXJ 1615 (Avenhaus et al. 2018)

zj,k ≃
3∑

m=1

νj,k,m Tj,kASm

where

• A: RN → RN : invariant blur.

• Tj,k : RN → Rj : geometric transform

of the j-th polariser during the k-th

acquisition.

• Stokes versus Jones formalisms:

Idetj,k =
1

2
Iu + Ip cos

2(θ − 2αk − ψj)

⇔ Idetj,k = νj,k,1 + νj,k,2 + νj,k,3
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Many others!

Photon imaging 3D Mesh denoising

Structured Illumination Microscopy Computer vision
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Direct model

+ Φ is often known or can be approximated.

+ Φ is a sparse matrix.

– Φ is generally ill-conditioned.
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Hadamard conditions (1902)

The problem z = Φx is said to be well-posed if it fulfills the Hadamard conditions:

1. existence of a solution,

i.e. the range ranΦ of Φ is equal to RM ,

2. uniqueness of the solution,

i.e. the nullspace kerΦ of Φ is equal to {0},
3. stability of the solution x̂ relatively to the observation,

i.e.
(
∀(z, z′) ∈

(
RM

)2)
∥z− z′∥ → 0 ⇒ ∥x̂(z)− x̂(z′)∥ → 0.
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Hadamard conditions (1902)

The problem z = Φx is said to be well-posed if it fulfills the Hadamard conditions:

1. existence of a solution,

i.e. every vector z in RM is the image of a vector x in RN ,

2. uniqueness of the solution,

i.e. if x̂(z) and x̂′(z) are two solutions, then they are necessarily equal since

x̂(z)− x̂′(z) belongs to kerΦ,

3. stability of the solution x̂ relatively to the observation,

i.e. ensure that a small perturbation of the observed image leads to a slight

variation of the recovered image.
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Inverse problem solving



Inversion

• Inverse filtering (if M = N and Φ est inversible)

x̂ = Φ−1z

= Φ−1(Φx + w) if additive noise w ∈ RM

= x + Φ−1w

Remark :

→ Closed form expression but noise amplification if Φ ill-conditioned

(ill-posed problem).
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Inversion

• Inverse filtering (if M ≥ N and rank of Φ is N)

x̂ = (Φ∗Φ)−1Φ⊤z

= (Φ∗Φ)−1Φ∗(Φx + w) if additive noise w ∈ RM

= x + (Φ∗Φ)−1Φ∗w

Remark :

→ Closed form expression but noise amplification if Φ ill-conditioned

(ill-posed problem).
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Regularization

• Variational approach: Restore the degraded image z i.e., find x̂ close to x̄:

x̂ ∈ Argmin
x∈RN

1

2
∥Φx− z∥22︸ ︷︷ ︸
Data-term

+ λ R(x)︸ ︷︷ ︸
Penalization

Remarks

→ λ: regularization parameter.

→ If λ = 0: inverse filtering.
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Inverse problems: a brief story
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Data-fidelity



Maximum A Posteriori (MAP)

Maximum A Posteriori (MAP)

Let x and z be random vector realizations X and Z.

x̂ ∈ Argmax
x∈RN

µX|Z=z(x)︸ ︷︷ ︸
Posterior distribution

Bayes rule:

max
x∈RN

µX|Z=z(x) ⇔ max
x∈RN

µZ|X=x(z) · µX(x)

⇔ min
x∈RN

⇔ min
x∈RN

L(x) +R(x)
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Maximum A Posteriori (MAP)

Maximum A Posteriori (MAP)

Let x and z be random vector realizations X and Z.

x̂ ∈ Argmax
x∈RN

µX|Z=z(x)︸ ︷︷ ︸
Posterior distribution

Bayes rule:

max
x∈RN

µX|Z=z(x) ⇔ max
x∈RN

µZ|X=x(z) · µX(x)

⇔ min
x∈RN

{
− log(µZ|X=x(z))︸ ︷︷ ︸

Data-term

− log(µX(x))︸ ︷︷ ︸
A priori

}
⇔ min

x∈RN
L(x) +R(x)
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Data-term: Gaussian noise

(∀x ∈ RN ) L(x) = − log(µZ|X=x(z))

� Let z = Φx + w with w ∼ N (0, α)

� Gaussian likelihood:

µZ|X=x(z) =

M∏
n=1

1√
2πα

exp

(
((Φx)n − zn)

2

2α

)

� Data-term:

L(x) =

M∑
n=1

1

2α
((Φx)n − zn)

2
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Data-term: Poisson noise

(∀x ∈ RN ) L(x) = − log(µZ|X=x(z))

� Let z = Dα(Φx) where Dα Poisson noise with parameter α.

� Poisson likelihood:

µZ|X=x(z) =

M∏
n=1

exp
(
− α(Φx)n

)
zn!

(
α(Φx)n

)zn
� Data-term: L(x) =

∑M
n=1 Ψi

(
(Φx)n

)

(∀υ ∈ R) Ψi(υ) =


αυ − zn ln(αυ) if zn > 0 and υ > 0,

αυ si zn = 0 and υ ≥ 0,

+∞ otherwise.
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Blind deconvolution

(x̂, Φ̂) ∈ Argmin
x,Φ

1

2
∥Φx− z∥22 + λ1R1(x) + λ2R2(Φ)

• Typical choice for R2:

� Φ sensitivity map: piecewise constant.

� Φ associated with a blur:

� sparsity,

� nonnegativity,

� bounds on vertical/horizontal variations of the blur.

• Examples in Part III.
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Regularization



Wavelet denoising: z = x+ w with w = N (0, αId)

� Wavelets: sparse representation of most natural signals.

� Filterbank implementation of a dyadic wavelet transform: Ψ ∈ RN×N .

z ∈ RN ζ = Ψz

21



Wavelet denoising: z = x+ w with w = N (0, αId)

z ζ = Ψz softλ(Ψz) x̂ = Ψ∗softλ(Ψz)

softλ(ζ) =
(
max{|ζi| − λ, 0}sign(ζi)

)
i∈Ω

= argmin
ν

1

2
∥ν − ζ∥22 + λ∥ν∥1

= proxλ∥·∥1(ζ) → proximity operator

x̂ = proxλ∥Ψ·∥1(z)
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Piecewise constant denoising: z = x+ w with w = N (0, σ2Id)

• Minimization problem:

x̂(z; λ̂) = arg min
x∈RN

1

2
∥x− z∥22 + λ ∥Dx∥• where

{
Dx = ψ ∗ x
λ > 0

• Linear denoising
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Piecewise linear denoising: z = x+ w with w = N (0, σ2Id)

• Minimization problem:

x̂(z; λ̂) = arg min
x∈RN

1

2
∥x− z∥22 + λ ∥Dx∥• where

{
Dx = ψ ∗ x
λ > 0

• Non-linear denoising: piecewise constant/linear
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2D-total variation

Anisotropic total variation (Rudin et al. 1992)

x̂ = argmin
x∈RN

1

2
∥x− z∥22 + λ

N−1∑
n1=1

N−1∑
n2=1

(|xn1+1,n2 − xn1,n2 |+ |xn1,n2+1 − xn1,n2 |)

� Horizontal and vertical difference filters:

ψ1 = [1− 1] and ψ2 = ψ⊤
1

� Link between (ψ1, ψ2) and (D1,D2):

cf. slides 7

� Sparse transform: D = [D⊤
1 ,D

⊤
2 ]

⊤ ∈ R2N×N

� Regularization: R(x) = ∥Dx∥1 = ∥D1x∥1 + ∥D2x∥1
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2D-total variation

Isotropic total variation

x̂ = argmin
x∈RN

1

2
∥x− z∥22 + λ

N−1∑
n1=1

N−1∑
n2=1

√
|xn1+1,n2 − xn1,n2 |2 + |xn1,n2+1 − xn1,n2 |2

� Horizontal and vertical difference filters: ψ1 = [1− 1] and ψ2 = ψ⊤
1

� Link between (ψ1, ψ2) and (D1,D2):

cf. slides 7

� Sparse transform: D = [D⊤
1 ,D

⊤
2 ]

⊤ ∈ R2N×N

� Regularization: R(x) = ∥Dx∥1,2 → coupling
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2D-total variation

Original x Noisy z 

Anisotropic TV Isotropic TV 
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Penalization choices

� Horizontal/vertical gradient, TV : R(x) = ∥Dx∥1 = ∥D1x∥1 + ∥D2x∥1

� Hessian operator: second order derivative along horizontal, diagonal and

vertical direction. (Lefkimmiatis,Ward, Unser, 2013)

� Weighted nonlocal gradients (Gilboa, Osher, 2008)(Bougleux, Peyré, Cohen,

2011)

� Local dictionaries of patches + nuclear norm (i.e. l1)

(Boulanger, Pustelnik, Condat, Piolot, Sengmanivong, 2018)
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[THx]n =

[
[D2

11x]n [D2
12x]n

[D2
12x]n [D2

22x]n

]
⇒ R(x) =

∑
n

∥[THx]n∥p
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2011)
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Penalization choices

� Horizontal/vertical gradient, TV

� Hessian operator: second order derivative along horizontal, diagonal and

vertical direction. (Lefkimmiatis,Ward, Unser, 2013)

� Weighted nonlocal gradients (Gilboa, Osher, 2008)(Bougleux, Peyré, Cohen,

2011)

[TNLx]n =

 [W1(F1x− x)]n
...

[WT (FTx− x)]n

 ⇒ R(x) =
∑
n

∥[TNLx]n∥1,2

Wt = diag
(
exp

(
− 1
ηB(Ftx̃− x̃)2

))
: diagonal weight matrices,

Ft: translation operator,

B: lowpass filtering.

� Local dictionaries of patches + nuclear norm (i.e. l1)

(Boulanger, Pustelnik, Condat, Piolot, Sengmanivong, 2018)
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Penalization choices

� Horizontal/vertical gradient, TV

� Hessian operator: second order derivative along horizontal, diagonal and

vertical direction. (Lefkimmiatis,Ward, Unser, 2013)

� Weighted nonlocal gradients (Gilboa, Osher, 2008)(Bougleux, Peyré, Cohen,

2011)

� Local dictionaries of patches + nuclear norm (i.e. l1)

(Boulanger, Pustelnik, Condat, Piolot, Sengmanivong, 2018)

� TGV (Bredies,Kunisch,Pock,2010)

R(x) = min
y

∥Dx− y∥1 + γ∥D̃y∥1
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Penalization choices

� Horizontal/vertical gradient, TV

� Hessian operator: second order derivative along horizontal, diagonal and

vertical direction. (Lefkimmiatis,Ward, Unser, 2013)

� Weighted nonlocal gradients (Gilboa, Osher, 2008)(Bougleux, Peyré, Cohen,

2011)

� Local dictionaries of patches + nuclear norm (i.e. l1)

(Boulanger, Pustelnik, Condat, Piolot, Sengmanivong, 2018)

� TGV (Bredies,Kunisch,Pock,2010)

� Non-convex:

� | · |q with q ∈]0, 1[ (Frank, Friedman, 1993)

� Log penalty: log(| · |+ ε) (Candès, Wakin, Boyd, 2008)

� Several others (Nikolova, 2007)

� Non-convex penalties leading to convex criterion (Parekh, Selesnick, 2015)
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Penalization choices

Synthesis formulation Analysis formulation

x̂ = D∗ζ̂ with D ∈ RP×N

ζ̂ ∈ Argmin
ζ

1

2
∥ΦD∗ζ − z∥22 + λ∥ζ∥• x̂ ∈ Argmin

x

1

2
∥Φx− z∥22 + λ∥Dx∥•

• X-lets • Horizontal/vertical gradients: TV

• Sparse coding • Hessian operator

• NLTV

• . . .
(webpage L. Duval)(Aharon, Elad, Bruckstein, 2006) (Mairal, Sapiro, Elad, 2007)(Gilboa, Osher, 2008)(K

Bredies, K Kunisch, T Pock, 2010)(Jacques, Duval, Chaux, Peyré, 2011) (S Lefkimmiatis, A Bourquard, M

Unser,2011) (Zoran, Weiss, 2011) (G Kutyniok, D Labate, 2012)(Chierchia et al.,2014)(Boulanger et al.,

2018). . .
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Penalization choices

Synthesis formulation Analysis formulation

x̂ = D∗ζ̂ with D ∈ RP×N

ζ̂ ∈ Argmin
ζ

1

2
∥ΦD∗ζ − z∥22 + λ∥ζ∥• x̂ ∈ Argmin

x

1

2
∥Φx− z∥22 + λ∥Dx∥•

⇒ Equivalence for D orthonormal basis.
(Elad, Milanfar, Ron, 2007) (Chaari, Pustelnik, Chaux, Pesquet, 2009) (Selesnick, Figueiredo,

2009), (Carlavan, Weiss, Blanc-Féraud, 2010) (Pustelnik, Benazza-Benhayia, Zheng, Pesquet,

2010)
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Penalization choices

Choice for D (synthesis):

� X-lets (webpage L. Duval) (Jacques, Duval, Chaux, Peyré, 2011)

� Sparse coding: Dictionary of patches: set of elementary signals (Aharon,

Elad, Bruckstein, 2006)

(extracted from Mairal, Sapiro, Elad, learning multiscale sparse representations for image and video restoration, 2007)
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Penalization choices

(Pustelnik, Benazza-Benhayia, Zheng, Pesquet, 2010)
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Penalization choices

(P) Synthesis, (R) Analysis

(extracted M. Carlavan, P. Weiss, L. Blanc-Féraud, 2010.)
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Dictionary learning

ζ̂ ∈ Argmin
ζ,D

1

2
∥ΦDζ − z∥22 + λ∥ζ∥1 s.t. ∥Dj∥2 ≤ 1

� Overcomplete dictionaries for natural images

� Sparse decomposition

� (Olshausen and Field, 1997; Elad and Aharon, 2006; Raina et al., 2007)

[Source image : link]
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Minimization problem

Find ŷ ∈ Argmin
y∈H

J∑
j=1

fj(y)

where (fj)1≤j≤J belong to the class of convex functions, l.s.c., and proper

from H to ]−∞,+∞]. H finite dimensional Hilbert space.

� Example 1: x̂ ∈ Argmin
x∈RN

1
2∥Φx− z∥22 + λ∥Dx∥1 + ι≥0(x)

� Example 2: ζ̂ ∈ Argmin
ζ∈RK

1
2∥ΦD

∗ζ − z∥22 + λ∥ζ∥1

� Example 3: x̂ ∈ Argmin
x∈RN

∑
n−zn lnσxn + σxn + λ

∑
g∈G ∥(Dx)g∥2
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Proximal algorithms

General objective function

Find ŷ ∈ Argmin
y∈H

J∑
j=1

fj(Hjy)

where Hj linear operator from H to Gj and (fj)1≤j≤J belong to the class of convex

functions, l.s.c., and proper from Gj to ]−∞,+∞].
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Proximal algorithms

General objective function

Find ŷ ∈ Argmin
y∈H

J∑
j=1

fj(Hjy)

where Hj linear operator from H to Gj and (fj)1≤j≤J belong to the class of convex

functions, l.s.c., and proper from Gj to ]−∞,+∞].

� Numerous proximal algorithms

[Bauschke-Combettes, 2017]

- Forward-Backward

- Douglas-Rachford

- ADMM

- Primal-dual . . .
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