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e Database: S = {(us,ce) €eHxG | e{l,...,L}}
e.g. uy € RY image and ¢, € {—1,+1} classe
H g

e Goal: Learn a prediction function dg: H — G
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o Database: S = {(us,ce) e HxG | £e{1,...,L}}

e Goal: Learn a prediction function dg: H — G

e Typical choices for H:
e H =R" for image of size N = N1 X No;
o H =RN*M for multivariate images with N
samples and M components;
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o Database: S = {(us,ce) e HxG | £e{1,...,L}}

e Goal: Learn a prediction function dg: H — G

e Typical choices for H:
e H =R" for image of size N = N; x Na;
o H =RN*M for multivariate images with N
samples and M components;

e Typical choices for G:

e G ={—1,+1} for binary classification;

e G={1,..., K} for multiclass classification;
e G = R for regression;

e G =R for multivariate regression;
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e SVM — Vladimir Vapnik (early 90's) — Supervised classification.
o Example : dataset S = {(ug,¢¢) € R? x {=1;4+1} | £ € {1,...,6}}.
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e SVM — Vladimir Vapnik (early 90's) — Supervised classification.
o Example : dataset S = {(ug,¢¢) € R? x {=1;4+1} | £ € {1,...,6}}.
e Many hyperplanes that might classify the data.
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e SVM — Vladimir Vapnik (early 90's) — Supervised classification.
o Example : dataset S = {(ug,¢¢) € R? x {=1;4+1} | £ € {1,...,6}}.
e Many hyperplanes that might classify the data.
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e SVM — Vladimir Vapnik (early 90's) — Supervised classification.
o Example : dataset S = {(ug,¢¢) € R? x {=1;4+1} | £ € {1,...,6}}.
e Many hyperplanes that might classify the data.
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e SVM — Vladimir Vapnik (early 90's) — Supervised classification.
Example : dataset S = {(ug,ce) € R? x {-1;+1} | £ € {1,...,6}}.
Many hyperplanes that might classify the data.

Best hyperplane = largest margin between the two classes.
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e Best hyperplane = largest margin between the two classes.
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e Decision rule: (w,u) > cte
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e Best hyperplane = largest margin between the two classes.

e Decision rule: (w,u) >cte < |[(w,u)+b>0

y +b>1
e Deal with margin: c<(w, u) —i—b) >1 = {w, )
(w,u_)+b< -1
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e Best hyperplane = largest margin between the two classes.
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| (w,u) +b=—1 —)\\

e Decision rule: (w,u) >cte < |[(w,u)+b>0

e Deal with margin: c<(w, u) —l—b) >1 = {

— Margin delimitation:

(w,uy)+b>1
(w,u_)+b< -1

c((w,u}—I—b) -1=0




e Margin delimitation: c((w, u) + b) -1=0

(w,u) +b=0

*+1 (w,u) +b=1

e Objective: Maximize the width of the margin
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e Margin delimitation: c((w, u) + b) -1=0

e Objective: Maximize the width of the margin
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Width = —(uy —u_,w)
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e Margin delimitation: c((w, u) + b) -1=0

e Objective: Maximize the width of the margin

1
Wldth = —(u = u_vw>
lwl
1
= M(l —b+1+Db) = ngn [lwl| st. (V) C[<<W, ug) + b) >1
_ 2
[[wl]




e Margin delimitation: c((w, u) + b) -1=0

e Objective: Maximize the width of the margin

1
Wldth = —(u — u_vw>
lw][ "
1
= —(1— 1
= ||W|| (1 b+1+ b) = | min §||w||2 s.t. (Vf) C[((W7 ué> + b) >1
- 2
[[wll




e SVM : min, 3|lw|? s.t. (V) Cg<<w, ug) +b> >1
e Hinge + L2 : miny 3|lw[®>+ 2>, max (0, 1 —co({w,ug) + b))
e Logistic + L2 : miny 3[lw[?+ 2>, log (1 + exp(—ce({w,up) + b))

where A > 0.

—— Hinge max(0,1 — wu) with u =1
— Logistic log(1 + exp(—wu)) with v =1||
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o Database : dataset S = {(ug,c) e RV xR | £€{1,...,L}}.

e Linear regression:
mln E Cy — W Ug

e Support Vector Regression:

1
min §||w||2 st. (V0) |co — (w,up)| < e
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o Database: S = {(us,ce) e HxG | £e{1,...,L}}

examples: uy = U |and 2p =2

u = 8 and zp =9

e o(u): RY — RM: mapping from the input
space onto an arbitrary feature space with
M >N

= linearization

examples: convolution networks.

scattering coefficients.
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e The predictor relies on K different discriminating functions Dy : RY — R :

Dy (1) = (W) To(u) + b*) where 0 = {w® pk)}

with ¢(u) = [p(u)T1]T and © = [(W(l))T,b(l), ce (W(K))T,b(K)]T

6(1) (k)

e The predictor selects the class that best matches an

observation @

de(u) = arg max Do () 0
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e The predictor relies on K different discriminating functions Dy : RY — R :

Dycwy () = (w) To(u) + 68 & Dy(u) = (0%)T¢(u)

with ¢(u) = [p(u)T1]T and © = [(W(l))T,b(l), ce (W(K))T,b(K)]T

6(1) (k)

e The predictor selects the class that best matches an

observation @

de(u) = arg max Do () 0
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e Objective of the learning stage: estimate © to correctly predict the
input-output pair (ug,c;) € S for every £ € {1,..., L},

_ . _ O
de(u) = arg max Dye(w):  co arg max (0°) " p(ue)
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e Objective of the learning stage: estimate © to correctly predict the
input-output pair (ug,c;) € S for every £ € {1,..., L},

de(u) = arg max Dy (u) : cp = a,lr;gkrilix ("N T p(uy)
& max (0% —9CNTp(uy) <0
k;éc,g
[relax the strict ineqality] <= EI;&aX (H(k) — G(CZ))T(ﬁ(uZ) < —py
ce

with gy >0
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e Objective of the learning stage: estimate © to correctly predict the
input-output pair (ug,c;) € S for every £ € {1,..., L},

_ . _ (k)T
de(u) = arg max Dye(w):  co arg max (0°) " p(ue)
& max (0% —9CNTp(uy) <0
k:;éc,g
[relax the strict ineqality] <= EI;&aX (G(k) — 9(02))T¢(Ug) < —py
Ce
[deal with unfeasible constraints] <= ir;éax (0(’“) = 9(05))T¢(ue) < CZ — e
Ce

with gy > 0 and {, > 0.
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K L
minimize O |2 + 2 ) subj. to
o mimize ; 10115 ;E j

k:;éCg

{(w e{1,...,L}) max (0% —0C)Tp(up) < & — o,

(Vf € {17 aL}) 5@ >0,

or equivalently
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K L
)2 (F) _ glenyT
minimize ;H@ II2+A;maX{0,ue+g§}3§ (0% —0C) Tg(ur)}.




L

h(©) = 0, gk) — gleelyT )
(©) ;maX{ e+ max ( )T p(ue)}

e Multiclass SVM [Blondel et al.]
2
h(©) = X1y Mg, (max {0, e + (6% — 0€) Tp(ur)})

e Multinomial logistic regression [Krishnapuram et al.]

h(®) = Zngl log (1 + D kote, €XP {uz + (%) — 0(cz))T¢(ug)}>

e ‘“one-vs-all” strategy binary SVM [Laporte et al.] with ¢, being equal to 1 if
co =k, and —1 otherwise 7(©) = Y7, (max {0, e + (0(’“))ngﬁ(u;g)T})2
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e Database: S = {(us,ce) €eHxG | Le{1,...,L}}
e Goal: Learn a prediction function dg: H — G

e Learning procedure relies on a minimization problem:

L

o1
minimize - ;F(c[,d@(ug)) + AR(©)
— Prior

~
Data-term
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o Database: S = {(us,ce) e HxG | £e{1,...,L}}
e Goal: Learn a prediction function dg: H — G

e Learning procedure relies on a minimization problem:

L
- 1
mlngmz EZ (ce,do(ue)) + AR(O)

——
~— Prior
Data-term
e Linear predictor: dg(u) =0 Tu
© Ridge regression: miélier%ize % ZeL 1(ce —0Tup)? + 1|03

® Logistic classification: Inléllé’%lze + Ze 1 log(l +e® “2) +All©]3
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o Database: S = {(us,ce) e HxG | £e{1,...,L}}
e Goal: Learn a prediction function dg: H — G

e Learning procedure relies on a minimization problem:

L
I
minimize Z;F(ce,d@(ue)) + AR(O)

_ Prior

TV
Data-term

e Linear predictor: dg(u) =0 Tu
= can be extended to do(u) = © " ¢(u) (e.g. ¢ scattering transform)
©® Ridge regression: miélierr;{ize % S (ce —O©Tup)? + |03

@® Logistic classification: miélierr?}tize % Zngl log(l I e‘cfeT“f) +All©|2
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o Database: S = {(us,cr) e HxG | Le{1,...,L}}
e Goal: Learn a prediction function dg: H — G

e Learning procedure relies on a minimization problem:

L
|
minimize EZF(C[,d@(Ug)) + AR(©)

{=1 f
— Prior
Data-term
e Linear predictor: dg(u) =0Tu
® Lasso: miéliergl{ize % S (ce —0Tu)2 + A|9]1

©® Sparse logistic classification: miélier%ize % o log(l + efceeTue) + 2O

® SVM classification: miélierr;{ize % Sk max(O, 1= Cg@TUg) +All©|2
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o Database: S = {(us,cr) e HxG | Le{1,...,L}}
e Goal: Learn a prediction function dg: H — G

e Learning procedure relies on a minimization problem:

L
oo 1
minimize Z;F(c[,d@(ug)) + AR(©)
~— Prior

~
Data-term

e Linear predictor: dg(u) =©"u = Convex non-smooth problems
. R I/
® Lasso: migimize Siiq(ce —0Tu)2 + A\[|1O]1
T
©® Sparse logistic classification: miélier%ize % Zf‘:l log(l + e—® ue) + A6

® SVM classification: miélierr;{ize % Sk max(O, 1= Cg@TUg) +All©|2
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MNIST database

000000D0OO
/7 vis/71 /N7
4 N =28 x28 22232222022
23333337223
+K=10 b H 4y
4 60000 training images E?Zggi?i’z‘z
4 10000 test images 7273201717771
218 9883€5%%
7997979947

Scattering convolution network [Bruna & Mallat, 2013]

4 2 wavelet layers
4 4 scales DWT

4 Feature mapping: ¢: R28%28  RI14x14x81
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Classification results for L/K = 3
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Classification results for L/K = 10

14/15

30 : ‘ ‘
0/'
25¢ y
7
7
20f /,
—_———. e
15}
e e = = =

(}.%001

0.001

0.01

0.1

Classification error

100 ‘ ’ ,
_E.....----;ﬁ';___'_—'-'—'-'-'-'-"'"‘”
------ === .=
80’--;/’ .= ]
o
7
60} 4 ]
0/'
| 2 |
40 J
K4
4
200 ]
4
08001 0.001 0.01 0.1 1
Percentage of zero coefficients



e Database: S = {(us,ce) €eHxG | €e{1,...,L}}
e Goal: Learn a prediction function dg: H — G

e Learning procedure relies on a minimization problem:

L
minimize g (co,do(ue)) + AR(O)

Prior

~
Data-term

e Neural network predictor:
do(u) = &l (W[K]n[K—l](W[K—l] B .n[z](W[Z]n[”(W[”u)) )

® Linear operators: wil wil o wiK]
® Activation functions:  nl!l, 52, . p
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e Database: S = {(us,ce) €eHxG | €e{1,...,L}}
e Goal: Learn a prediction function dg: H — G

e Learning procedure relies on a minimization problem:

L
. 1
mlngmz EZ (ce,do(ur)) + AR(O)

Prior

~
Data-term

e Neural network predictor: =- Non-convex problems
do(u) = &l (W[K]n[K—l](W[K—l] B .n[z](W[Z]n[”(W[”u)) )

® Linear operators: wil wil o wiK]
® Activation functions: nl!l, 5l2, . p
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