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Non-smooth convex optimization
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A pioneer

Jean-Jacques Moreau

(1923–2014)
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Subdifferential of function: definition

Let f : H Ñ s�8,�8s be a proper function.

The (Moreau) subdifferential of f , denoted by Bf ,

is such that

Bf : H Ñ 2H

x Ñ tu P H | p@y P Hq xy � x |uy � f pxq ¤ f pyqu
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Subdifferential of a function: properties

Let f : H Ñ s�8,�8s be a proper function.

The (Moreau) subdifferential of f , denoted by Bf , is such that

Bf : H Ñ 2H

x Ñ tu P H | p@y P Hq xy � x |uy � f pxq ¤ f pyqu

Fermat’s rule : 0 P Bf ppxq ô px P Argmin
x

f pxq
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Subdifferential of a function: properties

Let f : H Ñ s�8,�8s be a proper function.

The (Moreau) subdifferential of f , denoted Bf , is such that

Bf : H Ñ 2H

x Ñ tu P H | p@y P Hq xy � x |uy � f pxq ¤ f pyqu

� u P Bf pxq is a subgradient of f at x .
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Subdifferential of a convex function: properties

If f : H Ñ s�8,�8s is convex and it is Gâteaux differentiable at x , then

Bf pxq � t∇f pxqu
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Subdifferential of a convex function: example

Let C be a nonempty subset of H.

For every x P H, BιC pxq is the normal cone to C at x defined by

NC pxq �

# 
u P H

�� p@y P C q xu | y � xy ¤ 0
(

if x P C

∅ otherwise.
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Subdifferential calculus

Let H and G be two real Hilbert spaces.

� Let f : H Ñ s�8,�8s be proper, then for every λ P s0,�8r Bpλf q � λBf .

� Let f : H Ñ s�8,�8s, g : G Ñ s�8,�8s, and L P BpH,Gq.
If dom g X Lpdom f q � ∅, then

p@x P Hq Bf pxq � L�BgpLxq � Bpf � g � Lqpxq.
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Subdifferential calculus

Let H and G be two real Hilbert spaces.

Let f P Γ0pHq, g P Γ0pGq, and L P BpH,Gq.
If int pdom gq X Lpdom f q � ∅ or dom g X int

�
Lpdom f q

�
� ∅, then

Bf � L�Bg L � Bpf � g � Lq .

Notations:


 int C denotes the interior of a subset C of H.


 ran A denotes the range of a set-valued operator from H to G such that

ran A � ApHq.

Particular case:

� If f P Γ0pHq, g P Γ0pHq, and dom g � H (or dom f � H), then

Bf � Bg � Bpf � gq.

� If g P Γ0pGq, L P BpG,Hq, and int pdom gq X ran L � ∅, then

L�Bg L � Bpg � Lq.
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Subdifferential calculus

Let pHqiPI where I � N be Hilbert spaces and let H �
À

iPI Hi .

For every i P I , let fi : Hi Ñ s�8,�8s be a proper function. Let

f : H Ñ s�8,�8s : x � pxi qiPI ÞÑ
¸
iPI

fi pxi q

Then, �
@x � pxi qiPI P H

�
Bf pxq �

¡
iPI

Bfi pxi q.
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Subdifferential calculus

Let pHqiPI where I � N be Hilbert spaces and let H �
À

iPI Hi .

For every i P I , let fi : Hi Ñ s�8,�8s be a proper function. Let

f : H Ñ s�8,�8s : x � pxi qiPI ÞÑ
¸
iPI

fi pxi q

Then, �
@x � pxi qiPI P H

�
Bf pxq �

¡
iPI

Bfi pxi q.

Proof: Let x � pxi qiPI P H. We have

t � pti qiPI P
¡
iPI

Bfi pxi q

ô p@i P I qp@yi P Hi q fi pyi q ¥ fi pxi q � xti | yi � xiy

ñ
�
@y � pyi qiPI P H

� ¸
iPI

fi pyi q ¥
¸
iPI

fi pxi q �
¸
iPI

xti | yi � xiy

ô
�
@y P H

�
f pyq ¥ f pxq � xt | y � xy .
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Subdifferential calculus

Let pHqiPI where I � N be Hilbert spaces and let H �
À

iPI Hi .

For every i P I , let fi : Hi Ñ s�8,�8s be a proper function. Let

f : H Ñ s�8,�8s : x � pxi qiPI ÞÑ
¸
iPI

fi pxi q

Then, �
@x � pxi qiPI P H

�
Bf pxq �

¡
iPI

Bfi pxi q.

Proof: Conversely,

t � pti qiPI P Bf pxq

ô
�
@y � pyi qiPI P H

� ¸
iPI

fi pyi q ¥
¸
iPI

fi pxi q �
¸
iPI

xti | yi � xiy .

Let j P I . By setting p@i P I ztjuq yi � xi P dom fi , we get

p@yj P Hjq fjpyjq ¥ fjpxjq � xtj | yj � xjy .
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L1 norm

Ñ ℓ1�norm

f : RN Ñ R : pxi q1¤i¤N ÞÑ
Ņ

i�1

|xi |

Then

B| � | : ζ ÞÑ

$'&'%
�1 if ζ   0;

r�1, 1s if ζ � 0,

1 if ζ ¡ 0;
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Huber function

Ñ Smooth approximation of the ℓ1�norm parametrized by µ ¡ 0.

[Combettes-Glaudin,2019]

f : RN Ñ R : pxi q1¤i¤N ÞÑ
Ņ

i�1

fi pxi q

and

fi : ζ ÞÑ

#
|ζ| � µ

2 , if |ζ| ¡ µ;
|ζ|2

2µ , if |ζ| ¤ µ.

Note that, since

Bfi � ∇fi : ζ ÞÑ

#
ζ
|ζ| , if |ζ| ¡ µ;
ζ
µ , if |ζ| ¤ µ,
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http://export.arxiv.org/abs/1803.02919

