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Context: Image recovery

@ Data: z € RM degraded version of an original image x € RY:

z=AX+w

e A:RM*N: jinear degradation (e.g. a blur)
e w : noise (e.g. Gaussian noise)

SPHERE-IRDIS
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Context: image restoration

Synthesis formulation Analysis formulation
X = D*a with D € RPXN

~ ! . - !
a e Argm1n§||AD a—z[3+ Naf. X € Argm1n§||Ax — 2|3 + A\||Dx]|e
[e3 X

= Equivalence for D orthonormal basis.
[Elad, Milanfar, Ron, 2007] [Chaari, Pustelnik, Chaux, Pesquet, 2009]
[Selesnick, Figueiredo, 2009], [Carlavan, Weiss, Blanc-Féraud, 2010]

[Pustelnik, Benazza-Benhayia, Zheng, Pesquet, 2010]
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Context: image restoration

Synthesis formulation Analysis formulation
X = D*a with D € RPXN
_ T > . 1 )
ae Argm1n§||AD a—z||5 + Al|lale X € Argmm§||Ax —z||5 + A||Dx]|e
= Equivalence for D orthonormal basis.
o X-lets e Horizontal /vertical gradients: TV
e Sparse coding e Hessian operator

e Nonlocal total variation: weighted
nonlocal gradients: NLTV
e Local dictionaries of patches
(webpage L. Duval)[Aharon, Elad, Bruckstein, 2006] [Mairal, Sapiro, Elad,
2007][Gilboa, Osher, 2008][K Bredies, K Kunisch, T Pock, 2010][Jacques, Duval,
Chaux, Peyré, 2011] [S Lefkimmiatis, A Bourquard, M Unser, 2011] [Zoran, Weiss,
2011] [G Kutyniok, D Labate, 2012][Chierchia et al.,2014][Boulanger et al., 2018]...
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“Semi-smooth” minimization problem

r

OBJECTIVE

Find X € Aigelgr{ﬂn {F(x) = h(x) + g(Dx)}

e h € T'y(H) and S-Lipschitz differentiable
e D:H— Gandgel(G)

@ Remark: Usually proxg does not have a closed form solution.

@ Idea: Use splitting methods to handle h and g separately.
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FB algorithm

4 A

OBJECTIVE

Find X € At;(gerﬁin {F(x) = h(x) + g(Dx)}

e h eTg(H) and S-Lipschitz differentiable
e D:H— GandgeTl(G)

ALcORITHM: Let x[% € H,
For k=0,1,...
{ xF 1] = ProX., sop (x*) — 7th(§[k]))

THroOREM (FB): Let, for every k € N, 0 < v, < 2871, Then
e (x!"),cn converges to a minimizer X of F.

[Combettes & Wajs, 2005]
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Primal-dual algorithm

' 1

OBJECTIVE
Find X € Argmin {F(x) = hy(x) + ha(x) + g(Dx)}

xeRN
o hy: H —] — 00, +00] is convex, proper and S-Lipschitz differentiable
o hy €Ty(H), D: H— G, and g € T4(G)

AvcoriTM: x 9 e H
For k=0,1,...

xIFH1 = prox ., (x[k] —7(Vhe (x*) + D*u[k]))
ul* ™ = prox,,. (u[k] + oD(2xF 1 — x[k]))

TrroreM: Choose 7> 0 and ¢ > 0 such that 2 — o||DJ|? > g

The sequence (x*1),.cy converges to a minimizer X of F

[Vii, 2013][Condat, 2013]
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Data: z

A

‘ Direct /acquisition model z = D(AX)
1 !

X(z; A) € Argmin 1||Ax—z||5+ A[|Dx||s

‘ Design a cost function ‘

' !

‘ Minimization algorithm‘ Sequence X1 = Txg
' !
‘ Hyperparameter tuning ‘ A € Argmin||x — X(z; \)||3
A

\ ¢

Estimated parameters: X(z; \)

~
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Standard learning and deep learning

Da’i\: z Data: z

Direct /acquisition model

d

‘ Design a cost function‘

‘ ‘ Deep learning procedure

‘ Minimization algorithm ‘

}

‘ Hyperparameter tuning ‘

1 ]

~

Estimated parameters: X(z; \) Estimated parameters: X(z; ©)

~
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Training a NN for inverse problem task

@ Database: S = {(z;,%;) € RM xRV | ie {1,...,L}}
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Training a NN for inverse problem task

@ Database: S = {(z;,%;) e RM xRN | ie {1,...,L}}
We consider two sets of images: the training set (z;.%;);-1 of
size §1 and the testing set (z;.%;),-; of size §J where
(VieTul) z;=AX; +w;
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Training a NN for inverse problem task

@ Database: S = {(z;,%;) e RM xRN | ie {1,...,L}}
We consider two sets of images: the training set (z;.%;);- of
size §1 and the testing set (z;.%;);-; of size §J where
(Vi eTUDl) z —sz—i-wi

@ Training: The NN is trained using the training set to
estimate:

O c Argmln ZZ‘E]I 1% — fo(zi)?

ull
@ Testing: The learned NN fg is then validated on the testing
set. A properly trained network should satisfy

(Vield) x;=fg(z))
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Deep learning architecture

Deep learning — Framework
e Database : S = {(z;,%;)) € RM xRV |ie{l,...,L
e Prediction function : f@( i) = I (WKL gl (witlz, 4 b1y 4 plE)

® Linear operators: wil wil o wiK]
® Activation functions: 1l pi2 . pl&]
® Biais vectors: b[l]7 b[Q], . ,b[K]

= @={whll . wE ptl  pEh
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Pioneer work : LISTA for synthesis formulation

@ Synthesis formulation:

1 —
min §||AD*x—z||§—|—)\||x||1 where H = AD* ¢ RM*N
X

@ Forward-backward iterations:
‘ xEH = proxTA”.Hl(xW — 7H*(Hx" — 2))

@ Reformulation:
‘ xFH) = prox_y ., ((Id — 7H*H)x* 4 7H* 2))

@ Layer network: [Gregor, LeCun,_2010]

xk+1] - PIOX,\||.|s Id — 7H*H x4+ rH*z >

nl#! WK bkl



Introduction PNN for restoration PNN for denoising Conclusions
000000000 0000000 0000000000000 000 Q0000000

PNN: FROM PROXIMAL ALGORITHMS TO ROBUST UNFOLDED IMAGE RESTAURATION NETWORKS 13/41

Deep learning versus proximal algorithms

@ Most of activation functions are proximity operator :
ReLU, Unimodal sigmoid, Softmax ...
[Combettes, Pesquet, 2020]


https://pcombet.math.ncsu.edu/svva5.pdf
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Deep learning versus proximal algorithms

@ Most of activation functions are proximity operator :
ReLU, Unimodal sigmoid, Softmax ...
[Combettes, Pesquet, 2020]

Proposition [Le, Pustelnik, Foare, 2022]: The proximity operator of the
conjugate of the ¢1-norm scaled by parameter A > 0 fits the HardTanh activation
function, i.e., for every x = (x;)1<i<n:

P le<r(x) = HardTanhy (x) = (ps)i<isn
where AW i<

pPi = A if pi > A,
p:  otherwise.


https://pcombet.math.ncsu.edu/svva5.pdf
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Deep learning versus proximal algorithms

@ Most of activation functions are proximity operator :
ReLU, Unimodal sigmoid, Softmax ...
[Combettes, Pesquet, 2020]

@ Let W be a bounded linear operators, by a vector, n;
proximity operators (1/2-averaged operator),
fe=Tgo---oTy with Ty = ni(Wj - +br) model allows to
derive tight Lipschitz bounds for feedforward neural networks
in order to evaluate their robustness i.e.

Ife(z+€) = fo(2)ll < x|l

. [Combettes, Pesquet, 2020]


https://pcombet.math.ncsu.edu/svva5.pdf
 https://pcombet.math.ncsu.edu/simods1.pdf

Introduction PNN for restoration PNN for denoising Conclusions
000000000 000e000 0000000000000 000 Q0000000

PNN: FROM PROXIMAL ALGORITHMS TO ROBUST UNFOLDED IMAGE RESTAURATION NETWORKS 14/41

Preliminary work: DeepPDNet for Analysis formulation

@ Analysis formulation:

1
min §\|Ax —2z||3 +||Hx||1| where H= \D
X

@ Condat-Vi iterations:
xFH = %, — 7A*(AxF] — z) — 7H*ul¥

ult 1 = prox_ i (ulf + yH(@2xFH — xlk))

YT

@ Reformulation:
xlFH1] = (Id — 7A*A)x*] — TH*ul*] + 7A*z
ul" 1 = prox. e (YH(Id — 2rA*A)XM 4+ (1d — 279HH)ul*] 4 279HA™z).

@ Layer network: [Jiu, Pustelnik, 2021]
T 1d [ Id-TA*A —rHe ) KM A
k+1]] "Jprox [YH(1d — 27A*A)  1d — 27yHH" ]| (k]

ul

VI-1IT

e W K] plk]
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Analysis formulation and the proposed DeepPDNet

fe(x) = 77[K] (W[K] ... n[l}(W[l}x + b[l]) o+ b[[(])

@ Network with fixed layer: ® = {H, 7,~}

xE+7 Id Id — TA*A —TH* xM L[ 7R
alfH1l] PLOX, || |x ~YH(Id — 27A*A) Id — 27yHH" ul¥l 27yHA*z

G T plk]

@ Network with variable layers: ©® = {H[k], Thy Vis <k<K

{x[k“]} ] Id [ Id— mA*A —mHp ] [x[k]} TRALZ

Yell-lT

u[k+1] prox _'Yk Hk(Id — QTkA*A) Id — QT’kakHZ_ u[k] QTk’kakA*Z )

e W] plk]

+ specificities for the first and last layers.
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Analysis formulation and the proposed DeepPDNet

==) | earn a prediction function f@
©c Argmm E(® Z % — de(z:)|?
ze]l

== Gradient based strategy

JE(8)

O ry1 = 0Opp — ’Y@W
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Analysis formulation and the proposed DeepPDNet

==) | earn a prediction function f@

®€ArgmmE = MZsz—d@ z;)|?
i€l

== Gradient based strategy

OF 8uK 8uk+1 8uk
©oug dug_1 0wy 0O

Or o1 =0k —

where
ou,  dng(vy)
6uk,1 - de Wk
8uk 8nk(vk) 8W[k] 8[)/C 8nk(vk)
= uy + +
00y, ovy, 8®[k] 00y, 00y,

with v, = Wiug_1 + by and u, = ng(v)
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Analysis formulation and proposed DeepPDNet

EPLL TV NLTV IRCNN  MWCNN Full DeepPDNet

[Jiu, Pustelnik, 2021]
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D(i)FB algorithm

OBJECTIVE
Find X € Argmin {F(x) = Lx— 2|2 + g(Dx) + Lc(x)}
xeH
e C CHis a closed, convex, non-empty. D: H — G and g € T'o(H)
ALGORITHM: Let xq € H,
For k=0,1,...
w1 = prox, (.. (v[k] +7,DPo(z — DTv[k])),

v = (1 4 pp)ult T — prult,

THrEOREM : Assume that one of the following conditions is satisfied.
1. (DFB):VkeN, 7, € (0,2/||D]|%), and py = 0.

2. (DIFB): Vk €N, 1 € (0,1/||D||2), and pi, = ’;:;1 with t, = #2=1 and a > 2.
Then we have

X = lim Po(z— D ul*),
k—o0
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S(c)CP algorithm

OBJECTIVE
Find X € Argmin {F(x) = Lx— 2|2 + g(Dx) + Lc(x)}
xeH
e C C M is a closed, convex, non-empty. D: H — G and g € T'y(G)

ALGORITHM: Let xo € dom g, (7 )ken and (ux)ken are positive sequences
For k=0,1,...

xFH1 = Py (1uk (Z_DTu[k])_’_%x[k] :

+ 1k Ik
u[k-‘rl] = prOer(ug)* (U[k] + ’Tk;D((l 4+ Oék)X[k+1] _ akx[k?])) ,

THroOREM : Assume that one of the following conditions is satisfied.
1. (CP): Vk €N, mpug||D[|% < 1, and oy, = 1.

2.(ScCP):Vk €N, ag = 1/vT+ 20k, fkt1 = kil Thel = Tkoc;l with po7o[|D[|% < 1.
Then we have N 3
x = lim x[.
k—o00
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S(c)CP to D(i)FB

21/41

OBJECTIVE

Find X € Argmin

{FO0 = $lx = 213 + 9(Dx) + 10(x) |
x€EH

ALGORITHM: For k=0,1,...

X+ = Po (4 (z — DTul) 4 pLox¥)

ulk+1] — PLOX., (1g)- (u[k] 4 TkD((l + ak)x[k+1} — aka))

@ S(c)CP: Starting point.
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S(c)CP to D(i)FB

21/41

OBJECTIVE

Find X € Argmin {F(x) = L|x — 2|2 + g(Dx) + Lc(x)}

xEH

ALGORITHM: For £k =0,1,.
<[E+1] — p0< (2 DT K]y + [k])

ulF 1 = prox, .- (u[k] + 7D <(1 + Oék)x[kﬂ] - O"fx’“))

@ S(c)CP: Starting point.
@ Arrow-Hurwicz iterations: o = 0.
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S(c)CP to D(i)FB

OBJECTIVE
Find % € Argmin {F(x) = L|x — 2|2 + g(Dx) + Lc(x)}
x€EH
ALGORITHM: For k=0,1,...
xk+1] = pe, (1 e (z D ult) + 1«
ulktl) = PrOX,, (,g)+ (ult) 4 7, DxIE+1])

« S(c)CP: Starting point.
@ Arrow-Hurwicz iterations: o = 0.
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S(c)CP to D(i)FB

OBJECTIVE
Find X € Argmin {F(x) = L|x — 2|2 + g(Dx) + Lc(x)}
x€EH
ALGORITHM: For £k =0,1,.
x+1 = p,, (1iZ (z— DT Ky 4 L xIK]
ulF 1 = prox, ()« (ul* + Tka[kH])

@ S(c)CP: Starting point.
@ Arrow-Hurwicz iterations: o = 0.
@ DFB: pup — +o0.
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S(c)CP to D(i)FB

OBJECTIVE
Find % € Argmin {F(x) = L|x — 2|2 + g(Dx) + Lc(x)}
xEH

ALGORITHM: For k=0,1,...
{ xkH = po (z— DTu[k])

ult+1 = PIOX,, (1g)* (ul*! 4 7, DxlF+11)

vg

@ S(c)CP: Starting point.
@ Arrow-Hurwicz iterations: o = 0.
e DFB: up — +00.
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S(c)CP to D(i)FB

OBJECTIVE
Find X € Argmin {F(x) = Lx— 2|2 + g(Dx) + Lc(x)}
xXEH

ALGORITHM: For k=0,1,...
xk+1 = pg (z — DTu[k])
ult+1 = PIOX,, (1g)* (ult] 4 7, Dx[F+11)

@ S(c)CP: Starting point.

@« Arrow-Hurwicz iterations: oy = 0.
@ DFB: pp — +o00.

@ DiFB: Inertia step on the dual variable.
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S(c)CP to D(i)FB

OBJECTIVE
Find X € Argmin {F(x) = L|x — 2|2 + g(Dx) + Lc(x)}
xEH

ALGORITHM: For k=0,1,...
xk+1 = pg (z — DTv[k])
w1 = prox_ 0« (ulM + 7, DxFF1)
v = (1 4 pp)ule1 — ppulk]

\ J

« S(c)CP: Starting point.
aE = 0.
@ DFB: up — +o0.
@ DiFB: Inertia step on the dual variable.
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Arrow- Hurwicz algorithm

p
The reformulation of Arrow-Hurwicz can be written as:

Lzve,: HxG —H
(xE w51, 6, 5 p (%, Loy, o (xE ultl),

with
Ly.64p.0 (% u) = prox,, (). (7:Dx +u),
1 Mk T Mk
L x,u == P X— D u + 7 ’
z,@k,PJ’( ) c (1 + g 1+ g 1+ r

[Le, Repetti, Pustelnik, 2023]
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Deep Arrow-Hurwicz building block

p
The reformulation of Arrow-Hurwicz can be written as:

Lever: HxG —H

with
LV,@k,D7D (X, u) = prOXTk(l/g)* (Tk;Dk,’DX + Idu) ;
1 123 T Mk
L x,u) = P x————Djput " z],
z,@k,P,P( ) C (1 + p 1+ Lok kP 14 g

[Le, Repetti, Pustelnik, 2023]
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Figure: Architecture of the proposed DAH-Unified block for the k-th
layer. Inertial step for ScCP (top) and DiFB (bottom).

DAH — Unified

() | |

+1

| frorrar |

D, P,
(EET| -

Wer1




Introduction PNN for restoration PNN for denoising Conclusions
000000000 0000000 0000000 e00000000 Q0000000
PNN: FROM PROXIMAL ALGORITHMS TO ROBUST UNFOLDED IMAGE RESTAURATION NETWORKS 25/41
s
‘ O ‘ Comments
DDFB—LFO Dk,fp, Dk,D absorb Tk in Dk,D
DDiFB-LFO Dk,p, Dk,D, L fix o, and absorb Tk in Dk,D
DDFB-LNO | Dix» =D/ p define 73, = 1.99|Dy || 2
DDIiFB-LNO | Dy,» =D} p fix o = ttk—; toyr = BEa=L
a>2,and 7, = 0. 99||Dk|| -2
DCP-LFO Dk,p, Dk,Dy 12 learn M=o =" = UK,
and absorb 7 in Di,p
DScCP-LFO | D, p, Di,p, po learn po, absorb 7 in Dy, p,
and fix ar = (1 + 2uk)71/2,
and pig11 = anpik
DCP-LNO Dip = D;D, I learn p = po =+ = pxk,
and fix 71, = 0.99~ "Dy || 2
DScCP-LNO | Dip = D] p, px | learn pig, and fix o = (1 4 2p1) /2,
and 7 = 0.99u; '[|Dk|| 2
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36
34+
32
30 —PSNR noisef
—DDFB-LFO
28 — DDFB-LNO
DDiFB-LFO
26| DDIiFB-LNO —
—DCP-LFO
24 — DCP-LNO
~—DScCP-LFO
221 — DScCP-LNO |
0 5 10 15 20 0 5 10 15 20

Figure: Training Setting 2: Denoising performance. PSNR values
obtained with the proposed s (with (K, J) = (20, 64)), for 20 images of
BSDS500 validation set, degraded with noise level § = 0.05.
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Noisy DRUnet DDFB-LNO DScCP-LNO
26.03dB 35.81dB 32.81dB 34.74dB
Denoising performance on Gaussian noise. Example of denoised images (and
PSNR values) for Gaussian noise § = 0.05 obtained with DRUnet and the
proposed DDFB-LNO and DScCP-LNO, with (K, J) = (20,64).
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NN robustness

@ Given an input z and a perturbation ¢, the error on the output
can be upper bounded :

Ifo(z+€) = fo(2)I] < xllell-

where  certificated of the robustness.
@ [Combettes, Pesquet, 2020]: x can be upper bounded by:

K
v < IT (IWeplls x [Wiolls)-
k=1

@ [Pesquet, Repetti, Terris, Wiaux, 2021, 2020]: tighter bound by
Lipschitz continuity:

X max || fo(zo)lls:

Zs)sel

where J denotes the Jacobian operator.


 https://pcombet.math.ncsu.edu/simods1.pdf
 https://arxiv.org/abs/2012.13247
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NN robustness
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Figure: Training Setting 2: Robustness. Distribution of
(1 J fo(zs)|ls)ser for 100 images extracted from BSDS500 validation
dataset J, for the proposed PNNs and DRUnet.
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PnP based on PNN

e Variational approach (k — o0):

x[F+1 = ProX,40p (x[¥] — yA* (AxF — 7))

e PnP (k — o0):

1 = [l — At (Ax — 2))
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Figure: Deblurring (Training Setting 2): Restoration performance.
Restoration example for o = 0.015, with parameters v = 1.99 and 3
chosen optimally for each scheme.
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Figure: Deblurring (Training Setting 2): Restoration performance.
Restoration example for o = 0.015, with parameters v = 1.99 and 3
chosen optimally for each scheme.
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PnP based on PNN

~—PSNR noise
o ||=BM3D
32+ DRUNet
~-DDFB-LNO
30) ||--DScCP-LNO

16 I I | I
0 2 4 6 8 10 12

PSNR with optimal 3

Figure: Deblurring (Training Setting 2): Restoration performance.
Best PSNR values obtained with DDFB-LNO, DScCP-LNO, DRUnet and
BM3D, on 12 images from BSDS500 validation set degraded, with

o = 0.03.
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Direct model

=p Data: z ¢ RM degraded version of an original image x € R:

z=AXx+w

o A:RM*XN: [inear degradation (e.g. a blur)
e w : noise (e.g. Gaussian noise)

SPHERE-IRDIS
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FB formulations

e Variational approach (k — o0):

x[F+1 = ProX,4p (x[¥] — yA* (AxF — 7))

e PnP (k — o0):

k1 — f5 (x!¥) — yA* (AxF] — 7))

e Unfolded (% fixed):

K = [ — A (At — )
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Primal-Dual formulations

e Variational approach (k — o0):

xFH1 = xlB A (AxF — 2) — 7D*ul¥!

ulettl = PIOX |12 (u[k} + yD(2xF 1 — x[k]))
e Unfolded (% fixed):

xFH1 = xF o A (AxIE] — 2) — 7, Dful¥]

ulf 1 = prox (ul* 4 4Dy (2xF T — xE]Y)

Vel
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Summary

PSNR as function of the number of parameters
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Conclusions and open questions

» PNN gives an intuition to build a neural network.

» PNN leads to better results than PnP. Faster solution even
weaker “convergence” guarantees.

» Stuck on standard variational formulation not sufficient.

» More complex penalization (non-linearities).
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