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Abstract. Using an elementary approach, we give precise effective
lower and upper bounds for the Fourier coefficients of powers of the mod-
ular invariant j. Moreover, a straightforward adaptation of an old result of
Rademacher yields a convergent series expansion of these Fourier coef-
ficients and we show that this expansion allows to find a weaker version
of these estimates in the general case and sharper ones in the case of j.
Our results improve on previous ones by K. Mahler and O. Herrmann. In
particular, we show that the Fourier coefficients of j are smaller than their
asymptotically equivalent given by Petersson and Rademacher.
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1. Introduction

Let $ = {z € C; J(2) > 0} denote Poincaré’s half-plane. The modular invari-
ant j can be defined by

20T, oy

elint 1_[ >l(1 _ eZirmr)24 ’ forz e ﬁ’ (1)

where 03(n) = ), d°. Itis a modular function' of weight 0. More precisely,
Jj is holomorphic on $), meromorphic at infinity (with a simple pole of residue 1
at infinity) and it satisfies the following property of modular invariance

b
j(i::d) — j(z) forall (‘cz Z) € SLy(Z). )

ISee [27] for basic definitions and results about modular functions.
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From (1), we can define a function J holomorphic in the punctured unit disk
={zeC:0 < |z] < 1} such that j(t) = J(*77). We have

(1+240%,., 03(m)g")’
q nnzl(l - qn)24

It follows that the coefficients of the Laurent expansion of J in 0 (which
are the Fourier coefficients of j) are all nonnegative rational integers. For
m € N\ {0}, we will denote ;™ the function T € $ +— (j(r))" and J" the
functiong € D' +— (J(g))". Weput J"(g) = q% +2 s i1 Em(n)g" forall
m > 1. When m = 1, we write c(n) instead of c¢;(n). The computation of the
coefficients c(n) posed problems. The first seven were obtained in 1916 [4],
the first twenty-four in 1939 [31] and the first hundred in 1953 [30].

In 1932, H. Petersson [19] proved c(n) ~ 42”?/4 In 1938, H. Radema-
cher [22] obtained by a different method the same result. Later, O. Herrmann
[13] and K. Mahler [17], in order to give estimates about modular polynomi-
als, established upper bounds for the ¢,,(n). O. Herrmann obtained c(n) <
6¢*™V1 for n > 1, and K. Mahler showed that c,, (n) < 1200e*"Vmm+n)  for
n,m>1.

These upper bounds did not seem optimal. Looking at tables of c¢(n) that we
computed, it appeared that the first c¢(n) are smaller than the asymptotically
equivalent given by Petersson and Rademacher. In this paper, we establish
effective lower and upper bounds for the Fourier coefﬁcients of Jj™ that give,

J(q) =

forq € D'.

in particular, the expected upper bound form = 1: c(n) < W foralln > 1.
We shall prove in Section 4 the following result.

Theorem 1.1. For all n, m € N such that nm > 1000 and n > 4m In> m,
we have
1/4

Lm 3001 0.055
Cm(l’l) - Eme (1 327_[ «/_ + én m) with |8nm| = W

When m = 1, the computation of the first thousand c(n) shows that the
theorem is true for all n > 1.

Remark 1.2. As the reader will see in the proof of Theorem 1.1, the con-
ditions nm > 1000 and n > 4m In*> m are a compromise. By this, we mean
that we can weaken one if we strengthen the other. Nevertheless, the reader
should keep in mind that these conditions have to imply the necessary (but not
sufficient: cf. Section 7) conditions n > m and (6) that arise during the proofs.

2Today, using a simple GP (the calculator of PARI [3]) program, we can get the
first thousand in less than 26 seconds on a Celeron 466Mhz.
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Let us mention that this elementary approach applies also to the Dedekind
eta function and allows to find again some results, analogous to Theorem 1.1,
about the partition function that are contained in [25, Chap. 14] (see also [18]
[6]).

Reading [19] and [22], we saw that Petersson and Rademacher had obtained,
not only an asymptotically equivalent but, in fact, a convergent series expansion
for c(n). Petersson used Poincaré series and Rademacher, inspired by his work
on the partition function [20] [21], used Hardy and Ramanujan’s circle method
combined with a method of Kloostermann [16] extended by Estermann [9].
In this paper, we notice that an easy adaptation of Rademacher’s work [22]
yields a convergent series expansion for ¢,, (n). This expansion allows to find a
slightly weaker version of Theorem 1.1 but leads to the following improvement
in the case m = 1:

Theorem 1.3. Fork > 0, let

[Ti2@ — @/ + 1Y)

(1, k) = 70

Foralln > 1, p > 1, we have
edrvn (] I\ .k r,0n
oy = S (L) b, nw
\/En?a/éi— = 8T nk/2 npr/2

1 |(1
lrp(n)| < ﬁ |E47’T]))l)’| + 624/ 2e TV P/2,

where

The outline of the paper is the following. In Section 2, using a theorem by
Ingham, we give an asymptotically equivalent of c¢,,(n) as n tends to infinity.
Then, we prove in Section 3 some technical results necessary to the proof of
Theorem 1.1 that we do in Section 4, which includes also estimates of the ¢, (n)
for nonpositive n. We start Section 5 by giving, following [22], a convergent
series expansion for any modular function of weight O holomorphic on $), from
which we almost recover our main result. Then, we prove Theorem 1.3 and

< forall n > 1, which
improves on Herrmann’s bounds [13]. We give in Section 6 general upper
bounds for the Fourier coefficients c,, (n), when m > 2, that improve on those
given by Mabhler in [17] and we gather in a corollary the upper bounds we
obtained in the case m > 2. Finally, we examine numerically the conditions
that appear in the proof of Theorem 1.1.

Our results improve on all the results known before. Let us mention that

they have been used by A. Enge and F. Morain in [7] and are used in a work in

show that it implies, in particular, that c(n) <
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progress by J.-B. Bost [5], in which he aims at replacing the classical estimates
of Fourier coefficients in transcendence proofs with tools from Nevanlinna
Theory. Our estimates allow to prove that some upper bounds obtained through
Nevanlinna Theory are essentially optimal.

2. An asymptotically equivalent of ¢, (n) as n tends to infinity

In 1941, A. E. Ingham proved in [15] a tauberian theorem that implies the
following result.

Theorem 2.1. [A. E. Ingham]. Ler f(z) = Zkzo arzk a power series with
real nonnegative coefficients and radius of convergence equal to 1. If there
exist A > 0, A, a € R such that

A
f(x) ~ A(n(1/x))* exp <m> asx — 17,

then

A Aa/2—1/4
Zak 2\/_ Yy exp(2«/A_n) asn — +00.

We apply this theorem to the function (1 — x)x™J™(x), m > 1, to obtain
an asymptotically equivalent of ¢,,(n) asn — 400 . Form € N\ {0}, we
have x"J"(x) =14+, Cu(n)x" with C,,(n) = ¢,,(n —m), n > 1. Hence,
(I=x)x"J"(x)=1+ in>1(5m(n) — Cp(n — 1))x". But,

0" (x)
(1 _ x)24m—l nnzZ(] _ xn)24m

where Q(x) = 1+240) ", _, o3(n)x". Therefore, (1 — x)x™J™(x) has real
nonnegative coefficients. We aim at finding an asymptotically equivalent of
xJ(x) as x tends to 17. To do so, we use the modular properties of j. For
x €]0,1[, let t+ > O such that x = e~ >"": we have J(x) = j(it). As x
tends to 17, ¢ tends to 0" and conversely. Thus, J(x) which, from (2), is
equal to j (’-) =2/t D ons0 c(n)e~2™"/" is asymptotic, as x tends to 17, to
eZﬂ/t

1 —=x)x"J"(x) =

= exp (1 1 > Hence, as x tendsto 17, (1 —x)x™ J™(x) is asymptotic to

(I—x)exp (14 ) oryettoIn(1/x)exp ( 1;416 /’;‘) ) Ingham’s theorem applied

1/x)
withA =1, « =1, A = 4n%m, gives

1 @n*m)'/*

1+;(cm<p>—cm<p— R e T exp(dr/nm).
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Therefore, C,, (n) ~ ﬁ n;/4 exp (4w /nm) and

1 ml/4

cm(n) = Cp(n+m) W T Boitm )3/4 exp(dr+/(n + m)m).

Finally, we obtain

ml/4

Cm( ) n_:\_;_oo \/— 3/4 exp(477 V )

This result is also a corollary of Theorem 1.1 that we establish in the next two
sections.

3. Preliminary results
3.1 An inequality
The Fourier expansion of j gives, since its coefficients are nonnegative,
[j ()] < j3(r)) forall T € H. Hence, letx, y € R,if 1 = x +iy € §,
j(D)] < €™ + 744 + anlc(n)e‘zn”y. The function y — g(y) =
D ons1 c(n)e=>™ is a decreasing function of y € ]0, +oo[. Consequently,
fory > 1, g(y) < g(1) = j(@i) — e*™ — 744. Therefore, if y > 1,

j(iy) < e*™ + 1728 — ™ and, using the modular relation (2),if 0 < y <1,
JjGy) = j(%) < ¥ 41728 — €. So, we showed:

Lemma3.1. Letx, y eR, fort =x+iy € 9, we have
(O] < jiy) < ™0 41728 — 27

Now, we prove two intermediate results.
3.2 Some technical lemmata
Lemma 3.2. Forx > 0, we have

* 1 1
—2mu? . —2mx?
e du=———r, with O<r, < —e .
./() ﬁ * * A x

Proof. Since f0+ e™’dy = /7/2, we have f+°° gy = 2f and, for

x >0,

Foo 2 2 o0 1 2 2 1 2 2
O<rx:/ e_”“du<f 1+ e du = ——e 7.
- . 47 u? 4 x
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Lemma 3.3. Fora > 5, let

Then, we have
3 15 4B th |By| < 0.355
— — v Wi o < ———.
64ma®/2 409672042 ot

a =

Proof. For u € [0, a/2], we write

27 u’ 272y

cosam =1- 22(1 = ul/ad) + Ry (1)
and
(1 - "—2>_3/2 =1+ 3w + Sy (u)
a? 202 ¢
with
1 Q2m)*u'? 1 2m)ou'd 1 Qm)*u'?

— < Ra < - - .
Ala*(l —u?/a®)?  6las(l —u?/a?)’ — W) = 4 a*(1 — u?/a?)?

and

15 u* +35u6 < Su) < 15 u* +304u6
s (1) < —— .04—.
8a* 16a® — 8 ot ab
Thus,
2mu’ w2\
COS ——— (1 - —2> —1
ay/1 —u?/a? a
3 u? 27 %ub R, (u)
= 2+ Su) — .
2 a2 a2(1 — u2/a2)52 " (1 — u2/a?)32
But,

L - 1+5”2+T() 'th35u4<T()<685u4
- — = —— + Ty (u) with —— < T,(u) < 6.85—
o? 2 a? 8 ot at

since u € [0, «/2]. Hence,

2nu’ w2\ "
cos ——— | |1 - = —1
a1 —u?/a? < 0‘2>

3u? 27%ub  57x%ud
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where

S Ry (1)
Ua(u) = Sa(u) — TTQ(M) + m
Then, from the inequalities above and

o~ —7/2 7 u? u?
R =1+ Vy(u) with = — < V,(u) < 7—,
o2 2 o o

2\ —9/2 9 u2 u?
1—— =1+ Wy(u) with =— < W,(u) < 11—,
o? 2 a? o

if u € [0, «/2], we have

15 u* n 35 u® 13772 10 4 Qm)*u'? 7 u?
— — — — — . n — — —_——
8 at  16af a® 4% 2 o2
27716518 2
_ @m)°u” (1 + 11M_>
6!a® a?
ut ub 3577 ul® Qr)*u'? u?
<Uu)<——+304— ———+ —(1+7—= ).
< Valu) = 8 ot + ab 4 b 4104 < + a2>
Several integrations by parts (done with Maple) give

a2 (,‘(/2 2
Ki(@)em 2 + Kz(a)/ e " dy
0

7a? 0{/2 2
<Ay <Li(@e > + Lz(oz)/ e 2 dy
0
with

Ki(a) = — 'l —277 e’ + —973 3o
1572864 23592960

b
23592960

5 3439207
o
7864320

1573
1572864
11070887 1
524288 m2ad +

, s 129471
T — T
2621440

54546219 1 n
524288 m3a’

299481 1

8146573 1
2621440 Tar
160044885 1
524288 rta’’

160044885 1
2048 2ot 65536 w3 262144 m4ad’
11 4 1 7
Li(a) = - — —5n2a5 + 6— ad — ia
49152 16384 16384

T
49152
424703 1275009

T 409600ma 819207203 81920730’

31 15 1
Kyle)=—-2—73~

405303
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and

31 15 1 1275009 1
TR7a? 2048720 T 40960 7iad
The function L, («) is negative when @ > 5. Hence, from Lemma 3.2, we have
Lz(d)) n Lr(a)
2mo 22

- 1 3 1 n 15 1 1275009 1
T 2J/2\327ma? 2048 w2t 40960 m3a®

Ly(a) =

7[&2
Ay <e 7 (L](Ol) -

pp (6L 3 115 ]
¢ 49152"% T 64 n2a3 " 4096 130 )

Moreover, as K| («) is positive and K; (o) is negative for all « > 0, we get

1 3 1 15 1 299481 1 160044885 1
Ag > — =t + +
22 \32ma? 2048 w2t 65536 m3a® 262144 m4ab
1 3 1 15 1 1275009 1
> — ~ 1 +
22 \327a? 2048 7la* 40960 w3

if « > 5. Thus, for ¢ > 5,

. 1 (3 1 N 15 1
T2 /2\327a? 2048 w20t

1275009 2 _( 61 . 3 1 15 1)

< —_— 2 [ R
= 163840 73a6 ¢ 191507 T a7 T 2096 T3
1275009 /2 _z(

, 5\ 0355
T +4‘10 E 6 ’

PO
= 163840 73ab ¢ 49152 o

which is the estimate desired. O

4. Proof of the main result

Let m € N*. We put ¢,,(—m) = 1. Cauchy’s formula applied to J™"(g) =
an—m cn(n)q”, lg| < 1, gives: forn > —m, ¢,,(n) = # fyr J;,(ﬁ)dq where

Ve ix €[=1/2,1/2] = re? ™ r €10, 1[. Putting r = ey >0, we get

1/2
cn(n) = lerny/ Jgm (eZirr(x+iy)) e—Zinnxdx
—1/2

1/2 )
— eZﬂny/ jm(x +iy)€_2lﬂnxdx. (3)
—-1/2
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Moreover, we know that c,,(n) € N and j(x +iy) = j(—x + iy). Hence,
cm(n) = 267 R (fol/z J"(x + iy)e’z”””dx> for all y > 0.

As we shall see, the coefficients of the principal part of J™"(g) at O are
involved in the estimate of the ¢,,(n) for n > 1. Thus, we need estimates of

the ¢, (n) for n negative that we establish in the two propositions hereafter.
We start by a general (but not necessarily good) estimate of the coefficients

cm(n).

Proposition 4.1. Forallm € N*, n € Z, such that n > —m, we have
cm(n) < e 1728™.

Proof. 1f we choose y equal to 1, we get

172 '
em(n) = 27" R (/ JM(x + i)e_z”"”‘dx> ,
0

hence

1/2
Cm(n) < 2% / jM(@)dx = e¥"1728™.
0

Now, we sharpen this result for some negative values of n.

Proposition 4.2. Forallm € N*, n € Z, such that —m +1 < n < me’®

1728
we have
—n \" m \"
n(n) < (1728 — &27)mtn )
cm(n) = ( e (m—l—n) <m—|—n>

Proof. First, we notice that m > 2 necessarily. From Lemma 3.1 and (3), we
have

e (&2 41728 — ™)™ if y €10, 1],

4
eFmY (¥ + 1728 — )" if y > 1. @

Cm(n) < gm,n(y) = {

When n < 0, the function g, , is decreasing on ]0, 1]. The derivative of
&m.n on the interval [1, 4-o00[ cancels at y,, , = % ln( —L (1728 — e2”)). The

m+n

. . . 2
condition y, , > 1 is equivalent to n < —75¢. Hence, for —m +1 < n <

N meZJr
1728~

cm(n)ng,mm,n)=<1728‘62”)m+"( n ) ( : ) '

m-+n m-+n

27 . . . . .
For —75¢ < n < 0, we notice that the best choice is y = 1 which gives

Cm(n) < e*™"1728™, O
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We start the proof of Theorem 1.1.

All along this section, we assume that n > m.

Inequalities (4) lead us to choose y € ]0, 1] so that €2 e27M/Y is minimal.
This is done for y = \/% . Hence, we study %t (K) with

1/2 _
K =/ Jj" (x +1i /@> e HTE
0 n
Thanks to (2), we have
. . |m L —x +iym/n
(D) =i ().
n x*+m/n

To take this fundamental property into account, we have to compare 1, \/%
and " Let a,, , denote (2) 4 (1- \/?)1/2, the inequality "/ < |

‘ x24m/n” . x2+m/n —
is equivalent to x > a,, ,. We notice that a,,, € [0, 1/2], for a,,, < 1/2

is equivalent to \/?(1 — \/?) < A—IL ie. (\/? - %)2 > (. Hence, we write

K =L + M with
Am,n X
L= / J (x ti /@> ey
0 n
1/2
M = <X 4 /ﬂ) 72mnxdx
amn n

4.1 An upper bound for | M|

Qo x24+m/n

From (5), we have M = f”z jm (L ””/”) e~27*dx. We have just seen
that, for x > ay, ,, /m/n_ < 1 Then,

x24+m/n —
1/2 /m n
al?l.n x + m/n

1/2
< f (6211()(2+m/n)4/n/m + 1728 — 6271 mdx
Am,n
from Lemma 3.1. This is equivalent to

1/2
|M| < e2ﬂnlm/ eZUXZW(l 4 (1728 _ eZﬂ)e—Zﬂ(x2+nl/n)W)mdx’
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which gives

|M| < eZﬂm\/rT/n 27Tx W(l + (1728 2ﬂ)€_2n(am"+m/n)m)mdx

m,n

12
2nmm (1728> / €2ﬂx2\/mdx.

6271

As f1/2 VM gy < f”z eV iy we finally get

Am,n

1< i ()" Lo
e n«/nm

4.2 An estimate of L

From (5), we have L = [;"" j™ (L Vm/") e 2T dx ie.

x2+m/n
Am,n : —x+iy/m/n .
L = / e 2”'”'”( Zm/n )e—ermxdx
0
L,
a
m,n 27_[ —H»l —x+iym/n Y
+ E Cm (P)/ (S )e Hrnxdy
p>—m
L,
. 27
First, we compute an upper bound for |L,|. Let pg = — L’]";ZS J — 1 where | x|
denotes the floor of x. We have L, = [;"" e~ 2™( ioz_mﬂ + Zl_)ipo+1 +

> 20) = Lar4Loy+Loz where Ly; = 0ifm = land Ly, = 0ifm = 1,2, 3.
We have, for all m > 2,

20 A omp fiigi
[Ly| < Z cm(p) e Zwmindx < Z Em(P)am e—2mpv/njm.
p=—m+1 0 p=—m+1

. 27 .. .
Hence, if A, denotes —ﬁ € [1"7@, 1-— %], Proposition 4.2 gives

Po
Lol < @ns Y h"(4p) with In(h(2))
p=—m+1

=1 —-A)In1728 —e*™) — AlnA — (1 = A) In(1 — 1) + 2w Ay/n/m.
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The derivative /' (1) cancels if and only if A = ((1728 — ¥ )e~2"V/m £ 1)~ 1,

Let us recall that 1, € [ {5, 1 — 1]. We have (1728 — e )e 27V 4 1)~! >

1— Z if and only 1f

2
n>m <L In((1728 — €*)(m — 1))) . (6)
21

In this case, for all & € [, 1 — 1], m > 2, we have h(3) < h (1 — 1)

which implies 27 (1) < (1728 — €>7) m ¢! +27/mn=/nfm)
Finally, we obtain

(1728 — €*™)? m®/*

38 o el+2n(\/rﬁ7\/n/7m)
n

[Loi| <

for all m, n € N satisfying m > 2 and condition (6) that we assume until the
upper bound for |L;| is achieved.
Then, we turn to Lo,. For all m > 4,

—1 @m.n 2mp/mjn —1
|Lon| < E / cm(p)e 2min dx < E @ P1728" ¢~ 27PN
p=po+1 p=po+1

from Proposition 4.1. This implies

21 (nJm—1)yme> /1728 __ 1
eZn(«/n/m—l) -1

Ll = (2) 12T
n

When m > 4, from (6), we have e?*V"/"=1D > 6 which yields

1/4 2 1/4
|L22| < <ﬂ> 1728m282nm 27tm1728 < g(n_/l) 551m 271 g VI
n n

Lastly, we give an upper bound for |L,3|. We have

2npym/n
|La23| < E cm(pe emimdx.
0

p=0

As Y- > 1 forall x € [0, y 0], we get
A 1/4
L] < / (Z Cm(p)e_2””> dx = a,j"0) < (%) 1728".
0 p=0 n

We gather our results to get an upper bound for |L;]|.
Form = 1, we have |Ls| = |La3| < 71728,
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For m = 2, 3, we obtain

1/4 _2m\2 ., 9/4
m m (1728 e ) m 1+2n(m_m)
|Lo| < [Loi] + |Lo3| = W1728 + 728 Py
For m > 4, we have
[La| < |Lat| + |La2| + L2l
m‘/4 " (1728 — )2 m i
Yy — 1728 e
/4 1728 nl/4
1/4
N 6m / oS-Slm2m 5 Jam
5 nl/A :

The conditions m > 2 and (6) imply n > 1.27m, from which follows

(ﬁ)l/“ 1728 < (ﬁ)”“ 5.SUm2 e i
n T \n

Thus, for m > 4, we obtain,

(1728 — €2n)2 m?/4 1+2n(«/rﬁ n/m) 4+ = 11 m! e Slm+2m G5 1728 VUM
1728 ¢ 5 e

|Ly| <

9/4 1/4

m / 21 (/mn—y/n/m) 11m / 5.51m+0.627 \/nm

< 2238——e¢ + —=——€ .
nl/4 5 nl/4

One can check immediately that this inequality remains true when m €
{1,2,3}.

Remark 4.3. The condition (6) is a consequence (when m > 2) of the con-
dition n > 4m In” m.

n3/4”ll/4x

Now we estimate L;. We make the change of variable u = AT This
gives
1/4 N .
L ="y / o 2T G A T g2 du
n3/4 (1— u2/ /mn)3/2
1/4
1/4 o N
— m 2n4/mn +
n3/4 0 () 1/4 :
— ‘2,_/
Ly L
First,

nay, R du nA3/4 [nann z
|L12| < e—27ru < (_) e—2nu du
= Sy /o —y2/./ 3/2 — o) 1/4
mzn (1 u / mn) m mzn

+
<(1>3/4/ T iy < LN 2
- (mn) 1/4

m 2T m
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from Lemma 3.2. Then,

() 1/4 -3/2
2 27 u’ u?
Re Ly =/ e 2w | cos - (1——) —1]|du
0 (mn)1/4 /]_;W Jmn
(mm) 1/4
+ 2 e—2nu2du
0

Lemmata 3.3 and 3.2 give Re L;; = (1 — 32nf/% — 2048';2%)#5 + Cinnyir

with C(mn)'/4 = B(mn)'/4 - f(:::)olﬂ e—2nu2du and
2

e TN/mn/2 0.355

| < + .
T 2n(mm)V* - (mn)3/2

[C (mny 14 (7)

4.3 End of the proof of Theorem 1.1

For all m,n € N\ {0}, we have

cm(n) = 2™V (Re Ly + Re L, + Re M)

1/4
_Lm_e%x/m (1_ 53 1 LEnm)

o2 nd 327 /nm * nm

with
Epm =232n"*m34e 2"V (Re M + Re L)

15
204872

We shall prove in the sequel that |E, ,,| < 0.055 if nm > 1000 and n >
4m In’> m.

First, [2v/2nmRe Ly| < Y2p3/2e=Vm/2 < Y2 (qp)3/2g=nv/mm/2 < 10=17
if nm > 1000.

If nm > 1000, we have from (7)

+ 2x/§nmC(,,m)1/4 + 2+/2nmRe L.

3/4 ,—mw/mn/2 0.355
128/ 20mC umyis| < 24/2 (mn)™"e + < 0.03176.
2 (mn)1/2

Then,
|2\/§n7/4m3/4e_2”WRe L,| < 4476 2m3n3 2= 2 Vnim

n 225\/§n3/2m65.51m—1.38n«/m.
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The function f,, : x > x3/2¢=27V¥/™ is decreasing for x > max(1, 4m In> m).
Form <7,asn > 1000/7 > max(1, 28 In? 7,

1000
4476720 *m3e VM < 44763 2m° f,, <T>

1000
<4476V2 -1 f (T) < 0.0018.

For m = 8, we have n > 321n” 8 i.e. n > 139 which implies
4476720 Pm3 e VI = 44768/ 203283 e~V
< 22917122 £3(139) < 0.02244.
Form > 9, as n > 4m In> m, we have
447632032 mB e VM < 4476x/§m3fm (4m 1n* m)

= 35808v2m%/>~*" 1n® m.

The function x — x%2~%7 In® x is decreasing for x > exp (;) Hence, if

i7—9/2
m>9 > (exp (ﬁ)), we get
4476721 m3 e VM < 0.011.

Now, we give an upper bound for %En*%/ 2me>Stm=1.387ynm We notice that

e if m < 10 then 1000 < nm < 10n hence n > 10m;
e if m > 10thenn > 4mIn*>m > 4m1n*> 10 > 20m.

It follows

225\/§n3/2mes.51ml.387rm < 22;/5 ()32 351V 10V/nm—1.38 /nm

zzﬁ(nm)mez.sm
5

=

< 22;/5(1000)3/262.&/1000 <1072,
Finally,

m
|2x/§n7/4m3/4e_2”WReM| < 2\/§n5/4m1/462nnzm (1728) e—3nm/2
- 7 eQn

212
< —\/_(nm)s/4(1728)’”e*3”M/2
/4
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since n > m. As n > 10m, we have

|2\/§n7/4m3/4e*2”WReM| < zﬁ(nm)5/4e«/().711n1728«/rﬁ73n\/ﬁ/2
T

2\/5 ()5 g=23

IA

< 2\/_(1000)5/4 —2.34/1000 < 10—27
These upper bounds collected give

|E +107"7 4+ 0.03176 + 0.02244 + 1072° + 10? < 0.055

ol = 50487

if nm > 1000 and n > 4m In?> m, which concludes the proof.

5. Some corollaries of Rademacher’s series
expansion of the coefficients c(n)

Let

. au+bv .
S(a,b;c) = Z 27 (“F) where a, b, c e Zwithc >0
1<u,v<c
uv=1modc
be the Kloosterman sum. Let

+00 (2/2)2v+l
O =2 e

be the Bessel function of first order with purely imaginary argument.
In [22], Rademacher gives a series expansion of the Fourier coefficients of
Jj. A straightforward adaptation of the proof yields the following result.

Theorem 5.1. Let f be a modular function of weight 0, holomorphic on $),
having the Fourier expansion

f)= Z a(n)q", withq = ™7,

nz—myg

forall T € §. Then, we have, forn > 1,

an) = ij (- z)fzs(” (4”;/_)
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Hence, in the particular case of j”, we have

Theorem 5.2. Form, n > 1, we have

S(n A /nt
en(n) = fzcm( z)fz 11( ; )

In this section, we first derive two estimates of the ¢, (n) from this theorem.
Then, we focus on the peculiar case of the c(n).

5.1 An estimate of the Fourier coefficients of j” with
an arbitrarily small error term

Forn>1,0>1, N> 1, weset Rey(n) = Yy o5, S0rtl p (4n/nty,
We first prove the following result.

Lemma 5.3. For all positive integers £, n, k, we have
1S(n, —€; k)| < 9(n, £, k)2 k4,
Proof. From [29], we know that
IS, ~L )| < (. 1, 0) 2k 22 (k) ®)

where (n,!, k) is the g.c.d. of n, [ and k and 7 (k) denotes the number of
positive divisors of k. Thus, it remains to prove that 7 (k) < 9k'/4, which we
do following [12, §18.1]. Let P denote the set of prime numbers and, for all
p € P, let v, denote the p-adic valuation. We have k = [] ., p7® As
(k) = [1,ep(vp(k) + 1), we have to prove 12 =[], (’pr’fp’%) < 9. If

v, (k)+1

p > 16, we have pl/4 > 2 and then % < Sym

< 1. Hence,
T(k) vy(k) +1
k1/4 = l_[ prr®/A

P

PeP,
p=<16

Let u,, be the function x — ;ﬁi for p € P. When p < 16, the respective

maxima of the u, over N are u>(5), u3z(3), us(2), u7(1), u;1(1) and u3(1),
which implies Zflf} <0. O

Then, following [25, §121], we get, for£ > 1, N > 1,

()]
k

2v+1
— 9(n, 0)\2 Z = 1/42(27T\/_/k)

k=N+1 = v+ D!

+o00
|Ren () <9, )7 Y k'

k=N+1
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2v+1 +o00
o5 [

i+ D! Jy X 2v+5/4

—_— 9( 6)1/2 (2” \% nﬁ) v+l 1
n, E
v=0 V!(U 1)'(21) + 1/4) N21)+1/4

<36(n, 0)'2N*1, (MT M) .

Thus, form, n > 1, (N1, ..., N,) € (N\ {OD)™, we have

) = IZM G (21) Sl L (“Zﬁ)me,m(m)
©

with |Re v, ()] < 36(n, )2 N1y (4510,
Now, we prove that a slightly weaker version of Theorem 1.1 is a conse-
quence of this estimate.

5.2 (Almost) Theorem 1.1 as a corollary of estimate (9)

Form,n>1,wefix Ny =---= N,_1 =1 and N,, = 2. This gives

() _27r\/> (11(4m/ m) + (-1 )n mll(zm/ )+Rm2(n)>
m—1
+ 2—”2%(—6)«/2(11 (4rv/nt) + Re1(n))
Vi

= Z—ﬂ(ﬂll (4m/nm) + R(n))
NG

with

|IR(n)| < 62/m (n, m)"*I, (27 /nm)

m—1
+ 37Zcm(—£)«/2(n, 021, (47 /nt).
=1

For all z € C, we have I,(z) = —%(Hl(l)(iz) + H1(2) (iz)) where Hl(l) and
Hl(z) are respectively the first and second Hankel functions® [28, §3.6]. As

3also called Bessel functions of the third kind.
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H"(ix) is real for all x > 0 (cf. [8, §7.2.2] or [28, §7.2, p. 196]), we know
that 1, (x) = J(H”(ix))/2 for x > 0. Following [28, Chap. 7], we establish
an asymptotic expansion of /;(x) (where x > 0) with an effective remainder

term.
For all x > 0, we have (see [28, p. 168])

2 X ocoexpiff 1/2
H®(ix) =i | =2 _ e u”? (1= au (0
1 3

nxT(3) Jo 2x

where 0 < 8 < /2. Forall p € N\ {0},
1

G (= (-3
(-5 -5 G o G

k=0

1 ut 1/2—p
x/ (1 —r)P~! (1——) dt (11)
0 2)6

where (o), is the Pochhammer symbol defined by (¢)g = 1 and (@), =
a(a+1)--- (e+n—1). We choose (for simplicity) § = w/4.Forallt € [0, 1]
and u on the half-line [0, coe™™/*), we have |1 — 4| > sin(rr/4) = g hence
|(1- %)1/2_”] < 2% . Then, in (10), we replace (1- %)1/2 by its expansion
(11) and integrate term-by-term. This gives

[2 "Z" (=2) )i, T
@iy — 1 x 2/k \2)k 1P
R e ( Kok

k=0

p!

-1 (=L ‘
274 ‘( 2)p22p4+31_‘<p+3):\/§

( ;> (Z)
P P
If we write, after Hankel [11, p. 494],

(=2): ), T (k+3) B H'};é(4 —@2j+1)?
kU R (k4 3) 4k ’
(12)

(1,k) = (=D*
we obtained, for all x > 0 and p € N\ {0},

e (=D,
) = —= (Z T T xr (13)

k=0
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with |ry | < \/LEKI’ p)|. Notice that this formula does not give a convergent

series expansion. This was done by Hadamard [10] whose work implies, for
allx > 0,

(k —I— 2x)
Li(x) = Z YT (2x>'<

xkO

where y denotes Legendre’s mcomplete Gamma—function defined by
y(a,u) = fou tle~tdt. As (—%)k < Oforall £ > 1, we get, in particular, for
all x > 0,

)C

Wrrh

Until the end of the section, we assume that n, m € N, nm > 1000 and
n > 4min® m.

Let p; = T7628J We have p; > 1if and only if m > 4.

For all m > 2, we have, from inequality (14),

m—1
_ 3" 37en(~OVln, 021 (4nv/nb)

Z pi+l

m—1 3/4
Z 3742 L
- ;/_Cln( 0 (n> phv/nl

{=pi+1

Li(x) < (14)

\/_ml/“ 4 Jnm m=1 5
. 4 (T
S D 3Tnen (=0t e

{=pi+1

«/_ml/“ At /nm m—1
< 2 n3/4 p—— 37nm3/26727rm Z cm(_ﬁ)e2n2\/n/m i

t=pi+1

Sy
If we proceed as in Subsection 4.2, we obtain, under the assumptions m > 2
and (6),
2 (1728 — €27)?
1728

The function g,, : x — xe2"V*/™ is decreasing for x > max(1, 4m In> m).
Form <7,asn > 1000/7 > max(1, 28 In? 7,

S| < 37nm el =M < 8277 1lnm 2o /M,

1000
82771nm"2e~ VI < 82771m"%g,, (T)

1000
< 82771 - 77/2g7( - )<0.0051.
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For m = 8, we have n > 321In> 8 i.e. n > 139 which implies
82771nm e~ 27V/m — 82771 . 872 ne 23
< 84757504+/2g5(139) < 0.0704.
Form > 9, as n > 4m In> m, we have
82771nm eV < 82771m" g, (4m In®> m) = 331084m°/>~*" In®> m.

The function x — x°2~#7 In® x is decreasing for x > exp (32575 ). Hence, if

=92
m>9 > (exp (ﬁ)), we get

82771nm" e 2"V1/m < 331084 - 9°/2~* 1n?9 < 0.0321

Finally, we obtained S| < 0.0704 under the assumptions nm > 1000 and
n > 4mln*m.
For all m > 4,

)4
S, = % Y 37en(—0OVEn, 021 (dmv/nb)
=1

1 m 3/4
R 37v21728" (e Jn i
- 2 62716

=1 n

1/4 4w /nm P m
_ V2m'te 237n1728 (b))
2 134 um — o2t

5

4 /n(t—m) 4 Jn(t—m)
from Proposition 4.1 and (14). As ATVI(VI=Vim) — oI <e W it

follows that

Pi
S < 37nm3/21728me—271\/mzeZﬂ[(W_l).
=1

Here again, under the assumptions m > 4 and (6), Subsection 4.2 gives (cf.
the estimate of |Ly»|)

x 3/2
gnm3/265'51m62”(iﬂ%*l)JW < 252(””32/ S5-5m—1387 Jm
n

As m > 4, the condition n > 4mIn*m implies /n > 4,/mIn2 > 8In2.
Then, we get

/

> 111 (nm)3/28(5.51/41n2—1.38%)%52_10—27

2= 20In2
if nm > 1000.
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For m > 1, we have

Sy = 1247 | (0, m)\ /21, (2 /o)
n

1/4 4 Jum
<62 (_)3/4 S V2m i 62+ 2nm3/2e=2m/mm
n 2 W3 nm

5

But S} < 62ﬁ(nm)3/2e—2”W < 21078 if nm > 1000.

As(1,1) = % and (1,2) = 32, the expression (13) gives

hoy=-—S (1-3 2 (15)
1= 2 x 8x  x?

with |y, 2] < %i. It follows that

1 m'/4 — 3 1 1
Cm(n) = _m3_/4€4n o (1 -4 _pn,m>
n nm

V2 327 /nm
with |ponl < 13Y2, 4 §) 4 85 + 85 < 0.0725 for all m, n € N such that

nm > 1000 and n > 4m In> m.

The result obtained here is slightly weaker than the one proved in the pre-
vious section. But in the case m = 1, Rademacher’s approach leads to a better
result than the one provided by our approach, as we are going to see in the next
subsection.

5.3 The case of j

According to Subsection 5.2, we have

c(n) = 711(4nf)+R (n)

with

IR'(n)] <

124
ﬁ]ﬂbﬂ/ﬁ).
From (13) and (14), we get, forn > 1, p > 1,

drymn [Pl o 1\k
o = € ( (—D (1,k>+r,,(n>>

N AV = A N T (1o
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where (1, k) is given by (12) and

orvi| V210, ) w o)
= |—— 4+ 6242 < — - 4+ 6242 pr=,
rp(n)l e Jn)? + 624/2¢ =3 an)y + 62+/2¢ n

Note that the maximum over R* of the function x > 62+/2¢™*(2x)? isreached
atx = p.
For example, if p = 3, we have
V2 105

. /2 —2r./n 3 ]
sl = 5= 55y 6 V2e 7V ()’ <0.0003

if n > 10. Hence, for all n > 10, we have

edtvn ( 3 15

. 3-107*
2n3/4 32m/n 20487%n

n3/2
(17)

c(n) = + 8,,) with |g,| <

The computation of the first ten c(n) (cf. Section 7) shows that this remains
true for n > 3.

A careful analysis of Section 4 would give a similar result. But, when deal-
ing with parameter p > 4, we need a more precise estimate than Lemma 3.3
to establish from our approach a result similar to the one obtained from
(16).

To end this section, we want to check that c(n) < % forallm > 1
as claimed in the introduction. Relation (17) implies c(n) < % for all

n > 10. The computation of the first ten c(n) shows that this is indeed sat-
isfied for all » > 1. Note that this result can also be obtained from The-
orem 1.1. This improves on the result c(n) < 6e4”ﬁ, for n > 1, given
in [13].

6. Upper bounds for the coefficients c,, (n) whenm > 2

We obtained in Proposition 4.1 some general upper bounds for the c,,(n)
and an improvement of these bounds when —m + 1 < n < —% in
Proposition 4.2 and when nm > 1000 and n > 4m In?> m in Theorem 1.1.
Nevertheless, some cases remain where the bounds ¢, (n) < 1200e*™vm@+7)
given in [17] are better than the ones we gave until now. The aim of
this section is, first, to give upper bounds for the c,(n) that improve on
Mahler’s ones in these remaining cases and then, to give a general state-
ment providing the best upper bounds known for the coefficients c,, (n) when
m > 2.
We start by another general estimate.
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Proposition 6.1. Forallm € N*, n € Z, we have

1728 \"*"
Cm(n)erHW(_> if —m+1<n<0

6271

and
Cm(n) < e471«/m(m+n) ifn > 0.
Proof. Let us recall that we have forall y > 0

172 '
cn(n) = ez””y/ M 4 iy)eHTE

1/2
We fix y = /7.

First, we assume that n > 0, Hence, we have y < 1 and Lemma 3.1 gives
m m+n m
Cm(n) < &7 (eZ”V W+ 1728 — 62”)

< /it 2w /) (1 + (1728 — X)o7 "’Z”)m

< VIO (2 (14 (1728 — eV )

Let f : x €10,1] — e 2™*(1 4 (1728 — e*)e~?"/*¥). The derivative of
f is negative on ]0, 1]. As lim,_,¢+ f(x) = 1, we thus have f(x) < 1 for
all x €10, 1]. Consequently, ¢,,(n) < e*™Vmn+m f(yym < gdrymim+n) gince
y €10, 1].

Then, we assume —m+1 < n < 0. We have y > 1. We get from Lemma 3.1

em(n) < ¥Vt (ezn\’ w4 1728 — 62”)

< T (14 (1728 — M) VAR )

We study (1 + (1728 — 62”)672”\/ T)m when n 4+ m is fixed. Therefore, we

study g : x € [m+n, +oo[—> (1—1—(1728—32”)@_2”\/ m%")x.The derivative

of g is nonpositive on [m + n, +00]. Hence, g(x) < g(m +n) = (1672?,8)'"“.

It follows that

m-+n
e (1) < 2TV (172£) |
e v 4

Note that e2*v/m@nn (1128Y"H < pdn/mGntny, -
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Leto =2-2018 47 /o — 072 — 3 617.... Wehave,for0 < n < am,

eZnn1728m < e471«/m(m+n)‘

Moreover, for —m + 1 < n < 0, the bounds given in Propositions 4.1 and 4.2
are smaller than those from Proposition 6.1.

We collect the upper bounds that we obtained for the ¢, (n) withm > 2 in
the following assertion.

Corollary 6.2. Forallm <€ N, m > 2, we have

o for—m+1<n< m1728,

—-n \"( m \"
- < 1728 _ 2 m+n ’
cm(n) = ( ) <m+n> <m+n>

2
e
e for Misme <n < am,

cn(n) < e¥"1728™;
e foram < n < max (% 4m In> m),

cm(n) < e4rr«/m(m+n);

e for n > max (%, 4m In® m),

1/4
e M (310055
e f e 327 J/nm  nm )’

These upper bounds improve on Mahler’s ones [17]. The reader should also
keep in mind the exact expression given in Theorem 5.2 and the estimate (9).

7. Some numerical experiments

First, we deal with the case m = 1. In Table 1, we compare the first ten values
of ¢(n) with the bounds obtained from (17) : forn > 1, let

MinGe) A . 3 15 3.1074
mnn) = —— - - -
V2n3/4 32m/n 204872n n3/?
and
Misj(r) etV 3 15 N 3.107*
a = — —
i V2n3/4 32mwn 2048720 n3/2

For x € R, |x] denotes the largest integer less than or equal to x and [x]
denotes the smallest integer greater than or equal to x.
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Table 1. .
n c(n) c(n) — Min(n)] | [Maj(n)| — c(n)
1 196884 382 —261
2 21493760 =217 4876
3 864299970 52342 49232
4 20245856256 582090 959653
5 333202640600 7600670 10525532
6 4252023300096 71384200 104367475
7 44656994071935 601906544 861509359
8| 401490886656000 4409439269 6351251025
9| 3176440229784420 29283637831 42019206145
10| 22567393309593600 | 177496731279 | 254801748021

Then, we assume m > 2 and we want to check if the condition n > 4m In*> m
is necessary in Theorem 1.1 and, in case of a negative answer, if the con-
dition (6) is sufficient. It is easy to see that the condition nm > 1000 is
stronger than the condition n > 4m Inm if and only if m < 7. Hence,
we only examine the case m > 8. We put, from condition (6), f(m) =
m (5= In((1728 — *™)(m — 1)))2 for m > 2. In Table 2, npi, (m) denotes the
least rational integer such that c,, (n) satisfies the result of Theorem 1.1 for all
n > nmin(m). For m € {30, 35, 40, 45, 50}, because of a lack of memory of
our computer, we can only give a lower bound for ny,(m) (we believe that
these bounds are indeed the correct values). We see in this table that, for none
of the values of m considered, condition n > 4m In>mis a necessary one and
condition (6) is a sufficient one.

Table 2. .

m [ [fm)1[[4mIn> m] [ nin (m)

8 17 139 60
9 20 174 71
10 22 213 83
11 25 253 95
15 36 441 146
20 51 718 215
25 67 1037 290
30 84 1389 | > 369
35 100 1770 > 451
40 118 2178 | > 537
45 135 2609 | > 625
50 153 3061 > 1716

The GP programs used and tables of c¢(n) and c,,(n) computed can be
obtained from the web page

http:
//perso.ens-lyon.fr/nicolas.brisebarre/fuji.html.
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