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Rare Event-Triggered Transitions in Aerodynamic Bifurcation
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The transitions between two states of a bistable system are investigated experimentally and analyzed in
the framework of rare-event statistics. Considering a disk pendulum swept by a flow in a wind tunnel,
bistability between two aerodynamic branches is observed, with spontaneous transitions from one branch
to the other. The waiting times before spontaneous transition are distributed following a double exponential
as a function of the control parameter, spanning 4 orders of magnitude in time, for both transitions. Inspired
by a model originally applied to the transition to turbulence, we show that, for the disk pendulum, both
transitions are controlled by rare events of the aerodynamic forces acting on the disk which we propose to
link in particular to the vortex shedding-induced fluctuations. Beyond the aerodynamic aspects, this work
has interesting fundamental outcomes regarding the broad field of rare events in out-of-equilibrium

systems.
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Introduction.—Turbulent flows are canonical out-of-
equilibrium random systems in which transitions between
large-scale modes can be triggered by rare events. Such
phenomena have been investigated in laboratory experi-
ments, including thermal convection [1-3], Couette flows
[4], von Karman swirling flows [5-7], rotating turbulence
[8], or the dynamo instability [9]. It is also observed in the
atmosphere [10-12], with dramatic consequences on
climate, or in industrial systems [13—18], with implications
on energy efficiency and fatigue of the structures. In spite
of their variety, these systems share the feature of exhibiting
spontaneous transitions between multistable large-scale
modes, with waiting times ahead of transitions exponen-
tially distributed [1-3,6,7,19], and characteristic times
several orders of magnitude larger than any hydrodynamic
time of the underlying flow. This places such transitions in
the field of rare events. Theoretical approaches inspired
from statistical thermodynamics accurately predict the
multistable large-scale modes, imposed by conserva-
tion laws and symmetry considerations [20-23]. Large
deviation theory [24] offers a framework to compute rare
events of climate dynamics [25] or the turbulent wake of a
body immersed in a flow [26]. An alternative approach is
related to the computation of instantons [27], with ver-
ifications in experiments [28] and direct numerical simu-
lations [29].

Among the variety of bifurcations observed in turbulent
flows, the long-standing question of the transition to
turbulence in pipe flows, first introduced by Reynolds
more than a century ago [30], was only recently elucidated
[31]. Recent thorough experiments showed that the tran-
sition is triggered by local fluctuations of the turbulence
intensity, within localized intermittent puffs [19]. The
lifetime of turbulent puffs and their splitting time are
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distributed following a double exponential as a function
of the Reynolds number, and the critical Reynolds number
is defined from equiprobability [19,32]. This led to the
development of a simple model linking the observed
statistics for the transition to turbulence to the pheno-
menology of extreme fluctuations of the kinetic energy
within the localized turbulent puffs [33]. Numerous careful
numerical investigations legitimated this framework of
rare-event dynamics [34-36]. In this Letter, we present a
simple canonical configuration to experimentally investi-
gate rare events triggered transition in out-of-equilibrium
systems: a simple pendular disk subject to a flow displays a
well-characterized bistable dynamics [37], for which tran-
sitions occur as the pendulum interacts with the flow. These
spontaneous transitions exhibit rare-event statistics, suc-
cessfully described in the framework introduced in Ref [33]
for pipe flows. We propose a phenomenology based on the
extreme fluctuations of the aerodynamic torque, likely
triggered by modifications of the wake created by the
disk. From a fundamental point of view, this study high-
lights a simple configuration for a systematic investigation
of rare event statistics, and adds to previous observations of
doubly exponential distributions of turbulent lifetimes
[38-40].

Experimental setup.—A sketch of the experimental setup
is provided in Fig. 1. A pendulum made of a thin
aluminium disk of surface S = 13 cm? is fixed at the
end of a sanded saw blade of length 30 cm. The pendulum
is swept by a flow in a wind tunnel, and is free to rotate
around the horizontal axis in the spanwise direction, at
point O. The angular position 8 with respect to the vertical
is recorded from a frictionless potentiometer. The center of
mass G of the pendulum is such that OG =1 = 5.7 cm,
and the center of the disk D, where the aerodynamic forces

© 2021 American Physical Society


https://orcid.org/0000-0002-1416-4589
https://orcid.org/0000-0001-9442-7694
https://orcid.org/0000-0001-8874-3674
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevLett.126.104501&domain=pdf&date_stamp=2021-03-09
https://doi.org/10.1103/PhysRevLett.126.104501
https://doi.org/10.1103/PhysRevLett.126.104501
https://doi.org/10.1103/PhysRevLett.126.104501
https://doi.org/10.1103/PhysRevLett.126.104501

PHYSICAL REVIEW LETTERS 126, 104501 (2021)

FIG. 1.

Experimental setup showing the test section of the wind
tunnel and the pendulum made of a thin disk. See text for details.

acting on the disk apply, is such that OD = L = 19.5 cm.
The total mass of the pendulum is m = 17.01 g. Here, we
neglect the aerodynamic forces acting on the blade and the
influence of the disk thickness (0.3 mm) on the aero-
dynamic forces exerted by the flow on the disk. The wind
tunnel is a closed channel with a square cross section of size
51 cm. Before impacting the pendulum, the flow is
conditioned through a 6 mm-diameter honeycomb. The
turbulence level is constant for all flow velocities U and is
equal to 1.5%. The physical control parameter of the
experiment is the dynamic pressure pU? (which controls
the amplitude of the aerodynamic forces acting on the disk),
with p the density of air, while our experimental control
parameter is the rotation rate of the wind turbine generating
the flow, and thus the velocity U.

The aerodynamic forces exerted by the flow on the disk
create an aerodynamic torque I, (#) at point O and the
equation of motion reads

JH = —mgl s1n(9) + Faero(t)’ (l)

where J is the moment of inertia of the pendulum.

In the steady state regime, the flow creates a drag force
D =1CppU?*S and a lift force L =1C;pU*S on the
disk (see Fig. 1), with a drag coefficient Cp and a lift
coefficient C; . These aerodynamic forces result in a time-
averaged aerodynamic torque at point O expressed as
1pLSU*Cy(0) where the normal coefficient Cy is defined
as Cpcosf + Cy sinf. Note that the aerodynamic coef-
ficients Cp, C;, and Cy depend on the angle € [41]. In the
steady state regime, the torque induced by the weight of the
pendulum balances the aerodynamic torque:

. 1
_Fweight = mgl Sln(e) = E/DLSUch(e) = 'aero- (2)

70

FIG. 2. Left: angular position € of the pendulum as a function
of U. Right: time series illustrating the protocol used to probe the
statistics of spontaneous jumps from the D to the L branch, at
Ugs = 6.4 ms™! (see text for details).

Hysteresis and spontaneous transitions.—The black
curve on the left panel of Fig. 2 shows the angular position
of the pendulum as a function of the wind velocity, clearly
evidencing the subcritical bifurcation between two equi-
librium branches [37]. This curve was obtained by slowly
sweeping the wind velocity over the full range of interest at
alow frequency (1 mHz), preventing dynamic stall [42,43].
The lower (resp. upper) branch is referred to as the D (resp.
L) branch, as related to the predominance of drag or lift in
the torque balance. Increasing U from low velocities, the
pendulum stays in the D branch, suddenly jumps in the L
branch at U = 6.4 ms~! (for the present experimental
parameters), and stays on the L branch as long as the
velocity is not decreased below 5.7 ms™!. The origin of the
bistability was shown to be linked to the sharp stall of
Cy(0) at 0 ~50° [37]. In the remainder of this Letter, the
transitions in the upward (resp. downward) direction will be
referred to as D — L (resp. L — D) transitions. In order to
probe the statistical properties of the transitions, we
developed a specific experimental protocol, sketched in
the right panel of Fig. 2 for the case of D — L transitions.
Indeed, as the system is bistable, when the pendulum jumps
from the D to the L branch at U = 6.4 ms™!, it stays in the
L branch as long as the control parameter is kept constant;
in our protocol the flow velocity is modulated in order to
aggregate the statistics of thousands of transitions. At time
t = 0, the wind velocity, initially at Uy, = 5 ms~!, below
the bistable region, is set to a fixed test velocity U g, Within
the bistable region (e.g., 6.4 ms~'). After a short transient
(dynamics displayed in green in Fig. 2), the pendulum
reaches the initial average equilibrium angle 9, (in the D
branch), and spontaneously jumps to the L branch after a
time 7, finally reaching a final average equilibrium angle 6,
(displayed in orange in Fig. 2). A few seconds after the
transition, the flow velocity is decreased back to U,
where it is maintained for typically two minutes in order to
restore the global flow structure in the wind tunnel
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(displayed in light blue in Fig. 2) before repeating the cycle.
During the time interval 7, the equilibrium position of the
pendulum fluctuates around the average equilibrium angle
0;, with a standard deviation A6. Note that A0 < [0, — 6,],
so that there is no ambiguity between the occurrence of a
transition and simple natural fluctuations. This protocol is
repeated hundreds of times (typically 200 times) for several
values of the test velocities U, allowing us to analyze the
statistics of the waiting times 7 as a function of the control
parameter of the bifurcation. A similar protocol is used for
probing the L — D transition, for which U, lies in the L
branch, above the bistable region (e.g., 7 ms~!), and is
slowly decreased down to a prescribed test velocity U,eq
within the bistable region (e.g., 5.7 ms™).

The above-detailed protocol gives access to the statistical
distribution of the waiting times 7 as a function of the test
velocity Uy, simply referred to as U in the sequel for
clarity. Note that Eq. (2) shows that the actual physical
control parameter controlling the evolution of @ is the
dynamic pressure pU?, as previously mentioned. We thus
chose to present our experimental results as a function of
the initial angle 6;, which is a proxy for the physical control
parameter. Because of small variations of atmospheric
pressure, and hence air density p, a series of measurements
at constant velocity U results in a series of 6; values
typically spanning 0.14° around a mean value 6;, from
which the series are labeled. For both the D — L and the
L — D transitions, the cumulative density function of
waiting times 7 (Fig. 3) shows that the probability for
the pendulum to undergo a transition after a given time ¢
follows an exponential law: P (z > 1) = exp[—/7.(6;)],
as observed in other multistable systems [1-3,6,7,19,44]. A
striking feature is that the characteristic timescale t..
strongly depends on @;: it spans nearly 4 orders of
magnitude when 6; spans only a few degrees.

A closer look at Fig. 3 shows deviations from the
exponential law for some experiments, in particular in
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FIG. 3.
for different values of 9_,- for the (top) D — L and (bottom) L — D
transition. Dotted lines represent the exponential fits.

Cumulative distribution function of the waiting time 7

the long term behavior (e.g., §; = 46.9° for the D — L
transition)—likely due to finite size sampling, as observed
for similar distributions [44] or small deviations of the
physical control parameter pU? during a series of mea-
surements at constant velocity U due to environmental
variations.

Double-exponential distribution.—We will show in the
remainder of this Letter that the dynamics of the sponta-
neous transitions is governed by rare fluctuations of the
aerodynamic torque I',.,,, Which, according to Eq. (2), is
proportional to sin(6). Figure 4 thus shows all individual
events 7 for the 2596 recorded spontaneous transitions as a
function of sin(6;). The color bar of Fig. 4 corresponds to
the joint probability of the variables sin(6;) and z, com-
puted as the local density of the experimental points in the
(sin(#;),7) space. As expected, the characteristic times
7.(60;) computed from the exponential fits for several values
of 0; are located close to the brightest spots in Fig. 4 (not
displayed for legibility).

Weighting the experimental points with their joint
probability, the waiting times for each transition T
(D — L or L —» D) are fitted with excellent agreement
following a double-exponential evolution as

(3)

Note that in the fitting procedure, only sin(6%) and 5’ are
free fitting parameters, while 7] (which, according to
previous studies reporting similar double exponential
statistics, is expected to be a characteristic timescale of
the problem) is taken based on the spectral signature of the
pendulum fluctuations as the frequency inverse of the first
peak in the power spectral density of 6 (see Supplemental
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FIG. 4. Waiting time 7 as a function of sin(6;) for both
transitions. Dash-dotted line corresponds to the best fits accord-
ing to Eq. (3). Inset: evolution of In[In(z/7y)] as a function of
sin(6;). See text for details.
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Material, Fig. 1 [45]). The best fits are shown as dash-
dotted lines in Fig. 4 for both transitions.

Similar double-exponential statistics were reported for
the characteristic lifetime of turbulent puffs as a function of
the Reynolds number Re during the transition to turbulence
in pipe flows [31,46] and were analyzed in the framework
of rare-event dynamics [33,34,36]. In the sequel, we
analyze the statistics of the waiting times of the pendulum
in a similar framework. Briefly, for pipe flows, the
phenomenology assumes that the turbulent state cannot
be sustained when the turbulent kinetic energy lies below a
given threshold; hence turbulence dies if all local maxima
of the kinetic energy lie below this threshold. Maxima of
the turbulent kinetic energy follow a Gumbel distribution,
leading to a double-exponential statistics for the lifetime of
turbulent puffs. Let us extend this approach to the bistable
pendulum by focusing first on the L — D transition, for
which we propose the following mechanism: the pendulum
jumps when the L state cannot be sustained, or equivalently
when all maxima of the aerodynamic torque lie below a
given threshold. The aerodynamic torque 'y (#) is com-
puted from the time series 6(z) following Eq. (1). The
probability density functions (PDFs) of the torque fluctua-
tions o' = Iﬁaero(l‘) - <Faero(t)> (where <Faero(t)> is the
time-averaged torque) display exponential tails (see
Supplemental Material, Fig. 2 [45]), allowing the applica-
tion of rare-event statistics. The maxima oI ,,, of oI are
computed over disjointed time intervals z5~? for each
realization during the waiting time (of length 7 > 75~7)
before the transition to the D branch. For every 6,
summing over all realizations leads to an excess of 10°
samples of maxima measurements, whose PDFs are dis-
played in Fig 5(b). These PDFs are fitted as Gumbel
distributions P(OT nax) = %exp [-X/B + exp (=X/P)],
where X = o6l —p¢ and p and f are calculated from
the mean and the standard deviation of the distribution [47],
with excellent agreement over three decades as shown in
Fig. 5 (and further checked on the cumulative distribution
function in Supplemental Material, Fig. 3 [45]). Assuming
that a L — D transition occurs when the maximum 61,4
of torque fluctuations lies below a threshold 6I", during a
time 757P, we now apply the statistical model developed
for turbulent puffs [33] to our experimental data in order to

compute 8l as a function of sin(6;). For a given value of
0;, the probability p that the transition occurs during 75"
is given as p = 757" /7.(0;), and is linked to the PDFs of
the maxima of 6I" as p = P (60 a0 < OL.).

Using the parameters f and p extracted from the PDF of
Ol hax» the threshold oI, can then be estimated from the

relation [33]:

T (0;) — u(0;)

100 5 o[-y (TN
y B(9:)

The evolution of 6T"./f as a function of sin(8;) is shown

in Fig. 5(c). The best linear regression (dash-dotted lines)
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FIG.5. Normalized and centered PDFs of the torque-fluctuation

(a) minima oI, and (b) maxima o6l ,,, and associated fitted
Gumbel distributions (dash-dotted lines). (c¢) Evolution of 6I"./f3,
as a function of sin(d;) and linear fit (dash-dotted lines). Color
code for 6; identical to Fig. 3.

matches the slope of the double-exponential fit following
Eq. (3), and, more generally, the linear evolution is
understood from the fact that u(6;)/B(8;) is observed
constant for the L — D transition (see Supplemental
Material, Fig. 4 [45]). As sin(d;) decreases from 0.82 to
0.79, the threshold normalized to the torque standard
deviation decreases, which corresponds to more probable
transitions, and thus shorter waiting times. On the other
hand, the standard deviation of the torque fluctuations
strongly increases as sin(f;) decreases (see Supplemental
Material, Fig. 4 [45]), which is reminiscent of the increase
of the standard deviation of the pendulum angular position
A@, as color coded in the inset of Fig. 4.

The analysis proposed for the L — D transition also
applies to the D — L transition. A transition occurs when
the D state cannot be sustained, or equivalently when the
minimum aerodynamic torque during time 75~ lies above a
given threshold. This transition is thus controlled by the
PDFs of the minima 6T, of 8T, computed over 7§ %, and
displayed in Fig. 5(a) to be in excellent agreement with
Gumbel distributions. A similar application of the rare-event
statistical model leads to conclusions similar to the ones
drawn for the L — D transition and summarized in Fig. 5(c)
for sin(6;) between 0.725 and 0.745 (see also Supplemental
Material, Fig. 4 [45]). Note that, for both transitions, the
linear best fits of 6T"./f as a function of sin(d;) shown as
dash-dotted lines in Fig. 5(c) are in excellent agreement with
those shown in the inset of Fig. 4, a strong asset for the
validity of the proposed phenomenology.

Conclusion.—We have presented a simple out-of-
equilibrium bistable system which exhibits canonical
rare-event statistics which were successfully interpreted

under the light of a phenomenological model inspired by
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previous studies on the transition to turbulence. This work
extends the previous approach to the case of turbulent
wakes, what may pave the way towards the modeling of
other situations (transition between large-scale modes
in Rayleigh-Bénard, zonal flows, swirling flows, etc.).
However, the origin of the aerodynamic fluctuations
triggering the transitions requires further investigations,
that require time-resolved 3D visualization of the structure
of the flow around the pendulum, a task well beyond the
scope of the present study. Indeed, the aerodynamic torque
applied to the pendulum strongly depends upon the
structure of the boundary layer of the disk, linked with
vortex shedding. The characteristic times 7} identified in
the present work correspond to Strouhal numbers St ~ 0.07
and recall values reported in previous studies for transverse
vortex shedding (in the x-y plane) for a disk at nonzero
incidence [48]. We thus conjecture that transverse vortex
shedding controls the structure of the wake and thus of rare
events of the aerodynamic torque. This would point toward
a leading role of transverse vortices, with potential impor-
tant implications on a broader range of fluid-structure
applications. Following the pioneering work of FEiffel on
aerodynamic coefficients for plates of various aspect ratios
[49], we checked that no sharp transition is observed for
elongated pendulums (of aspect ratio larger than 15/4), an
indirect clue of the importance of transverse vortex shed-
ding on the above-presented transitions. Finally, the sim-
plicity of implementation of the experimental system
together with the generic observations reported on its
rare-event behavior, makes it an ideal configuration to test
theoretical models for out-of-equilibrium bistable systems,
crucial for major applications, such as climate change.
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framework of the Programme Investissements dAvenir
(ANR-16- IDEX-0005). Université de Lyon
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