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Universality in algorithmic 
self-assembly

• Can we decide if an assembly terminates? 

• Can we design a tile system for a given shape? 

• Do I need more than one tileset? 

• Do I need more than one tile? 

• Do I need more than one molecule?



Algorithmic self-assembly simulates 
any Turing machine at T°2 in 2D
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Algorithmic self-assembly simulates 
any Turing machine at T°2 in 2D

t=4 0 0 1,Halt 1 ̣ Transitions:
t=3 0 0 0,q''' 1 ̣ (0,q''') ⟼ (1,Halt,•)

t=2 0 0 0 0,q'' ̣ (0,q'') ⟼ (1,q''',←)

t=1 0 0 1,q' ̣ (1,q') ⟼ (0,q'',→)

t=0 0 1,q 1 ̣ (1,q) ⟼ (0,q',→)

Position and state of the head Current tape right end  



Algorithmic self-assembly simulates 
any Turing machine at T°2 in 2D

Tiles for (a,q) ⟼ (b,q',←)

t+1 a-L … a-2 a-1,q' b a1 … aR 0 ̣

t a-L … a-2 a-1 a,q a1 … aR ̣



Algorithmic self-assembly simulates 
any Turing machine at T°2 in 2D

Tiles for (a,q) ⟼ (b,q',←)

1) Organize the information flow passing through  
the glues on the sides

t+1 a-L … a-2 a-1,q' b a1 … aR 0 ̣

t a-L … a-2 a-1 a,q a1 … aR ̣

a-L a-i a-2 nxt trans. b a1 ai aR 0 ̣

L L L L L L L q' q' R R R R R R R R ̣

a-L a-i a-2 a-1 (b,q',←) a1 ai aR ̣ ̣

a-L a-i a-2 a-1 (b,q',←) a1 ai aR ̣

L L L L L L L L L R R R R R R ̣

a-L a-i a-2 a-1 prv trans a1 ai ̣ ̣
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2) Identify each type of tiles



Algorithmic self-assembly simulates 
any Turing machine at T°2 in 2D

Tiles for (a,q) ⟼ (b,q',←)

1) Organize the information flow passing through  
the glues on the sides

2) Identify each type of tiles
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The skeleton



Algorithmic self-assembly simulates 
any Turing machine at T°2 in 2D

Tiles for (a,q) ⟼ (b,q',←)
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the glues on the sides
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Algorithmic self-assembly simulates 
any Turing machine at T°2 in 2D

Tiles for (a,q) ⟼ (b,q',←)

1) Organize the information flow passing through  
the glues on the sides

t+1 a-L … a-2 a-1,q' b a1 … aR 0 ̣

t a-L … a-2 a-1 a,q a1 … aR ̣

a-L a-i a-2 nxt trans. b a1 ai aR 0 ̣

L L L L L L L q' q' R R R R R R R R ̣

a-L a-i a-2 a-1 (b,q',←) a1 ai aR ̣ ̣

a-L a-i a-2 a-1 (b,q',←) a1 ai aR ̣

L L L L L L L L L R R R R R R ̣

a-L a-i a-2 a-1 prv trans a1 ai ̣ ̣

2) Identify each type of tiles
The carriers



Algorithmic self-assembly simulates 
any Turing machine at T°2 in 2D

Tiles for (a,q) ⟼ (b,q',←)

1) Organize the information flow passing through  
the glues on the sides

t+1 a-L … a-2 a-1,q' b a1 … aR 0 ̣

t a-L … a-2 a-1 a,q a1 … aR ̣

a-L a-i a-2 nxt trans. b a1 ai aR 0 ̣

L L L L L L L q' q' R R R R R R R R ̣

a-L a-i a-2 a-1 (b,q',←) a1 ai aR ̣ ̣

a-L a-i a-2 a-1 (b,q',←) a1 ai aR ̣

L L L L L L L L L R R R R R R ̣

a-L a-i a-2 a-1 prv trans a1 ai ̣ ̣

2) Identify each type of tiles
The filling tiles



Algorithmic self-assembly simulates 
any Turing machine at T°2 in 2D

Tiles for (a,q) ⟼ (b,q',←)

1) Organize the information flow passing through  
the glues on the sides

3) Set the order, glue strength & colors to match the flow

t+1 a-L … a-2 a-1,q' b a1 … aR 0 ̣

t a-L … a-2 a-1 a,q a1 … aR ̣

a-L a-i a-2 nxt trans. b a1 ai aR 0 ̣

L L L L L L L q' q' R R R R R R R R ̣

a-L a-i a-2 a-1 (b,q',←) a1 ai aR ̣ ̣

a-L a-i a-2 a-1 (b,q',←) a1 ai aR ̣

L L L L L L L L L R R R R R R ̣

a-L a-i a-2 a-1 prv trans a1 ai ̣ ̣

2) Identify each type of tiles



The tileset 
with size O(|Q|2|Σ|2)

t+1 a-L … a-2 a-1,q' b a1 … aR 0 ̣

t a-L … a-2 a-1 a,q a1 … aR ̣

a-L a-i a-2 nxt trans. b a1 ai aR 0 ̣

L L L L L L L q' q' R R R R R R R R ̣

a-L a-i a-2 a-1 (b,q',←) a1 ai aR ̣ ̣

a-L a-i a-2 a-1 (b,q',←) a1 ai aR ̣

L L L L L L L L L R R R R R R ̣

a-L a-i a-2 a-1 prv trans a1 ai ̣ ̣

a
L a L

a

a
q a R
(a,q,←)

(b,q',⇄?)
L a,q q

a

a
L a q
(a,q,→)

(b,q',⇄?)
q a,q R

a

(b,q',⇄?)
L a,q R

(a,q,•)

0
R 0 ̣
̣

̣
̣ ̣

a
R a R

a

The tiles for each transition (a,q) ⟼ (b,q',⇄?)

×2

×3|Q|2|Σ|2

×3|Q||Σ| ×3|Q||Σ|

×3|Q|2|Σ|2 ×3|Q|2|Σ|2

×2 ×1 ×1



Encoding the input  
as a seed

• Solution 1: hardcoding 
Uses n tiles for n bits 

• Each tile requires 4 log n bits to encode its glues, 
thus this encoding uses 4n log n bits in total 

• Can we do better, with less tiles ?

A 0 B B 0 C C 1 C C 1 D D 0 E E 1 F F 1 G G 1 H H 0 I I 0 J J 1 K K 1 ̣



Kolmogorov complexity
• Given a universal Turing machine U: 

KU(x) = min { |p| : U(p,ε) = x }
is the size of the smallest program in U that outputs x 

• Fact. ∀U,∃A s.t. ∀x, KU(x) ≤ |x| + A 
Proof. A is the size of the program "print" in U. 

• Theorem. KU(x) is independent of U, indeed: 
∀U,U'∃A,B s.t. ∀x, KU'(x) - A ≤ KU(x) ≤ KU'(x) + B

Proof. A and B are the sizes of the programs that 
execute U and U' respectively in U' and U.



Lower bounding the required 
number of tiles to encode the seed

• The Kolmogorov complexity K(x) is the size of the 
smallest program that outputs x 

• Bit size of the encoding with T tiles is ≤ 4 T log2 T 

• A tileset that self-assembles x is a program that outputs x, 
Thus: 4T log T ≥ K(x), I.e. T ≥ K(x) / 4 log K(x)

a
GN

GS

GEGW



Unpacking  
a binary string

• Cut string x in n / b chunks of b bits and 
uncompress it 

• Example: x = 001 101 110 011 and b = 3
001

BA 001
101

CB 101
110

DC 110
011

̣D 011

n / b tiles



0 0 1 1 0 1 1 1 0 0 1 1 ̣

0 0 1 1 0 1 1 1 0 0 11 ̣

0 0 1 1 0 1 1 1 0 011 ̣

0 0 1 1 0 1 1 10 011 ̣

0 0 1 1 0 1 110 011 ̣

0 0 1 1 01 110 011 ̣

0 0 1 101 110 011 ̣

0 01 101 110 011 ̣

001 101 110 011 ̣

x 
unpacked

x 
packed

Unpacking a binary string



0 0 1 1 0 1 1 1 0 0 1 1 ̣

0 0 1 1 0 1 1 1 0 0 11 ̣

0 0 1 1 0 1 1 1 0 011 ̣

0 0 1 1 0 1 1 10 011 ̣

0 0 1 1 0 1 110 011 ̣

0 0 1 1 01 110 011 ̣

0 0 1 101 110 011 ̣

0 01 101 110 011 ̣

001 101 110 011 ̣

0 0 1 1 0 1 1 1 0 0 1 1 ̣

1 1 ̣ ̣

0 0 1 1 0 1 1 1 0 0 11 ̣

0 0 1 1 0 1 1 1 0 0 11 ̣

11 11 ̣ ̣

0 0 1 1 0 1 1 1 0 011 ̣

0 0 1 1 0 1 1 1 0 011 ̣

0 0 011 011 ̣ ̣

0 0 1 1 0 1 1 10 011 ̣

0 0 1 1 0 1 1 10 011 ̣

10 10 011 011 ̣ ̣

0 0 1 1 0 1 110 011 ̣

0 0 1 1 0 1 110 011 ̣

1 1 110 110 011 011 ̣ ̣

0 0 1 1 01 110 011 ̣

0 0 1 1 01 110 011 ̣

01 01 110 110 011 011 ̣ ̣

0 0 1 101 110 011 ̣

0 0 1 101 110 011 ̣

1 1 101 101 110 110 011 011 ̣ ̣

0 01 101 110 011 ̣

0 01 101 110 011 ̣

01 01 101 101 110 110 011 011 ̣ ̣

001 101 110 011 ̣

001 101 110 011 ̣

B B C C D D ̣ ̣

Determine the flow of information



0 0 1 1 0 1 1 1 0 0 1 1 ̣

0 0 1 1 0 1 1 1 0 0 11 ̣

0 0 1 1 0 1 1 1 0 011 ̣

0 0 1 1 0 1 1 10 011 ̣

0 0 1 1 0 1 110 011 ̣

0 0 1 1 01 110 011 ̣

0 0 1 101 110 011 ̣

0 01 101 110 011 ̣

001 101 110 011 ̣

0 0 1 1 0 1 1 1 0 0 1 1 ̣

1 1 ̣ ̣

0 0 1 1 0 1 1 1 0 0 11 ̣

0 0 1 1 0 1 1 1 0 0 11 ̣

11 11 ̣ ̣

0 0 1 1 0 1 1 1 0 011 ̣

0 0 1 1 0 1 1 1 0 011 ̣

0 0 011 011 ̣ ̣

0 0 1 1 0 1 1 10 011 ̣

0 0 1 1 0 1 1 10 011 ̣

10 10 011 011 ̣ ̣

0 0 1 1 0 1 110 011 ̣

0 0 1 1 0 1 110 011 ̣

1 1 110 110 011 011 ̣ ̣

0 0 1 1 01 110 011 ̣

0 0 1 1 01 110 011 ̣

01 01 110 110 011 011 ̣ ̣

0 0 1 101 110 011 ̣

0 0 1 101 110 011 ̣

1 1 101 101 110 110 011 011 ̣ ̣

0 01 101 110 011 ̣

0 01 101 110 011 ̣

01 01 101 101 110 110 011 011 ̣ ̣

001 101 110 011 ̣

001 101 110 011 ̣

B B C C D D ̣ ̣

0 0 1 1 0 1 1 1 0 0 1 1 ̣

0 0 1 1 0 1 1 1 0 0 11 ̣

0 0 1 1 0 1 1 1 0 011 ̣

0 0 1 1 0 1 1 10 011 ̣

0 0 1 1 0 1 110 011 ̣

0 0 1 1 01 110 011 ̣

0 0 1 101 110 011 ̣

0 01 101 110 011 ̣

001 101 110 011 ̣

Determine the various tile types
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SEED 
READY 0 0 1 1 0 1 1 1 0 0 1 1 END

UNPACK 0 0 1 1 0 1 1 1 0 0 1 1 ̣

UNPACK 0 0 1 1 0 1 1 1 0 0 11 ̣

UNPACK 0 0 1 1 0 1 1 1 0 011 ̣

UNPACK 0 0 1 1 0 1 1 10 011 ̣

UNPACK 0 0 1 1 0 1 110 011 ̣

UNPACK 0 0 1 1 01 110 011 ̣

UNPACK 0 0 1 101 110 011 ̣

UNPACK 0 01 101 110 011 ̣

▶ 001 101 110 011 ̣

0 0 1 1 0 1 1 1 0 0 1 1

0 0 1 1 0 1 1 1 0 0 1 1

0 0 1 1 0 1 1 1 0 0 1 1 ̣

1 1 ̣ ̣

0 0 1 1 0 1 1 1 0 0 11 ̣

0 0 1 1 0 1 1 1 0 0 11 ̣

11 11 ̣ ̣

0 0 1 1 0 1 1 1 0 011 ̣

0 0 1 1 0 1 1 1 0 011 ̣

0 0 011 011 ̣ ̣

0 0 1 1 0 1 1 10 011 ̣

0 0 1 1 0 1 1 10 011 ̣

10 10 011 011 ̣ ̣

0 0 1 1 0 1 110 011 ̣

0 0 1 1 0 1 110 011 ̣

1 1 110 110 011 011 ̣ ̣

0 0 1 1 01 110 011 ̣

0 0 1 1 01 110 011 ̣

01 01 110 110 011 011 ̣ ̣

0 0 1 101 110 011 ̣

0 0 1 101 110 011 ̣

1 1 101 101 110 110 011 011 ̣ ̣

0 01 101 110 011 ̣

0 01 101 110 011 ̣

01 01 101 101 110 110 011 011 ̣ ̣

001 101 110 011 ̣

001 101 110 011 ̣

A A B B C C D D ̣ ̣

Add tiles at the 
boundary for 
continuation



SEED 
READY 0 0 1 1 0 1 1 1 0 0 1 1 END

UNPACK 0 0 1 1 0 1 1 1 0 0 1 1 ̣
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Total number of tiles: 
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Minimized when 
n/b = 22b

i.e. for b ~ log(n/log n)/2
The total number of tiles is: ~ n/log n (optimal !)



What about T°=1?



Does algorithmic self-assembly simulate  
 Turing machine at T°1 in 2D?

• How to read and propagate the position of the head?

0 1 1 0 0 1

|| 0 0 1 0 0 1

0 0 1 1 0 0 1

||
||

||
1 0 1 1 0 0 1
||

1 0 1 1 0 0 1
||

||

Initial configuration
t=1

t=2
t=3
t=4

Crucial to rely on 2 sides!



Does algorithmic self-assembly simulate  
 Turing machine at T°1 in 2D?

• Theorem. [Meunier, Regnault, 2015]  
Any deterministic T°1 tile set can be pumped outside 
a fixed radius in 2D 

• Corollary. No T°1 tilesystem is Turing complete in 2D



Algorithmic self-assembly simulates 
any Turing machine at T°1 in 3D

• Theorem. [Cook, Fu, Schweller, 2011]  
There is a T°1 tile set that simulates any Turing 
machine with 2-layers in 3D. 

• Key beautiful idea: Blocking probe crystal



Algorithmic self-assembly simulates 
any Turing machine at T°1 in 3D

• Key beautiful idea: Blocking probe crystal



Algorithmic self-assembly simulates 
any Turing machine at T°1 in 3D

• Key beautiful idea: Blocking probe crystal

Spawning 
a 0-probe

Spawning 
a 1-probe



Algorithmic self-assembly simulates 
any Turing machine at T°1 in 3D

• Key beautiful idea: Blocking probe crystal

Spawning 
a 0-probe

Spawning 
a 1-probe

Only the 1-probe 
goes thru!

0-probe 
is blocked



Algorithmic self-assembly simulates 
any Turing machine at T°1 in 3D

• Key beautiful idea: Blocking probe crystal

Building the 0-blocking bridge
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Building the 0-blocking bridge



Algorithmic self-assembly simulates 
any Turing machine at T°1 in 3D

• Key beautiful idea: Blocking probe crystal

We can thus read and write 0 and 1 on the 
“next tape” ! 

Crystals are Turing complete !!!



Universal Tileset 
at T°2

A universal tile set to build any (assemblable) shape



• Rescaling : intrinsic simulation

Is there a universal tileset 
at T°=2 ?

The Game of Life self-simulating itself intrinsically: 
Smaller cells simulate macro-cells

Brice Due 2006
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• Rescaling : intrinsic simulation

Is there a universal tileset 
at T°=2 ?
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Figure 3: One-sided binding by a strength-⌧ south superside. An (orange) crawler is initiated (from the
south probe) and outputs to the east, north and west. In this and similar figures, dark gray represents the
frame, and dotted lines represent boundaries between supertiles. Therefore, supersides on the “inside” of the
dotted lines are output supersides, and supersides on the “outside” of the dotted lines are input supersides
(and are always adjacent to a frame on the inside of the dotted lines).

the frame (Figure 15), which results in a “win-win” (WW) for this superside since we are assuming
there are no competing east/west supersides. As the south frame completes its final (fourth) row,
a single strength-⌧ probe grows from a specific location in the probe region. The probe, shown in
blue in Figure 3, is of width O(log g), and grows to the center of the supertile (supersides are of odd
length) using a binary counter. The purpose of this probe is to compete with a potential opposite
strength-⌧ superside that also wishes to place output supersides (in the scenario we are considering
there is no such opposite superside, but the south superside does not “know” this so must grow a
probe anyway). The probe claims the center tile position by placing a blue tile there, which initiates
an orange crawler. The crawler picks up the south glue information gS and a random number r

from the side of the probe (see Section 8), and provides these as input to a tile lookup table (see
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Figure 6: Two-sided binding for two opposite sides on north and south. North and south grow probes
(red and blue), which meet and initiate two (orange) crawlers. These crawlers output to the east and west
respectively.

We next describe the simulation of two-sided binding of a tile type t that binds with two opposite
sides. Figure 6 shows an example of this cooperation “across the gap”. Both north and south are
win-win, corresponding to Figure 14(2.1). Here, probes are used to establish cooperation between
the two opposite sides. Since we are dealing with two matching opposite sides, the north and south
probes meet (see Observation 8.1). In Figure 6 the north and south probes cooperate to initiate
both an east and a west crawler, both shown in orange and both are initiated in state unfilled.
Each crawler picks up both the north and south glues (gN , gS) from the two probes, as well as a
random number r from the south (blue) probe only. The crawlers crawl counterclockwise across
the south and north supersides to their respective tile lookup tables, where they both supply the
same input (gN , gS , r), and hence both produce the (same) simulated tile type t as output. The
crawlers transition to state full, detect the absence of the east and west supersides, transition
to state output, and then produce the east and west output supersides using the growth patterns

16

Examples of macro-tiles

Doty Lutz 
Patitz 
Schweller 
Summers 
Woods 2012



• Just ONE with rotation!… What?!?… But a polygonal one

How many tiles do we 
need ?

Demaine Demaine Fekete Patitz Schweller Winslow Woods 2012
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How many tiles do we 
need ?
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• Just ONE with rotation!… What?!?… But a polygonal one

Problem with glue 
of strength 2 !!!



Encoding strength 2 glues into 
strength 1 glue in hexagonal tiles

strength τ

strength τ/2

(a) Simulating square strength

 ⌧ glues using hexagons with

strength < ⌧ glues. Layout: Po-

tential input hexagon sides to the

white 3 ⇥ 3 supertile are high-

lighted in bold. Input supersides

attempt to claim the center tile

by first placing two hexagonal

tiles as indicated by the small col-

ored rectangles.

(b) Simulating a single

South strength ⌧ glue.

The center tile is claimed

by South placing 3 tiles.

Numbers indicate tile

placement precedence.

4 subsequent tiles are

appropriately placed

to encode the output

supersides.

(c) 2 strength ⌧ super-

sides compete to claim

the center tile. South

wins in this case and

places an output an su-

perside to the East. In

order to place the output

superside to the North,

South cooperates with

one of West’s tiles.

(d) South wins! A

strength ⌧ south superside

claims the center tile in

the presence of a North

strength < ⌧ supertile.

South wins and places

output supersides to the

East and West, by piggy-

backing on North’s single

tile.

Figure 3: Simulating square strength  ⌧ glues using hexagons with strength < ⌧ glues.

initiate growth from one superside, that can grow a sequence of supertiles that come back and block
the “filling out” of the seed supertile. This can be prevented by having the 3-tile hexagon seed
structure consist of a triangle of hexes at the center tile, bottom left and bottom center locations,
of the 3⇥ 3 supertile. It can seen, by examining Figure 4(a), that this 3-tile seed must grow to size
5 before it can tile an output superside in such a way that initiates growth of a new supertile. At
this point, 2 of the 4 output supersides are tiled, and so they can not be blocked. Of course, these
output sides could produce supertile tentacles that could grow around and attempt to block the
other 2 output supersides by tiling inside the 3 “outputting locations” of the seed supertile location.
For this to happen such a tentacle needs to grow a supertile adjacent to one of the 2 remaining
(untiled) supersides, hence that side is blocked in a way that is completely valid. However the
tentacle can place 1 or 2 hexagon tiles inside the seed supertile at this point (at input locations),
but then its growth is terminated because it can not claim the (already tiled) center tile location.
Furthermore, there is one untiled corner site remaining in the supertile that is adjacent to tentacle
tiles. However, this is at an output-only location in the superseed location, and so the tentacle
presents 0-strength glues there and so can not tile that position. There remains a tiling path (using
both generic, and seed supertile-only glues) to tile the remaining output superside.

3.1 Correctness of Hexagon Construction

In order to show that a supertile correctly simulates a square tile, we show that if a square binding
event should be simulated, the relevant combination of input supersides leads to a valid placement
of output supersides, and otherwise no output supersides should be presented. It can then be seen
from Figures 2a and 2b, that appropriately tiled output supersides implies that those supersides
are ready to act as input supersides to the adjacent supertiles. We consider 4 main cases, where
there are 1, 2, 3 or 4 input supersides present (of course, not all input supersides may end up

10



A single (polygonal) tile  
is enough !

+ =
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(a) Assuming T consists of 2 tile types, the blue and green, the 12-gon tile on the right would be created.

(b) The 12-gon inscribed in a hexagon, with the orientation which rep-

resents the blue tile (left), and the orientation representing the green

tile (right).

Figure 7: Example creation of a 12-gon tile type.

the 6 glues of each tile type in T in positions such that they coincide with the 6 sides of the
smallest hexagon into which p can be inscribed (in some orientation). See Figure 7 for an
example.

3. The final modification to p adds geometries consisting of an adjacent bump and dent pair per
side at one of two locations (CCW or CW ) along the edge. Assign the geometry locations
for sj , j < 3c to be CCW , and the geometry locations of for sj , 3c  j to be CW . Thus the
geometry on the consecutive sides representing the North, Northwest, and Southwest sides of
tiles in T has one configuration, and the geometry on the other sides is distinct.

To form the seed sf , we define s1, s2, and s3, where s1, s2, s3 2 T , as the three tile types that
form s. We then take 3 copies of the n-gon p 2 F , denoted by sp1, sp2, and sp3. Orient sp1 so that
if it is inscribed within the smallest hexagon that contains it, and that hexagon is oriented such
that it has north and south sides, then the 6 sides of sp1 that coincide with the bounding hexagon
represent the 6 sides of s1 in that same orientation. Orient sp2 and sp3 similarly with respect to
s2 and s3. Now place sp1, sp2, and sp3 adjacent to each other (without additional rotation) in the
same relative configuration as s1, s2, and s3 occur within s. Since the three adjacent pairs of edges
in s bind to form a ⌧ -stable assembly, by the construction of p, the edges of the 3 copies of p in
their current rotations and positions are guaranteed to also bind to form the analogous ⌧ -stable
seed sf .

Assembly proceeds by correctly oriented copies of p binding with at least 2 edges of n-gons in
the growing assembly (since there are no ⌧ -strength glues). As it has been shown that correct tile
bindings will occur, we now show that incorrect bindings cannot occur. Incorrect bindings must be
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geometry on the consecutive sides representing the North, Northwest, and Southwest sides of
tiles in T has one configuration, and the geometry on the other sides is distinct.

To form the seed sf , we define s1, s2, and s3, where s1, s2, s3 2 T , as the three tile types that
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if it is inscribed within the smallest hexagon that contains it, and that hexagon is oriented such
that it has north and south sides, then the 6 sides of sp1 that coincide with the bounding hexagon
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in s bind to form a ⌧ -stable assembly, by the construction of p, the edges of the 3 copies of p in
their current rotations and positions are guaranteed to also bind to form the analogous ⌧ -stable
seed sf .

Assembly proceeds by correctly oriented copies of p binding with at least 2 edges of n-gons in
the growing assembly (since there are no ⌧ -strength glues). As it has been shown that correct tile
bindings will occur, we now show that incorrect bindings cannot occur. Incorrect bindings must be
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