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RNA Origami in Real Time

T7 RNA polymerase produces RNA directionally from 5’ to 3’, at a rate much 
slower than the RNA folds up (few microseconds). 

The polymerase reads the DNA gene, and becomes an RNA origami production 
factory, synthesizing a new RNA origami roughly every 1 second.

Westhof and Leontis (Science, 2014)Slide by Cody Geary
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Oritatami: 
A model for co-transcriptional folding

The program:  
• a sequence of bead types  

(the transcript)


The instructions: 
• the rule  a❤b if bead types a 

and b attract each other


The input configuration:  
• Some beads placed 

beforehand (the seed)

Geary, Meunier, Schabanel, Seki MFCS 2016
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Oritatami. A binary counter
Information is encoded in the geometry
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Oritatami. A binary counter
Information is encoded in the geometry
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Oritatami. A binary counter
Information is encoded in the geometry
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Oritatami. A binary counter
Information is encoded in the geometry
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Information is encoded in the geometry
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Oritatami. A binary counter
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How does computation work?



Proving the binary counter:  
First, define the bricks

C. Geary, P.-É. Meunier, N. Schabanel, S. Seki 314:15

A Complete proof of the counter

In this section we introduce new tools to prove the correctness of the Oritatami System
presented in Section 3. Precisely, starting from a proper seed of length 21 ` 20k, we show
that the 60-periodic molecule p0, . . . , 59qÊ folds upon itself into 2 ¨ 22k`1 ´ 1 rows of height 3
implementing a p2k ` 1q-bits counter counting from 0 to 22k`1.

Description of the final conformation (i.e. the resulting folding). As mentioned earlier,
each 60-period of the molecule is semantically divided into four modules:

Module A (beads 0–11): the First Half-Adder

Module B (beads 12–29): the Left-Turn module

Module C (beads 30–41): the Second Half-Adder

Module D (beads 42–59): the Right-Turn module
Depending of the environment in which they folds upon themselves, each of these modules
may adopt the following di�erent conformations. We call bricks the various conformations
each module will adopt in the final folding, as they are the bricks upon which the whole
folding is built.

Module A, First Half-Adder (beads 0–11):
Zig Direction –›
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Module B, Left-Turn module (beads 12–29)

Left Turn ãÑ (Zig-to-Zag turn)
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Module C, Second Half-Adder (beads 30–41)
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Module D, Right-Turn module (beads 42–59)
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Note the similarities between the two half-adders in their folding. Using two similar but
di�erent modules allow to avoid interference and simplify the design.

Now, in order to program the molecule, we partition the triangular grid into regions that
will be populated each by a module adopting one of the brick conformations above. The
regions and bricks populating them are displayed in Fig. 15. With the exception of the seed
region on top, the regions consist in parallelograms of size 4 ˆ 3, 6 ˆ 3 or 3 ˆ 6 organized
into 2 ¨ 22k`1 rows of height 3 and 4k ` 3 columns of widths 3 or 6. The regions are to be
populated as follows to implement a p2k ` 1q-bits counter, as illustrated on Fig. 15:

The rightmost and leftmost columns have width 3:
The leftmost column consists in 22k`1 p6 ˆ 3q-regions all populated with the brick BT
(Left Turn).
The rightmost column consists in 22k`1 p6 ˆ 3q-regions all populated with the brick
DT (Right Turn).

The 4k ` 1 inner columns consist in 4 ˆ 3-parallelogram regions if odd and 6 ˆ 3-
parallelogram regions if even. The rows consist of an alternance of Zig- and Zag-rows to
be read from right to left and from left to right respectively. The rows 2i ` 1 and 2i ` 2
take care of reading i in binary from the row 2i above, incrementing it in row 2i ` 1, and
writing i ` 1 in row 2i ` 2. In order to describe precisely the folding, let us denote by ij

the jth lowest weight bits of i P N when written in binary and by fli the position of the
lowest-weight 0-bit of i: fli “ mintj : ij “ 0u. fli is the position up to which the carry
propagates when one increments i: fl “ p1, 2, 1, 4, 1, 2, 1, 4, 1, 2, 1, 8, 1, 2, . . .q. Precisely, the
region in the pth inner row, 1 § p § 2 ¨ 22k`1 ´ 1 and the qth inner column, 1 § q § 4k ` 1
is:

if p “ 2i ` 1 is odd and q “ 2r is even: a 6 ˆ 3-parallelogram populated with Brick Kc,
where:
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A Complete proof of the counter

In this section we introduce new tools to prove the correctness of the Oritatami System
presented in Section 3. Precisely, starting from a proper seed of length 21 ` 20k, we show
that the 60-periodic molecule p0, . . . , 59qÊ folds upon itself into 2 ¨ 22k`1 ´ 1 rows of height 3
implementing a p2k ` 1q-bits counter counting from 0 to 22k`1.

Description of the final conformation (i.e. the resulting folding). As mentioned earlier,
each 60-period of the molecule is semantically divided into four modules:

Module A (beads 0–11): the First Half-Adder

Module B (beads 12–29): the Left-Turn module

Module C (beads 30–41): the Second Half-Adder

Module D (beads 42–59): the Right-Turn module
Depending of the environment in which they folds upon themselves, each of these modules
may adopt the following di�erent conformations. We call bricks the various conformations
each module will adopt in the final folding, as they are the bricks upon which the whole
folding is built.

Module A, First Half-Adder (beads 0–11):
Zig Direction –›
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Module B, Left-Turn module (beads 12–29)

Left Turn ãÑ (Zig-to-Zag turn)
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Module C, Second Half-Adder (beads 30–41)
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Proving the binary counter:  
First, define the bricks
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Figure 15 Triangular grid partition into regions populated with the proper bricks. Color coding:
Seed-row in orange; Zig-rows (–) in yellow; Zag-rows (Ñ) in blue; Left Turns (ãÑ) in pink; and
Right Turns (–â) in green.

� K “ B if r is even, and K “ D if r is odd;
� c “ 1 if r{2 † fli (there still is carry to propagate), and c “ 0 if r{2 • fli (there is

no more carry to propagate).
if p “ 2i and q “ 2r are even: a 6 ˆ 3-parallelogram populated with Brick B2 if r is
even, or D2 if r is odd.
if p “ 2i is even and q “ 2r ` 1 is odd: a 4 ˆ 3-parallelogram populated with Brick
Air if r is odd and Cir if r is even.
if p “ 2i ` 1 and q “ 2r ` 1 are odd: a 4 ˆ 3-parallelogram populated with Brick Kirc
where:
� K “ A if r is even, and K “ C if r is odd;
� c “ 1 if r{2 § fli (there still is carry to propagate), and c “ 0 if r{2 ° fli (there is

no more carry to propagate).
The seed row on top consists in the bottom row of the brick sequence
BT,C0,pD2,A0,B2,C0qk,DT.
The leftmost region of the last row is where the folding stops (counter capacity exceeded).

Proving the correctness of the folding. The proof proceeds by induction: it is enough to
show that each module folds into the expected brick in each region. The folding of each
module depends on its environment, i.e. on the bricks already folded nearby and on the
current minimum energy conformations output by the previous step. Recall that the Zig-rows
(the one that begin and end with an A-brick before the turns) fold from right to left and
that the Zag-rows (the one that begin and end with a C-brick before the turns) fold from
left to right. Let us now review the possible environments for each module and the bricks
they are expected to fold into in each possible environment:

Module A, First Half-Adder:

In Zig-rows (–):

� when Module A folds in the rightmost column of a Zig-row, its environment is to
the right: always DT; and above: either B2,C0 or B2,C1. For each of these two

MFCS 2016

2nd, describe the final folding

We prove that the molecule folds like this by induction



3rd, enumerate all the environments for each brick
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4th, prove the folding 
for each brick
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Zag pass →

4th, prove the folding 
for each brick

Its folding is 
correct !



Repeat for each brick  
in each environment



Repeat for each brick  
in each environment



Repeat for each brick  
in each environment

✔ Done 😅



Binary counter: conclusion

• Theorem. There is a 60-periodic molecule that simulates 
a binary counter using 60 bead types and delay 3.



Back to general oritatami

• How hard is it to design a rule? 

• NP-hard… but FPT 

• What can it compute? 

• Simulates any Turing Machine… efficiently!



• How hard is it to design a rule? 

• NP-hard… but FPT, thus feasible!

• What can it compute? 

• Simulates any Turing Machine… efficiently!

Back to general oritatami



How hard is it to design 
a molecule and a rule?
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The first challenge: 
Designing the desired shapes
• Design shapes for which a common rule ❤ exists

1+1 = 0 + C

1+0 = 1 + no C
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Oritatami design is NP-hard

is therefore to design sequences that can adopt di↵erent conformations, depending on the “input”,
as encoded by surrounding beads.

The rule design problem is a formalization of the problem of finding attraction rules such that
a single sequence can, using these rules, fold into di↵erent conformations depending on the context
(here encoded by “seeds”). This problem is important, as we use an algorithm to solve it in all our
positive results:

Input: a delay time �, a list of n > 0 seeds �1,�2, . . . ,�n, and a list of n confor-
mations c1, c2, . . . , cn of the same length l

Output: an attraction rule ~ such that for all i 2 {1, 2, . . . , n}, Oritatami system
Oi = (s,�i,~, �) deterministically folds into conformation ci, where s is
the sequence of length l such that for all i 2 {1, 2, . . . , l}, si = i.

Lemma 1. For any positive delay time, the rule design problem is NP-complete.

Proof. We reduce from 3-SAT with n variables and m clauses to the rule design with 2n + m
di↵erent conformations to be uniquely folded simultaneously. Let x0, x1, . . . , xn�1 be the variables,
and F0, F1, . . . , Fm�1 be the clauses of a 3-SAT formula.

We will encode all 2n possible literals by distinct bead types in seeds for an Oritatami system
of arity 6 and delay time 5. Then, if we are given a rule that folds all conformations obtained by
our (to be defined) reduction correctly, we will set xi = true whenever literal xi is attracted to
some bead type in the rule, and xi = false if ¬xi is attracted to a bead type. Since both xi and
¬xi could appear in an attraction rule, we will need extra target conformations to prevent overlaps
between these two cases.

First, any clause of the form li^ lj^ lk is encoded into the target seed and conformation pictured
on Figure 1: if exactly this conformation is producible, this means that there is at least one bond
between the orange bead (the first bead produced) and at least one bead of the seed.

li

lj

lk

Figure 1: Encoding of a clause by a target seed (in blue and orange) and conformation (in purple):
if there is at least one attraction between the orange bead and the seed, exactly this conformation
is produced. Else, other conformations (not in the targets) are producible.

We also need to enforce consistency in the attraction rule: indeed, nothing in the problem
prevents an attraction rule to contain both a literal and its negation, or none of them. We first add
n targets, pictured on Figure 2, to enforce that at least xi or ¬xi is chosen in the attraction rule:
indeed, if none of them were chosen, there would be no attraction between the first bead produced
and the seed, and therefore more conformations (not in the targets) would be producible.

Finally, we add another n targets to make sure that xi and ¬xi are not both chosen by the rule:
in the target conformation shown on Figure 3, the first bead produced has two neighboring beads
from the seed. If the first bead were attracted to both xi and ¬xi, another conformation, not in
the targets, would be producible, with the first bead next to xi and ¬xi.

6

xi

¬xi

Figure 2: This set of target seeds (in blue and orange) and conformations (in purple) enforces the
condition that at least one of xi or ¬xi is in the attraction rule.

xi

¬xi

Figure 3: This set of target seed (in blue and orange) and conformation (the purple bead) makes
sure that xi and ¬xi are not both picked by the rule at the same time.

Finally, extending these results for delay time 1 to larger delay times is easy: at delay time �,
for each of our conformations, we simply add a bead � points away from the first bead produced,
and add a straight line of length � � 1 to that point to the target conformation.

Theorem 2. The rule design problem with n target conformations, each of length l, and delay
time � is NP-complete but fixed-parameter tractable, as it can be solved in time and space complexity
l25n�+6⌃k|�k|.

Proof. The NP-completeness comes from Lemma 1.
We first describe an ine�cient version of our algorithm as a depth-first search of all possible

rules: we start with an empty rule, and at each step k � 1 with rule Rk, compute the list Nk

of all neighbors of bead k in each target conformation. Then, for all possible subsets S ✓ Nk, if
Rk [ {(k, n), (n, k)|n 2 Nk} folds the last � beads correctly in all target conformations, we proceed
to the next step with rule Rk+1 = S [Rk.

If we reach the end of the sequence, we have a rule Rl+1 that folds each step correctly: therefore,
by the definition of our dynamics, Rl+1 folds each conformation correctly.

One problem with this algorithm is that in the worst case, it might have to explore 2n
2
possible

rules: indeed, our depth-first search amounts to enumerating all rules for all n beads. In order to
avoid this, we first remark that for both dynamics, each step of the folding depends only on the
last � beads produced. Therefore, we can maintain, for each k, a cache of all rules for beads
k, k + 1, . . . , k + � � 1 only, that do not fold step k deterministically in all conformations.

One complication is that the target seeds could contain bead types that are also present in the
sequence. This is actually an important and useful case in our positive construction, and a key
element of iterating a computation on a word with the same encoding.

Therefore, when folding a conformation whose beads are all fixed up to step k � 0, the folding of
both dynamics only depends on the next � beads, or more precisely, on their (at most) 6 neighbors
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We also need to enforce consistency in the attraction rule: indeed, nothing in the problem
prevents an attraction rule to contain both a literal and its negation, or none of them. We first add
n targets, pictured on Figure 2, to enforce that at least xi or ¬xi is chosen in the attraction rule:
indeed, if none of them were chosen, there would be no attraction between the first bead produced
and the seed, and therefore more conformations (not in the targets) would be producible.

Finally, we add another n targets to make sure that xi and ¬xi are not both chosen by the rule:
in the target conformation shown on Figure 3, the first bead produced has two neighboring beads
from the seed. If the first bead were attracted to both xi and ¬xi, another conformation, not in
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Ensures it binds to at 
most one of xi and ¬xi

Ensures it binds to at least 
one litteral in li∨ lj∨ lk

The reduction (length=1, δ arbitrary)



The second challenge: 
Designing the rule ❤

Theorem. There is a FPT algorithm with respect to L 
that designs in linear time in L (but exponential in k and δ) 
a rule ❤ that folds the sequence 1,…,L of length L into k 
prescribed conformations when folded in k prescribed 
environments.  

Proof. • Locality: each bead only sees a bounded number (exponential in δ) 
of other beads when folded.  

• Then, compute all valid local rules for each of these neighborhoods  
• And use dynamic programming to decide whether there is a global 
rule compatible with at least one of the local rule for each environment.



Oritatami is  
Turing complete
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Skipping Cyclic Tag Systems
• A finite cyclic sequence of finite binary 

code words with a pointer p to one of them 

• An initial binary tape word (the input) 

• Dynamics: 
• If the tape word is empty (ε): halt 
• If the 1st letter of the tape word is 0: 

delete the 0 and increment the 
pointer p 

• If the 1st letter of the tape word is 1: 
delete the 1, append to the tape 
word the code word at position p+1 
and increase p by +2 

Example.
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• Theorem [Neary, Woods, 2006] 
Cyclic tag systems simulate any 
Turing machine with only a 
quadratic slow down



The simulation

How to do it? 
How to prove it? 
How to certify it? 

How general is this?
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Beads Beads Beads Beads

Abstract 
Level
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Prove here correctness of 

algorithm

Certify here correctness of implementation



Logic

General programming tools
State

Geometry

Area entry point Position in Molecule

Goto

Bouncing gliders

Offsets Socks

Exponential coloring

Sliding shapes

Expanding shapes

Hiding



Back to our simulation
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Appendix

Proof of Theorem 4

Proof. The original cyclic tag system by Cook [4] di�ers from the skipping cyclic tag system
only in that in the original, the list rotates by 1 no matter which letter the current word
begins with. It is a folklore that a 2-tag system with m productions (that is, over m letter
alphabet) can be simulated by a cyclic tag system with 2m productions by encoding the m
letters as 10m≠1, 010m≠2, 0210m≠3, . . . , 0m≠11, respectively. We can in turn simulate a cyclic
tag system with n productions p0, p1, . . . , pn≠1, starting from an input u, by a skipping cyclic
tag system with 2n productions Á, f(p0), Á, f(p1), Á, . . . , f(pn≠1), starting from the word f(u),
where f is the automorphism over {0, 1}

ú defined as f(0) = 00 and f(1) = 1. Now it should
su�ce to note that the class of 2-tag systems is e�ciently Turing universal [11, 17]. J

2.3 Oritatami system

2.4 Skipping Cyclic Tag systems

In the next sections, we demonstrate the existence of a single periodic primary structure that
can simulate any Turing computation. Precisely, our construction simulates the following
particular type of tag systems which are known to simulate in O(T 2 ln T ) steps any Turing
machine running in T steps [?].

Skipping Cyclic Tag systems A skipping cyclic tag system consists of a set of n produc-
tions p0, . . . , pn≠1 œ {0, 1}

ú and an initial word u0
œ {0, 1}

ú. At each time step, the tag
system cycles through the productions and decides to append the current production or not
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and align the resulting words in a 2D diagram according to their common parts:

t0
¿

t1
¿

t2
¿

t3
¿

[0]0 [1]1 0 ≠æ Append [2] : 11
[3]0 [0]1 1 ≠æ Append [1] : ‘

[2]1 ≠æ Append [3] : 0
[0]0 [1]

≠æ Halt [1] : ‘

we obtain the annotated trimmed space-time diagram for the SCTS (p, 010). The follow-
ing lemma gives a formal definition:

I Lemma 5. Given a SCTS (p0, . . . , pn≠1; u0) and we denote by 0 6 t1 < t2 < · · · all the
times t such that the word ut starts with letter 1 and set t0 = ≠1 by convention. The
annotated word on row i (indexed from i = 0) of the annotated trimmed space-time diagram
is: (the production indices in exponent are computed modulo n)

if u1+ti = 0r1 · s for some r > 0 and s œ {0, 1}ú: then, r = ti+1 ≠ ti ≠ 1 and the an-
notated word on row i is [i+1+ti]0 · · ·

[i≠1+ti+1]0[i+ti+1]1 · s whose first letter is placed in
column ti + 1 (the leftmost column is indexed 0);
if u1+ti = 0r for some r > 0: then, row i is the last row of the diagram and its anno-
tated word is [i+1+ti]0 · · ·

[i+ti+r]0[i+ti+r+1] and starts at column ti + 1.

Proof. Observe that qti = i + ti mod n as exactly ti letters have been read and i appending
steps occurred before reading the i-th 1. J

3 The Simulation

Our simulation uses the oblivious dynamics with delay time 3.

3.1 Simulation of SCTS: the Blocks
Our simulation proceeds by mimicking the annotated trimmed space-time diagram of the
SCTS to be simulated. Precisely, Our oritatami system proceeds in phases: each phase trims
all the leading zeros and halts if the remaining word is empty, or proceeds the leading 1
otherwise by appending the corresponding production at the end of the word and rewinding
to the first letter of the word.

The simulation works by folding into a Zig-Zag pattern growing to the south. The
current word ut is encoded at the bottom of the previous zag pattern on top of the currently
folding zig pattern. The simulation is best described in terms of blocks. Blocks consists in
a sequence of beads folded in a specific conformation accomplishing a specific task. There
are seven types of blocks:

Seed encodes the initial word into a conformation beads where 0s are represented as
red-dot spikes and 1s as red rectangles;
ReadI, CopyI, J Copy are responsible for reading, and copying the letters of the current
word;
Append & CR and J CopyLineFeed are responsible for appending a production, carriage
return and line-feed;
Halt is the last block produced corresponding to the halt of the simulated tag system.

Starting from the seed block (see Fig. 3), blocks attach at the orange anchors (>> and
<<) one next to the other as described by the block automaton in Fig. 2. Each block is
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and align the resulting words in a 2D diagram according to their common parts:

t0
¿

t1
¿

t2
¿

t3
¿

[0]0 [1]1 0 ≠æ Append [2] : 11
[3]0 [0]1 1 ≠æ Append [1] : ‘

[2]1 ≠æ Append [3] : 0
[0]0 [1]

≠æ Halt [1] : ‘

we obtain the annotated trimmed space-time diagram for the SCTS (p, 010). The follow-
ing lemma gives a formal definition:

I Lemma 5. Given a SCTS (p0, . . . , pn≠1; u0) and we denote by 0 6 t1 < t2 < · · · all the
times t such that the word ut starts with letter 1 and set t0 = ≠1 by convention. The
annotated word on row i (indexed from i = 0) of the annotated trimmed space-time diagram
is: (the production indices in exponent are computed modulo n)

if u1+ti = 0r1 · s for some r > 0 and s œ {0, 1}ú: then, r = ti+1 ≠ ti ≠ 1 and the an-
notated word on row i is [i+1+ti]0 · · ·

[i≠1+ti+1]0[i+ti+1]1 · s whose first letter is placed in
column ti + 1 (the leftmost column is indexed 0);
if u1+ti = 0r for some r > 0: then, row i is the last row of the diagram and its anno-
tated word is [i+1+ti]0 · · ·

[i+ti+r]0[i+ti+r+1] and starts at column ti + 1.

Proof. Observe that qti = i + ti mod n as exactly ti letters have been read and i appending
steps occurred before reading the i-th 1. J

3 The Simulation

Our simulation uses the oblivious dynamics with delay time 3.

3.1 Simulation of SCTS: the Blocks
Our simulation proceeds by mimicking the annotated trimmed space-time diagram of the
SCTS to be simulated. Precisely, Our oritatami system proceeds in phases: each phase trims
all the leading zeros and halts if the remaining word is empty, or proceeds the leading 1
otherwise by appending the corresponding production at the end of the word and rewinding
to the first letter of the word.

The simulation works by folding into a Zig-Zag pattern growing to the south. The
current word ut is encoded at the bottom of the previous zag pattern on top of the currently
folding zig pattern. The simulation is best described in terms of blocks. Blocks consists in
a sequence of beads folded in a specific conformation accomplishing a specific task. There
are seven types of blocks:

Seed encodes the initial word into a conformation beads where 0s are represented as
red-dot spikes and 1s as red rectangles;
ReadI, CopyI, J Copy are responsible for reading, and copying the letters of the current
word;
Append & CR and J CopyLineFeed are responsible for appending a production, carriage
return and line-feed;
Halt is the last block produced corresponding to the halt of the simulated tag system.

Starting from the seed block (see Fig. 3), blocks attach at the orange anchors (>> and
<<) one next to the other as described by the block automaton in Fig. 2. Each block is

🡆 
READ0

🡆 
READ1

🡆 
COPY0

   Initial word tape: 
   0     1     0

WRITE🡆 
1    1

WRITE🡆 
ε   

        WRITE🡆 
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HALT: empty 
word tape

⬅COPY
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The blocks
READ COPY

forward → backward ←

LINE FEED
EXPANDED & CARRIAGE RETURN
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0

1 0 1

0
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The bricks inside each 
block

1:8 Proving the Turing Universality of oritatami Co-Transcriptional Folding
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(a) Folding of the oritatami system simulating the STCS E .
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(b) Exploded view of the bricks and modules inside the blocks involved in the simulation above.

Figure 2 Folding of the transcript simulating the STCS E , and some block internal structures.



How do we implement 
several functions  

(i.e. folding into different bricks)  
in a given module?



An example

Module G implements 5 functions: 
• 0/1 Copy (forward & backward) 
• 0/1 Read 
• Line Feed



An example

READ 0 

 

READ 1 

LI
NE 

FE
ED

COPY 0

COPY 1

Module G implements 5 functions: 
• 0/1 Copy (forward & backward) 
• 0/1 Read 
• Line Feed



The various bricks for 
module G
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(a) The brick GICopy0 . (b) The brick GICopy1 .

(c) The brick GJCopy0 . (d) The brick GICopy1 .

Figure 13 Folding paths to scale of all the Copy bricks for Module G (see section F.10 for full
description).
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(a) The brick G JI LineFeed .

Figure 14 Folding paths to scale of all the Line Feed brick for Module G (see section F.10 for
full description).
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(a) The brick GIRead0 .

(b) The brick GIRead1 .

Figure 12 Folding paths to scale of all the Read bricks for Module G (see section F.10 for full
description).
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(a) G bounces southeastward
in presence of a spike encoding
a 0 and folds into GIRead0 .

I5

I4

H11

H16

H15

H6

H8

H13

I6

I7

I3

I2

H5

H10

H9

H12

H14

H7

I11

I10

I8

I6

I1

I0

H11

H16

H15

H6

H8

H13

I12

I13

I9

I11

I7

I8

I5

I4

H5

H10

H9

H12

H14

H7

I2

I1

I14

I12

I10

I9

I6

I7

I3

I2

H11

H16

H15

H6

H8

H19

J8

J7

I0

I2

I13

I14

I11

I10

I8

I6

I1

I0

H5

H10

H9

H18

H20

J9

J6

J8

J7

I1

I0

I12

I13

I9

I11

I7

I8

I5

I4

H17

H22

H21

H24

J5

J10

J9

J6

J8

J7

I2

I1

I14

I12

I10

I9

I6

I7

I3

I2

H23

I15

J43

J44

J5

J10

J9

J6

J8

J7

I0

I2

I13

I14

I11

I10

I8

I6

I1

I15

K39

K34

J45

J46

J5

J10

J9

J6

J8

J7

I1

I0

I12

I13

I9

I11

I7

I16

K38

K35

K39

K34

J47

J42

J5

J10

J9

J6

J8

J7

I2

I1

I14

I12

I10

I17

K36

K37

K38

K35

K39

K34

J43

J44

J5

J10

J9

J6

J8

J7

I0

I2

I13

I19

K36

K37

K38

K35

K39

K34

J45

J46

J5

J10

J9

J6

J8

J7

I1

I19

B2

K36

K37

K38

K35

K39

K34

J47

J42

J5

J10

J9

J6

J11

J12

B1

B3

C8

C9

C10

K36

K37

K38

K35

K39

K34

J23

J22

J5

J14

J13

J16

B0

A11

B4

C0

C7

C6

C11

C12

K36

K37

K38

K35

K39

K34

J21

J20

J15

J17

A12

A9

A10

A5

C1

C2

C8

C7

C13

C14

K36

K37

K38

K35

K39

K34

J19

J18

A6

A6

A9

A10

A5

C0

C1

C6

C8

C9

C10

K36

K37

K38

K35

K39

K34

L84

A7

A8

A6

A9

A10

A5

C2

C0

C7

C6

C11

C12

K36

K37

K38

K35

L83

L81

L85

L86

A7

A8

A6

A9

A10

A5

C1

C2

C8

C7

C13

L40

L39

K45

L82

L49

L80

L79

L87

L88

A7

A8

A6

A9

A10

A5

C0

C1

C6

K42

L41

K40

L48

L47

L50

L51

L78

L77

L89

L90

A7

A8

A6

A9

A10

A5

C2

K43

K41

K45

L18

L19

L46

L45

L52

L53

L76

K53

K63

K58

A7

A8

A6

A9

A10

K42

K44

K40

L17

L16

L20

L21

L44

L43

L54

L55

K52

K57

K59

K60

A7

A8

A6

K43

K41

K45

J18

J19

L15

L14

L22

L23

L42

K41

K50

K51

K56

K55

K61

K62

A7

K42

K44

K40

J17

J15

J20

J21

L13

L12

L24

K32

K40

K45

K46

K47

K54

K53

K63

K43

K41

K45

J16

J13

J14

J5

J22

J23

L11

K22

K33

K28

K44

K43

K48

K49

K52

K42

K44

K40

J12

J11

J6

J9

J10

J5

J42

J47

K27

K26

K29

K30

K42

K41

K50

K43

K41

K45

I19

I1

J7

J8

J6

J9

J10

J5

J46

J45

K25

K24

K31

K32

K40

K42

K44

K40

I19

I13

I2

I0

J7

J8

J6

J9

J10

J5

J44

J43

K23

K22

K33

K43

K41

K45

I17

I10

I12

I14

I1

I2

J7

J8

J6

J9

J10

J5

J42

J47

K27

K42

K44

K40

I16

I7

I11

I9

I13

I12

I0

I1

J7

J8

J6

J9

J10

J5

J46

K43

K41

K45

I15

I1

I6

I8

I10

I11

I14

I13

I2

I0

J7

J8

J6

J9

J10

K42

K44

K40

I15

H23

I2

I3

I7

I6

I9

I10

I12

I14

I1

I2

J7

J8

J6

K43

K41

K45

H24

H21

H22

H17

I4

I5

I8

I7

I11

I9

I13

I12

I0

I1

J7

K42

K44

K40

H20

H18

H9

H10

H5

I0

I1

I6

I8

I10

I11

I14

I13

I2

L49

L48

K43

K41

K45

H19

H8

H6

H15

H16

H11

I2

I3

I7

I6

I9

I10

I12

L50

L47

K42

K44

K40

H7

H14

H12

H9

H10

H5

I4

I5

I8

I7

I11

L51

L46

K43

K41

K45

H13

H8

H6

H15

H16

H11

I0

I1

I6

L52

L45

K42

K44

K40

H7

H14

H12

H9

H10

H5

I2

n°347 Module C: End of Tapen°347 Module C: End of Tape

(b) G bounces eastward on a
flat surface encoding a 1, and
folds into GIRead1 .
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(c) G goes straight southwest-
ward in absence of obstacle, and
folds into G JI LineFeed .

Figure 3 The interactions of module G in “glider”-mode with di�erent environments result in
heading to di�erent entry points to the next area of the folding.

Socks work by letting a glider/switchback module fold into a switchback turn conformation
for some time when it would otherwise fold into a glider. Examples are given in Figure 4.
They are easy to implement: indeed, the socks naturally adopt the same shape as the
corresponding switchback turn and require thus no extra interfering bonds. They allow
a lot of freedom in the design, for several reasons:

First, they simplify the design of important switchback part by lifting the need for

implementing the glider configuration for that part, as shown in Figure 4(a).
Second, a glider naturally progresses at speed 1/3. Adding a sock allows us to slow its

progression down to speed 1/5 for some time (see Fig. 4(b)) and therefore to realign
them. We used that feature repeatedly to “shift” some modules: starting the folding
at an initial speed-1 (i.e. straight line) and then compensating for that speed later on
by introducing socks (see Fig. 4(b)). This is a key point in our design, as it allowed us
to spread apart the Read and Copy functions into di�erent subsequences of module G ,
and therefore to get less constraints on our rule design. In the specific case of module
G , the Copy-function occurs at the center of the module, while the Read-function is

implemented earlier in module! (see section F.10 for full details)
Finally, socks allow to prevent unwanted interactions between beads by concealing

potentially harmful beads in unreachable area as in Figure 4(c).
Exponential bead type coloring is a key tool to allow module G to fold into di�erent

shapes, glider or switchback, along module F , when folding in the ReadI configura-
tion. The problem it solves is that in order for G to fold into switchbacks, we need
strong interactions between G and its neighboring module F (see Fig. 41), whereas in
order for G to fold as glider, we want to avoid those interactions (see Fig. 43). This
is made possible because gliders progress at speed 1/3 while switchbacks progress at
speed 1. Using a power-of-3 coloring, we manage to easily achieve these contradicting
goals altogether (the construction is analysed in Lemma 11 in Section G.1).
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Switchback expanding into 
glidersC. Geary, P.-É. Meunier, N. Schabanel, S. Seki 1:5
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(c) Glider/Switchback turn folding compati-
bility.

E20

E16

E18

E21

E19

E23

E14

E22

E12

E13

E20

E16

E18

E21

E19

E23

E14

E22

E12

E13

E15

E17

E20

E16

E18

E21

E19

E23

E14

E22

E12

E13

E21

E19

E23

E14

E22

E12

E15

E13

E17

E16

E20

E18

E21

E19

E23

E14

E22

E12

E15

E13

E17

E16

E14

E22

E12

E15

E13

E17

E20

E16

E18

E19

E21

E19

E23

E14

E22

E12

E15

E13

E17

E16

(d) from left to right: the folding of the subsequence as a glider.
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(e) from left to right: the folding of the subsequence as a switchback.

Figure 1 Glider/switchback subsequence. The folding path of the transcript is represented as
the thick colorful line and the �-bonds between beads are represented as dashed lines. The bond-
maximizing path for the ” = 3 lastly produced beads is represented by a thick black line, possibly
terminated by several colorful paths if several paths realize the maximum of number of bonds.

(Nop step) If the first letter ut
0 of ut is 0, then ut

0 is deleted and the marker moves to
the next appendant cyclically: i.e., mt+1 = (mt + 1) mod n and ut+1 = ut

1 · · · ut
|ut|≠1;

(Skip-append step) If ut
0 = 1, then ut

0 is deleted, the next appendant –(mt+1 mod n) is
appended onto the right end of ut, and the marker moves to the second next appendant:
i.e., ut+1 = ut

1 · · · ut
|ut|≠1 · –(mt+1 mod n) and mt+1 = (mt + 2) mod n.

For example, consider the SCTS E = (È110, ‘, 11, 0Í; u0 = 010). Its execution ([mt]ut)t is:
[0]

010 æ
[1]

10
Append

≠≠≠≠æ[2:11]
[3]

011 æ
[0]

11
Append

≠≠≠≠æ[1:‘]
[2]

1
Append

≠≠≠≠æ[3:0]
[0]

0 æ
[1]

Halt

Turing universality. A sequence of articles and thesis by Cook [2], and Neary and
Woods [15, 12], allows to show that SCTS are able to simulate any Turing machine e�-
ciently in the following sense: (proof deferred to appendix on page 17)

I Proposition 2 ([15, 12]). Let M be a deterministic Turing machine using a single tape.

There is a polynomial algorithm that computes a skipping cyclic tag system SM, together

with a linear-time encoding uM(x) of the input x of M as an input dataword for SM, such

that for all input x: SM halts on input dataword uM(x) if and only if M halts on input

x. Furthermore, for all t, if M halts after t steps, then S halts after OM(t2 log t) steps.

Moreover, the number of appendants of S is a multiple of 4.

computation of a cyclic tag system is said to end also if it repeats a configuration.



Module D
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width 6
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(0,h–1) (h+w+1,1) (4 +h+1,0) (12 +h+1,0) (16 +h+1,0) (20 +h+1,0)(8 +h+1,0)w (W+h,0)

(W+h–3,–3)

A7

A6

A6

A12

A9

A10

A5

C1

C2

C15

C10

B0

A11

B4

C0

C13

C16

B1

B3 B2

D2

D0

D11

D12

D5

D3

D1

D10

D13

D6

D4

D8

D9

D15

D14

E2

D7

E0

D16

E3

E1

E5

E8

E4

E6

E9

E7

E11

E2

E10

E0

E3

E1

E5

E8

E4

E6

E7

E9

E11

L17

E10

E0

L18

E1

E5

D56

E4

E6

D57

D58

D55

D62

D59

D60

E3

D61

E5

E8

E4

E6

E9

E7

E11

E10

E2

E0

E3

E1

E5

E8

E4

E6

E9

E7

E11

E14

E10

E12

E15

E13

E17

E20

E16

E18

E21

E19

E23

E22

E14

E12

E15

E13

E17

E20

E16

E18

E21

E19

E23

D45

D34

E14

E22

E12

D46

D35

E15

E13

E17

D47

D36

E20

E16

E18

D48

D37

E21

E19

E23

D49

D38

D42

E22

D40

D39

D43

D41

E32

D44

E30

E33

E31

E35

E26

E34

E24

E27

E25

E29

E32

E28

E30

E31

E33

E35

E38

E34

E36

E39

E37

E41

E44

E40

E42

E45

E43

E47

E46

E38

E36

E39

E37

E41

E44

E40

E42

E45

E43

E47

D50

D23

E38

E46

E36

D51

D24

E39

E37

E41

D52

D25

E44

E40

E42

D53

D26

E45

E43

E47

D54

D27

D31

E46

D29

D28

D32

D30

E8

D33

E6

E9

E7

E11

E2

E10

E0

E3

E1

E5

E4

E8

E6

E9

E7

E11

E14

E10

E12

E15

E13

E17

E20

E16

E18

E21

E19

E23

E22

E14

E12

E15

E13

E17

E20

E16

E18

D17

E19

E23

D18

D22

E22

D20

D19

D21

C13

C16

C15

C10

C9

C14

C13

C12

C11

C10

C9

C14

C13

C12

C11

C10

C9

C14

C13

C12

C11

C10

C9

C14

C13

C12

C11

C10

C9

C14

C13

D0 D45

D1

D2

D34

D46

D47

D3

D4

D50

D35

D36

D48

D49

D5

D6

D23

D51

D52

D37

D38

E23

E22

D7

D8

D45

D24

D25

D53

D54

D39

D40

E21

E20

D9

D10

D34

D46

D47

D26

D27

E47

E46

D41

D42

E19

E18

D11

D12

D50

D35

D36

D48

D49

D28

D29

E45

E44

D43

D44

E17

E16

D13

D14

D23

D51

D52

D37

D38

E23

E22

D30

D31

E43

E42

E30

E31

E15

E14

D15

D16

D45

D24

D25

D53

D54

D39

D40

E21

E20

D32

D33

E41

E40

E32

E33

E13

E12

E0

E1

D34

D46

D47

D26

D27

E47

E46

D41

D42

E19

E18

E6

E7

E39

E38

E34

E35

E23

E22

E2

E3

D50

D35

D36

D48

D49

D28

D29

E45

E44

D43

D44

E17

E16

E8

E9

E37

E36

E24

E25

E21

E20

E4

E5

D23

D51

D52

D37

D38

E23

E22

D30

D31

E43

E42

E30

E31

E15

E14

E10

E11

E47

E46

E26

E27

E19

E18

E6

E7

D45

D24

D25

D53

D54

D39

D40

E21

E20

D32

D33

E41

E40

E32

E33

E13

E12

E0

E1

E45

E44

E28

E29

E17

E16

E8

E9

D34

D46

D47

D26

D27

E47

E46

D41

D42

E19

E18

E6

E7

E39

E38

E34

E35

E23

E22

E2

E3

E43

E42

E30

E31

E15

E14

E10

E11

D50

D35

D36

D48

D49

D45

D46

D47

D48

D49

D28

D29

E45

E44

D43

D44

E17

E16

E8

E9

E37

E36

E24

E25

E21

E20

E4

E5

E41

E40

E32

E33

E13

E12

E0

E1

D23

D51

D52

D37

D38

E23

E22

D30

D31

E43

E42

E30

E31

E15

E14

E10

E11

E47

E46

E26

E27

E19

E18

E6

E7

E39

E38

E34

E35

E23

E22

D24

D25

D53

D54

D39

D40

E21 E21

E20

D32

D33

E41

E40

E32

E33

E13

E12

E0

E1

E45

E44

E28

E29

E17

E16

E8

E9

E37

E36

E24

E25

D26

D27

E47

E46

D41

D42

E19

E18

E6

E7

E39

E38

E34

E35

E23

E22

E2

E3

E43

E42

E30

E31

E15

E14

E10

E11

E47

E46

D28

D29

E45

E44

D43

D44

E17

E16

E8

E9

E37

E36

E24

E25

E21

E20

E4

E5

E41

E40

E32

E33

E13

E12

E0

E1

E23

E22

D30

D31

E43

E42

E30

E31

E15

E14

E10

E11

E47

E46

E26

E27

E19

E18

E6

E7

E39

E38

E34

E35

E23

E22

E20

D32

D33

E41

E40

E32

E33

E13

E12

E0

E1

E45

E44

E28

E29

E17

E16

E8

E9

E37

E36

E24

E25

E19

E18

E6

E7

E39

E38

E34

E35

E23

E22

E2

E3

E43

E42

E30

E31

E15

E14

E10

E11

E47

E46

E17

E16

E8

E9

E37

E36

E24

E25

E21

E20

E4

E5

E41

E40

E32

E33

E13

E12

E0

E1

E15

E14

E10

E11

E47

E46

E26

E27

E19

E18

E6

E7

E39

E38

E34

E35

E23

E22

E13

E12

E0

E1

E45

E44

E28

E29

E17

E16

E8

E9

E37

E36

E24

E25

E23

E22

E2

E3

E43

E42

E30

E31

E15

E14

E10

E11

E47

E46

E21

E20

E4

E5

E41

E40

E32

E33

E13

E12

E0

E1

E19

E18

E6

E7

E39

E38

E34

E35

E23

E22

E17

E16

E8

E9

E37

E36

E24

E25

E15

E14

E10

E11

E47

E46

E13

E12

E0

E1

E23

E22

D23 D22

D24

D25

D21

D20

D26

D27

D19

D18

D28

D29

E23

E22

D30

D31

D17

E20

D32

D33

E19

E18

E6

E7

E17

E16

E8

E9

E15

E14

E10

E11

E13

E12

D34 D22

D35

D36

D21

D20

D37

D38

D19

D18

D39

D40

E47

E46

D41

D42

D17

E44

D43

D44

E43

E42

E30

E31

E41

E40

E32

E33

E39

E38

E34

E35

E37

E36

C14

C13

C12

C11

C10

C9

C14

C13

C12

C11

C10

C9

C14

C13

C12

C11

C10

E0

E1

E23

E22

L17

L18

E21

E20

E4

E5

E19

E18

E6

D55

E17

E16

D56

D57

E23

E22

E15

E14

D58

D59

E24

E25

E21

E20

E13

E12

D60

D61

E47

E46

L17

L18

E19

E18

E23

E22

D62

E3

E45

E44

E28

E29

E17

E16

E21

E20

E4

E43

E42

E30

D55

E15

E14

E19

E41

E40

D56

D57

E13

E12

E47

E46

E39

E38

D58

D59

E23

E22

E0

E1

E45

E44

E37

E36

D60

D61

E21

E20

E23

E22

L17

L18

E43

E42

E47

E46

D62

E27

E19

E21

E20

E4

E5

E41

E40

E45

E44

E28

E19

E18

E6

D55

E39

E38

E43

E17

E16

D56

D57

E37

E36

E15

E14

D58

D59

E47

E46

E13

E12

D60

D61

E45

E44

E23

E22

D62

E3

E43

E21

E20

E4 E19

C12

C11

C10

C9

C14

C13

E8

E9

E15

E14

E10

E11

E32

E33

E13

E12

E39

E38

E34

E35

E8

E9

E37

E36

E15

E14

E10

E11

E32

E33

E13

E12

E39

E38

E34

E35

E8

E9

E37

E36

E15

E14

E10

E11

E32

E33

E13

E12

E39

E38

E34

E35

E8

E9

E37

E36

E15

E14

E10

E11

E32

E33

E13

E12

E39

E38

E34

E35

E8

E9

E37

E36

E15

E14

E10

E11

E13

E12

(6,0) (6|p|+5,0)

(6,–λ–4) (6|p|+5,–λ–4)

(6,–3w–1)

(6,–3w–13)

(6,–16)

For letter x = 0 only

λ+5

6 6 6

First position
(r = 0)

Odd
position
(r = 1)

Positive
even position
(r = 2)

Last columns of last letter at
even or odd position

in total



Exponential coloring

• Bonds everywhere if unshifted and then adopt switchback 
form


• Bonds nowhere if shifter and then adopt glider form



Module G

Truncate this
infinite pattern
to h –68 beads

32j – 2
times

32j+1 – 2
times

(w–1,1)

(w+2,–39)

(w+2,–34–32j)

(w+2,–34–32j+1)

k–3 times

k–16
times

5 times

Concatenate
for j = 1
to ∞

k–7 times

k–7 times

k–26 times

8 times

(w,0)

(1,1–h)
7 times

Y = 0

(w+2,–21–2k)

(w+2,–26–2k)

(w+2,–23–4k)

(w+2,–26–4k)

(4,2–h)

(w+26,23–h)

(w+22+2k,16–4k)

(w+18+4k,12–2k)

(w+h–21,–24)

(w+h+2,0)
= (W–1,0)

(w+12+2k,10–4k)

(w+9+4k,7–2k)

(w+h–37,–36)

(w+18,
19–h)

J0 J1 J4 J48

J50

J51

J49

J39

J40

J41

J24

J25

J26

J48

J49

J52

J51

J48

J50

J52

J52

J51

J51

J49

J48

J48

J51

J48

J50

J49

J49

J51

J48

J49

L6

K17

K18

K22

K22

K26

K26

K27

K27

K23

K23

K24

K24

K25

K25

K4

K8

K9

K5

K6

K7

K10

K10

K14

K14

K15

K15

K11

K11

K12

K12

K13

K13

L11

L14

L15

L12

L13

L16

L20

L21

L17

L18

L19

L22

K33

K28

L23

L24

K32

K29

K30

L25

L26

K32

L27

L31

L32

L28

L29

L30

L33

L37

L38

L34

L35

L36

K35

K39

K39

K36

K37

K38

K35

K35

K35

K34

K36

K36

K36

K37

K37

K37

K38

K31

K33

K28

K32

K29

K30

K31K31

K39

K34

K34

K34

K38K39

L49

L51

L50

L47

L48

K42

L53

L52

L45

L46

K42

K43

K44

L54

L43

L44

K42

K43

K44

K41

K45

L55

L42

K43

K44

K41

K45

K40

K49

K50

K51

K41

K45

K40

K50

K51

K48

K46

K40

K47

L39

K42

L40

L41

K43

K44

K41

K45

K45

K40

K41 K40

K35

L65

L67

L66

L63

L64

K49

L69

L68

L61

L62

K49

K50

K51

K48

L71

L70

L59

L60

K49

K50

K51

K48

K46

K47

L72

L57

L58

K49

K50

K51

K48

K46

K47

L73

L56

K50

K51

K48

K46

K47

K54

K55

K56

K48

K46

K47

K55

K56

K53

K57

K47

K53

K57

K52

K52

L84

L83

L86

L85

L81

L82

L74

K55

L88

L87

L79

L80

K54

L75

K56

K53

L89

L77

L78

K54

K55

K56

K53

K57

K52

L90

L76

K55

K56

K53

K57

K52

K62

K63

K58

K53

K57

K52

K62

K63

K58

K61

K59

K52

K63

K58

K61

K59

K60

K59

K60

K60

K54 K56 K57

M5

M7

M6

M4

M9

M8

M2

M3

K62

M11

M10

M0

M1

K62

K63

K58

M13

M12

L98

L99

K62

K63

K58

K61

K59

M15

M14

L96

L97

K62

K63

K58

K61

K59

K60

M17

M16

L94

L95

K62

K63

K58

K61

K59

K60

M18

L92

L93

K62

K63

K58

K61

K59

K60

M19

L91

K63

K58

K61

K59

K60

K66

K67

K68

K61

K59

K60

K67

K68

K65

K69

K60

K65

K69

K64

K64

K65

K61

K67

M29

M23

M24

M21

M30

M28

M25

M20K67 M21 M20

M27

M26

K66 K68 K69

K66 K68 K69

K46

K31

K38

L2 L1

K3

K1

K2

L3 L4 L5

L10

K0

L8

L7

L9

K14

K15

K12

K13

K10

K14

K15

K11

K13

K20

K3

K1

K1

K1

K2

K2

K0

K3

K3

K2

K3

K1

K0

K0

K2

K19

K21

K16

K12

L0

K67 K64

M22

K0

K1

K2

K3

K0

J19

J18

J23

J22

J21

J20

L83 L82

L48

L49 L47 L18 L17 J18 J17 J16 J12 I19 I19

Truncate this
infinite pattern
to h –68 beads

32j – 2
times

32j+1 – 2
times

(w–1,1)

(w+2,–39)

(w+2,–34–32j)

(w+2,–34–32j+1)

k–3 times

k–16
times

5 times

Concatenate
for j = 1
to ∞

k–7 times

k–7 times

k–26 times

8 times

(w,0)

(1,1–h)
7 times

Y = 0

(w+2,–21–2k)

(w+2,–26–2k)

(w+2,–23–4k)

(w+2,–26–4k)

(4,2–h)

(w+26,23–h)

(w+22+2k,16–4k)

(w+18+4k,12–2k)

(w+h–21,–24)

(w+h+2,0)
= (W–1,0)

(w+12+2k,10–4k)

(w+9+4k,7–2k)

(w+h–37,–36)

(w+18,
19–h)

J0 J1 J4 J48

J50

J51

J49

J39

J40

J41

J24

J25

J26

J48

J49

J52

J51

J48

J50

J52

J52

J51

J51

J49

J48

J48

J51

J48

J50

J49

J49

J51

J48

J49

L6

K17

K18

K22

K22

K26

K26

K27

K27

K23

K23

K24

K24

K25

K25

K4

K8

K9

K5

K6

K7

K10

K10

K14

K14

K15

K15

K11

K11

K12

K12

K13

K13

L11

L14

L15

L12

L13

L16

L20

L21

L17

L18

L19

L22

K33

K28

L23

L24

K32

K29

K30

L25

L26

K32

L27

L31

L32

L28

L29

L30

L33

L37

L38

L34

L35

L36

K35

K39

K39

K36

K37

K38

K35

K35

K35

K34

K36

K36

K36

K37

K37

K37

K38

K31

K33

K28

K32

K29

K30

K31K31

K39

K34

K34

K34

K38K39

L49

L51

L50

L47

L48

K42

L53

L52

L45

L46

K42

K43

K44

L54

L43

L44

K42

K43

K44

K41

K45

L55

L42

K43

K44

K41

K45

K40

K49

K50

K51

K41

K45

K40

K50

K51

K48

K46

K40

K47

L39

K42

L40

L41

K43

K44

K41

K45

K45

K40

K41 K40

K35

L65

L67

L66

L63

L64

K49

L69

L68

L61

L62

K49

K50

K51

K48

L71

L70

L59

L60

K49

K50

K51

K48

K46

K47

L72

L57

L58

K49

K50

K51

K48

K46

K47

L73

L56

K50

K51

K48

K46

K47

K54

K55

K56

K48

K46

K47

K55

K56

K53

K57

K47

K53

K57

K52

K52

L84

L83

L86

L85

L81

L82

L74

K55

L88

L87

L79

L80

K54

L75

K56

K53

L89

L77

L78

K54

K55

K56

K53

K57

K52

L90

L76

K55

K56

K53

K57

K52

K62

K63

K58

K53

K57

K52

K62

K63

K58

K61

K59

K52

K63

K58

K61

K59

K60

K59

K60

K60

K54 K56 K57

M5

M7

M6

M4

M9

M8

M2

M3

K62

M11

M10

M0

M1

K62

K63

K58

M13

M12

L98

L99

K62

K63

K58

K61

K59

M15

M14

L96

L97

K62

K63

K58

K61

K59

K60

M17

M16

L94

L95

K62

K63

K58

K61

K59

K60

M18

L92

L93

K62

K63

K58

K61

K59

K60

M19

L91

K63

K58

K61

K59

K60

K66

K67

K68

K61

K59

K60

K67

K68

K65

K69

K60

K65

K69

K64

K64

K65

K61

K67

M29

M23

M24

M21

M30

M28

M25

M20K67 M21 M20

M27

M26

K66 K68 K69

K66 K68 K69

K46

K31

K38

L2 L1

K3

K1

K2

L3 L4 L5

L10

K0

L8

L7

L9

K14

K15

K12

K13

K10

K14

K15

K11

K13

K20

K3

K1

K1

K1

K2

K2

K0

K3

K3

K2

K3

K1

K0

K0

K2

K19

K21

K16

K12

L0

K67 K64

M22

K0

K1

K2

K3

K0

No Bond



Module G

Concatenate
for j = 1 to ∞

Truncate this
infinite sequence

to height h–68

The various bond patterns repeated
inside each part of this brick

(0,0)

(7,7)

(47,47)

(60,60)

(108,103)

(h–7,h–7)

(h–70,h–72)

(h–21,h–25)

(h+2,h)

(h+4,h–1)

(34+32j+1,
34+32j+1)

(34+32j+2,
35+32j+2)

(40,41)

(6,1)

(2,0)

(16,11)

(80,75)

32j+1 – 1
times

32j –1
times

2 times

K31

K32

K29

K30

K35

K34

K33

K28

L40

L39

K49

K50

K31

K32

K45

L41

K47

K48

K29

K30

K41

K40

K51

K46

K33

K28

K43

K42

K49

K50

K45

K44

K47

K48

K51

K46

K0

K2

K1

K29

K0

K3

K33

K28

K2

K1

K31

K32

L8

L7

K29

K30

L10

L9

K33

K28

K13

K12

K31

K32

K15

K14

K29

K30

K11

K10

K33

K28

K13

K12

K31

K32

K15

K14

K29

K30

K17

K16

K33

K28

K19

K18

K31

K32

K21

K20

K29

K30

K23

K22

K33

K28

K31

K32

K25

K27

K26

K29

K5

K4

K33

K28

K7

K6

K31

K32

K9

K8

K29

K30

K33

K28

K24 K30

K11

K13

K12

K31

K15

K14

K29

K30

K33

K28

K10 K32

K52

K54

K53

K69

K56

K55

K67

K68

K52

K57

M18

M19

M16

M17

K54

K56

K55

M14

K52

K57

M12

M13

K54

K53

M10

M11

K56

K55

M8

M9

K52

K57

M6

M7

K54

K53

M4

M5

K56

K55

M2

M3

K52

K57

M0

M1

K54

K53

L98

L99

K56

K55

L96

L97

K52

K57

L94

L95

K54

K53

L92

L93

K55

K61

L91

K60

K53 M15

K52

K57

K54

K53

K63

K58

K55

K61

K62

K60

K56 K59

J30

J32

J31

J34

J33

J35

J44

J46

J45

J24

J47

J26

J25

J28

J27

J29

J48

J40

J39

J24

J41

J26

J25

J28

J27

J30

J29

J32

J31

J34

J33

J30

J35

J32

J31

J34

J33

J36

J35

J38

J37

J40

J39

J42

J41

J43

J12 J16

J22

J23

J17

J20

J21

J18

J19

J42

J47

J48

J52

J49

J48

J51

J50

J49

J48

J51

J50

J49

J48

J51

J50

J49

J48

J51

J50

J49

J48

J51

A12

A9 A6

L83 L82

L48

L49 L47 L18 L17 J18 J17 J16 J12

K51

K49

K50

K52

K47

K48

L74

K53

K63

K51

K46

K56

L75

K61

K62

K49

K50

K52

K57

K59

K60

K48

K54

K53

K63

K58

K55

K61

K62

L11

K33

K60

L13

L12

L24

K32

K45

K44

K47

L15

L14

L22

L23

K41

K40

K51

K46

K56

L17

L16

L20

L21

L43

L42

L55

K50

K52

K57

K59

L18

L19

L45

L44

L53

L54

L76

K53

K63

K58

L47

L46

L51

L52

L78

L77

L89

L90

L48

L49

L50

L80

L79

L87

L88

L82

L81

L85

L86

L83

L84

K22

L0

L2

L1

L4

L3

L29

L30

L31

L6

L5

L27

L28

L33

L32

K0

K3

L25

L26

L35

L34

L62

L63

L64

K2

K1

K31

K32

L37

L36

L60

L61

L67

L66

L65

K0

K3

K29

K30

K35

L38

L58

L59

L69

L68

M29

M30

K2

K1

K33

K28

K37

K36

L56

L57

L71

L70

M27

M28

K0

K3

K31

K32

K39

K38

K47

K48

L73

L72

M25

M26

K2

K1

K29

K30

K35

K34

K51

K46

K56

K55

M23

M24

K3

K33

K28

K37

K36

K49

K50

K52

K57

M21

M22

K32

K38

K47

K48

K54

K53

K69

M20

K46

K56

K55

K67

K68

K52

K57

K65

K66

K53

K69

K64

K68

K0 K31 K54 K67

Concatenate
for j = 1 to ∞

Truncate this
infinite sequence

to height h–68

The various bond patterns repeated
inside each part of this brick

(0,0)

(7,7)

(47,47)

(60,60)

(108,103)

(h–7,h–7)

(h–70,h–72)

(h–21,h–25)

(h+2,h)

(h+4,h–1)

(34+32j+1,
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everywhere



Socks

(a) Let fold parts in their natural forms, simplify the design


(b) Delaying and shifting to space out various functions


(c) Confinement to prevent unwanted interactions

1:12 Proving the Turing Universality of Oritatami Co-Transcriptional Folding
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(c) Confinement

Figure 4 Di�erent uses of socks: (a) Easing the design of switchback/glider by letting the

switchback (in green) folds into its natural shape at its extremities even in “glider”-mode.; (b)

Module G : Realigning a pattern by slowing its folding down at the end to compensate speeding it

at the beginning.; (c) Module D : Preventing unwanted interactions between the beads outlined in

red and the ones below, by concealing the red ones on top of the glider.

This is made possible because gliders progress at speed 1/3 while switchbacks progress
at speed 1. Using a power-of-3 coloring, we manage to easily achieve these contradicting
goals altogether (the construction is analysed in Lemma 11 in Section G.1 in [7]).

5 Correctness of local folding: Proof tree certificates

The goal of this section is to conclude the proof of our design by proving Key Lemma 3.
The proof works by induction, assuming that the preceding beads of the transcript fold at
the locations claimed by the lemma. We proceed in 3 steps:

We first enumerate all the possible environments for every part of the transcript. As,
we carefully aligned our design, most of the beads only see a small number of di�erent
environments.
For the few cases (three in total) where the number of environments is unbounded, we
give an explicit proof of correctness of their folding (Lemmas 9–11 in section G.1 in [7]).
This is where the concealing feature of socks and the exponential bead type coloring play
a crucial role.
For all the other cases, we designed human-checkable computer-generated certificates,
called proof trees. It consists in listing in a compact but readable manner all the pos-
sible paths for the transcript in every possible environment. In order to match human
readability, paths with identical bonding patterns are grouped into one single ball. Balls
containing the paths maximizing the number of bonds are highlighted in bold and or-
ganized in a tree. This reduces the number of cases to less than 5 balls in most of the
levels of the tree, achieving human-checkability of the computed certificate (see Fig. 5).
Proof trees are available at https://www.irif.fr/~nschaban/oritatami/
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K37

K38

K31

K33

K28

K32

K29

K30

K31K31

K39

K34

K34

K34

K38K39

L49

L51

L50

L47

L48

K42

L53

L52

L45

L46

K42

K43

K44

L54

L43

L44

K42

K43

K44

K41

K45

L55

L42

K43

K44

K41

K45

K40

K49

K50

K51

K41

K45

K40

K50

K51

K48

K46

K40

K47

L39

K42

L40

L41

K43

K44

K41

K45

K45

K40

K41 K40

K35

L65

L67

L66

L63

L64

K49

L69

L68

L61

L62

K49

K50

K51

K48

L71

L70

L59

L60

K49

K50

K51

K48

K46

K47

L72

L57

L58

K49

K50

K51

K48

K46

K47

L73

L56

K50

K51

K48

K46

K47

K54

K55

K56

K48

K46

K47

K55

K56

K53

K57

K47

K53

K57

K52

K52

L84

L83

L86

L85

L81

L82

L74

K55

L88

L87

L79
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K54

L75

K56

K53

L89

L77

L78

K54

K55

K56

K53

K57

K52

L90

L76

K55

K56

K53

K57
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K63

K58

K53

K57
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K62

K63

K58

K61

K59

K52

K63

K58

K61

K59

K60

K59

K60

K60

K54 K56 K57

M5

M7

M6

M4

M9

M8

M2

M3

K62

M11

M10

M0

M1

K62

K63

K58

M13

M12

L98

L99

K62

K63

K58

K61

K59

M15

M14

L96

L97

K62

K63

K58

K61

K59

K60

M17

M16

L94

L95

K62

K63

K58

K61

K59

K60

M18

L92

L93

K62

K63

K58

K61

K59

K60

M19

L91

K63

K58

K61

K59

K60

K66

K67

K68

K61

K59

K60

K67

K68

K65

K69

K60

K65

K69

K64

K64

K65

K61

K67

M29

M23

M24

M21

M30

M28

M25

M20K67 M21 M20

M27

M26

K66 K68 K69

K66 K68 K69

K46

K31

K38

L2 L1

K3

K1

K2

L3 L4 L5

L10

K0

L8

L7

L9

K14

K15

K12

K13

K10

K14

K15

K11

K13

K20

K3

K1

K1

K1

K2

K2

K0

K3

K3

K2

K3

K1

K0

K0

K2

K19

K21

K16

K12

L0

K67 K64

M22

K0

K1

K2

K3

K0

Absorbing
& Creating
offsets with 

Socks



Proof of correctness

• Enumerate all possible environments for each brick


• Compute proof trees for each brick in all of its fixed 
environments


• Deal separately with the only three bricks having variable 
environments 



Listing all environments
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G.2 Computer-generated proof trees for each possible environment

The following tables refer to the proof-trees on the website:

https://www.irif.fr/≥nschaban/oritatami/prooftrees/

proving the correctness of the folding of our design in every possible surroundings.

ZIG-UP

A

G-
Li
ne
Fe
ed

F Ea

A

G-Read
0

F
G

Copy 1 Ea

A G-
Li
ne
Fe
ed

F

A

G-Read
0

F
G

Copy 1

A

#0-98 #1286-1312 #- #4995-4997

B

G-
Li
ne
Fe
ed

F Ea

A

B G-Read
0

F
G

Copy 1 Ea

A

B

G-
Li
ne
Fe
ed

F

A

B-
Ha
lt

G-Read
0

F
G

Copy 1

A

B-
Ha
lt

#99-103 #1313- #- #4998-5000

C

Ea

A

B

F

C

#104-159
#1314-1315

Dx

A
C

D0 D0 D0

#160-339 #340-384

E
A
C

A

B

Ea

A

D0

B

Ea

#1316-1392 #385-749

F

G
Copy 0

A

B

Ea F

G
Copy 1A

B

Ea F

#750-856 #1393-1401

G

G
Copy 0 F

FEa

G-Read
0

F
G

Copy 1A

B

G
Copy 1A EaF

G
Copy 1A

B

EaF

FEa

G-Read 1

#857-1285 #1402-1853
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ZIG-DOWN

A

G
Copy 1 F Ea

G-Read 1

A

G
Copy 1 F

G-Read 1

A

EaFG
Copy 0

G
Copy 0 A

EaF
G

Copy 1

G
Copy 1 A

F
G

Copy 1

G
Copy 1 A

#1854-1874 #4745-4752 #2382-2578 #2745-2755 #2790-2797

B
A

B

G
Copy 0 A

B

G
Copy 1 A

B

#1875-1878 #2579-2580 #2756-

C

EaF

A

B

C

F

A

B

C-
En
d

#1879-1889
#2757-2758

#2798-2838
#4701-4702

Dx

Ea

C
D0

Ea

D0 D0 D0 D0

#1890-1913
#2581-2599
#2600-2602

#1914-1932 same as previous ones

E

A

B

D0

Ea

A

B

Ea

D0

Ea

A

B

Ea

C
Ea

#1933-2011 #2603-2632 #2759-2789

F

G
Copy 0

A

B

Ea F

G
Copy 1A

B

Ea F

#2012-2041 #2633-2643

G

FG
Copy 0A

F G
Copy 0

F
G

Copy 1A

F
G

Copy 1

#2042-2381 #2644-2744

WRITE

Dx
D0-write D0-write

#2839-2999 #4753-4786

E E-Carriage
Return

E-Carriage
Return

#4703-4733 #3000-3749
#4787-4945

F
F F

#3750-3781
#4946-4959

#4734-4744
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ZIG-DOWN

A
A A A

A A

#1854-1874 #4745-4752 #2382-2578 #2745-2755 #2790-2797

B B
B

B

#1875-1878 #2579-2580 #2756-

C
C

C-
En
d

#1879-1889
#2757-2758

#2798-2838
#4701-4702

Dx

D0

D0 D0

#1890-1913
#2581-2599
#2600-2602

#1914-1932 same as previous ones

E
Ea Ea Ea

#1933-2011 #2603-2632 #2759-2789

F
F F

#2012-2041 #2633-2643

G
G

Copy 0 G
Copy 1

#2042-2381 #2644-2744

WRITE

Dx

A

B

C-
En
d

D0-write D0-write D0-write

#2839-2999 #4753-4786

E
A

B

C-
En
d

E-Carriage
Return

D0-write E-Carriage
Return

#4703-4733 #3000-3749
#4787-4945

F

D-write E-Carriage
Return

F

G
Copy 1 A

B E-Carriage
Return

F

#3750-3781
#4946-4959

#4734-4744
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ZAG-WRITE

A

D0-write

G
Copy 0A

D-write

G
Copy 1A

#4994- #3806-3816 , #4059-4069 , #4215-4225
#4310-4320

C

D-write

A

B

C

#3817-3827 , #4070-4080 , #4226-4236
#4321-4331 , #4459-4460 , #4475-4476

#4550-4551 , #4605-4606

Dx

D-write

B

C
D0

D-write

D0D0

#3828-3851
#4237-4263
#4332-4355

#3939-3941 , #4434-4439 , #4525-4527
#4571-4573 , #4587-4589 , #4595-4597

#4618-4620

E

D-write

B

C
Ea

D-write

D0

Ea

#4081-4176 , #4461-4474
#4552-4570 , #4607-4617

#3852-3924 , #3942-4020 , #4264-4271
#4356-4428 , #4440-4458 , #4504-4519
#4528-4549 , #4574-4581 , #4590-4594

#4598-4604 , #4621-4644

F

D-write

EaF

G
Copy 1 A

B D-write

EaF

D0-write

EaF

#3925-3938 , #4021-4034 , #4177-4190
#4272-4285 , #4429-4433 , #4520-4524

#4582-4586

#4645-4653 #4960-4967

G

D0-write

FG
Copy 0

D-write

F
G

Copy 1

#4968-4993 #3782-3805 , #4035-4058 , #4191-4214
#4286-4309
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ZAG

A

Ea F G
Copy 0

G
Copy 0A

Ea F
G

Copy 1

G
Copy 1A

see Zig-Down see Zig-Down

B
G

Copy 0A

B

G
Copy 1A

B

see Zig-Down see Zig-Down

C

Ea F

A

B

C

see Zig-Down

Dx

Ea

C
D0

D0D0

Ea

D0D0

see Zig-Down see Zig-Down see Zig-Down

E

A

B

Ea

C
Ea

A

B

D0

Ea

A

B

Ea

D0

Ea

see Zig-Down see Zig-Down see Zig-Down

F

A

B

EaF

G
Copy 0 A

B

EaF

G
Copy 1 A

B

EaF

see Zig-Down see Zig-Down

G

A

F

G-
Li
ne
Fe
ed

F G
Copy 0 A

FG
Copy 0

F
G

Copy 1 A

F
G

Copy 1

#4654-4700 see Zig-Down see Zig-Down



Example: Reading 0/1
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# 1092# 1092
G: RCLFG: RCLF
Bead K34Bead K34

# 1093# 1093
G: RCLFG: RCLF
Bead K35Bead K35

# 1094# 1094
G: RCLFG: RCLF
Bead L39Bead L39

# 1095# 1095
G: RCLFG: RCLF
Bead L40Bead L40

# 1096# 1096
G: RCLFG: RCLF
Bead L41Bead L41

# 1097# 1097
G: RCLFG: RCLF
Bead K45Bead K45

# 1098# 1098
G: RCLFG: RCLF
Bead K40Bead K40

22

K39

K34

J19

J18

A6

K38

K35

K39

K34

L83

K36

K37

K38

K35

L82

L39

L48

L49 L47

22

K38

K35

K39

K34

L83

K36

K37

K38

K35

L82

L39

L48

L49

L40

L47 L18
33

K35

K34

J18

A6

K37

K38

K35

K39

K34

L83

K36

K37

K38

K35

L82

L40

L39

L48

L49 L47 L18

44

K35

K34

K36

K37

K38

K35

L82

L39

L48

L49

L40

L41

L47 L18 L17
22

22K37

K35

K34

K36

K37

K38

K35

L82

L39

L48

L49

L40

L47 L18 L17
33

K35

K34

K36

K37

K38

K35

L82

L41

L39

L48

L49

L40

L47 L18 44

K35

K34

K36

K37

K38

K35

L82

L40

L39

L48

L49

L41

L47 L18 33

33K36

K37

K38

K35

K39

K34

L83

K36

K37

K38

K35

L82

L40

L39

L48

L49 L47 L18 L17

33

K37

K35

L39

L48

L49

L40

L41

L47

K45

L18 L17 J18

22

K37

K35

L39

L48

L49

L40

L41

L47

K45

L18 L17 00

99

K36

K37

K38

K35

L82

L39

L48

L49

L40

L47 L18 L17 J18 11

K37

K35

L39

L48

L49

L40

L47

L41

K45

L18 L17 J18
11

33K36

K37

K38

K35

K39

K34

L83

K36

K37

K38

K35

L82

L41

L39

L48

L49

L40

L47 L18 L17 22

33K37

K35

K34

K36

K37

K38

K35

L82

L40

L39

L48

L49

L41

L47 L18 L17 11

1313K37

K35

K34

J18

K36

K37

K38

K35

K39

K34

L83

K36

K37

K38

K35

L82

L40

L39

L48

L49 L47 L18 L17 J18

33

33

L39

L48

L49

L40

L41

L47

K45

L18 L17 J18 J17

22

44

K37

K35

L39

L48

L49

L40

L41

L47

K45

L18 L17 J18 00

1515

K36

K37

K38

K35

L82

L39

L48

L49

L40

L47

L41

L18 L17 J18 J17
00

2121
K36

K37

K38

K35

K39

K34

L83

K36

K37

K38

K35

L82

L39

L48

L49

L41

L40

L47 L18 L17 J18 J17
11

33

L39

L48
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L40

L47

L41

K45

L18 L17 J18 J17

11

1212K37

K35

K34

J18

K36

K37

K38

K35

K39

K34

L83

K36

K37

K38

K35

L82

L41

L39

L48

L49

L40

L47 L18 L17 J18

11

1010

L39

L48

L49

L40

L41

L47

K45

L18 L17 J18 J17 J16

22
L48

L40

L41

L47

K41

K45

L18

K40

L17 J18 00

1515

K36

K37

K38

K35

L82

L39

L48

L49

L40

L41

L47

K45

L18 L17 J18 J17

11
L48

L40

L41

L47

K45

K41

L18

K40

L17 J18

00

1111

L40

L41

L47

K45

L18

K40

L17 J18 J17 J16 J12

11
L48

L40

L41

L47

K42

K45
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1111
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L39
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K45 11

K36
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K42

L39

L48
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L40

L41

L47
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K45

L18 L17 11
L48
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L39

L48
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L41
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K45

L18

K40

L17 J18

(a) Proof tree for the glider turn in GIRead0 .

# 1410# 1410
G: RCLFG: RCLF
Bead K34Bead K34

# 1411# 1411
G: RCLFG: RCLF
Bead K35Bead K35

# 1412# 1412
G: RCLFG: RCLF
Bead L39Bead L39

# 1413# 1413
G: RCLFG: RCLF
Bead L40Bead L40

# 1414# 1414
G: RCLFG: RCLF
Bead L41Bead L41

# 1415# 1415
G: RCLFG: RCLF
Bead K45Bead K45
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(b) Proof tree for the glider turn in GIRead1 .

Figure 5 Two examples of proof trees for the same subsequence in two di�erent environements.
The number at the upper-left corner of every ball stands for the number of bonds for the path inside
the ball. The number at the lower right corner of each ball stands for the number of paths grouped
in the ball, allowing to check that no path was omitted. Balls highlighted in black bold contain the
bonds-maximizing paths. Balls highlighted in grey bold contain the paths that places the bead at
the same location as the bonds-maximizing paths, and which must thus be considered in the next
level as well.
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(a) Proof tree for the glider turn in GIRead0 .
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(b) Proof tree for the glider turn in GIRead1 .

Figure 5 Two examples of proof trees for the same subsequence in two di�erent environements.
The number at the upper-left corner of every ball stands for the number of bonds for the path inside
the ball. The number at the lower right corner of each ball stands for the number of paths grouped
in the ball, allowing to check that no path was omitted. Balls highlighted in black bold contain the
bonds-maximizing paths. Balls highlighted in grey bold contain the paths that places the bead at
the same location as the bonds-maximizing paths, and which must thus be considered in the next
level as well.
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