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Prologue :
Le langage mathématique

Si la fonction f est continue, alors on a :

∀ y,  f(a) ≤ y ≤ f(b)  ⇒  ∃ x ∈ [a,b],  f(x) = y.  

a bxf(a)

f(b)
y

langage naturel (français)

langage formel (ou symbolique)

figure
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Diagramme sagittal

figure ? ou langage formel ?

1 2 3 4

1 2 3 4

f : {1, 2, 3, 4} → {1, 2, 3, 4}
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Syntaxe des diagrammes

entrées/sorties :

Planar diagrams

Inputs/outputs:

φ

Sequential and parallel composition:

φ

ψ ψφ

Laws of associativity, units, and interchange:

= φ ψ
φ

ψ φ

ψ
=

composition séquentielle

Planar diagrams

Inputs/outputs:

φ

Sequential and parallel composition:

φ

ψ ψφ

Laws of associativity, units, and interchange:

= φ ψ
φ

ψ φ

ψ
=

Planar diagrams

Inputs/outputs:

φ

Sequential and parallel composition:

φ

ψ ψφ

Laws of associativity, units, and interchange:

= φ ψ
φ

ψ φ

ψ
=

composition parallèle

Planar diagrams

Inputs/outputs:

φ

Sequential and parallel composition:

φ

ψ ψφ

Laws of associativity, units, and interchange:

= φ ψ
φ

ψ φ

ψ
=règle d’échange :

→ structure de PRO (catégorie monoïdale stricte 
dont les objets sont les entiers naturels)
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diagrammes pour les 
applications finies

générateurs :

Example 1: S (finite permutations)

Generator:

Relations:

==

Theorem:

! Any finite permutation is a product of transpositions:

· · ·· · ·

! Two diagrams define the same permutation if and only if

they are equivalent modulo the above relations.

relations :
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Example 2: F (finite maps)

Generators:

Relations:

= =

= =

= = =

Albert Burroni
(1991)
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Diagramme sagittal (revu)

1 2 3 4

1 2 3 4

f : {1, 2, 3, 4} → {1, 2, 3, 4}
Example 2: F (finite maps)

Generators:

Relations:

= =

= =

= = =

Example 2: F (finite maps)

Generators:

Relations:

= =

= =

= = =

Example 1: S (finite permutations)

Generator:

Relations:

==

Theorem:

! Any finite permutation is a product of transpositions:

· · ·· · ·

! Two diagrams define the same permutation if and only if

they are equivalent modulo the above relations.

1 2 3 4

1 2 3 4

1 2 3

Example 2: F (finite maps)

Generators:

Relations:

= =

= =

= = =

1 2 3
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Règles de réécritureRewrite rules for F

Termination is proved by using some polynomial interpretation.Ce système est convergent (Yves Lafont, 1995)
→ existence et unicité de la forme réduite
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Confluence des pics critiques
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Les 68 pics critiquesThe 68 critical peaks for F
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générateurs :

relations :

Example 4: L(Z2) (linear boolean maps)
Generators:

y

x+y

x y

y x

x

0

x

x x

x

Reversible gates:

x+y y x+y x

x y x y

y x+yx x+y

x y x y

Decomposition:

=

==

=
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Example 4: L(Z2) (linear boolean maps)
Generators:

y

x+y

x y
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x

0

x

x x

x

Reversible gates:

x+y y x+y x

x y x y
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Decomposition:

=

==

=

conjugatetranspose

transpose
conjugate conjugate

transpose
conjugate conjugate

Figure 12: Symmetries of the generators for L(Z2)

==

= =

= =

===

= ==

= = =

=

=

Figure 13: Relations for L(Z2)

inversetranspose

conjugate

conjugate

transpose
inverse inverse

conjugate

inverse
transpose transpose

Figure 14: Symmetries of the generators for GL(Z2)
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Algèbre linéaire sur Z2

générateur supplémentaire :

Example 4: L(Z2) (linear boolean maps)
Generators:

y

x+y

x y

y x

x

0

x

x x

x

Reversible gates:

x+y y x+y x

x y x y

y x+yx x+y

x y x y

Decomposition:

=

==

=

Example 4: L(Z2) (linear boolean maps)
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y

x+y

x y

y x

x

0

x

x x

x

Reversible gates:

x+y y x+y x

x y x y

y x+yx x+y

x y x y

Decomposition:

=

==

=

3.1 Linear permutations

Let GL(K) be the monoidal subcategory of L(K) whose morphisms are linear permutations. In this case,
there is an extra symmetry, inversion, which reverts the order of vertical composition.

Note that any α : 2 → 2 defines elementary operations on matrices:

• Multiplying ψ : p → q by idi−1 | α | idq−i−1 on the left corresponds to an elementary operation on
rows i and i + 1 of the matrix. In that case, we say that we apply α to rows i and i + 1.

• Multiplying ψ : p → q by idj−1 |α | idp−j−1 on the right corresponds to an elementary operation on
columns j and j + 1 of the matrix. In that case, we say that we apply α to columns j and j + 1.

Again, we consider the case of Z2. Apart from id2 and τ , there are four linear permutations of Z2
2:

x x+y

x y x y

x+y y x+y x

x y x y

y x+y

The corresponding matrices are the following:
(

1 0
1 1

) (
1 1
0 1

) (
1 1
1 0

) (
0 1
1 1

)

The symmetries are given in figure 14. Of course, each of them is definable in terms of τ , δ, and µ:

= = ==

But δ and µ are not permutations. In fact, GL(Z2) is generated by τ and any of the four above generators,
for instance the third one, that we call κ. The other ones are indeed superfluous:

== =

Theorem 6 The generators τ , κ, and the six relations of figure 15 form a presentation of GL(Z2).

To show this, we need an extended notion of stairs :

· · ·

· · ·
· · ·

· · ·

· · ·

· · ·

oris or

Of course, there is a dual notion of antistairs. We consider a first notion of canonical form:

· · ·

· · ·

· · · · · ·

· · ·

· · ·

· · ·

is void or

It is obtained by the following algorithm, which applies to any invertible matrix A of order n:

1. Consider the last row of A, and let j be the last index for which the coefficient is 1.

2. While j > 1, apply τ or κ−1 to columns j − 1 and j, so that this index becomes j − 1.

3. By construction, the last row is now
(
1 0 · · · 0

)
. So, if we consider the first column, n is the

last index i for which the coefficient is 1.

4. While i > 1, apply τ or κ−1 to rows i − 1 and i, so that this index becomes i − 1, and row i − 1
becomes

(
1 0 · · · 0

)
.
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Algèbre linéaire sur Z2Rewrite rules for L(Z2)

→ généralisation pour un corps K quelconque
Ce système est convergent (Yves Guiraud, 2006)
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