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Understanding the question

#» Inwhichlogic?
s classicalogic
s Intuitionisticlogic
s minimallogic
s linearlogic
s constructve classicalogic
#» With which negation?
s answentypeiskFornot(: A=A! ForA! R)
s linear/ nonlinear

#» Forwhichequality?
s equiproability (A provable () :: A provable)
s equvalencelA $ :: A provable)
s IsomorphismA"' ' A)



Relatedquestions

If :: A6 A,whatremains?
Whatabout:

(A_B)=:A":B
. (A"B)=:A_:B
Whatabout:
A B*"C)=(A_B)"(A_CQC)
ArB _C)=(A"B) (A™QC)
Whatabout:

. (8XA) = 9x: A
: (9xA) = 8x: A



Syntaxvs. Semantics

We consider:

# a(syntacticallygiven)logic L
with dervableformulas:” | A

#® acorrespondingsemantichotionof L -model
with valid formulas:M A

We look for:

#® Soundness
LA =) 8M: M A

» Completeness
SM: M A =) LA



Classicallogic (1)

#» Syntactically
> A$ A Isdervable

» Semantically
s Truthtables

JAK| J- AK| J:: AK

JAK= 1if andonlyif J: AK=1



Classicallogic (2)

#» Semantically
o Booleanalgebras  complementedistributivelattice

partialorderwith nite infsandsups(_,”, 0, 1)
andcomplemenk suchthatx » x = Oandx _x=1

typicalexample:P (E)

fp;ag

/\ PN
fag

P= fpg

\/ N

unicity of X thus JAK = JAK

s Booleanrings ring with x% = x
(equialentto Booleanalgebras)
x=1 x and 1 (1 JAK = JAK



Intuitionistic logic (1)

#» Syntactically

AL A
6:: Al A

#» Semantically

» Topologicalsemanticg Heyting algebras
opensetsof a topoloagical spaceS

JA! BK= (JBBK[ SnJAK
JFK=:
J. AK= (S nJAK

JAKis openthusJAK JAKbutin generallAK6 JAK



Intuitionistic logic (2)
#» Semantically

» Kripke models
partial orderwith a morphisml into (P(Var); )

X X if X 21 (x)

x Al B if 8 xy A=) vy B
X6 F

X A f 8y X, y6 A

Lemma:x Aandy x=) vy A
K A () 8x; x A

K = A () 8x; 9y x;y A (= K A

6. X! X

fXqg
Countemodel: I



Minimal logic
andparametrizeahegation

'rRA A! R (particularcase A : £A)

Intuitionisticlogic: "y F! A and 6, R! A
Minimal logic: 6 F!' A and 6y R! A

#» Syntactically
AL R. RA
6: R - RA! A

#» Semantically
resultsgivenfor the particularcaser hold in general
(ex.: Kripke modelswith arbitraryinterpretatiorfor R)



Linear logic

#» Syntactically
5 ?
A — A°

# Semantically Phasespaces
commutativanonoidwith a distinguishedsubser?

JA( BK=fmj8n2 JAK mn2 JBK
JFK= ?
JA?’K=fmj8n2 JAK mn 2 ?2g = JAK

IA? K= JAR = JAK



» Sequents

Core proof system

(n=0 =T) Ai!  B; (m=20
11 n 1] m
» Rules
CA: a0
A A ax — i cut
A A .
A L A R=: Intro




Variations

® Structuralrules

ACA TAA ) )

- A CA: A T A;

» Restrictions

» Classicalogic: all structuralrules

s Intuitionnisticlogic: atmostoneformulaon theright
(no contraction)

s Minimal logic: exactly oneformulaontheright
(nowealkeningeither)

s Linearlogic: nostructuralrules



Aand: A

» Al = A and ::: Al A

AA T ATA T
A A -'R ‘A;:A'_L
A = A A A
A = . A reallymeanerfectsymmetrybetweenreft andright

A A aXL AA a_XR
Al AT Al AT
A :A\ '_RL A A\ '_LL
A AT A AT
A" AR A" . AR



Expressvenesof Linear Logic

® Structuralrulesunderthe controlof connectves

T ?2A: ?A;
T 2A; - 7A;
A TA )
A A

#» Translations
» Minimal Logic
(A! B)’=1A?( B?=72A"" B~
» Intuitionistic Logic
F'=0
» Classical.ogic
(A! B)’=2(A%( B?) =?(?A?"" B?)
7= 720



Equipr ovabllity
equvalence =) equiprovability

‘.A A o A ::.A A A
A cut A cut

#» Classicalogic
Immediatefrom equvalence

# Intuitionnisticlogic

If " c Athen | :: A (for A propositionnal]GLivenko]
#» Linearlogic

for ()7 : immediatefrom equivalence

" land ?11but?!16 1

A=) T 2Abute?X? X and ?U(?X? X)



Proof transformations

» Cutelimination

A oA O '
—-— R 5. .~ o0-L A
A - A o~
0~ 0 cut ;
» Axiom expansion
S ax
ax A A\ L

A A A A




» Cutelimination

Examples

ATAT AR
A A .'R ‘A;:A'_L
A o A A Ai:ut




» Cutelimination

Examples

L

A A . A
A AT A




Examples

» Cutelimination

cut




Examples

®» Cutelimination
ax




» Cutelimination

» AXiom expansion

Examples

aX

ax




» Cutelimination

» AXiom expansion

Examples

- X
A~ A2
- X
A" A S
AT A




Examples

®» Cutelimination
ax

» AXiom expansion




Proofsasmorphisms

A proofof A~ B isamorphismfromA toB.

# theaxruleistheidentity morphism
# thecutruleisthecompositionof morphisms

Plusequalitieson proofs:

9

e o 0

none:noisomorphisms
cutelimination:trivial isomorphism$BoHM—DEZANI]
cuteliminationandaxiomexpansion:now

maximal: backto equvalencej.e. degenerated
(atmostonemorphismin [A; B] () pre-order)

]

-2



Syntax vs. Denotational Semantics

» Fromsoundness
If A~ B then[A; B]is hotempty
to faithfulness
two differentproofshave differentinterpretations

» Fromcompleteness
If [A; B]isnotemptythenA ~ B
to full completeness
any elemenbf [A; B] is theinterpretatiorof a proof



Minimal logic
CartesiarClosedCateajories

A Ap B A1 An! B
# Constructors I A B BA
» Product
f )
|
A g C A B Pc D
B D
A l' A Al A A Al

#» Curry cation
[A B;C]" [A;CP]

Example: setsandfunctions thusnon-dgenenated



Intuitionistic logic
CartesiarClosedCateorieswith initial object

A Ay B A1 A,! B
A A A1 An! O
» Additional constructors 0

# Initial object
0!

Example: setsandfunctions(O= ;) thusnon-dgenerted



Classicallogic
CartesiarClosedCateorieswith involution

AR BriiiiBm A1 A, 0P OBm |

» |nvolution

Degenerated!! backto Booleanalgebras

0



Proof sketch
[A;B]' [I A;B]' [1;BA]" [ (BA);0]
J0 C;D]=1][0;DC]=1

If e;f;g2 [ (BA); 0]

. ‘.
. (BA) < - (BA)LO
he;i(N //

0 : (B

thusf = gor[A;B] = ;
=) JI[AB] 1



Linear logic

?-autonomousgateories
with productsco-monadetc...

Ay An Briiii:Bnm A1 A,! B;j Bm

# Constructors 1 ? A B A( B 1A
#» Tensomroduct,curry cation andinvolution

)

f

|

A'gC A B ®c D
B1° D

A 1" A [A B;C]' [A;B( C] (A( ?2)( ?°
#» Co-monad..

IAI° 1A 1A A1 A9 A

Example: setsandrelations thusnon-dgeneated

A



Curry-Ho ward isomorphism

#» Thecomputationameaningof prooftheory

Logic Programming
formula ! type
rule ! Instruction
proofof A | programof type A
cutelimination ! computation
cut-freeproof ! result
#» Example:booleans
S ax
X X | tt :BooL  ff :BoOL
XX X

Computationameaning =)  non-trvial equalityof proofs



Any hopefor classicallogic?

#» NotaCartesiarClosedCateyory
o [FUHRMANN—PYM]
® [LAMARCHE—STRASSBURGER]

#» Breakingsomesymmetry

o Two dualclasse®f formulasandconstrainedules
(in anasymmetriovay)

» Negationis notaninvolution



Extending Minimal Logic inside LL

(Al B)?=2A7" B?
# Structuralrulesvalid for ?-formulas:
?2( ?A A ?A( 7A
#® Requiredfor [the translationof] all formulas
#® Preseredby ,validfor ?: negative formulas(reversibility)

N == 2 j N Nj?0j>ij N&N j 8N

# Dualnotion: positive formulas(focalization[ANDreOLI])
# Two negations:
s ()7 exchangepositive andnegative: involutive

s N! F' 2N? :notinvolutive ?IN 6' N
(usingF’ = ?)




Polarized Linear Logic and LC

#» Polarizedormulasareexpressve enoughfor minimallogic
# RestrictLL to polarizedformulas:LL

N = ?2 ] N N |
P == 1] P P |
# Alternative syntaxwithoutexplicit ?and!: LC

S P 2Q: MNP QA MO NO



Polarized Linear Logic and LC

#» Polarizedormulasareexpressve enoughfor minimallogic
# RestrictLL to polarizedformulas:LL

N = ?2 ] N N |
P == 1] P P |
# Alternative syntaxwithoutexplicit ?and!: LC

S P 2Q: M N M ENG PO QO



Polarized Linear Logic and LC

#» Polarizedormulasareexpressve enoughfor minimallogic
# RestrictLL to polarizedformulas:LL

N = ?2 ] N N |

P == 1] P P |

# Alternative syntaxwithoutexplicit ?and!: LC
C P 2Q; M 2N; MOANS PO

lemma:at mostonepositve formulain LLpol



Polarized Linear Logic and LC

#» Polarizedormulasareexpressve enoughfor minimallogic
# RestrictLL to polarizedformulas:LL

N = ?2 ] N N |
P == 1] P P |

# Alternative syntaxwithoutexplicit ?and!: LC

" PSQIMIN;MEANS PO

lemma:at mostonepositve formulain - LLpol

LC sequents: = ; (with polaritieson formulas)



Constructive ClassicalLogic
somary systems

C-calculus[FeLLEISEN]
LC [GIRARD]
-calculugParIGOT, ONG—STEWART]
c -calculugKriviNEg]
LKT/LKQ [DANOS—JOINET-SCHELLINX]
Call-by-Push-¥4lue[Levv]
~-calculus[CurIEN—HERBELIN]
dualcalculus/wabpLER]



Denotational semantics

#» Correlationspaces

» Coherenspacegthemodelof linearlogic)
A = (JAj; a): asetandare exiverelation

e -monoids: N N ( N and ? ( N
-comonoids: P( P P and P( 1
#® Controlcat@ories[SELINGER]

o Additional constructors ? A B
s Pre-tensor f )
|
A IQM D
B |
A ?2' A BA' B 2?A

o ...

® ? isnotinitial, 27" 6 A butA/??"



Towards completeness

#® Thecompletenessonjectureof correlationdomains
s Introducea notionof totality
o Failure:[QuATRINI]

#» Gamesemantics
» Closerto thesyntax(cf. syntaxvs.semantick
» Focusoninteraction
s Full completenesfor constructve classicalogic
o

Faithfulnesdor constructve classicalogic
(e.g. proof-nety



L I

Gamesemantics

Fromlogic to games -3

s polarization ) clustersof connectves
s successie movesof two players:PlayerandOpponent

Moves:“sub-formulas”(treestructure)
Gameconstructions
? X Al B A

O e X B
/AN

Stratgyies:aproofis awinning stratgy for Player
suchthat...

Dynamics:
cuteliminationby compositionihteractionbetweerstrat@ies



Let'splay (1)

Al (A1 X )|

((A! 2 )1 2)

X



Let'splay (2)



Type isomorphisms

#» Equationakharacterization

» CartesiarClosedCateyories
[SoLovIEV,BRUCE-LONGO,DI Cosmo,...]

(A B)! C' Al (B! Q)
Al (B C)' (A! B) (A! C)

» Controlcateyories
A B C)'" (A B) (A OC)
Al B'" :A B

#» Geometriccharacterizatiolusinggamesemantick
A' B () thecorrespondingreesareisomorphic



Secondorder quanti cation

#® Churchstyle[DI Cosmo,DE LATAILLADE]
8X(A! B)' A! 8XB X 2 A
8X(A B)' 8XA 8XB

® Currystyle[DE LATAILLADE]

8X A" APRX =] X 2% A
8X:: X | 8 XX 8 XX | 8X:: X
[A:x
[*YY =]
[*=x]a a
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