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Understanding the question

In which logic?
classicallogic
intuitionistic logic
minimal logic
linearlogic
constructiveclassicallogic

With whichnegation?
answertypeis F or not (: A = A ! F or A ! R)
linear/ nonlinear

For which equality?
equiprovability (A provable ( ) :: A provable)
equivalence(A $ :: A provable)
isomorphism(A ' :: A)



Relatedquestions

If :: A 6= A, whatremains?

Whatabout:

: (A _ B) = : A ^ : B

: (A ^ B) = : A _ : B

Whatabout:

A _ (B ^ C) = (A _ B) ^ (A _ C)

A ^ (B _ C) = (A ^ B) _ (A ^ C)

Whatabout:

: (8xA) = 9x: A

: (9xA) = 8x: A



Syntaxvs.Semantics
-1

Weconsider:

a (syntacticallygiven)logic L
with derivableformulas:` L A

acorresponding(semantic)notionof L -model
with valid formulas:M � A

We look for:

Soundness
` L A =) 8M ; M � A

Completeness
8M ; M � A =) ` L A



Classicallogic (1)

Syntactically
:: A $ A is derivable

Semantically
Truth tables

JAK J: AK J:: AK

0 1 0
1 0 1

JAK= 1 if andonly if J:: AK= 1



Classicallogic (2)
Semantically

Booleanalgebras complementeddistributivelattice
partialorderwith �nite infs andsups(_, ^ , 0, 1)
andcomplementx suchthatx ^ x = 0 andx _ x = 1
typicalexample:P(E)

1

p = q q = p

0

f p;qg

f pg f qg

;

unicity of x thus JAK = JAK

Booleanrings ring with x2 = x
(equivalentto Booleanalgebras)
x = 1 � x and 1 � (1 � JAK) = JAK



Intuitionistic logic (1)

Syntactically

` A ! :: A

6`:: A ! A

Semantically
Topologicalsemantics/ Heyting algebras
opensetsof a topological spaceS

JA ! BK= (JBK[ S n JAK)�

JFK= ;
J: AK= (S n JAK)�

JAKis openthusJAK�
�

JAKbut in general
�

JAK6� JAK



Intuitionistic logic (2)
Semantically

Kripkemodels
partial orderwith a morphismI into (P(Var ); � )

x 
 X if X 2 I (x)
x 
 A ! B if 8y � x; y 
 A =) y 
 B
x 6
 F
x 
 : A if 8y � x; y 6
 A

Lemma:x 
 A andy � x =) y 
 A
K � A ( ) 8x; x 
 A

K � :: A ( ) 8x; 9y � x; y 
 A ( = K � A

Countermodel: ;
f X g

6� :: X ! X



Minimal logic
andparametrizednegation

: RA � A ! R (particularcase: A � : FA)

Intuitionistic logic: ` I F ! A and 6Ì R ! A
Minimal logic: 6M̀ F ! A and 6M̀ R ! A

Syntactically

` A ! : R: RA

6`: R: RA ! A

Semantically
resultsgivenfor theparticularcaseF hold in general
(ex.: Kripkemodelswith arbitraryinterpretationfor R)



Linear logic

Syntactically

A �—� A? ?

Semantically Phasespaces
commutativemonoidwith a distinguishedsubset?

JA ( BK= f m j 8n 2 JAK; mn 2 JBKg
JFK= ?
JA? K= f m j 8n 2 JAK; mn 2 ?g = JAK?

JA? ?
K= JAK? ? �= JAK



Coreproof system
Sequents � ` �

A1; : : : ; An ` B1; : : : ; Bm

(n = 0 � = T)
^

1� i � n

Ai !
_

1� j � m

Bj (m = 0 � = F)

Rules
ax

A ` A
� ` A; � � 0; A ` � 0

cut
� ; � 0 ` � ; � 0

� ` A; �
: L� ; : A ` �

� ; A ` �
: R=: intro

� ` : A; �

� ` : A; � � 0 ` A; � 0

: elim
� ; � 0 ` F; � ; � 0



Variations

Structuralrules

� ; A; A ` �
� ; A ` �

� ` A; A; �
� ` A; �

� ` �
� ; A ` �

� ` �
� ` A; �

Restrictions

Classicallogic: all structuralrules
Intuitionnisticlogic: atmostoneformulaon theright
(nocontraction)
Minimal logic: exactlyoneformulaon theright
(noweakeningeither)
Linearlogic: nostructuralrules



A and :: A

A ! :: A and :: A ! A

ax
A ` A : LA; : A `

: RA ` :: A

ax
A ` A : R` A; : A

: L:: A ` A

A = :: A reallymeansperfectsymmetrybetweenleft andright

:: A ! :: A

ax
A ` A : LA; : A `

: R: A ` : A : L: A; :: A `
: R:: A ` :: A

ax
A ` A : R` A; : A

: L:: A ` A : L: A; :: A `
: R:: A ` :: A



Expressivenessof Linear Logic

Structuralrulesunderthecontrolof connectives

� ` ?A; ?A; �
� ` ?A; �

� ` �
� ` ?A; �

� ; !A; !A ` �
� ; !A ` �

� ` �
� ; !A ` �

Translations
Minimal Logic
(A ! B)? = !A? ( B ? = ?A?? � B ?

IntuitionisticLogic
F? = 0
ClassicalLogic
(A ! B)? = ?(!A? ( B ?) = ?(?A?? � B ?)
F? = ?0



Equipr ovability

equivalence =) equiprovability
...

` A A ` :: A cut
` :: A

...
` :: A :: A ` A cut

` A

Classicallogic
immediatefrom equivalence

Intuitionnisticlogic
If ` C A then` I :: A (for A propositionnal)[GLIVENKO]

Linearlogic
for (:)? : immediatefrom equivalence
` 1 and` ?!1but ?!16( 1
` A =) ` ?!A but 6`?X ? � X and` ?!(?X ? � X )



Proof transformations

Cutelimination

...
� ; A ` �

: R� ` : A; �

...
� 0 ` A; � 0

: L
� 0; : A ` � 0

cut
� ; � 0 ` � ; � 0

 

...
� ; A ` �

...
� 0 ` A; � 0

cut
� ; � 0 ` � ; � 0

Axiom expansion

ax
: A ` : A  

ax
A ` A : LA; : A `

: R: A ` : A



Examples

Cutelimination

ax
A ` A : LA; : A `

: RA ` :: A

ax
A ` A : R` A; : A

: L:: A ` A cut
A ` A



Examples

Cutelimination

ax
A ` A : LA; : A `

ax
A ` A : R` A; : A

cut
A ` A



Examples

Cutelimination

ax
A ` A

ax
A ` A cut

A ` A



Examples

Cutelimination
ax

A ` A



Examples

Cutelimination
ax

A ` A

Axiom expansion

ax
:: A ` :: A



Examples

Cutelimination
ax

A ` A

Axiom expansion

ax
: A ` : A : L: A; : : A `

: R: : A ` : : A



Examples

Cutelimination
ax

A ` A

Axiom expansion

ax
A ` A : LA; : A `

: R: A ` : A : L: A; :: A `
: R:: A ` :: A



Proofsasmorphisms
-2

A proofof A ` B is amorphismfrom A to B.

theax-rule is theidentitymorphism

thecut-rule is thecompositionof morphisms

Plusequalitiesonproofs:

none:no isomorphisms

cutelimination:trivial isomorphisms[BÖHM–DEZANI]

cuteliminationandaxiomexpansion:now

maximal:backto equivalence,i.e. degenerated
(atmostonemorphismin [A; B ] ( ) pre-order)



Syntaxvs.DenotationalSemantics

Fromsoundness
if A ` B then[A; B ] is notempty

to faithfulness
two differentproofshavedifferentinterpretations

Fromcompleteness
if [A; B ] is notemptythenA ` B

to full completeness
any elementof [A; B ] is theinterpretationof aproof



Minimal logic
CartesianClosedCategories

A1; : : : ; An ` B  A1 � � � � � An �! B

Constructors I A � B B A

Product

A
f
�! C

B
g
�! D

)

A � B
f � g
� � ! C � D

A � I ' A A ��! A � A A t�! I

Curry�cation

[A � B ; C] ' [A; CB ]

Example: setsandfunctions thusnon-degenerated



Intuitionistic logic
CartesianClosedCategorieswith initial object

A1; : : : ; An ` B  A1 � � � � � An �! B
A1; : : : ; An `  A1 � � � � � An �! 0

Additionalconstructors 0

Initial object

0 i�! A

Example: setsandfunctions(0 = ; ) thusnon-degenerated



Classicallogic
CartesianClosedCategorieswith involution

A1; : : : ; An ` B1; : : : ; Bm  A1 � � � � � An � 0B1 � � � � � 0Bm �! 0

Involution

00A

' A

Degenerated!!! backto Booleanalgebras



Proof sketch

[A; B ] ' [I � A; B ] ' [I ; B A ] ' [: (B A); 0]

] [0 � C; D] = ] [0; D C] = 1

If e;f ; g 2 [: (B A); 0]:

: (B A) : (B A) 0

0 � : (B A)

id

he;idi � 2

f ; g

w

thusf = g or [A; B ] = ;
=) ] [A; B ] � 1



Linear logic
?-autonomouscategories

with products,co-monad,etc.. .
A1; : : : ; An ` B1; : : : ; Bm  A1 
 � � � 
 An �! B1 � � � � � Bm

Constructors 1 ? A 
 B A ( B !A

Tensorproduct,curry�cation andinvolution

A
f
�! C

B
g
�! D

)

A 
 B
f 
 g
� � ! C 
 D

A 
 1 ' A [A 
 B ; C] ' [A; B ( C] (A ( ? ) ( ? ' A
Co-monad.. .

!A c�! !A 
 !A !A w�! 1 !A d�! A : : :

Example: setsandrelations thusnon-degenerated



Curry-Ho ward isomorphism

Thecomputationalmeaningof proof theory

Logic Programming

formula ! type
rule ! instruction

proofof A ! programof typeA
cutelimination ! computation
cut-freeproof ! result

Example:booleans
ax

X ` X
X ; X ` X

! tt : BOOL ff : BOOL

Computationalmeaning =) non-trivial equalityof proofs



Any hopefor classicallogic?

Not aCartesianClosedCategory
[FÜHRMANN–PYM]

[LAMARCHE–STRASSBURGER]

Breakingsomesymmetry
Two dualclassesof formulasandconstrainedrules
(in anasymmetricway)
Negationis not aninvolution



Extending Minimal Logic insideLL
(A ! B)? = ?A?? � B ?

Structuralrulesvalid for ?-formulas:

? ( ?A ?A � ?A ( ?A

Requiredfor [the translationof] all formulas

Preservedby � , valid for ? : negativeformulas(reversibility)

N ::= ? j N � N j ?A j > j N & N j 8� N

Dualnotion: positive formulas(focalization[ANDREOLI])

Two negations:

(:)? exchangepositiveandnegative: involutive

N ! F ' ?N ? : not involutive ?!N 6' N
(usingF? = ? )



Polarized Linear Logic and LC

Polarizedformulasareexpressiveenoughfor minimal logic

RestrictLL to polarizedformulas:LLpol

N ::= ? j N � N j > j N & N j 8� N j ?P
P ::= 1 j P 
 P j 0 j P � P j 9� P j !N

Alternativesyntaxwithoutexplicit ? and!: LC

` ?P; ?Q; ?M ; ?N; P0; Q0; M 0; N 0



Polarized Linear Logic and LC

Polarizedformulasareexpressiveenoughfor minimal logic

RestrictLL to polarizedformulas:LLpol

N ::= ? j N � N j > j N & N j 8� N j ?P
P ::= 1 j P 
 P j 0 j P � P j 9� P j !N

Alternativesyntaxwithoutexplicit ? and!: LC

` ?P; ?Q; ?M ; ?N; M 0; N 0; P0; Q0



Polarized Linear Logic and LC

Polarizedformulasareexpressiveenoughfor minimal logic

RestrictLL to polarizedformulas:LLpol

N ::= ? j N � N j > j N & N j 8� N j ?P
P ::= 1 j P 
 P j 0 j P � P j 9� P j !N

Alternativesyntaxwithoutexplicit ? and!: LC

` ?P; ?Q; ?M ; ?N; M 0; N 0; P0

lemma:at mostonepositive formulain ` LLpol �



Polarized Linear Logic and LC

Polarizedformulasareexpressiveenoughfor minimal logic

RestrictLL to polarizedformulas:LLpol

N ::= ? j N � N j > j N & N j 8� N j ?P
P ::= 1 j P 
 P j 0 j P � P j 9� P j !N

Alternativesyntaxwithoutexplicit ? and!: LC

` P; Q; M ; N ; M 0; N 0; P0

lemma:at mostonepositive formulain ` LLpol �

LC sequents: ` �; � (with polaritieson formulas)



ConstructiveClassicalLogic
somany systems

� C-calculus[FELLEISEN]

LC [GIRARD]

�� -calculus[PARIGOT,ONG–STEWART]

�c -calculus[KRIVINE]

LKT/LKQ [DANOS–JOINET–SCHELLINX]

Call-by-Push-Value[LEVY]

��� ~� -calculus[CURIEN–HERBELIN]

dualcalculus[WADLER]

. . .



Denotational semantics

Correlationspaces
Coherentspaces(themodelof linearlogic)
A = (jAj; � A ): asetanda re�exive relation

� -monoids: N � N ( N and ? ( N

 -comonoids: P ( P 
 P and P ( 1

Controlcategories[SELINGER]

Additional constructors ? A � B
Pre-tensor

A
f
�! C

B
g
�! D

)

A � B
f � g
� � ! C � D

A � ? ' A B A ' B � ? A

. . .

? is not initial, ? ? A
6' A but A / ? ? A



Towards completeness

Thecompletenessconjectureof correlationdomains
Introducea notionof totality
Failure: [QUATRINI]

Gamesemantics
Closerto thesyntax(cf. syntaxvs.semantics)
Focuson interaction
Full completenessfor constructiveclassicallogic
Faithfulnessfor constructiveclassicallogic

(e.g. proof-nets)



Gamesemantics
-3Fromlogic to games

polarization ) clustersof connectives
successivemovesof two players:PlayerandOpponent

Moves:“sub-formulas”(treestructure)

Gameconstructions

? X A ! B : A

X
B

A A

Strategies:aproof is awinningstrategy for Player
suchthat.. .

Dynamics:
cuteliminationby composition/interactionbetweenstrategies



Let' splay (1)

A ! ( A ! X ) ! X
�

�
a

a

( ( A ! ? ) ! ? ) ! A
a

�
�

a



Let' splay (2)

:: A ! A
a

�
�
a

A ! :: A
�
�
a

a

:: A ! :: A
�
�
a

�
�
a

:: A ! :: A
�

�
�

�
a

a



Type isomorphisms

Equationalcharacterization
CartesianClosedCategories

[SOLOVIEV,BRUCE–LONGO,DI COSMO,. . . ]

(A � B) ! C ' A ! (B ! C)

A ! (B � C) ' (A ! B) � (A ! C)
: : :

Controlcategories
A � (B � C) ' (A � B) � (A � C)

A ! B ' : A � B
: : :

Geometriccharacterization(usinggamesemantics)
A ' B ( ) thecorrespondingtreesareisomorphic



Secondorder quanti�cation
Churchstyle[DI COSMO,DE LATAILLADE]

8X (A ! B) ' A ! 8X B X =2 A

8X (A � B) ' 8X A � 8X B
: : :

Currystyle[DE LATAILLADE]

8X A ' A[8X X =X ] X 2+ A

8X :: X ! ::8 X X
�

[8Y Y =X ]�
�

�
[A=X ]a

[A =Y ]a

::8 X X ! 8X :: X
[A=X ]�

�
�

�
a

[A=X ]a
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