Intersection types with subtyping by means of cut-elimination

Olivier LAURENT

Preuves Programmes Systèmes CNRS – Université Paris VII UMR 7126 – Case 7014 2, place Jussieu – 75251 Paris Cedex 05 – FRANCE

Olivier.Laurent@pps.jussieu.fr

January 11, 2005

Abstract

We give a proof (from scratch) of the subject equality property of the BCD intersection type system through a reformulation of the subtyping relation having a “cut-elimination” property.

Type variables are denoted by X, Y , ... and types are built from variables and the constant Ω by means of the two binary operations ∩ and →. Terms are the usual λ-terms up to α-conversion.

1 Core system

We consider the intersection type system defined by the rules of tables 1 and 2.

Lemma 1 (Monotonicity) If Γ ⊢ t : A, Δ ≤ Γ and A ≤ B then Δ ⊢ t : B (where Δ ≤ Γ means that for each typing declaration x_i : A_i in Γ there is a declaration x_i : A^′_i with A^′_i ≤ A_i in Δ).

Proof: We first prove the case A = B by induction on the derivation of Γ ⊢ t : A. We consider each possible last rule:

(var) If t = x, let A^′ be the type of x in Δ, we have A^′ ≤ A and: var Δ ⊢ x : A^′ A^′ ≤ A ≤ Δ ⊢ x : A

var Γ, x : A ⊢ x : A

Γ, x : A ⊢ t : B lam Γ ⊢ λx.t : A → B

Γ ⊢ t : A → B Γ ⊢ u : A app Γ ⊢ (t)u : B

Γ ⊢ t : A Γ ⊢ t : B ∩ Γ ⊢ t : A ∩ B Ω Γ ⊢ t : Ω

Γ ⊢ t : A A ≤ B ≤ Γ ⊢ t : B

Table 1: Typing rules id A ≤ A ( A ≤ B B ≤ C trans A ≤ C )

A ≤ C ∩_{1l} A ∩ B ≤ C

B ≤ C ∩_{2l} A ∩ B ≤ C

C ≤ A C ≤ B ∩_r C ≤ A ∩ B Ω C ≤ Ω

C ≤ A B ≤ D → A → B ≤ C → D

Table 2: Core subtyping rules

(lam) If t = λx.t^′ with A = A^′ → A^{′′} and Γ, x : A^′ ⊢ t^′ : A^{′′}, by induction hypothesis, we have Δ, x : A^′ ⊢ t^′ : A^{′′} thus Δ ⊢ λx.t^′ : A.

(app) If t = (t^′)t^{′′} with Γ ⊢ t^′ : A^′ → A and Γ ⊢ t^{′′} : A^′ , by induction hypothesis, we have Δ ⊢ t^′ : A^′ → A and Δ ⊢ t^{′′} : A^′. So that Δ ⊢ (t^′)t^{′′} : A.

(∩) If A = A^′ ∩A^{′′} with Γ ⊢ t : A^′ and Γ ⊢ t : A^{′′}, by induction hypothesis, we have Δ ⊢ t : A^′ and Δ ⊢ t : A^{′′} thus Δ ⊢ t : A.

(Ω) If A = Ω then Δ ⊢ t : Ω.

(≤) If A^′ ≤ A with Γ ⊢ t : A^′ then, by induction hypothesis, we have Δ ⊢ t : A^′ thus Δ ⊢ t : A.

We conclude with:

Δ ⊢ t : A A ≤ B ≤ Δ ⊢ t : B � Lemma 2 (Non-free variables) If x /∈ t and Γ, x : B ⊢ t : A then Γ ⊢ t : A.

Proof: By induction on the derivation of Γ, x : B ⊢ t : A. We consider each possible last rule:

(var) If t = y ≠ x then y : A ∈ Γ and Γ ⊢ t : A.

(lam) If t = λy.t^′ and A = A^′ → A^{′′} with Γ, x : B, y : A^′ ⊢ t^′ : A^{′′} then, by induction hypothesis, Γ, y : A^′ ⊢ t^′ : A^{′′} and thus Γ ⊢ λy.t^′ : A.

(app) If t = (t^′)t^{′′} with Γ, x : B ⊢ t^′ : A^′ → A and Γ, x : B ⊢ t^{′′} : A^′ then, by induction hypothesis, Γ ⊢ t^′ : A^′ → A and Γ ⊢ t^{′′} : A^′ thus Γ ⊢ (t^′)t^{′′} : A.

(∩) If A = A^′ ∩ A^{′′} with Γ, x : B ⊢ t : A^′ and Γ, x : B ⊢ t : A^{′′} then, by induction hypothesis, Γ ⊢ t : A^′ and Γ ⊢ t : A^{′′} thus Γ ⊢ t : A.

(Ω) We have Γ ⊢ t : Ω.

(≤) If A^′ ≤ A with Γ, x : B ⊢ t : A^′ then, by induction hypothesis, Γ ⊢ t : A^′ thus Γ ⊢ t : A. �

Lemma 3 (Context compatibility) If forall Δ and B, Δ ⊢ u : B if and only if Δ ⊢ v : B, then Γ ⊢ t[^u/_x] : A implies Γ ⊢ t[^v/_x] : A. Proof: By induction on the derivation of Γ ⊢ t[^u/_x] : A. If t = x, we have t[^u/_x] = u and we conclude by hypothesis. Otherwise, we consider each possible last rule: (var) If t = y ≠ x, we have t[^u/_x] = y = t[^v/_x].

(lam) If t = λy.t^′ with A = A^′ → A^{′′} and Γ, y : A^′ ⊢ t^′[^u/_x] : A^{′′} then, by induction hypothesis, Γ, y : A^′ ⊢ t^′[^v/_x] : A^{′′} thus Γ ⊢ t[^v/_x] : A.

(app) If t = (t^′)t^{′′} with Γ ⊢ t^′[^u/_x] : A^′ → A and Γ ⊢ t^{′′}[^u/_x] : A^′ then, by induction hypothesis, Γ ⊢ t^′[^v/_x] : A^′ → A and Γ ⊢ t^{′′}[^v/_x] : A^′ thus Γ ⊢ t[^v/_x] : A.

(∩) If A = A^′ ∩ A^{′′} with Γ ⊢ t[^u/_x] : A^′ and Γ ⊢ t[^u/_x] : A^{′′} then, by induction hypothesis, Γ ⊢ t[^v/_x] : A^′ and Γ ⊢ t[^v/_x] : A^{′′} thus Γ ⊢ t[^v/_x] : A.

(Ω) We have Γ ⊢ t[^v/_x] : Ω.

(≤) If A^′ ≤ A with Γ ⊢ t[^u/_x] : A^′ then, by induction hypothesis, Γ ⊢ t[^v/_x] : A^′ thus Γ ⊢ t[^v/_x] : A. � Definition 1 (Canonical derivation) The typing rules (var), (lam) and (app) are called the term rules (because they modify the term in the judgment) and (∩), (Ω) and (≤) are the type rules (because they only act on types).

A type block is a sub-derivation containing any number of (∩) rules followed by a (≤) rule. A canonical derivation is a typing derivation such that the rules between two term rules are a type block and which ends with a type block. More formally:

• An (Ω) rule followed by a (≤) rule is a canonical derivation. • Given n + 2m canonical derivations, (if it is definable) the derivation built from:

– p (var) rules – n (lam) rules applied to the first n canonical derivations – m (app) rules applied to the other canonical derivations by applying p + n + m − 1 (∩) rules and a final (≤) rule is a canonical derivation.

Lemma 4 (Canonical derivation) If Γ ⊢ t : A is derivable, then it is derivable with a canonical derivation.

Proof: First we can ensure that we have a type block at the end of the proof by putting the sequence: . . Γ ⊢ t : A id

A ≤ A ≤ Γ ⊢ t : A

In the same way we can introduce a type block between two successive term rules. Then we consider the following rewriting rules:

Γ ⊢ t : A Ω

Γ ⊢ t : Ω ∩ Γ ⊢ t : A ∩ Ω

⇝ Γ ⊢ t : A id A ≤ A Ω

A ≤ Ω ∩_r A ≤ A ∩ Ω ≤ Γ ⊢ t : A ∩ Ω

Γ ⊢ t : A A ≤ B ≤ Γ ⊢ t : B Γ ⊢ t : C ∩

Γ ⊢ t : B ∩ C

⇝ Γ ⊢ t : A Γ ⊢ t : C ∩ Γ ⊢ t : A ∩ C

A ≤ B ∩^1_l A ∩ C ≤ B id C ≤ C ∩^2_l A ∩ C ≤ C ∩_r A ∩ C ≤ B ∩ C ≤ Γ ⊢ t : B ∩ C

Γ ⊢ t : A A ≤ B ≤ Γ ⊢ t : B B ≤ C ≤ Γ ⊢ t : C

⇝ Γ ⊢ t : A

A ≤ B B ≤ C trans A ≤ C ≤ Γ ⊢ t : C

which allow to transform the obtained derivation into a canonical one. �

Lemma 5 (Cut elimination) The (trans) rule is derivable in the subtyping system without (trans).

Proof: This is an extension of the cut elimination property of the {&, ⊤} fragment of two-sided linear logic^1 using a contravariant/covariant operation “→”. This is why we only look at the steps involving a (→) rule. They are all commutative steps (given as for linear logic) except the (→)/(→) case:

C ≤ A B ≤ D → A → B ≤ C → D

E ≤ C D ≤ F → C → D ≤ E → F trans A → B ≤ E → F ↓ E ≤ C C ≤ A trans E ≤ A

B ≤ D D ≤ F trans B ≤ F → A → B ≤ E → F � Lemma 6 (Trivial omega-arrow subtyping) There exist no A and B such that Ω ≤ A → B.

Proof: We consider a derivation of Ω ≤ A → B without the (trans) rule (lemma 5). No last rule is possible. �

Lemma 7 (Omega-arrow subtyping) If Ω ≤ A → B then Ω ≤ B.

Proof: Immediate from lemma 6. �

1As a fragment of two-sided additive linear logic, this system has the property that if Γ ⊢ Δ is derivable then Γ and Δ contain exactly one formula (see [2] for related informations and links with Whitman’s work [3] on free lattices).

Lemma 8 (Trivial arrow subtyping) If ⋂ i∈I (A_i → B_i) ≤ A → B (I ≠ ∅) then there exists i ∈ I such that A ≤ A_i and B_i ≤ B.

Proof: By induction on a derivation of ⋂ i∈I (A_i → B_i) ≤ A → B without the (trans) rule (lemma 5). The last rule must be (id), (∩^i_l) or (→). The (id) case is immediate since I = {i}, A = A_i and B = B_i. In the (∩^i_l ) cases, we apply the induction hypothesis. In the (→) case, we have I = {i}, A ≤ A_i and B_i ≤ B. �

Lemma 9 (Arrow subtyping) If ⋂ i∈I (A_i → B_i) ≤ A → B then either Ω ≤ B or there exists J ⊂ I such that for all i ∈ J, A ≤ A_i and ⋂ i∈J B_i ≤ B.

Proof: By lemma 8 with J = {i}. �

Lemma 10 (Substitution) If Γ, x : A ⊢ t : B and Γ ⊢ u : A then Γ ⊢ t[^u/_x] : B.

Proof: By induction on the derivation of Γ, x : A ⊢ t : B. We consider each possible last rule:

(var) If t = x then B = A, t[^u/_x] = u and we have the result. (var) If t = y ≠ x then t[^u/_x] = t and we have the result (with lemma 2). (lam) If t = λy.t^′, then B = B^′ → B^{′′} and t[^u/_x] = λy.(t^′[^u/_x]) with Γ, x : A, y : B^′ ⊢ t^′ : B^{′′}.

By induction hypothesis, we have Γ, y : B^′ ⊢ t^′[^u/_x] : B^{′′} thus Γ ⊢ λy.(t^′[^u/_x]) : B^′ → B^{′′}. (app) If t = (t^′)t^{′′} with Γ, x : A ⊢ t^′ : B^′ → B and Γ, x : A ⊢ t^{′′} : B^′ then t[^u/_x] = (t^′[^u/_x])t^{′′}[^u/_x]. By induction hypothesis, we have Γ ⊢ t^′[^u/_x] : B^′ → B and Γ ⊢ t^{′′}[^u/_x] : B^′ thus Γ ⊢ (t^′[^u/_x])t^{′′}[^u/_x] : B.

(∩) If B = B^′ ∩ B^{′′} with Γ, x : A ⊢ t : B^′ and Γ, x : A ⊢ t : B^{′′}, by induction hypothesis, we have Γ ⊢ t[^u/_x] : B^′ and Γ ⊢ t[^u/_x] : B^{′′} thus Γ ⊢ t[^u/_x] : B^′ ∩ B^{′′}.

(Ω) If B = Ω, we have Γ ⊢ t[^u/_x] : Ω.

(≤) If B^′ ≤ B with Γ, x : A ⊢ t : B^′ then, by induction hypothesis, we have Γ ⊢ t[^u/_x] : B^′ thus Γ ⊢ t[^u/_x] : B. �

Proposition 1 (Subject reduction) Γ ⊢ (λx.t)u : A =⇒ Γ ⊢ t[^u/_x] : A.

Proof: According to lemma 4, we can restrict ourselves to the case of a canonical derivation. Its last rule is a (≤) rule:

Γ ⊢ (λx.t)u : A^′ A^′ ≤ A ≤ Γ ⊢ (λx.t)u : A

If A^′ = Ω, we immediately have: Ω Γ ⊢ t[^u/_x] : Ω A^′ ≤ A ≤ Γ ⊢ t[^u/_x] : A

Otherwise, above this last (≤) rule, we have a (possibly empty) tree of (∩) rules, and the leaves of this tree can only be (app) rules. This means that, up to some associativity of ∩, A^′ = ⋂ i∈I A_i with for all i ∈ I, Γ ⊢ λx.t : B_i → A_i and Γ ⊢ u : B_i. Given such an i, we look at the canonical derivation above Γ ⊢ λx.t : B_i → A_i. It ends with a (≤) rule:

Γ ⊢ λx.t : C_i C_i ≤ B_i → A_i ≤ Γ ⊢ λx.t : B_i → A_i

If C_i = Ω, by lemma 7, we have Ω ≤ A_i thus: Ω Γ ⊢ t[^u/_x] : Ω Ω ≤ A_i ≤ Γ ⊢ t[^u/_x] : A_i

Otherwise, above this last (≤) rule, we have a (possibly empty) tree of (∩) rules, and the leaves of this tree can only be (lam) rules. This means that, up to some associativity of ∩, C_i = ⋂ j∈J_i E i j → D^i_j with for all j ∈ J_i, Γ, x : E^i_j ⊢ t : D^i_j.

If, by lemma 9, ⋂ j∈J_i E i j → D^i_j ≤ B_i → A_i entails that we have a subset J^′_i of J_i such that for all j ∈ J^′_i , B_i ≤ E^i_j and ⋂ j∈J^′_i D i j ≤ A_i, using lemma 1, we have Γ, x : B_i ⊢ t : D^i_j . Moreover Γ ⊢ u : B_i, thus by lemma 10, Γ ⊢ t[^u/_x] : D^i_j. Then we can derive:

· · · j ∈ J^′_i Γ ⊢ t[^u/_x] : D^i_j · · · ∩ Γ ⊢ t[^u/_x] : ⋂ j∈J^′_i D i j ⋂ j∈J^′_i D i j ≤ A_i ≤ Γ ⊢ t[^u/_x] : A_i

Otherwise Ω ≤ A_i and we derive: Ω Γ ⊢ t[^u/_x] : Ω Ω ≤ A_i ≤ Γ ⊢ t[^u/_x] : A_i

By a sequence of (∩) rules for i ∈ I, we finally get:

· · · i ∈ I Γ ⊢ t[^u/_x] : A_i · · · ∩ Γ ⊢ t[^u/_x] : ⋂ i∈I A_i ⋂ i∈I A_i ≤ A ≤ Γ ⊢ t[^u/_x] : A � Proposition 2 (Subject expansion) Γ ⊢ (λx.t)u : A ⇐= Γ ⊢ t[^u/_x] : A.

Proof: We prove by induction on the derivation of Γ ⊢ t[^u/_x] : A that there exists B such that Γ, x : B ⊢ t : A and Γ ⊢ u : B. If t = x then t[^u/_x] = u and we choose B = A. We have Γ, x : A ⊢ t : A and Γ ⊢ u : A. Otherwise we look at the last rule of the derivation of Γ ⊢ t[^u/_x] : A:

(var) We have t = y ≠ x and t[^u/_x] = y. With B = Ω, we get Γ, x : Ω ⊢ y : A (because y : A ∈ Γ) and Γ ⊢ u : Ω.

(lam) We have t = λy.t^′, t[^u/_x] = λy.(t^′[^u/_x]) and A = A^′ → A^{′′} with Γ, y : A^′ ⊢ t^′[^u/_x] : A^{′′}.

By induction hypothesis, there exists B such that Γ, x : B, y : A^′ ⊢ t^′ : A^{′′} and Γ ⊢ u : B. We then have Γ, x : B ⊢ λy.t^′ : A and we conclude.

(app) If t = (t^′)t^{′′} with Γ ⊢ t^′[^u/_x] : A^′ → A and Γ ⊢ t^{′′}[^u/_x] : A^′ then, by induction hypothesis, there exist B^′ and B^{′′} such that Γ, x : B^′ ⊢ t^′ : A^′ → A, Γ ⊢ u : B^′, Γ, x : B^{′′} ⊢ t^{′′} : A^′ and Γ ⊢ u : B^{′′}. By lemma 1, we have Γ, x : B^′ ∩ B^{′′} ⊢ t^′ : A^′ → A

(using id B^′ ≤ B^′ ∩^1_l B^′ ∩ B^{′′} ≤ B^′

) and Γ, x : B^′ ∩ B^{′′} ⊢ t^{′′} : A^′ (using id B^{′′} ≤ B^{′′} ∩^2_l B^′ ∩ B^{′′} ≤ B^{′′}

) and

we can derive:

Γ, x : B^′ ∩ B^{′′} ⊢ t^′ : A^′ → A Γ, x : B^′ ∩ B^{′′} ⊢ t^{′′} : A^′ app Γ, x : B^′ ∩ B^{′′} ⊢ (t^′)t^{′′} : A and Γ ⊢ u : B^′ Γ ⊢ u : B^{′′} ∩ Γ ⊢ u : B^′ ∩ B^{′′}

so that we choose B = B^′ ∩ B^{′′}.

(∩) If A = A^′ ∩ A^{′′} with Γ ⊢ t[^u/_x] : A^′ and Γ ⊢ t[^u/_x] : A^{′′}, by induction hypothesis, there exist B^′ and B^{′′} such that Γ, x : B^′ ⊢ t : A^′, Γ ⊢ u : B^′, Γ, x : B^{′′} ⊢ t : A^{′′} and Γ ⊢ u : B^{′′}. By lemma 1, we can build:

Γ, x : B^′ ∩ B^{′′} ⊢ t : A^′ Γ, x : B^′ ∩ B^{′′} ⊢ t : A^{′′} ∩ Γ, x : B^′ ∩ B^{′′} ⊢ t : A and Γ ⊢ u : B^′ Γ ⊢ u : B^{′′} ∩ Γ ⊢ u : B^′ ∩ B^{′′}

so that we choose B = B^′ ∩ B^{′′}.

(Ω) If A = Ω, we choose B = Ω and we have Ω Γ, x : Ω ⊢ t : Ω and Ω

Γ ⊢ u : Ω .

(≤) If A^′ ≤ A with Γ ⊢ t[^u/_x] : A^′ then, by induction hypothesis, there exists B such that Γ, x : B ⊢ t : A^′ and Γ ⊢ u : B. We can derive:

Γ, x : B ⊢ t : A^′ A^′ ≤ A ≤ Γ, x : B ⊢ t : A

We conclude with:

C ≤ (D → E) ∩ (D → F ) A ≤ D E ∩ F ≤ B ∩→ C ≤ A → B

Ω ≤ B Ω→ C ≤ A → B

Table 3: Additional subtyping rules

Γ, x : B ⊢ t : A lam Γ ⊢ λx.t : B → A Γ ⊢ u : B app Γ ⊢ (λx.t)u : A � Theorem 1 (Subject equality) If t =_β u then Γ ⊢ t : A ⇐⇒ Γ ⊢ u : A.

Proof: By propositions 1 and 2, and we conclude with lemma 3. �

In this proof of theorem 1, we use the following dependencies between intermediary results:

CSS → canonical derivations (lemma 4) ↘ ↗ omega-arrow (lemma 7) → subject reduction (proposition 1) cut elimination

(lemma 5) ↗ ↘ ↘ arrow (lemma 9) subject equality (theorem 1) ↗ CSS → subject expansion (proposition 2)

where CSS means that the subtyping system is required to contain the core subtyping system (in fact the (→) rule is useless).

This shows that theorem 1 is still valid for any extension of the core subtyping system satisfying lemmas 7 and 9 (and a natural way to prove them is lemma 5).

2 Extension

In order to recover a system equivalent to the BCD [1] typing system, we enrich the ≤ relation by the rules of table 3.

Lemma 11 (Arrow sybtyping rule) The (→) rule is derivable in the subtyping system without (→).

Proof: We have:

id A → B ≤ A → B id

A → B ≤ A → B ∩_r A → B ≤ (A → B) ∩ (A → B) C ≤ A

B ≤ D ∩_{1l} B ∩ B ≤ D ∩→ A → B ≤ C → D � According to the remark after theorem 1, we only have to prove the analogous of lemmas 7 and 9 and we are going to do so by means of a cut-elimination property (as given in lemma 5).

Lemma 12 (Cut elimination) The (trans) rule is derivable in the subtyping system without (trans).

Proof: We prove by induction on |π_1| + |π_2| that if π_1 is a derivation of A ≤ B and π_2 is a derivation of B ≤ C, then there exists a derivation of A ≤ C without the (trans) rule. A lot of commutative steps are given as for the core case. The other required reduction steps are the following:

A ≤ B

B ≤ (D → E) ∩ (D → F ) A^′ ≤ D E ∩ F ≤ B^′ ∩→ B ≤ A^′ → B^′ trans A ≤ A^′ → B^′ ↓ A ≤ B B ≤ (D → E) ∩ (D → F ) trans A ≤ (D → E) ∩ (D → F ) A^′ ≤ D E ∩ F ≤ B^′ ∩→ A ≤ A^′ → B^′

A ≤ B

Ω ≤ D Ω→ B ≤ C → D trans A ≤ C → D ↓ Ω ≤ D Ω→ A ≤ C → D � Lemma 13 (Omega-arrow subtyping) If Ω ≤ A → B then Ω ≤ B.

Proof: We prove simultaneously that Ω ≤ A → B ⇒ Ω ≤ B and Ω ≤ (A → B) ∩ (C → D) ⇒ (Ω ≤ B ∧ Ω ≤ D) by induction on the size of derivation without the (trans) rule (lemma 12). In the first case, the possible last rules are:

(∩ →) We then have Ω ≤ (D → E) ∩ (D → F ) and by induction hypothesis Ω ≤ E and Ω ≤ F thus:

Ω ≤ E Ω ≤ F ∩_r Ω ≤ E ∩ F E ∩ F ≤ B trans Ω ≤ B

(Ω →) We immediately have Ω ≤ B.

In the second case, the only possible last rule is (∩_r), and we have Ω ≤ A → B and Ω ≤ C → D. By induction hypothesis, we get Ω ≤ B and Ω ≤ D. �

Lemma 14 (Arrow subtyping) If ⋂ i∈I (A_i → B_i) ≤ A → B then either Ω ≤ B or there exists J ⊂ I such that for all i ∈ J, A ≤ A_i and ⋂ i∈J B_i ≤ B.

Proof: We prove simultaneously that:

• If ⋂ i∈I (A_i → B_i) ≤ A → B then either Ω ≤ B or there exists J ⊂ I such that for all i ∈ J, A ≤ A_i and ⋂ i∈J B_i ≤ B.

• If ⋂ i∈I (A_i → B_i) ≤ (A → B^′) ∩ (A → B^{′′}) then either Ω ≤ B^′ ∩ B^{′′} or there exists J ⊂ I such that for all i ∈ J, A ≤ A_i and ⋂ i∈J B_i ≤ B^′ ∩ B^{′′}.

In the first case, the possible last rules are:

(id) We have J = I = {i}, A = A_i and B = B_i.

(∩^1_l ) If, by induction hypothesis, there exists J ⊂ I^′ ⊂ I such that for all i ∈ J, A ≤ A_i and ⋂ i∈J B_i ≤ B, and we conclude. Otherwise Ω ≤ B.

(∩^2_l ) Idem.

(∩ →) We have ⋂ i∈I (A_i → B_i) ≤ (D → E) ∩ (D → F ). If, by induction hypothesis, there exists J ⊂ I such that for all i ∈ J, D ≤ A_i and ⋂ i∈J B_i ≤ E ∩ F , we have, for all i ∈ J:

A ≤ D D ≤ A_i trans A ≤ A_i and ⋂ i∈J B_i ≤ E ∩ F E ∩ F ≤ B trans ⋂ i∈J B_i ≤ B

Otherwise, Ω ≤ E ∩ F and:

Ω ≤ E ∩ F E ∩ F ≤ B trans Ω ≤ B

In the second case, the possible last rules are:

(id) We have J = I = {i_1, i_2}, A_{i1} = A_{i2} = A, B_{i1} = B^′ and B_{i2} = B^{′′}. (∩^1_l ) If, by induction hypothesis, there exists J ⊂ I^′ ⊂ I such that for all i ∈ J, A ≤ A_i and ⋂ i∈J B_i ≤ B^′ ∩ B^{′′}, we conclude. Otherwise Ω ≤ B^′ ∩ B^{′′}.

(∩^2_l ) Idem. (∩_r) We have ⋂ i∈I (A_i → B_i) ≤ A → B^′ and ⋂ i∈I (A_i → B_i) ≤ A → B^{′′}. If, by induction hypothesis, there exist J^′ and J^{′′} such that for all i ∈ J^′, A ≤ A_i and ⋂ i∈J^′ Bi ≤ B ′ and for all i ∈ J^{′′}, A ≤ A_i and ⋂ i∈J^{′′} Bi ≤ B

′′, we choose J = J^′ ∪ J^{′′} and we get for all i ∈ J, A ≤ A_i and:

⋂ i∈J^′ Bi ≤ B ′ ∩_l ⋂ i∈J B_i ≤ B^′ ⋂ i∈J^{′′} Bi ≤ B ′′ ∩_l ⋂ i∈J B_i ≤ B^{′′} ∩_r ⋂ i∈J B_i ≤ B^′ ∩ B^{′′}

Otherwise, if Ω ≤ B^′ and J^{′′} exists (resp. J^′ exists and Ω ≤ B^{′′}), we choose J = J^{′′} (resp. J = J^′). If Ω ≤ B^′ and Ω ≤ B^{′′} then:

Ω ≤ B^′ Ω ≤ B^{′′} ∩_r Ω ≤ B^′ ∩ B^{′′} � Theorem 2 (Subject equality) If t =_β u then Γ ⊢ t : A ⇐⇒ Γ ⊢ u : A.

Lemma 15 (Variable typing) If Γ, x : A ⊢ x : B then A ≤ B.

Proof: By lemma 4, we consider a canonical derivation of Γ, x : A ⊢ x : B. Its last rule is a (≤) rule:

Γ, x : A ⊢ x : B^′ B^′ ≤ B ≤ Γ, x : A ⊢ x : B

If B^′ = Ω, then: Ω A ≤ Ω Ω ≤ B trans A ≤ B

Otherwise B^′ = ⋂ i∈I B_i with for all i ∈ I, Γ, x : A ⊢ x : B_i and the rules introducing these judgments are (var) rules thus B_i = A. This entails A ≤ B^′ thus A ≤ B. �

Proposition 3 (Extensional subject reduction) If x /∈ t, Γ ⊢ λx.(t)x : A =⇒ Γ ⊢ t : A.

Proof: By lemma 4, we consider a canonical derivation of Γ ⊢ λx.(t)x : A. Its last rule is a (≤) rule:

Γ ⊢ λx.(t)x : A^′ A^′ ≤ A ≤ Γ ⊢ λx.(t)x : A

If A^′ = Ω, then: Ω Γ ⊢ t : Ω Ω ≤ A ≤ Γ ⊢ t : A

Otherwise, above this last (≤) rule, we have a (possibly empty) tree of (∩) rules, and the

leaves of this tree can only be (lam) rules. This means that, up to some associativity of ∩,

A^′ = ⋂ i∈I A_i → B_i with for all i ∈ I, Γ, x : A_i ⊢ (t)x : B_i. Given such an i, we look at the

canonical derivation above Γ, x : A_i ⊢ (t)x : B_i. It ends with a (≤) rule:

Γ, x : A_i ⊢ (t)x : B^′_i B^′_i ≤ B_i ≤ Γ, x : A_i ⊢ (t)x : B_i

If B^′_i = Ω then Ω ≤ B_i and: Ω Γ ⊢ t : Ω

Ω ≤ B_i Ω→ Ω ≤ A_i → B_i ≤

Γ ⊢ t : A_i → B_i

Otherwise, above this (≤) rule, we have a (possibly empty) tree of (∩) rules, and the leaves of

this tree can only be (app) rules. This means that, up to some associativity of ∩, B^′_i = ⋂ j∈J_i C i j with for all j ∈ J_i, Γ, x : A_i ⊢ t : D^i_j → C^i_J and Γ, x : A_i ⊢ x : D^i_j . By lemma 2,

Γ ⊢ t : D^i_j → C^i_j and by lemma 15, A_i ≤ D^i_j thus:

Γ ⊢ t : D^i_j → C^i_j

A_i ≤ D^i_j id C^i_j ≤ C^i_j → D^i_j → C^i_j ≤ A_i → C^i_j ≤ Γ ⊢ t : A_i → C^i_j

Using the derivation: id (A → C) ∩ (A → D) ≤ (A → C) ∩ (A → D) idA ≤ A id

C ∩ D ≤ C ∩ D ∩→ (A → C) ∩ (A → D) ≤ A → (C ∩ D)

we apply a succesion of:

Γ ⊢ t : A_i → C Γ ⊢ t : A_i → C^i_j ∩ Γ ⊢ t : (A_i → C) ∩ (A_i → C^i_j ) (A_i → C) ∩ (A_i → C^i_j) ≤ A_i → (C ∩ C^i_j) ≤ Γ ⊢ t : A_i → (C ∩ C^i_j )

ending with Γ ⊢ t : A_i → ⋂ j∈J_i C i j, so that:

Γ ⊢ t : A_i → ⋂ j∈J_i C i j ⋂ j∈J_i C i j ≤ B_i ≤ Γ ⊢ t : A_i → B_i

This proves Γ ⊢ t : A_i → B_i for each i ∈ I. We can conclude:

Γ ⊢ t : ⋂ i∈I (A_i → B_i) ⋂ i∈I (A_i → B_i) ≤ A ≤ Γ ⊢ t : A �

A ≤ A

A ≤ B B ≤ C A ≤ C

A ∩ B ≤ A A ∩ B ≤ B A ≤ A ∩ A A ≤ Ω

A ≤ C B ≤ D A ∩ B ≤ C ∩ D

C ≤ A B ≤ D A → B ≤ C → D

Table 4: Core BCD subtyping rules

(A → B) ∩ (A → C) ≤ A → (B ∩ C) Ω ≤ Ω → Ω

Table 5: Additional BCD subtyping rules

3 Relation with BCD

We are going to show that our system is equivalent to BCD’s one [1]. This gives a “new” proof of the subject equality property.

The BCD typing system is given by the typing rules of table 1 and by the subtyping relation of tables 4 and 5.

Lemma 16 (Equivalence of core subtypings) Our core subtyping system is equivalent to core BCD subtyping.

Proof: Derivations of BCD rules from ours: id A ≤ A ∩^1_l A ∩ B ≤ A id B ≤ B

∩^2_l A ∩ B ≤ B id A ≤ A id

A ≤ A ∩_r A ≤ A ∩ A

A ≤ C ∩^1_l A ∩ B ≤ C

B ≤ D

∩^2_l A ∩ B ≤ D ∩_r A ∩ B ≤ C ∩ D

Derivations of our rules from BCD rules:

A ∩ B ≤ A A ≤ C A ∩ B ≤ C

A ∩ B ≤ B B ≤ C A ∩ B ≤ C

C ≤ C ∩ C

C ≤ A C ≤ B C ∩ C ≤ A ∩ B C ≤ A ∩ B � Lemma 17 (Equivalence of subtypings) Our subtyping system is equivalent to BCD subtyping.

C ≤ (D → E) ∩ (D → F ) Ω ≤ D E ∩ F ≤ X →X C ≤ X

X ≤ B X→ X ≤ A → B

Table 6: Extensionality subtyping rules

Proof: We derive the two additional BCD rules from ours: id (A → B) ∩ (A → C) ≤ (A → B) ∩ (A → C) idA ≤ A id

B ∩ C ≤ B ∩ C ∩→ (A → B) ∩ (A → C) ≤ A → (B ∩ C) and id Ω ≤ Ω Ω→ Ω ≤ Ω → Ω

For the converse:

C ≤ (D → E) ∩ (D → F ) (D → E) ∩ (D → F ) ≤ D → (E ∩ F ) C ≤ D → (E ∩ F )

A ≤ D E ∩ F ≤ B D → (E ∩ F ) ≤ A → B C ≤ A → B and C ≤ Ω Ω ≤ Ω → Ω

C ≤ Ω → Ω

A ≤ Ω Ω ≤ B Ω → Ω ≤ A → B C ≤ A → B � Proposition 4 (BCD subject equality) The BCD typing system satisfies: if t =_β u then Γ ⊢ t : A ⇐⇒ Γ ⊢ u : A.

Proof: By lemmas 16 and 17 and theorem 2. �

4 Extensionality

We extend once again the ≤ relation (see table 6 where X is any variable) to get invariance of typing with respect to η-equality.

Lemma 18 (Cut elimination) The (trans) rule is derivable in the subtyping system without (trans).

Proof: As for lemma 12, we prove by induction on |π_1| + |π_2| that if π_1 is a derivation of A ≤ B

and π_2 is a derivation of B ≤ C, then there exists a derivation of A ≤ C without the (trans)

rule.

We have to add the following reduction steps:

C ≤ (D → E) ∩ (D → F ) Ω ≤ D E ∩ F ≤ X →X C ≤ X

X ≤ B X→ X ≤ A → B trans C ≤ A → B ↓

C ≤ (D → E) ∩ (D → F ) Ω A ≤ Ω Ω ≤ D trans A ≤ D

E ∩ F ≤ X X ≤ B trans E ∩ F ≤ B ∩→ C ≤ A → B

A ≤ B

B ≤ (D → E) ∩ (D → F ) Ω ≤ D E ∩ F ≤ X →X B ≤ X trans A ≤ X ↓ A ≤ B B ≤ (D → E) ∩ (D → F ) trans A ≤ (D → E) ∩ (D → F ) Ω ≤ D E ∩ F ≤ X →X A ≤ X � Lemma 19 (Omega-arrow subtyping)

If Ω ≤ A → B then Ω ≤ B.

Proof: As for lemma 13, using the fact that Ω ≤ A → B and Ω ≤ (A → B) ∩ (C → D) cannot

be conclusion of a (→X) or of a (X→) rule. �

Lemma 20 (Arrow subtyping) If ⋂ i∈I (A_i → B_i) ≤ A → B then either Ω ≤ B or there exists J ⊂ I such that for all i ∈ J, A ≤ A_i and ⋂ i∈J B_i ≤ B.

Proof: As for lemma 14, using the fact that ⋂ i∈I (A_i → B_i) ≤ A → B and ⋂ i∈I (A_i → B_i) ≤

(A → B^′) ∩ (A → B^{′′}) cannot be conclusion of a (→X) or of a (X→) rule. �

Theorem 3 (Extensional subject equality)

If t =_{βη} u then Γ ⊢ t : A ⇐⇒ Γ ⊢ u : A.

Proof: As before, subject β-equality is a consequence of lemmas 19 and 20.

Subject η-reduction is given by proposition 3 and we have to prove subject η-expansion. By

induction on the type A (with x fresh):

• If A = X, by lemma 1, we have Γ, x : Ω ⊢ t : X thus:

Ω → X ≤ X X ≤ Ω → X

Table 7: Extensionality BCD subtyping rules id Ω → X ≤ Ω → X id

Ω → X ≤ Ω → X ∩_r

Ω → X ≤ (Ω → X) ∩ (Ω → X) idΩ ≤ Ω id X ≤ X ∩^1_l X ∩ X ≤ X →X Ω → X ≤ X and

Γ, x : Ω ⊢ t : X id X ≤ X X→ X ≤ Ω → X ≤ Γ, x : Ω ⊢ t : Ω → X var Γ, x : Ω ⊢ x : Ω app

Γ, x : Ω ⊢ (t)x : X lam Γ ⊢ λx.(t)x : Ω → X Ω → X ≤ X ≤ Γ ⊢ λx.(t)x : X

• If A = Ω, we have Γ ⊢ λx.(t)x : Ω.

• If A = A^′ → A^{′′}, by lemma 1, we have Γ, x : A^′ ⊢ t : A^′ → A^{′′} thus:

Γ, x : A^′ ⊢ t : A^′ → A^{′′} var Γ, x : A^′ ⊢ x : A^′ app

Γ, x : A^′ ⊢ (t)x : A^{′′} lam Γ ⊢ λx.(t)x : A^′ → A^{′′}

• If A = A^′ ∩ A^{′′}, we have:

Γ ⊢ t : A^′ ∩ A^{′′} id A^′ ≤ A^′ ∩_{1l}

A^′ ∩ A^{′′} ≤ A^′ ≤

Γ ⊢ t : A^′ and

Γ ⊢ t : A^′ ∩ A^{′′} id A^{′′} ≤ A^{′′} ∩^2_l A^′ ∩ A^{′′} ≤ A^{′′} ≤

Γ ⊢ t : A^{′′}

thus, by induction hypothesis, Γ ⊢ λx.(t)x : A^′ and Γ ⊢ λx.(t)x : A^{′′}. We conclude:

Γ ⊢ λx.(t)x : A^′ Γ ⊢ λx.(t)x : A^{′′} ∩ Γ ⊢ λx.(t)x : A^′ ∩ A^{′′}

We conclude with lemma 3. �

Remark: The two rules (→X) and (X→) are equivalent to the rules of table 7: id Ω → X ≤ Ω → X id

Ω → X ≤ Ω → X ∩_r Ω → X ≤ (Ω → X) ∩ (Ω → X) idΩ ≤ Ω id X ≤ X ∩^1_l X ∩ X ≤ X →X Ω → X ≤ X

C ≤ (D → E) ∩ (D → F ) Ω ≤ D E ∩ F ≤ X ∩→ C ≤ Ω → X Ω → X ≤ X trans C ≤ X

id X ≤ X X→ X ≤ Ω → X

X ≤ Ω → X

A ≤ Ω X ≤ B Ω → X ≤ A → B X ≤ A → B

Acknowledgements

Thanks to Thierry Joly for motivating discussions on the topic of intersection types. Thanks to Simona Ronchi Della Rocca for her important comments on preliminary versions of this paper.

References

[1] Henk Barendregt, Mario Coppo, and Mariangiola Dezani-Ciancaglini. A filter lambda model and the completeness of type assignment. Journal of Symbolic Logic, 48:931–940, 1983.

[2] Jean-Yves Marion. From multiple sequent for additive linear logic to decision procedures for free lattices. Theoretical Computer Science, 224(1–2):157–172, 1999.

[3] Philip Whitman. Free lattices. Annals of Mathematics, 42(1):325–330, January 1941.