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Representation of Linear Logic Proofs

The Inductive Type

Inductive ll P: list formula — Type :=

| ax-r: VX, 11 P(covar X :: var X :: nil)

|ex-r:V 12,1 Pl — PCperm_Type (pperm P) 11 2 -1 P2

| exewn_r: V1w iw’ 12,1 P (I ++ map wn [w ++ [2) —
Permutation_Type Iw iw” — Wl P (I ++ map wn Iw’ ++ [2)

| mix0_r {f : pmix0 P =true} : 11 P nil

| mix2_r {f : pmix2 P=true} : VU 2, 0PI -NPI2—NPU2++1])

| one_r: 11 P (one :: nil)

|bot_r: VL IIPI— 1P (bot:: )

|tens_r:VABIII2,UP (A1) NP B:12) NP (tensAB:: 2 ++1I)

|parr_r: VABLNWPA:B: ) NP(parrAB: 1)

| top-r: VLI P (top :: [)

|plus_r1 : VABLUPA::1)—>NP(aplusAB:: )

|plus_r2: VABILNPA::1)—>NP(aplusBA: 1)

|withor: VABLINPA::)—NPB:)—NP@withAB: 1)

[oc_r: VALIIP(A::mapwnl)— 1P (ocA: mapwnl)

|de_r: VALUPA:D)—1NP(WNA:])

[wkor: VALNPI—NP(WNA:D)

[cor: VALIIP(WnA:wnA:D)—1P(WNA:I)

|cuter {f :pecut P=true} : VAL 2,11 P (dualA:: 1) 5> NP A::12) > NP (I2++1])

| gax-r: Va, 1l P (projT2 (pgax P) a).



Representation of Linear Logic Proofs

Parameters

Inductive ll P: list formula — Type =

| ax-r: VX, 11 P(covar X :: var X :: nil)

|ex-r:V 12,1 P11l — PCperm_-Type (pperm P) 11 2 -1 P I2

| exewn_r: V1 lwiw’ 12,1 P (I ++ map wn [w ++ [2) —
Permutation_Type Iw iw” — Wl P (I ++ map wn Iw’ ++ [2)

| mix0_r {f : pmix0 P =true} : 1 P nil

| mix2_r {f : pmix2 P=true} : VU 2,MPI] -NPI2—NPU2++1])

| one_r: 11 P (one :: nil)

|bot_r: VL IIPI— 1P (bot:: )

|tens_r:VABIII2,UP A1) =P B:12) NP (tensAB::i2++11)

|parr_r: VABLNWPA::B:: )P (parrAB:: 1)

|top-r: VLI P (top :: ]

|plus_rt : VABLUPA::1)—>NP(aplusAB:: 1)

|plus_r2: VABILNPA:: 1)~ NP (aplusBA: 1)

|with-r: VABLINP@A ) —NP(@B:1)— NP @withAB: )

[ocr: VALIIP(A::mapwnl)— 1P (ocA: mapwnl)

|de_r: VALUPA:D)—NP(WNA:])

[wkor: VALNPI—NP(WNA: D)

[cor: VALIIP(WNA:zwnA:)—1P(WNA:I)

|cut_r {f:pcutP=true} : VAU 2,1P (dualA:: 1) NP A::12) > NP I2++1])

| gax-r: Va, 1l P (projT2 (pgax P) a).



Representation of Linear Logic Proofs

Non Commutativity

Inductive ll P: list formula — Type :=

| ax-r: VX, 11 P(covar X :: var X :: nil)

|ex-r:V 12,1 P11l — PCperm_Type (pperm P) 11 12— NP2

| exewn_r: V1 lwiw’ 12,1 P (I ++ map wn [w ++ [2) —
Permutation_Type Iw Iw’ — 1 P (I ++ map wn lw’ ++ [2)

| mix0_r {f : pmix0 P =true} : 11 P nil

| mix2_r {f : pmix2 P=true} : VU 2, 0PI -NPI2—NPU2++1])

| one_r: 11 P (one :: nil)

|bot_r: VL IIPI— 1P (bot:: )

[tens_r: VABU R2,MP A1) NP (B::2) >NP(tensAB:: 12 ++1])

|parr_r: VABLNWPA:B: ) NP(parrAB: 1)

| top-r: VLI P (top :: [)

|plus_r1 : VABLUPA::1)—>NP(aplusAB:: )

|plus_r2: VABILNPA::1)—>NP(aplusBA: 1)

|withor: VABLINPA::)—NPB:)—NP@withAB: 1)

[oc_r: VALIIP(A::mapwnl)— 1P (ocA: mapwnl)

|de_r: VALUPA:D)—1NP(WNA:])

[wkor: VALNPI—NP(WNA:D)

[cor: VALIIP(WnA:wnA:D)—1P(WNA:I)

|cuter {f :pecut P=true} : VAL 2,11 P (dualA:: 1) 5> NP A::12) > NP (I2++1])

| gax-r: Va, 1l P (projT2 (pgax P) a).



Hiding Parameters

Recommendations
@ define your own inductive

@ “inject” it in an instance of 11

@ import / use results from the library

Various Templates Provided

Inductive mell : list formula — Type :=

| ax-r: V X, mell (covar X :: var X :: nil)

| ex-r: V112, mell /] — Permutation_Type [/ [2 — mell [2

| mix_r: V{112, mell /] — mell [2 — mell (/1 ++ [2)

|tens_r: VA BII 12, mell (A::1])— mell (B:: [2) — mell (tens A B :: I ++ 12)
|parr_r: VA BI,mell (A:: B::Il)— mell (parrAB::[)

| oc_r: VAL mell (A:: mapwn ) — mell (oc A :: map wn [)

|de-r: VAl mell (A:[)— mell (WnA::l

| wk-r: VAl mell ] — mell (WnA :: )

|co_r: VAL mell (WnA:wnA:[)— mell(WnA:: ).

Fixpoint mell2ll : formula — formulas.formula

Definition pfrag-mell := mk_pfrag false NoAxioms false true true.
cut axioms mixg mix, perm

Lemma mell2mellfrag : V [, mell / <» 1l pfrag_mell (map mell2ll 7).




Representation of Linear Logic Proofs

Computational Content

Inductive ll P: list formula — Type :=

| ax-r: VX, 11 P(covar X :: var X :: nil)

|ex-r:Vi1i2,11 P11l — PCperm_Type (pperm P) 11 12— P2

| exewn_r: V1w iw’ 12,1 P (I ++ map wn [w ++ [2) —
Permutation_Type Iw iw” — Wl P (I ++ map wn Iw’ ++ [2)

| mix0_r {f : pmix0 P =true} : 11 P nil

| mix2_r {f : pmix2 P=true} : VU 2, 0PI -NPI2—NPU2++1])

| one_r: 11 P (one :: nil)

|bot_r: VL IIPI— 1P (bot:: )

|tens_r:VABIII2,UP (A1) NP B:12) NP (tensAB:: 2 ++1I)

|parr_r: VABLNWPA:B: ) NP(parrAB: 1)

| top-r: VLI P (top :: [)

|plus_r1 : VABLUPA::1)—>NP(aplusAB:: )

|plus_r2: VABILNPA::1)—>NP(aplusBA: 1)

|withor: VABLINPA::)—NPB:)—NP@withAB: 1)

[oc_r: VALIIP(A::mapwnl)— 1P (ocA: mapwnl)

|de_r: VALUPA:D)—1NP(WNA:])

[wkor: VALNPI—NP(WNA:D)

[cor: VALIIP(WnA:wnA:D)—1P(WNA:I)

|cuter {f :pecut P=true} : VAL 2,11 P (dualA:: 1) 5> NP A::12) > NP (I2++1])

| gax-r: Va, 1l P (projT2 (pgax P) a).



Curry-Howard

Sequents as Multisets

[A,A] F A
which Church Boolean is this? [A]-FA—A

[[JTFA—-A—A




Curry-Howard

Sequents as Multisets

[A,A] F A
which Church Boolean is this? [AJFA—A

[[JTFA—-A—A

Sequents as Lists

M AAAl_|_AA
AAFA ol ex(12)
S K N AAFA
AFA— A ALASA
FAS A=A —

FA—-A—A




Curry-Howard

Sequents as Multisets

[A,A] F A
which Church Boolean is this? [AJFA—A

[[JTFA—-A—A

Sequents as Lists

— AFA
M AAFA
AAFA ol ex(12)
S SR AAFA
ArA—d AFASA
FAo A=A FASASA

Proofs (Type) rather than Provability (Prop)

proof size as a defined function: 11 P/ — nat




Induced Coq Contributions

Standard Library

@ Missing results on lists, permutations, etc
Lemma in-elt {A} : V (a:A) 11 12, Ina (II ++ a :: [2).

Lemma Forall_app-inv {A} : V P (11 I2 : list A),
Forall P (/1 ++ [2) <> Forall P [1 A Forall P [2.

@ From Prop to Type

» bugin setoid-rewrite
» and and prod associate differently

Add-Ons
@ Cyclic permutations

o Parametric permutations PCperm PEperm

o Finite multisets up to Coq equality




Current State

yalla_ax

/ formulas ifnrmulas\

fmformulas fmiformulas

basic_tactics
TR L def

11_mix — \\\\\

ill_def
subs isubs ~
nn_def ill_cut

11_cut ‘A//
:
:

mell_mset
11_fragments

mell_msetoid \
ill_prop

mell2 lifoc bbb / + S
tl lambek

N
mell_Prop  llpol nn,iimp /

nn foc



Main Content

Results
@ substitutions and freshness

@ around mix rules

o translations LL < ILL <» TL
conservativity LL <> ILL <> TL

cut elimination
sub-formula property

deduction theorem

reversibility and focusing

Related Systems
o Lambek calculus
o MELL in Prop
o MELL with multisets




Before Release 2.0
@ Cut-elimination proof for ILL
@ Non-commutative cut-elimination for ILL and LL
@ Some cleaning
@ Move to Coq 8.9

Planned
@ Quantifiers in linear logic
@ More automation for permutation solving
o Parametric exponential rules (subexponentials, light, etc)
Cut-elimination as proof rewriting

Denotational semantics

°
°
o Intuitionistic and Classical Logics (ongoing [C. Lucas])
°

Automating correspondence with user-defined fragments




https://perso.ens-lyon.fr/olivier.laurent/yalla/

https://github.com/olaure0l/yalla/tree/working

Users, comments and manpower are welcome!

Support guaranteed:
@ olivier.laurent@ens-lyon.fr

@ https://github.com/olaureO0l/yalla/issues
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