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noisy quantum channel

Now want to transmit quantum states

Rk Wis notnecessarily communication link
it can be the memoryof a quantum computer

Def An M E quantum code ED for
a quantum channel W L A 1 B is given by

E LCD LCA

D C B La
quantum channels

with dim Q dinfQ M
invariant

and l EeffluxDoWo E axes Imminentunitvectors in Q

Rk For classical information replace measure d4 with uniform
distribution over a fixed basis In that case we may assume FElo

Other measures are also possible Fa l E f 143
All can be related



It is not a
priori clear that interesting encodings

exist In fact because of no clowy unclear
how to add redundancy to improve error

Def The quantum capacity of Al is defined

a fig lime
max logM F Mi udefort

n

Ex

WCS Tfs refined
state

If E D is an CM E code then for

ftp.WEXD 47dt31 e
Ctl PG 4 d4 3 C e

Tifftxtldt DCA 1 E

By unitary invarrana JHMdt If
So M EEe
and Q D D as expected



The definition of average fidelity mightseem complicated to compute
but it is actually ample
Will use instead the channel fidelity E
Prop For a quantum channel E CA LCA we have

d dimA

1 418 itxD It d4 1

where ECE COIkn.IE E 19 91,4 I say E'a calciaxanias

where
IEEE Ii la a Aa

Average e evaluating fidelityfor a single state IIIa
A reference system we added

IIIa E A
TrFaACS Ta Tr ST F14 47 texts

Proof
flip operator on

ADA F galaa'xa'at

STH 4186441 dy Tn Faa 14 41 864 41 dt

Haarmeasure I In E F 4 41 14 41 d4
lEfU EfUV foranyV Tr I E FI Uloxatoloxon'dr

f Uchosen
fromHaar

arbitrary measure
Compute the integral fixedstate on untaygroup

UU loxoxoxo UIUrdu L Ifat BFa from representation
4Commuteswith an VA TorySchurWeylduality



SchurWeylduo

a B can be found by computing Tr and Tr F

Weget fU U loxoxoxo 0 0 4 g IAA FAA

Back to our calculation

Tn If E FAA I AA Fat

it

i

NOIIELIEXINE

It HEEDa
Rk If ECS I KSK then

E E Iai In alkalaxa l Kila's

II TrknTu ki In Tn kn

Ex Perfect classical channel InLexbasis
WCS I laxalstaxal measures and saves

outcome se

Easy classicalcapacity W logX1

Expectthis channel is notusefulfor transmitting quantum information



Compute Fe Donk E and show it cannotbe close to 1forMe2

Can write DowECS FeiDetaineesEelaxalDE
Sri F Dow E regatta DelaxalEat

Ein knifeDelay

Ie CalEeEtta KalDeDela CauchySchwa

I Tr EeEÉ Using IDEDe I

dimQ M and EEEEa I

So E Dow E e f
Def Coherentinformation
For a channel W LCA L B the coherentinformation is

defined as

I D max HEABEENKEN
CEAESCADA

Can
A N B

Rhs was HEB w is convex so maximum is achieved on extreme points

ie pure stats Car restrict to eat pure
As all purificationof pain I are related by a unitary on

and

H AIB is invariantunder contains on we can choose a fixed

purification ofCa



By considering or Stinespring representation then exits an

isometry V A BOE ne VT Ia

Can
a V

for CAA 14 41 a pureB
Afterapplyingthe channel

WADEFACV AA FAV is alsopure

LINDH HEAVY
H AIB HCABItHCBI

IEE.pt
B
w

So Ica max H B
ve

H E
ventCA

Ic a large outputofthe channel W has more
entropythan environment

Note thatthis expressiondoes notdepend on choice of dilationV
as they are all related by a unitary on E

Ex For
any

channel W Icw 0

Choose
far loxolaxoloxok where 10 EA an arbitrary

andvector

WAB 10XOla Aloxol

H AIB H FBI H BI LEI H B H B 0

Erasure channel no L CÉj Erasure
symbol

WCS Cp S PICS lexel



GA THEA with HEA F loPaa Fillman

WAB IAXM fan AloxolyonloxoD G dAxel Way
FEDloxilandoxal tracedhxolaowlexoD

C p 14 4 Bt p dloxohtCDIIXI.io
exe

H AB p logCt p tpdlgCpd tplt d lgpetD
A p lg i p plogp pdloft C d lg l d

H B C Ddlgd pD C p lNga PA d plyp
CI p lgtp Cp lloyd l d ly l D plop

Ica mga C p held pheld

F Ip forpete
had a dbl thighd
binary entropyfunction

for peke
Rk The classical capacity of this channel is 1 p The factthat

Ica O is for p I is consistent with no cloning
Stinespring

dilation

I Channel A B
erasure

channelsand A E
M

Gfp 1
If ICW 0 could transmit information to B and E
simultaneously

Th For any channel to

CW up II W



Rhs Easy to see Ic is superadditive But it is not
additive even for verysimple

channels
e.g depolarizingWftepletped

Q W ECW butanequality can be strict

Unlike for classical capacity when CCW 0 a input output
independent

For Q we do not have a good characterization of Q W 0

Proof sketch
Converse bound Assume E 0

Consider an M E o code for W

Q

Q E An W Bn P Q

We have ID WERE Iga XEtag
Note that

HCE IQ HCOQ H E IgMÉ
Data processing inequality

HQ BY
FEMME 19 11

H
IGD.VE xg

logM

But I Wo e H QB
P FEMME tox

19M

IgECIOIXED is a specific

state



Agh s Ic Wen
n

For E 0 show thatHCQQ
qDowon.g Iya fill

E GM

Fano's inequality

Achievability
Have to construct an encoding dicodig

maxent
up up I ISEEM

Uan V In ÉTÉÉpiy
isometry for decodingmap

encodingmap

StinespringisometryforWM

Use the ideaof decoupling
Assume we managed to construct U such that

F Yeen Ya In l E
u

where 4 14 41 arbitrary state

A purification of Yeen is HEB En

A purification of YoWen is IIE IDE E



Uhlmann's theorem There exists an isometry

suchthatD B QÉ
puppy system for statYodain

purifyingsystem

for state TEEN

ÉEY KEELED BED

FLEXI taxol DYODED
E FLEXILE TEEN DTD

Conclusion DATE CDS D is a

decoder achieving fidelity 1 E provided
decoupling property is satisfied

It remains to find U so that is satisfied
when login ILEI S

Idea choose U at random from Haar measure

Recall ICW man
H B ftp.HCEMvqvtn

Willonlyshow logy s dogdimB logdimE d good codes
thatwhen exist



A ABE
FA

A U a V
B

q E

unity chosenatrandom I fixed isometry U V I

Th Decoupling replace bymarginal

I
E ACTE ENVY
A dimA

E F CdmA dem Iggy
SeeDupuisThesis

for a more general
statement

dim B

Use this wit for diagram with

A Q A Qxor B B E En

TAA IEXEtoo loxolp
Fixed state

M dimhaentagled stat

Choose M E dignify 2
ClogdimB logdime day

corresponds to H B HCE
for a statwithmaximallymixed
marginal



F U s t

A Y
A En

YA En s E

F YEEN YA Den 1 D 1 E

Can find a decoder achieving a channel fidelity f ET
Rk Descriptionof Itu code not explicit U random and

decoderobtained from Uhlmann theorem

In practice want E and D explicit efficient geometrically friendly

faulttolerant
Proofofdecoupling inequality

Recall Ace o Elle Ola Will assumeV I A BE

Trace norm Frobenius norm Cauchy Schwarz
11 Isdn 11 HE

ATEE FX.EE lIsCdmACdimE HTE TAOEEIE

dimA dmE Tr EE LTCEETEIf.ae
Tr RE Ime

Tn TAE TA IE I F

mA amE Tn Er I F te



Compute expectations

Eu ICED Ie Tn re the
Independentof U droppedsomeFa

IET EE E TEL VEN DY
Expectationof a polynomial in U can in principlecompute

it via Weingartencalculus

E Tn Try UEM TI UEat Fane if
9

flip operates

Ey tf UFAY O VATA IB BEFAAMEE

Taa TEAL FATA IEWU.EU LIBBYFritz UN

LIA AztBFAA
dmBYdimE T IBBYEe 2 MATT B mA

dumb inE Tr FbBy IE E
L mA B AT

Solving this system a digit's
dime
game 1 ÉÉt te

BIB

I
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