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Quantum Information Theory
Exercize sheet 2

(Dated: January 25, 2022)

(a) Let pa € S(A). Recall

H(A), = —D(pal[la), (1)
and
Tr[p(log p —logo)] if supp(p) C supp(o)
D(pllo) = N (2)
400 otherwise.
Show that
0< H(A), <logdim(A). (3)
Hint: use Jensen’s inequality: let ¢(x) be a real concave function, x1, ...z, be numbers in its domain and
a; > 0. Then
caio(x; QT
ZJ J‘P(J)Sw Z]JJ 7 (4)
Zj a; Zj aj
with equality if and only if 1 = 9 = ... = x,, or () is linear on a domain containing 1 = x93 = ... = .

(b) Show that H(A), = 0 iff p is a pure state and that H(A), = logdim(A) if and only if p is maximally

mixed.

(c) Let pap € S(A® B). Show that, if pap = 0 ® w, then

H(AB), = H(A), + H(B),,. (5)

Hint: show that, for o, w of maximal rank,

log(o @w) =log(o) @ 1p + 14 ® log(w) . (6)
(a) Let pap € S(A® B). Recall
H(A|B), = —D(papl|la ® pB) . (7)
Show
H(A|B), = H(AB),— H(B),. (8)
(b) Let
pan =Y plx,y)|z.y) (=], 9)
@y
be a classical state. Show
H(A|B),>0. (10)

(¢) Show that (10) is not true in general. Hint: take the maximally entangled state pap = |¢) (|, with

o) = (1004 1005 + 11} 5115 (1)



3. (a) Let pap € S(A® B). Recall
I(A: B) = D(pasllpa ® pB) -
Show that
I(A:B)=H(A)+ H(B)—- H(AB).
(b) Show the subaddtivity of entropy
H(A)+ H(B)> H(AB).
How large can I(A : B) be for fixed dimensions?
4. Use the data processing inequality for the relative entropy to show strong subadditivity, i.e.,
H(A|C)+ H(B|C) > H(AB|C).
Hint: It may be helpful to write this inequality in the equivalent form

H(A|BC) < H(A|C).
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