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Abstract

We proposea simple model to understand the economicfactors that induce

aggregation of somebusinessesover small geographical regions. The model

incorporates price competition with neighboring stores, transportation costs

and the satisfaction probabilit y of �nding the desiredproduct. We show that

aggregation is more likely for storesselling expensive products and/or stores

carrying only a fraction of the businessvariety. We illustrate our model with

empirical data collected in the city of Lyon.
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I. INTR ODUCTION

A rather trivial observation is that somebusinessestend to aggregateover small geo-

graphical regions. In somestreets there are nothing but jewelers while other streets are

solely dedicated to electronic equipment. Indeed there are many examplesof trades that

tend to "cluster": trendy clothesshops,art dealers,secondhandbook stores,usedcarsdeal-

ers,furniture stores,etc. On the other hand therearetradeslikebarbers,butchersor bakers,

which in generaldo not agglomerate,but rather tend to be uniformly distributed over the

entire urban zone.

Under the assumptionthat the principal considerationfor a businessmanto choosethe

location of his businessis to maximize his pro�ts, it seemsintriguing that businessesin the

sametrade would chooseto be neighbors. After all, proximit y forcesthem to sharethe mar-

ket and to compete amongsteach other. This is more intriguing given the fact that other

tradesdriven by the sameconsiderationof maximum pro�t have a markedly distinct behav-

ior, choosing locations as far aspossiblefrom the competition. From a physicsperspective,

it is tempting to identify this situation with somesort of condensationphenomenonin which

interacting particles equilibrate into a condensateor gaseousphase,which optimizes(in this

caseminimizes) a free energy, depending, say, on the temperature of the system. However,

it is not clear how stores\in teract", nor the sensein which the distribution of storescan

be consideredan equilibrium state. Furthermore, the optimization of the pro�t, which we

assumedrives the decisionof where to locate a business,is an individual decisionwhich

generally doesnot lead to a globally optimized state as in thermodynamics. Thus, before

trying to approach this problem through an analogy with a physical system, we need to

understandthe economicfactors that give rise to thesephenomena.In this respect there is,

in fact, a long history on the study of spatial competition in economics,starting with the

model by Harold Hotelling (the original referenceis [1], for more recent analysis,see[2{5],

for empirical studies,see[6]).

In this work we present a simple model incorporating someof the essential economic
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determinants involved in consumerdecision and we try to assessthe e�ect these factors

have in the spatial distribution of stores. We discussthe principal featuresof our model and

present analytical and numerical results obtained for a 2-dimensionaltown.

I I. CLUSTERING COEFFICIENT

Before going into the details of the model we need to determine what we are looking

for. In particular, as the main phenomenonwe are trying to understandis the aggregation

of stores, we need a measureof this quantit y to characterize the outcome of our model.

We begin by consideringa geographicallyextendedsystem (which can represent a city, a

country, a road, a beach, etc.) which we divide into small regions.Thoseregionscontaining

stores will be possibleshopping sites (we will refer to them just as \sites"). The idea is

that the businesseswithin a site are closeenough for a customer to visit them all when

searching for an item. In a very important sensewe are assumingthat when customers

decidewhereto make a purchase,they actually chooseamongthe various sites,rather than

amongindividual stores,though, of course,somesitesmay contain a singlestore. The actual

sizeof the regionsthat constitute a site is relatively arbitrary and dependson the scaleof

description. Thus, sitesmay be aslargeascities if the completesystemis a largecountry, or

a few blocks if the systemcorrespondsto a city. In any case,the sizeof a site shouldbe such

that customerswill considera trip to any of the storesat a given site asbeing of essentially

the samelength, and thus, of the samecost. For the businessowners the presenceof other

storeswithin the distancewhich de�nes the site will force them to compete for their share

of the market.

We will characterize the tendency to aggregatein a system in which there are Nstor es

storesdistributed amongNsites , sites through the following clustering coe�cien ts:

The clustering coe�cien t C de�ned as :

C = 1 � Nsites =Nstor es (1)

Which hasthe following behavior: C = 0 whenall the storesare isolatedand C ' 1 whenall
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the storesaggregatein a singlesite. This coe�cien t doesnot represent a completedescription

of the store distribution amongthe sites (for example,30 storescan be distributed among

3 sitesas 1,1,28or 10,10,10,both leading to C = 0:9).

A di�erent measureof the store agglomerationis given by the meansite size is de�ned

as:

Nm =

P

sites i
N 2

i

P

sites i
N i

=

P

sites i
N 2

i

Nstor es
(2)

which is the mean number of storesper site. This quantit y allows to discriminate among

the precedingexamples,sinceit equals26.2and 10 respectively.

Table I givesan idea of how thesecoe�cien ts re
ect the degreeof clustering of di�erent

businessesin the city of Lyon. The di�erence in the values of the clustering coe�cien ts

results from the di�erence in the spatial distribution which canbe appreciatedin the �gures

showing the locations of the businesseson the map of Lyon (Figure 1).

I I I. ECONOMIC INGREDIENTS OF THE MODEL

We will focus on single unspeci�ed trades, under the simplifying assumption that the

interaction betweendi�erent tradesis not a relevant factor for the geographicalclusteringof

businesses[7]. We begin by characterizing the sites s, which are points (representing small

regions) in a geographicallyextendedsystemat each of which there are Ns � 1 businesses.

TheseNs are the central quantities of this work: if pro�t is optimized when Ns > 1 there

will be clustering of businesses.This behavior will be re
ected by the clustering coe�cien ts

de�ned previously.

In our model, sites have four characteristics : a position, the number of businessesNs,

the variety of items it o�ers and the price of the products sold there. Clearly, the variety is

a non decreasingfunction of Ns. We alsoconsiderthat, due to competition, having various

stores at a given site might have an e�ect on the price o�ered at that site. Barring the

possibility of cartels, we expect that the price ps = p(Ns) will be a non growing function of
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Ns, the number of storesat the site s.

Now, to proceed,we needto characterizethe buyersthat form the market for which each

site competes. We beginby assumingthat each buyer j canassignto each site s a perceived

probability of satisfyinghis needVs(j ). Theremay bemany factorsa�ecting Vs(j ), including

advertisement, but whatever the peculiaritiesof buyer j , it is againcertain that Vs(j ) should

be a non decreasingfunction of the variety of site s, and thereforea non decreasingfunction

of the number of storesat the site. Another element that a�ects the decisionof which site

to visit is the cost of getting there: if we denoteby r j and r s the positions of buyer j and

site s respectively, we denotethis cost as C(r j ; r s). Finally, we assumethat each consumer

has a maximum amount he is willing to pay for the desireditem, which we denoteas R(j )

(R(j ) can alsobe thought as the \utilit y" of this good to consumerj ).

The choiceof which site consumerj will patronize is achieved by maximizing a criterium

function K (R(j ); Vs(j ); C(r j ; r s); ps) over all sites, where in generalthis function may vary

from onebuyer to another. However, onceagain, it is clear that K (R(j ); Vs(j ); C(r j ; r s); ps),

which we will call the customer'ssurplus, should be a decreasingfunction of C(r j ; r s) and

of ps; and a growing function of Vs(j ). We de�ne K so that a consumerbuys only if its

maximum K is positive.

To seehow this works consideran arti�cially simpli�ed market, for examplesoft drinks.

Sincemost conveniencestoreso�er the completeavailable variety of soft drinks at basically

the sameprice, the perceived probability of satisfying your crave for a drink is essentially 1

at any of thesestores(sites) (of course,real conveniencestoressell more products than soft

drinks, but for the sake of argument, let us assumethat soft drinks constitute their trade).

Then, for each buyer, K will be maximizedat the site for which C(r j ; r s) is minimum. That

is, at the store of easiest(cheapest) access,which is of coursewhat one expects. Thus, for

the market of soft drinks a conveniencestore catersto the customerscontained in a region,

namely the region for which site s is the most convenient choice. If a secondshop setsup

next to the �rst, the site now has2 storesbut the perceived probability of satisfactionof the

customers,being already optimal, will not change. If there is no markdown in pricesdue to
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competition, the site with two storeswill cater to the samecustomersas when there was a

singlestore, and both storeswill end up dividing the original pro�ts.

Our model is basedon the assumptionthat the new storeswill appear in the systemat

the locations that maximize their pro�t. Thus, oneof the factors that is partly responsible

for the geographicaldistribution of stores is the capture of market share. The share of

an aggregatedsite is large becausea geographicalgrouping of many shopsincreasesthe

consumer'sexpectedsatisfactionprobability of �nding the desiredproduct at that \shopping

site" and, perhaps,at a lower price. The model also includesfactors that push against an

aggregateddistribution (or, in the economicterminology, that push for di�erentiation of the

products on the spatial dimension) such as lowering of the consumertransportation cost

and the decreasein pro�ts due to price competition betweenneighboring shops[3,5].

IV. WRITING DO WN THE EQUA TIONS

A. Characterization of consumers and sites

The scenariowesetup in the previoussectionis too vagueto leadto concretepredictions.

In this sectionwe choosespeci�c functional forms for the various quantities involved in the

system. Perforceour choicesare relatively arbitrary: we usesimple functions which comply

with the monotonicity conditionsmentioned aboveand which interpolate betweenintuitiv ely

acceptablecases.

First we introducethe customer'ssurplus function, which we will assumeto be given by

the total expectedutilit y of shoppingat a site. That is, the criterium on which consumerj

decideswhether or not to shopat site s will be given by:

K j s � K (R(j ); Vs(j ); C(r j ; r s); ps) = R(j )Vs(j ) � C(r j ; r s) � ps: (3)

Note that sincewe are assumingthat consumersnever buy at sitesfor which K is negative,

the above form discards all sites for which the transportation costs plus the retail price

exceedsR.
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Now, for the probability of satisfaction of a given site s with Ns storeswe will assume

that

Vs(j ) = 1 � exp(� Ns=Z) (4)

for all customersj . The valueof Z will vary from trade to trade dependingon the complete

variety o�ered in the market. Thus, Z will be small (smaller than 1) for trades in which

storestypically carry the wholevariety in the market (newspaper stores,conveniencestores,

boulangeries...). Conversely, Z will be large in trades in which there is a high variety and

there is little overlap between the items o�ered at the various stores (used book sellers,

motorbike stores,art galleries. . . ).

Next, we will assumethat the cost of transportation is proportional to the geometrical

distancebetweenthe customerand the site being considered:

C(r j ; r s) = ajr j � r sj � adsj (5)

wherea is the cost per unit distance.

For the price o�ered by the site, we take

p(s) = p0 + b=N �
s (6)

wherep0 is the costprice of the product, b is the maximum storemargin for that product and

� is an exponent re
ecting the strength of price competition amongstoresat the samesite.

If � = 0 there is no competition (all the stores,isolatedor aggregated,o�er the sameprice).

This particular expressionfor the price competition is suggestedby the \circular city model"

[3,8,9]and a study of a basicoligopoly model [4]. Finally, as a �rst approximation, we will

assumeR to be the samefor all customersand that customersare uniformly distributed

throughout the city.

Then, in principle, consumerj will buy at the location s which maximizeshis surplus,

i.e. the location for which K j s is maximum (and positive), wherethis quantit y is explicitly

given by

K j s = R(1 � exp(� Ns=Z)) � adj s � (p0 + b=N �
s ) (7)
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B. Demand of a site and pro�t

The actual choice of businesslocation falls on the businessowners. We are assuming

that thesewill choosethe site that maximize their pro�t and this pro�t will depend on the

number of consumersthat can be expectedto attend the chosensite oncethe new business

is in place,aswell ason the price that the local competition forceson the businessesat that

site.

1. Non interacting sites

To estimate the expectedpro�t for a business,we begin by introducing the demandD 0
s

of site s as the number of consumersthat chooseto attend this site, i.e.

D 0
s =

X

j

� j s (8)

where� j s = 1 if K j s > K j s0 for every site s0 6= s and � j s = 0 otherwise.

As mentioned above, we have assumedthat if max
s

K j 0s < 0 the consumerj 0 choosesnot

to buy; thus, we de�ne the fraction of the market covered by the storesas the proportion

of costumerswho e�ectively buy something. This will allow to distinguish between the

situations of partial market coverageversuscompletemarket coverageand will allow us to

de�ne a kind of \range of interaction" amongsites. Speci�cally, considera systemcontaining

a single site s with Ns stores in an unbounded domain. We de�ne the range of this site,

denotedby ls as the distanceat which

R(1 � exp(� Ns=Z)) � als � (p0 + b=N �
s ) = 0: (9)

That is, ls is the distanceto the boundary beyond which customerswill not patronize the

site becauseit would result in a negative surplus. Clearly, the region within this boundary

contains the demand of site s. This range is a growing function of R, � and Ns; and a

decreasingfunction of a, p0 and b. The signi�cance of theserangesof demandis alsoclear:

sites located in such a way that the regionscontained within their rangesof demand do
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not overlap, do not compete with oneanother for customersand the increasein the market

attending onesite doesnot translate into a lossof market for the other sites. In this sense,

thesesites do not \in teract". Such a situation can only happen at low market coverages,

wherestill a large fraction of the customersare not willing to acquire the article o�ered at

any of the sites. Then, if it is pro�table to do so,at low enoughmarket coveragesnew sites

can appear to cater to the unattendedcustomerswithout interacting with the previoussites

on the system. If thesenew sites appear randomly in the system,as long as their demand

rangesstill do not overlap, the problem can be mapped directly to a sequential adsorption

problem with exclusion, for which a jamming transition occurs [10]. After this transition

point, every new site will have a demand range that overlaps with the demand range of

previoussitesand interaction betweendi�erent sitesbeginsto play a rôle in the system. We

will return to this point later.

The caveat of pro�tabilit y mentioned in the last paragraph is important. Indeed, the

range of demand as de�ned above is a growing function of the number of storesat a site,

however the pro�t accruedby the individual storesat the site is not necessarilyso. We will

assumethat the actual pro�t (Prof (Ns)s) which each store stands to gain at site s to be

given by:

Prof (Ns)s = (ps(Ns) � p0)D 0
s(Ns)=Ns: (10)

This is an important quantit y in the model as it is the quantit y upon which businesses

decidewhere to locate. It is again an undoubtedly oversimpli�ed assumption. The idea is

that the addition of a store to a site modi�es the demand for that site but the eventual

pro�ts are the result of complicated maneuvering by all the stores,matching suppliesand

competing in price. The above expressionassumesthat the outcomewill result in an equal

share of the site's demand among the stores, and that all the stores at the site sell at a

uniform competition adjusted price, achieving the samepro�t.
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2. Interacting sites

Of course,in any �nite system,as more and more sites appear, their rangeswill always

end up overlapping and the simple analysispresented above breaksdown.

To analyze what happens in generalwhen the market coverageis high and rangesof

demandof the distinct sitesdo overlap we must recur to numerical simulations. However, in

this situation the expressionsfor K j s and D 0
s usedin the previousdiscussionleadto relatively

unrealistically sharp discontinuities in consumerpreferences,as already noted by Hotelling

[1]. Therefore,we have taken a lesssharp expressionfor the demand,assumingthat there

existssomeunknown random factors that \smoothen" the consumer'schoiceamongsimilar

stores. A simple way for smoothing the demand of each site is to use the well-known (in

economics)\logit" function [4]:

Ds =
X

j

� j s (11)

where

� j s =
exp(K j s=T)

P
s0 exp(K j s0=T)

(12)

whereonly the sites for which K j 0s > 0 are considered.In this expressionT is a parameter

which de�nes how sharply consumersdiscernbetweenthe expectedsurpluseso�ered by each

site. As T ! 1 consumersdo not discriminate between eligible sites, whereasif T ! 0

we recover the sharp condition of Eq.(8). Furthermore, in systemscontaining single or

noninteracting sitescustomerswill have at most onesite to choosefrom, soD s = D 0
s for any

T. In what follows, the pro�t will be calculated in terms of this demandfunction through

the expression

Prof (Ns)s = (ps(Ns) � p0)Ds(Ns)=Ns (13)

10



V. CUALIT ATIVE BEHA VIOR: NON INTERA CTING SITES

For the simplecasein which the market coverageis extremelylow, the systemwill contain

a set of noninteracting or isolatedsites. An estimateof the pro�t of each store asa function

of Ns in this situation can be obtained by noting that the demand is proportional to the

area within the range of demandof a site. Approximating this area by a circle, and given

the explicit functional forms we have assumed,the pro�t will be given by

Prof (Ns) � �
� b

N � +1
s

"

R(1 � e� N s =Z ) � p0 �
b

N �
s

#2

(14)

where� is the number of consumersper unit area.

As mentioned above, in this situation, the pro�t of each store in a site is not necessarily

a monotonousfunction of the number Ns. Indeed,dependingon the valueof the parameters

characterizing the system,the pro�t can grow as Ns increases,up to a maximum and then

decreaseto zero. Or else,the pro�t may be a purely decreasingfunction of Ns (see�gure 2),

dependingon the variety coe�cien t Z , which is the major determinant of storeaggregation.

Only valuesof Z higher than 1 lead to aggregation. It should be noted, however, that N opt
s

does not correspond to the site size that is actually reached in a simulation. Stores will

continue to aggregateat a site beyond N opt
s as long as it is more pro�table to do so than to

establisha new site. Take for examplethe caseZ = 5 in Figure 2b. N opt
s equals8, but the

9th store still �nds more pro�table to locate within the site than alone where it would get

the pro�t corresponding to Ns = 1. This is true until the 124th enters the site (not shown

in Figure 2b). On the other hand, if Z < 1, storeswill �nd it more pro�table to locate

far from the existing storesto avoid the overlap of their rangeof demandwith thoseof the

previousstoresas long as this is possible. This situation is akin to a short rangerepulsion

betweenstores.
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VI. APPLICA TION TO A SQUARE CITY : NUMERICAL RESUL TS

When the rangesof demandoverlap, the determination of the expectedpro�t to bemade

by new stores is not as simple as in the precedingcasesand we must resort to numerical

simulations.

While most extensionsof the Hotelling model have consideredthe situation in which

storesaredistributed over a onedimensionalspace(for an exceptiondealingwith two stores,

seeRef. [11]), in this work we concentrate on the distribution of storesin a 2-dimensional

squarecity of areaL 2 with a uniform density of consumers.In our numerical simulations we

chooseb= R=10, i.e. a maximum store margin of 10%,a = 1=L to normalize the distances

and p0 = 0 (except in sectionVI C 3).

The processwe want to reproduceis simple enough:we assumethat businessesare able

to estimate the expected pro�t for each location, and choose the location in which they

expect to earn the most. Depending on the existing con�guration and the value of the

parameters,the chosensite can be one in which other storesare already present, leading to

store aggregation,or an isolated location. It is, of course,the outcomeof thesedecisions

that will lead to the �nal distribution of businesses.

The algorithm for simulating this processis very simple: for each set of parameters,after

putting by hand the �rst store in the center of the town, we repeat the following stepsuntil

the desirednumber of storeshasbeenattained:

(1) scanall the possiblesites in the town (i.e. L 2 possiblesites) and calculate the pro�t

to be earnedat each location, given the location of the storesalready present.

(2) Put a new store at the location which maximizesthe pro�t, and start again (1).

We stressthat in this work we do not considerbusinessmobilit y. Thus once a store

choosesits location, it remainsthereforever. This is anextremecase,applicableto businesses

which have high costsof relocation. Also, the pro�ts of somestoresdiminish drastically as

morestoresenter the system. In realeconomicsystems,storesearningtoo little eventually go

bankrupt anddisappear. Furthermore, systemsshouldsaturateoncethey reach the situation
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in which all storespresent have pro�ts above the bankruptcy level but every possiblenew

entry leadsto pro�ts below that level. In this work we will assumethat storessurvive even

when perceiving extremely small pro�ts, so there will be no bankruptcies nor saturation

e�ects. However, we note that very small pro�ts only arise when the parameter T in the

\logit" function appearing in Eq. 11 is very small, i.e. consumersbuy at the best location

exclusively.

A. Repulsiv e Regime

We begin consideringtrades for which the pro�ts expected in noninteracting sitesare a

purely decreasingfunction of Ns. We start with the casein which the rangeof interaction

is small compared to the size of the city, and new stores faced with several equivalent

possibilities (in the low coverageregime) chooseamongthesepossibilities randomly.

First we considerthe casein which Z << 1 and market coverageis low, so there is no

competition. This situation is repulsive, asdiscussedabove, sincethe pro�ts are decreasing

functions of Ns. Thus we expect the systemto passfrom a random sequential adsorption

scenarioat the beginning,whereeach new entry �nds enoughunattended market to choose

sites in which it does not interact with the previous sites, to a cluttered con�guration, in

which each new entry searches the site at which it can bite o� the most market from the

previous stores. In �gure 3 we show the pro�t of each new store as it enters the system,

which stays constant for the �rst 8 stores,and then decays, when the market coverageis

high enough.The samebehavior is observed for any valueof � , sinceinclusion of lower price

due to price competition doesnot a�ect demandin the systemand all sitescontinue having

only onestore each.

We now turn to the casein which the rangeof demandis of the order of the sizeof the

city. This givesrise to strong boundary e�ects: the rangeof demandof storeslocated near

the edgeof the city extend beyond the city limits, so thesestoreswould have lessmarket

than locations near the center of the city. Thus even a single store would be \pushed"
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away from the boundariesand if the rangeis of the order of the sizeof the city, will try to

locatecloseto the city center. As we illustrate in a numerical examplebelow, this boundary

e�ect will alsoleadto nonuniform storedistributions, with many storesnear the center, that

resemble store aggregationeven when we are dealing with sites in the repulsive regime.

B. Clustering as a function of R

Fig. 4 shows the clustering coe�cien t obtained for � = 1, Z = 1, L = 50 and 70 stores

(and, as always, b = R=10). There exists a clear trend towards agglomerationwhen the

utilit y R increases.However, there are jumps in the clustering coe�cien t, which we now

discussin more detail.

For R < 5, the shopsare totally disaggregatedto avoid decreasingthe retail price due

to competition. However, they are not homogeneouslydistributed over the city (Fig. 5, for

R = 3), sincethere exists a preferencefor a central position, which minimizes the distance

to consumer'slocations. This situation suddenly changesaround R = 5 becausefor this

system, this value of R represents a threshold at which the 66th store gets a higher pro�t

whenaggregatingwith the �rst one(at the very center of the town) insteadof �nding some

other (isolated) place. Fig. 6 helps to understandwhy this is so. It shows the (decreasing)

pro�ts for the stores as they enter the market and also the (hypothetical) pro�ts when

aggregationis forbidden. As long asthe best choiceis to remain isolated, the two curvesare

of courseidentical, and follow a simple law : the pro�t for the nth singlestore entering the

town is given by P1 = bD1 ' R
10n , showing that all storesroughly sharethe total demand.

However, when it becomesmorepro�table for an entering store to aggregate,the two curves

split, and at �rst sight, pro�ts seemsmaller for the \free" casethan for the isolatedcase.A

closeinspection of the numerical results shows that the �rst store that decidesto aggregate

e�ectively �nds there a higher pro�t opportunit y. This is becausethe demandof this 2-store

site is much larger than that of singlesites, in fact 4 times higher to compensatefor the loss

of pro�t from price competition. This higher demand,in turn, comesfrom the high R value,
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which allows the satisfaction factor to dominate all the other terms in Eq. 7. This is why

there is no clustering for smaller valuesof R in Fig. 4. The point is that oncethis 2-store

site is created,it modi�es the wholemarket, \gulping" a substantial shareof the demand,so

that all the subsequent stores�nd no better solution than to aggregatetoo. In somesense

the \sel�sh" decisionof the 66th store put the systemin an inconvenient situation in which

the maximum pro�ts of subsequent storesare lower than they would have beenhad all the

stores remained isolated. As R increases,this �rst aggregationevent takes place sooner,

leading to a higher clustering coe�cien t.

C. E�ects of the other parameters

We now examinethe e�ects of the di�erent parametersin more detail.

1. E�e ct of variety

We start with the in
uence of Z : small (smaller than 1) for trades in which stores

typically carry the whole variety in the market and large in trades in which there is a high

variety.

Our results are summarizedin Fig. 7. For Z = 5, clustering is always larger than for

Z = 1 for the following reason. The satisfaction factor is low (1 � exp(� 1=5) = :181 for

N = 1 and 0.33 for N = 2), to be comparedto 0.632for N = 1 and Z = 1). Therefore,

storeshave to cluster in order to generateenoughdemand, otherwise K is is lower than 0

for virtually every consumer(for example,for R = 1, the market coveragein our model city

is of only 2 % for 2 storesat the center, but increasesto 25 % for 3 stores). For small Z ,

only single storesexist, sincethey carry the whole variety (Vs ' 1, seeEq. 4). Then, as

discussedpreviously, aggregationof storesonly leadsto pro�t sharing, without increasing

the demandsigni�cantly.

15



2. E�e ct of price competition

Fig. 8 shows the in
uence of � for Z = 1 and Z = 5. Storesare more agglomerated

for � = 0 than for � = 1 as the outcomeof the competition between two opposite e�ects.

The � value changesthe price dependenceon the number of clustered stores, strong for

� = 1 and unexistent for � = 0. However, the e�ect of the price on the store pro�t is not

direct, but the combination of two factors. A lower price (� = 1) obviously decreasesthe

pro�t per sale,but increasesthe demand. It is the competition betweenthesetwo factors

that determinesthe clustering e�ect. In our model (Fig. 8), the e�ect of dismissingprice

competition (� = 0) favors clustering, i.e. the increaseof price always exceedsthe losses

due to the demandfactor, at least for high enoughR values(R > 4).

That this should be the caseis again easy to seein the caseof non interacting sites.

Indeed, from Eq. 14, it is straight forward to verify that the pro�t is a decreasingfunction

of � . Then, sincethe expectedpro�t whenNs = 1 is the sameindependently of � , whenthe

parametersare such as to favor aggregation,the maximum pro�t for � > 0 will be achieved

at a lower number of storesthan when � = 0. Similarly, the number of storesbeyond which

pro�ts fall below those of a single isolated store is smaller for � > 0. However, it is by no

meansobvious how thesee�ects carry over to the caseof interacting sites.

3. E�e ct of p0 and T

For completeness,we have alsoexaminedthe e�ects of the other parameters,p0 and T,

and also the e�ect of a sharp consumerchoice, without the logit smoothing. The e�ect of

the �rst one is trivial, sinceit only inducesa di�erence with p0 = 0 when R < p0, asshown

in Fig. 9.

The \temp erature" T has subtler e�ects. Figure 10 shows that there are two regimes

: for R < 1, all the curves are similar, while forR > 1 the temperature matters and the

curvessplit. The �rst regimecan be easily understood by noting that if K j s=T << 1, the
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exponentials in Eq. 12 are essentially 1 and T disappearsfrom the demandcalculation. To

understand the secondregime, let us note that, comparedto the \reference" case(T=1),

decreasingthe temperature leads to a discrimination of the \b est" site, while a higher T

leadsto a uniform demand among all sites. Therefore, when T is large, competing stores

tend to isolate, since their demand is essentially una�ected, but their prices (and pro�ts)

are much higher. Instead,whenconsumerspay attention to prices,the competition between

aggregationand isolation is subtler : for small R, aggregationincreasesthe demand (via

a larger market coverage)e�cien tly enoughto compensatefor the price competition, and

storesaggregate.When R increases,agglomerationis not so interesting and a compromise

is found which dependson the precisevalue of R.

The e�ects of a sharpconsumerchoice(i.e. T = 0 or, equivalently, demandgiven by Eq.

8) are shown in Fig. 11. When consumerschooseto buy exclusively at the \b est" store

(that with the highest K), as in the previous cases,the agglomerationis always higher for

� = 0 or/and Z = 5.

VI I. DISCUSSION

Let us put our results in the perspective of previous analysis of the store aggregation

phenomena.

Here, the main economical force that leads to aggregation is the capture of market

share. The shareof an aggregatedsite is large becausea geographicalgrouping of many

shopsincreasesthe consumerprobability of �nding the desiredproduct in that region, and

reducesthe prices. Alternativ ely, factors that push for a homogeneousdistribution (i.e. a

di�erentiation of the products on the spatial dimension) are the decreaseof the consumer

transportation cost and the avoidanceof price competition betweenshops.

The commonview in marketing texts is that di�erentiation is important to softenprice

competition. However, there are several economical forces that push against too much

di�erentiation, as summarizedby Tirole [3] :
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(1) Be wherethe demandis : this pushesall the storesto be locatednearthe center of the

town, or near \strategic" placeswherethe demandis concentrated, for examplerestaurants

near working placesfor lunch time, etc. The \center" e�ect is recovered in our model (see

Fig. 5), but sinceour city is homogeneous,we cannot reproducethe \strategic" e�ect.

(2) Positive externalities between�rms : if there are commoninstallations (for example

�shermen along the sameharbor) or a sourceof raw materials. Alternativ ely, consumers

may encourage�rms to gather, becausethis lowers their research cost. One can arguethat

aggregationshouldbe an interestingoption whenconsumersvisit morethan oneshopbefore

buying a given product. This point is particularly relevant for non standard products, for

variety seekingwould be pointless if products sold by neighboring storeswould be perfect

substitutes. This point is clearly shown in Ref. [5] : \In someactivities, the basic reason

for the agglomerative tendencyis that the outputs [...] di�er in such manifold and changing

ways that they cannot be satisfactorily comparedby the buyer without actual inspection.

[Take the exampleof] a man or woman buying a car or a new hat [...] : the buyer does

not know exactly what will be purchased. The items cannot be adequately described in

a catalog, and it would be much too expensive and time consumingfor the producers to

supply each prospective buyer with a full set of samples. Under thesecircumstances,the

"demand" is not so much demandfor speci�c items as it is demandfor a varied display of

products; and the wider the variety presented at a particular location, the more demand

that location will attract. It is clearthat the activit y that is presenting the displays will tend

to adopt a clusteredpattern, with its units positively attracting one another. A newcomer

to the cluster may even be welcomed,becausethat seller will enrich the variety and draw

still more demand to the location." Our model clearly illustrates this seconde�ect, most

clearly through the variety factor Z . The higher Z values(seeparagraphVI C 1) show that

demandfor variety e�ectively leadsto clustering.

(3) Absenceof price competition : in somecases,for legal or technical reasons,prices

are exogeneously�xed. Therefore,there is no direct push for di�erentiation. In Hotelling's

model, this inducesaggregationat the center of the one-dimensional\to wn" for two �rms.
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When there are more than two �rms, the analysisis morecomplexand hasbeencarried out

only in one-dimensionalspaces[4]. Here,absenceof price competition means� = 0, and we

have seenthat this value always lead to higher aggregationthan � = 1.

It canbe shown [4] that for a 1D space,n �rms charging equalpricesand competing over

locations (with a demandobtained through a logit function), there are di�erent equilibria

dependingon the value of T/a. Roughly, for low valuesthere is no equilibrium, for interme-

diate valuesthere are equilibria with storeslocated outside the center of the interval, while

aggregationof storesat the middle of the \to wn" is the only equilibrium for high values.

This result is interpreted as \minimal di�erentiation" on the spatial dimension provided

there is enoughdi�erentiation in the characteristics (of the goods sold) space,represented

by the T value appearing in the logit, or whenconsumersput more weight on nongeograph-

ical dimensions(less sensitive to price, i.e. to transportation in this model without price

di�erences amongstores).

Thus, webelieve that our rather simpli�ed model capturesmost of the essential economic

featuresof the system. We have alsoshown that by simply changing the parametersof the

model we can reproducequalitativ ely the behavior of di�erent trades.

Furthermore, our approach highlights the fact that the distribution of storesis the result

of strategicdecisionsof businessownersasa responseto strategicdecisionsof the customers.

Thus, two di�erent modelsare actually involved: onefor strategy of the businessmen(max-

imum immediate pro�t in this case)and one for the strategy of the customers(maximum

surplus, though tempered by a logit function). From this setup, an e�ective interaction

arisesbetweenstorestrying to attain maximum pro�ts given the location of the storesthat

precededthem.

VI I I. PERSPECTIVES

From the point of view of modelling economicsystemsmany improvements could be

included to the model presented in this work. Such improvements would basically confer
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more realism and 
exibilit y to the model but would probably not give rise to qualitativ ely

new behaviors. In particular, onecould introducea \b etter" description of the interactions

amongst neighboring sites, which is essential for price competition and satisfaction. This

could be done by substituting the dependenceon Ns in our formulas by an \e�ectiv e"

Nef f which would take into account the presenceof storesat the neighboring sites. Such a

modi�cation would correspond to spatially extending the e�ects of competition and variety

beyond the simpli�ed pointlik e siteswe have usedin this work.

One important ingredient which for the sake of simplicity we have left out is real price

competition within and betweensites. In respect to competition within sites,it is interesting

to note that if the storesat an isolated site were able to set the price of maximum pro�t,

the price o�ered by the site would be a growing function of the number of stores at the

site. This is true under the assumptionthat all the storessell at the sameprice, however,

this cartel practice would be unstable due to price competition within the site. The actual

equilibrium price, if it exists at all, seemshard to �nd even for this simple case.

In regardsto price competition betweensites,wewould requireto considerthe possibility

that oncea store choosesthe most pro�table site, it may do soat the expenseof the pro�ts

at other sites. Thesea�ected sitesmight then react by lowering the price to recover, at least

partially, someof their lost pro�t, a�ecting other sites which react similarly. Once again,

what the equilibrium price distribution is, if any, very di�cult to determine.

A di�erent extensioncould be to considerthe possibility of relocation of storesafter all

of them have entered the town, sequentially maximizing their pro�ts, or during this process.

However, theserelocationsmay comeat a cost to the stores,which will hinder their mobilit y

even if a better site exists. Still someof them will prefer to move to �nd better pro�ts and it

would be interesting to �nd out whether equilibrium con�gurations exist and whether they

can be reached. Along the samelines, it should alsobe interesting to re�ne the description

of the economicsof store life: for exampleto calculate the annual pro�t and delete those

storeswho do not make enoughpro�ts to survive.

Finally, the implicit hypothesisthat consumersareomniscient, knowing all storeslocation
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and pricesis not realistic. In the spirit of the \agent based"modelling [12], onecould start

with consumersthat only know their closeststoreand then randomly visit the town to learn

the di�erent pricesand varietieso�ered by alternative stores,with the possibility of sharing

this information with their neighbors. This would allow to study how a store deciding to

changeits prices in
uences the behavior of the consumers,and possibly the other storesas

well.

From the physics perspective the opposite is probably true. It would be satisfactory

to �nd a minimal realistic model basedon the economicingredients of the system, that

could reproducethe observed phenomena.One venue could be to proposeinteraction forces

amongstoresthat mimic the customermediated interactions in this system. This would be

an important �rst step in the direction of casting this problem into a nonequilibrium many

body physical system, however, it does require a good understanding of these economic

interactions.

A deep problem, intrinsic to many economicmodels, is that most of the parameters

that characterizethe systemare not readily accesibleto direct measurement. Thus, another

interesting line of inquiry would be to developmethods to estimatetheseparametersa priori

in real economicsystems.Otherwise,thesemodelsareexplanatorybut lack usefulpredictive

capabilities.

� e-mail address: jensen@lpmcn.univ-lyon1.fr

We acknowledgefruitful discussionswith Alain Bonnafous,Jean-LouisRouhtier (LET)

and Robert Axtell (Washington).
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Table I Clustering coe�cien ts observed in Lyon for several businesses.The coe�cien ts

have beencalculatedby de�ning storesgrouped in a \site" as storescloserthan lave=3,

wherelave is the averagedistancebetweenthis kind of storesin the whole town (note that

by transitivit y, two storesfarther away than lave=3 can be grouped in the samesite if

intermediate storesconnectthem). We then calculate the clustering coe�cien ts as in Eqs.

1 and 2.

Business C Nm

motorbikes 0.45 5.6

banks 0.44 3.3

groceries 0.37 2.5

hairdressers 0.28 1.8

laundries 0.21 1.5

drugstores 0.12 1.28

savingsbanks 0.046 1.08
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FIGURES

(a) (b)
FIG. 1. Location of motorbike sellers(a) and savings banks (b) in Lyon (big dots, 1996data).

We thank Jean-LouisRouthier (LET-CNRS) for help with this spatial information.
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FIG. 2. Pro�t of a store in an isolated site containing N s stores : (a) � = 1; (b) � = 0. The

curvesrefer to R = 1, L = 50 but di�eren t valuesof Z and as indicated in the inserts.
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pro�t is normalized to the pro�t of the �rst store. The curve hasbeenobtained for R = 0:2, � = 0,

Z = 0:1, L = 50 and Nstor es = 30
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FIG. 4. Clustering coe�cien t obtained for � = 1, Z = 1, L = 50 and N stor es = 70
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FIG. 5. Location of the (isolated) stores for R = 3, � = 1, Z = 1, L = 50 and N stor es = 70
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FIG. 6. Pro�ts of storesasthey enter the market choosingthe most pro�table location (circles)

and pro�ts when aggregation is forbidden (squares). R = 5:2, � = 1, Z = 1, L = 50 and

Nstor es = 30
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FIG. 7. Mean site size obtained for di�eren t values of Z (shown in the inset) and di�eren t

values of � (1 for (a) and 0 for (b)). Other parameters are �xed : T = 1, p0 = 0, L = 50 and

Nstor es = 70.

(a)
0 5 10

R

0

0.2

0.4

0.6

0.8

1

C
lu

st
er

in
g 

co
ef

fic
ie

nt

11
51
10
50

(b)
0 5 10 15

R

0

10

20

30

40

50

60

70
S

to
re

s 
pe

r 
si

te 11
51
10
50

FIG. 8. Clustering coe�cien t (a) and mean site size (b) obtained for L = 50, T = 1, p0 = 0,

Nstor es = 70 and di�eren t valuesof Z and � , shown in that order in the legendbox.

27



0 2 4 6 8 10
R

0

5

10

15

20

25

30

S
to

re
s 

pe
r 

si
te

p0=0.01
p0=0.1
p0=1
p0=0

FIG. 9. E�ect of the cost price of the product (p0) on the store aggregation. It is a trivial

e�ect, leading to aggregationfor small R values(to allow for someconsumerswith positive Ks) and

vanishing as soon as R gets higher than p0. All the curvesare calculated for L = 50, N stor es = 30,

Z = 1 and � = 1.
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FIG. 10. E�ect of the \temp erature" weighting factor in the logit. All the curvesare calculated

for L = 50, Nstor es = 30, Z = 5 and � = 1.
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FIG. 11. E�ect of a sharp consumerchoice. All the curves are calculated for L = 50, p0 = 0

and Nstor es = 30.
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