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�%���,�,�����A�~ G¡ f�d~¢I£[mAtgw5dAq>£ltgk�mAe¤egd1¥�fLj¦¢sdApPwPu>§¨d~w�£l©Pf*wPd~wPm~u>mAq>£ltgª�fiq>jldA¢�m�«
¢>tnegtg§`£ltgc2¬�pPfLj v c,d~k�q>enf@­>t®£ v dA¯�mQcLe\m�§°§¨dA¯±q>jld~¢>egf,k�§�uIfL²�w>f1u�¢ v m:j[m�£l©PfLj�¥�f1m�³
§ v k�k�fL£°j v c,dAw�u>t®£ltgd~wR´ ^ wµ¯¶mAc@£1a�¯·d�j�f1m�c@©�qIjld~¢Pegf,k¸tgwµ£l©Ptg§8c,enmA§°§,aC¹Atnª~f,w�m�wCpPkµ«
¢sfLj T dA¯�¬Cp>fLjltgf,§-¥�f�c,dAk�qPp>£lfiº°»�¼�½L¾z¿ À8£l©Pf�qsfLj°¯·d�jlk�mAw>c,fiÁ¶t¶´ f~´ga�£l©Pf�q>jld~¢PmA¢>tnegt®£ vd�¯¦§°pPc,c,fL§°§QdAw�£l©Pfµ¥�dAjl§`£QtgwP§`£[m�wPc,f�Â�d�¯¨£l©Pfµ¢sf,§`£Qw>d~w�mAuPm�q>£ltgª�fµqIjld~¢�m�¢Ptgegtg§`£ltnc
m�en¹AdAjlt®£l©PkÃ£l©�m�£�k�m�³�f,§ T ¬�pPf@jltnfL§,´ ¡ f¦§°©Pd1¥Ä£l©�m�£8£l©Ptg§8d~qI£ltnk�m�e�qsfLj°¯KdAjlk�mAw>c,ftg§�¹~tgª�fLwG¢ v m¦k�tgwPtgk�m�­i¯·dAjlkGpPenm¦tnwCª�dAegªItgw>¹ic,f@j°£[mAtgwGqIjld~¢PmA¢Ptgegt®£ v uItn§`£°jltg¢>p>£ltgd~w>§,´Å d�jlf,d�ª�fLj1aP¥�f2tnu>f,w�£lt®¯ v £�¥�dµc,enmA§°§°fL§id�¯�q>jldA¢Pegf,k�§�¯·d�ji¥¦©>tgc@©5m~uPm�q>£ltgªCt®£ v u>d�f,§
w>dA£Æ©Pf,egqR´¡ f�tgegenp>§`£°j[m�£lf(£l©>f,§°f�jlf,§°p>e®£l§Çd~wÈmÉ¯·f@¥ÊwPm�£lpIj[mAe2fL­>mAk�q>egf,§,a¦tgwPc,egp�uItgwP¹Ëp>w>«
d�j[u>fLjlf1u�§°f,m�jlc[©-a�oCtnk�dAw-Ì §Rq>jld~¢>egf,kWa1uItn§`£ltgw>¹~pPtg§°©>tnw>¹¨d~w>fL«z£ldA«�d~w>fE¯KpPw>cL£ltgd~wP§R¯KjldAk
£�¥�dA«z£ld�«�dAwPf*¯KpPw>cL£ltgd~wP§,aIm�w�u�©PtnuPuIf,w�£°j[mAwP§°enm�£ltndAw-´>ÍPd�j¨£l©Pf,§°fie\m�§`£¨£l©>jlf,fifL­>mAkµ«
q>enfL§�Á·¥¦©Ptgc[©5m�jlf*dA¯±q�m�j°£ltncLpPenm�j¨tgw�£lfLjlf,§`£�tnw%¬�p�m�w�£lpPkÃc,d~k�q>p>£ltgwP¹�Â@a�£l©Pf¦jlf,c,f,w�£
£l©>f,dAjlf,k�§�dA¯±Î*m�jld~wP§°dAw-aCd�¯ ] m�qPenmAw�£lfimAwPu Å m�¹~w>tnfLÏ~a�m�w�u�dA¯±Ð�m�j°«�Ñ�d~§°§°f@¯�aIÒ2p>«
k�m�jQmAw�u�oItgªAmA³CpPk�m�j�dAw�£l©PfÓq>jld~¢PmA¢>tnegtg§`£ltgc�c,d~k�q>egfL­Itg£ v dA¯�¢PenmAc[³�«�¢sd1­+qIjld~¢>«
egf,k�§Æu>dGwPd�£ v tgf,enu5m�w v w>d~w>c,d~w>§`£[mAw�£Æend1¥�fLjÆ¢sd~pPwPuR´
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Þ ©>fLjlfi©PmA§�¢sf,f,w�tgw�£l©Pf¦q�m�§`£�¯·f@¥ v f1m�jl§�m2§°p>jl¹Afid�¯±tgw�£lfLjlf,§`£8¯·d�j¨egd1¥�fLj�¢sd~pPwPu>§
tgwÓ£l©>f¨¢PenmAc[³�«�¢sd1­Qk�dCu>fLezaAk�dA£ltgªAm�£lf1uQtgwµq�m�j°£ltncLpPenm�j�¢ v £l©>f�§`£lp�u v dA¯R¬�p�m�wC£lp>k
m�en¹AdAjlt®£l©Pk�§,´ ^ w�uIf,f1u¤a>§°tgw>c,fQ¬CpPmAw�£lpPkßc,t®jlc,pPt®£iend1¥�fLj�¢sdApPw�uI§¦§°f,f,kàª�fLj v u>t®áµ«
c,p>e®£Æ£ldGd~¢I£[mAtgw-a>k�d~§`£¦d�¯�£l©Pf�³CwPd1¥¦w5¬CpPmAw�£lpPkâegd�¥�fLjÆ¢sd~p>w�u>§¨©Pm1ª�f�¢sf,f,w5u>fL«
jltgª�f1uµtgw�£l©Pf¦¢>e\m�c@³�«�¢sd1­Ó§°f@£°£ltnw>¹>´ Þ ¥�d:k�fL£l©PdCuI§�qIjld�ª�f1uÓqPm�j°£ltgc,pPenm�jle v §°pPc,c,fL§°§`«
¯KpPe¶ã>£l©>f*qsdAe v w>d~k�tnmAe¤k�fL£l©>dCu%m�w�u�£l©Pf�mAu>ª�f@jl§lm�j v k�fL£l©PdCu¤´ ¡ fi¥¦tnegeRwPd�£¨¹~tgª�f
fL­I©PmApP§`£ltgª�f8jlfL¯·f@jlf,wPc,fL§8©>fLjlf~a~mAwPu:¥¦tgege�ä�pP§`£EqsdAtnw�£EdAp>£¨å æ�çPmAwPu�å è�çC¯·d�jE£l©Pf�qsdAe v «
w>d~k�tnmAe�k�fL£l©>dCu+mA§*¥�f,ege�m�§Óå é~ç8mAwPuêå èAæ�ç�¯·d�j�£l©PfÓm~u>ª~fLjl§lm�j v k�f@£l©PdCuR´ Þ ©PfLjlf
¥�mA§GjlfLc,f,w�£le v §°dAk�f�pPwPf@­>qsfLcL£lf1uë¯Kf,f1uI¢�mAc[³+¯Kjld~kÊ¬�p�m�wC£lp>kì£ldWqIjld~¢�m�¢Ptgegtg§`£ltnc
c,dAk�qPegfL­It®£ v ã�tgw>§°qPt®jlf1uW¢ v ¬�pPmAw�£lpPkàmAu>ª�fLjl§lm�j v egd1¥�fLj�¢sd~pPwPu>§,a�Î*m�jldAwP§°dAwêågí@ç
m�w�u ] m�qPenmAw�£lfWm�w�u Å mA¹AwPtgf,Ïëå è�í,ç¦d~¢I£[mAtgwPf,uêw>fL¥îegd1¥�fLjµ¢sd~pPwPu>§Gd~wêq>jldA¢�m�«
¢>tnegtg§`£ltgc+¬�pPfLj v c,dAk�qPegfL­It®£ v ´EÎÆqPq>entgc1m�£ltgd~wP§�£ld�§°dAj°£ltgwP¹Ia�d�j[u>fLjlf1uï§°f1m�jlc[©ðå è�í,çza
egd�c1m�eR§°f,m�jlc[©+ågí,çRm�w�u�oCqsfLjlwPfLj�q>jldA¢Pegf,k�§¦åní,ñAçs¥�f@jlfi¹Atnª~f,w-´Iò8m�jlegtgfLj¨qIjld~¢�m�¢Ptgegtg§`«
£ltgcÇ¬�pPf@j v end1¥�fLj%¢sd~pPwPu>§Ó¥�fLjlfWd�¯K£lf,wÄd~¢>£[m�tgwPf1uï¢ v mAuI«�©Pd�cWm�jl¹~p>k�f,w�£l§,´8Îi§
qsdAtnw�£lf1uïd~pI£�tnwóågí,çza8¥¦t®£l©ômë¹~f,w>fLj[mAeÆk�fL£l©>dCuïdAwPfWc1m�wËk�d�jlfWf1mA§°tge vêõ ¯Kd�c,pP§
dAw5¥¦©�m�£itg§ÆpPw>t\¬�p>f�mA¢sdAp>£imÓqIjld~¢Pegf,kWaPmAwPuZtg¹~w>dAjlf2¥¦©�m�£Ætn§Æc,dAk�k�d~wZmAk�d~w>¹
k�m�w v q>jldA¢Pegf,k�§`öl´ ] tg³�fE£l©PfLtgj�¬�p�mAw�£lp>kðm�wPc,fL§`£ldAjl§,a�£l©Pf8egd�¥�fLjE¢sd~p>w�uI§-d�¯±ågí~a èCíLç
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m�jlf%ª~fLj v ¹Af,wPf@j[mAe*Á·£l©>f v mAqPq>e v £ldÇm�w v ¢>e\m�c@³�«�¢sd1­�qIjld~¢>enfLk%Â�mAw�u�wPf,ª�f@j°£l©PfL«
egf,§°§Æ¹~tgª�f2dAq>£ltgk�mAesjlf,§°p>eg£l§¦¯·d�jÆ§°d~k�f�wPm�£lp>j[m�e-qIjld~¢>enfLk�§,´ Þ ©>f v pPw>¯KdAj°£lp>w�m�£lfLe v
§°p��¤fLj2¯KjldAkì£l©PfG§lmAk�fµuCj[m,¥¦¢�mAc[³ëmA§�£l©>f,t®jQmAwPcLf,§`£ldAjl§,a-w�m�k�f,e v a�£l©Pf v c,mAwPw>dA£v tgf,enu�mAw v wPd~w>c,d~w>§`£[mAw�£8egd�¥�fLj�¢sd~pPwPuG¯·d�j�qIjld~k�tg§°f¨q>jldA¢Pegf,k�§E§°pPc[©Ó£l©Pm�£8f,ª�fLj v
qsdA§°tg£ltgª�f�tgw>§`£[mAwPcLf�tn§ õ ¯¶m�jGm1¥�m v öG¯KjldAk f,ª�fLj v wPfL¹�m�£ltgª�fÓtnw>§`£[mAw>c,f~´�hidA£lfÓ£l©Pm�£
£l©>f2qsd~e v wPd~k�tnm�eRk�f@£l©PdCu5uId�f,§¦wPd�£¦§°p��¤fLj¦¯KjldAk�£l©Ptg§ÆuIj[m,¥¦¢�m�c@³Çå èIagí�æCaní ü a è��~çz´Þ ©>fZc,dAw�£°jltn¢>p>£ltgd~wêd�¯Æ£l©>tg§Óq�m�qsfLjµtg§Q£�¥�d�¯·dAe\u¤´8Í�t®jl§`£1a�¥�f%t\uIf,w�£lt®¯ v mÇc,enmA§°§ÓdA¯
qIjld~¢Pegf,k�§,a�u>p>¢P¢sf1u õ £°j[m�wP§°t®£ltgª�f,e v § v k�k�fL£°jltgc2q>jldA¢Pegf,k�§`ölaI¯·dAji¥¦©Ptgc[©ëdAq>£ltgk�mAe
egd1¥�fLj*¢sd~p>w�u>§Æd~wW£l©>f�������¼
	�¼��P¾�
��Aºiq>jldA¢�m�¢Ptgegtn§`£ltgcG¬�pPfLj v c,d~k�q>egfL­Itg£ v c,mAwÇ¢sf
dA¢>£[mAtgw>f1uR´��*p>jµend1¥�fLj�¢sd~p>w�uêk�fL£l©PdCuÉtg§�c,egd~§°fÇtgwï§°qPt®jlt®£�£ld�£l©Pf5m~uIª�fLjl§lm�j v
k�fL£l©>dCuR´ Å d�jlfµq>jlfLc,tg§°f,e v as¯·dAj�f1mAc[©�qIjld~¢>enfLkìtgwÇ£l©Ptg§�c,enmA§°§,aR¹Atnª~f,w�m�wCpPkG¢sfLj
T d�¯�¬�p>fLjltgf,§�¥�fic,dAk�qPpI£lfÓº°»�¼~½L¾z¿ ÀÆ£l©>fiqsf@j°¯·dAjlk�m�wPc,fQÁ¶t¶´ f~´ga�£l©PfÆq>jld~¢PmA¢>tnegt®£ v dA¯§°p>c,c,f,§°§2dAw+£l©>fQ¥�dAjl§`£2tgw>§`£[mAwPcLf�ÂidA¯8£l©PfQ¢sf,§`£2w>d~wPm~uPm�q>£ltgª�fQq>jldA¢�mA¢>tgentg§`£ltgcµm�e®«
¹AdAjlt®£l©Pk £l©�m�£8k�mA³�f,§ T ¬�pPf@jltnfL§,´ ¡ f�§°©Pd1¥Ä£l©Pm�£E£l©Ptg§Ed~qI£ltgk�mAeIqsfLj°¯·d�jlk�mAwPcLf¨tn§¹Atnª~f,w+¢ v m�k�tnw>tgk�m�­%¯·dAjlkGpPenm�tgwIª~d~egªCtnw>¹�c,fLj°£[m�tnw+qIjld~¢�m�¢Ptgegt®£ v uItn§`£°jltg¢>p>£ltgd~w>§,´
Îàq>jlf,cLtn§°fWu>fL²PwPt®£ltgd~wïdA¯*£l©>f5c,enm�§°§%d�¯*£°j[m�wP§°t®£ltgª�f,e v § v k�k�f@£°jltnc�qIjld~¢Pegf,k�§Ótn§
¹Atnª~f,wêm�£Q£l©Pf�¢sf,¹Atnw>wPtgwP¹Çd�¯*oIf,cL£ltgdAwêñI´ Þ ©>f�t\uIf1mÇtg§Q£l©Pm�£Gf,ª�fLj v q�m�tgjGdA¯Ætgw>«
§`£[m�wPc,f,§Æ¥¦©PfLjlfQd~w>fGtg§iqsd~§°t®£ltgª�fÓm�w�uWdAwPf:tg§�wPf,¹~m�£ltgª�f:c1m�wë¢sf2£°j[m�wP§`¯·d�jlkìtgw�£ld
m�w v dA£l©Pf@jµq�m�t®jµdA¯iqsd~§°t®£ltgª�fZmAwPuêw>f,¹�m�£ltgª�fZtgw>§`£[mAwPcLf,§µ¢ v mÇqsfLjlkGp>£[m�£ltgdAwÉdA¯
£l©>f�tnw>qPpI£G§°f@£Ód�¯¨£l©Pfµ¯·p>wPcL£ltgdAwP§GmAw�u�mWqsfLjlkÓpI£[m�£ltgd~w(dAw�£l©Pf�dAp>£lqPpI£:§°fL£GdA¯
£l©>fG¯·p>wPcL£ltgdAwP§,´ Þ ©PfGf,egf,k�f,w�£l§*d�¯�£l©PfÓmApI£ld~k�dAjlq>©Ptg§°k#¹Ajld~p>q�m�cL£:¢ v qsfLjlkGp>«
£[m�£ltndAwP§�dAwµ£l©PfÆu>dAk�mAtgw�dA¯R£l©Pf¦¢>e\m�c@³�«�¢sd1­G¯KpPw>cL£ltgd~w%mAwPuµ¢ v qsfLjlkÓpI£[m�£ltgd~w>§�dAw
t®£l§�j[mAw>¹~f~´PÍPd�j¨tgwP§`£[mAw>c,f~aI¥¦©Pf,wZm�jl¢>t®£°j[m�j v qsfLjlkÓpI£[m�£ltgd~w>§�d~w�£l©Pf�u>d~k�m�tgwZ¢>p>£
w>d�qsfLjlkÓpI£[m�£ltgd~wZdA¯�£l©Pf�j[m�wP¹Af%Á¶f@­>cLf,q>£¦£l©Pf2tnuIf,w�£ltg£ v Â¦m�jlfQmAegegd�¥�f1u5£l©Pf2p>§°p�m�e
w>dA£ltgd~wÉd�¯¦§ v k�k�f@£°jltncQ¯·p>wPcL£ltgd~w�tn§:jlf,c,d�ª�f@jlf1uR´±Îßegd1¥�fLjG¢sd~p>w�uë¯KdAjÓmAq>q>jld1­Itg«
k�m�£ltnw>¹�§°pPc[©+¯KpPw>cL£ltgd~wP§ic1mAwë¢sf:¯·d~p>w�uÇtgwÉå û ç�´RÐ v c,d~w�£°j[m�§`£1a¤tnwÇ£l©>fGfL­>m�k�qPegf
§`£lpPu>tgf1uW©Pf@jlf~asqsfLjlkGp>£[m�£ltgdAwP§Æd~wÇ£l©PfQu>dAk�mAtgwÇc,dAk�f:¯\jld~kìm�§`£°jltgcL£*§°pP¢>¹Ajld~p>q
d�¯�£l©Pf�§ v k�k�f@£°jltnc8¹AjldApPqG¢Pp>£�m�jl¢Pt®£°j[m�j v qsf@jlkÓp>£[m�£ltgd~wP§±dA¯P¯KpPw>cL£ltgd~wÓªAmAegp>f,§Em�jlf
m�enegd1¥�f,uR´8Î¨c,c,d�j[u>tgwP¹5£ld(å û çza õ m�wÉtgk�qsdAj°£[mAw�£:dAqsf,wÉq>jldA¢Pegf,k�tg§Q£ldW²Pw�u�£ltg¹~©�£
egd1¥�fLj:¢sdApPwPu>§i¯KdAj2£l©>fµ¬�pPfLj v c,d~k�q>egfL­Itg£ v dA¯�wPdAw>«�§ v k�k�fL£°jltgc�¯·pPw>cL£ltgd~w>§`ö[´ ^ w
£l©>tn§¨qPmAqsfLj¨¥�f�k�mA³~f�mG§`£lfLq5tgw%£l©>tg§¦u>t®jlf,cL£ltgd~w5§°tnw>c,f*¥�f*¥�d�jl³�¥¦t®£l©5mQ¥�f,mA³�fLj
w>dA£ltgd~wWd�¯E§ v k�k�fL£°j v £l©PmAw5£l©>f�pP§°pPmAeRd~wPfA´Þ ©>f¦jlfL§`£°jltnc@£ltndAw�£ldQw>d~wPm~uPm�q>£ltgª�f¦m�en¹AdAjlt®£l©Pk�§�tg§�d�¯-cLd~p>jl§°f¦j[m�£l©>fLj�§°f,ª�fLjlf~´��*p>j
§°f,cLd~w�uÉc,dAw�£°jltn¢>p>£ltgd~wÉtg§Q£l©Pf�tnu>f,w�£lt®²�c1m�£ltgd~wÉdA¯¦£�¥�d+c,enmA§°§°f,§ÓdA¯Æq>jldA¢Pegf,k�§:¯·dAj
¥¦©>tnc[©ïm~u>mAq>£ltgªCt®£ v u>d�f,§µw>dA£G©Pf,egqR´ Þ ©Pf�²Pjl§`£Ód~wPf%tg§G£l©>f%cLe\m�§°§�dA¯Æq>jldA¢Pegf,k�§
£l©Pm�£�m�jlfW§ v k�k�fL£°jltgc%tgwï£l©Pf%pP§°p�m�e¦§°f,wP§°fWd�¯*£l©>tn§G¥�dAj[u¤a8tz´ f~´ga�m�jlf5tnwCªAm�jltnmAw�£
p>w�u>f@j*m�jl¢Pt®£°j[m�j v qsfLjlkÓpI£[m�£ltgd~w>§¦d~wW£l©PfQuId~k�mAtgwWd�¯E£l©Pf2¢Penm�c@³�«�¢sd1­R´ Þ ©Ptg§Æd~¢>«
§°fLjlªAm�£ltgdAw ¥¨mA§ZmAe®jlf1mAu v tnk�q>egtncLtg£%tgwúå û çz´ Þ ©>fÇ§°f,c,dAw�u c,enmA§°§%tg§%£l©>fÇc,enmA§°§ZdA¯
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�,¿nº����G£l©�m�£%m�jlfÇtgwIªAm�jltnm�wC£�p>w�uIfLj%m�jl¢>tg£°j[m�j v qsf@jlkÓp>£[m�£ltgd~wP§�dAw
£l©>f�j[mAwP¹Af2dA¯�£l©>f�¢Penm�c@³�«�¢sd1­R´¡ fGtgegegpP§`£°j[m�£lfQ£l©Pf,§°f2jlf,§°p>e®£�d~w+§°f,ª~fLj[mAe�wPm�£lp>j[m�e�q>jldA¢Pegf,k�§,ãP§°f1m�jlc[©+tnwëm�wëp>w>«
d�j[u>fLjlf1uôegtg§`£1a¦u>tg§`£ltgwP¹ApPtg§°©Ptgw>¹ í@«z£ldA«líÇ¯·p>wPcL£ltgd~w>§Z¯\jld~k è�«z£ldA«líÇ¯·p>wPcL£ltgdAwP§,aÆoCtg«
k�dAw-Ì §:q>jld~¢>egf,kWa�m�w�u�£l©>f�©PtnuPuIf,w�£°j[m�wP§°enm�£ltgdAwÉq>jld~¢>egf,kW´±h*mAk�f,e v a¤¥�f�§°©>d�¥
£l©Pm�£8m~u>mAqI£ltnªCt®£ v uId�f,§�wPd�£E©Pf,egq:¯·d�j�m�w v dA¯P£l©>f,§°f�qIjld~¢Pegf,k�§,a�m�w�u:¥�f�¹Atnª~f�d~qI£ltg«
k�m�esend1¥�fLj¨¢sd~p>w�uI§�d~w�£l©PfLtgj�q>jld~¢PmA¢>tnegtg§`£ltgc2¬�pPfLj v c,d~k�q>egfL­Itg£ v ´CoCd~k�fÆdA¯±£l©>f,§°f
qIjld~¢Pegf,k�§±m�jlf8§ v k�k�fL£°jltgc�tnw2£l©>f�p>§°p�mAe~§°f,wP§°f~a,¢Pp>£R£l©Pf8dA£l©>fLjl§�m�jlf�w>dA£1´ Þ ©>f8jlfL«
§°p>eg£l§Ed�¯�ågíLçPmAw�u�å èCí,ç v tgf,enuÓmiw>d~w>c,d~w>§`£[mAw�£Eegd�¥�fLj8¢sd~p>w�u2¯·dAj8p>wPdAj[uIfLjlf1u:§°f1m�jlc[©
dAwPe v ´ ^ w5£l©Pf:¬�p�m�w�£lpPk�§°fL£°£ltgw>¹>a�w>d�wPdAwPc,dAwP§`£[mAw�£Æegd1¥�fLj*¢sd~pPwPu5tg§i³Cw>d�¥¦wZ¯·dAj
£l©>f2©PtnuPuIf,wZ£°j[m�wP§°enm�£ltgd~wÇqIjld~¢>enfLkW´PhidA£lf�£l©�m�£¦§ v k�k�fL£°j v c,d~w>§°tnu>fLj[m�£ltndAwP§im�jlf
f,§°§°fLwC£ltnm�eÆtgwêjlf,c,f,w�£�m�qPq>entgc1m�£ltgd~wP§�d�¯*£l©>fZqsdAe v w>d~k�tnmAe¨k�fL£l©>dCu å èCaní1æIagí ü a è��Açz´



�*pIjZqPmAqsfLj%k�m v ¢sf+§°f,f,wôm�§5m(§ v §`£lf,k�m�£ltnc+m�£°£lf,k�q>£�£ldÉtgw>c,dAjlqsd�j[m�£lf+§°pPc[©
c,dAwP§°tnu>f@j[m�£ltgd~w>§2tnw�£ld�£l©PfQq>jldA¢�mA¢>tgentg§`£ltgc�mAu>ª�fLjl§lm�j v k�fL£l©>dCuR´Ro v k�k�f@£°j v cLd~w>«
§°tnu>f@j[m�£ltgd~w>§Óm�en§°dÇq>enm v mAw�tnk�qsd�j°£[mAw�£2jld~egf�tgwÉmZjlfLc,f,w�£G¬CpPmAw�£lpPk ª�fLjl§°tgd~w�dA¯
£l©>fÇm~uIª�fLjl§lm�j v k�fL£l©>dCu å ñAçz´ ^ wê£l©Pf5¯Kd~egegd1¥¦tnw>¹É£[mA¢PegfW³Cw>d�¥¦wïjlf,§°pPe®£l§%mA¢sdAp>£
qIjld~¢�m�¢Ptgegtg§`£ltnc¦m�w�uQ¬�p�mAw�£lp>kú¬�pPf@j v c,d~k�q>enf@­>t®£ltgf,§�d�¯s§°d~k�f�q>jldA¢Pegf,k�§�m�jlf�§°pPkµ«
k�fLjltgÏ,f,uR´ ø fL¯·fLjlfLwPc,f,§¦c1m�wZ¢sfi¯·d~p>w�u�tgwWoCf,cL£ltgd~w ù ¥¦©Pf@jlf*£l©Pf,§°fifL­>mAk�q>enfL§¨m�jlf
§`£lpPu>tgf1uR´

_ jld~¢�m�¢Ptgegtg§`£�¬�pPf@j v cLd~kµ«
qPegfL­It®£ v ¥¦t®£l©WfLj°jld�j ε

� p�mAw�£lp>k ¬�pPfLj v c,dAkµ«
qPegfL­It®£ v

÷*w>dAj[uIfLjlf1uZoIf1m�jlc@©
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N) Θ(log N)

íL«z£ld�«[í�ª~fLjl§°pP§µè�«z£ldA«lí_ jld~¢Pegf,k ∼ 2
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� tnu>u>f,w Þ j[mAw>§°enm�£ltgd~w_ jld~¢Pegf,k
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ε
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O(log N)

wPdÓegd1¥�f@j*¢sdApPw�u%³CwPd1¥¦w

�Ó���������
	��P���
�
�����i�������±�����C��  Þ ©Pf2q>jldA¢�m�¢Ptgegtn§`£ltgcG¬�pPfLj v k�dCuIf,e¤tn§iu>f@²�wPf,u
tgwë§°f,cL£ltgd~w�èC´ Þ j[m�wP§°t®£ltgª�f,e v § v k�k�fL£°jltgc:q>jldA¢Pegf,k�§im�jlfµuIfL²�w>f1uÇm�£*£l©PfQ¢sf,¹~tgw>«
w>tnw>¹Zd�¯�§°fLcL£ltgd~w�ñIaRmAwPuW£l©Pf,t®j�qIjld~¢PmA¢Ptgegtg§`£ltgc�¬�pPfLj v c,d~k�q>enf@­>t®£ v tg§�c,dAk�qPp>£lf,u
tgw Þ ©Pf,d�jlf,kÊíA´ ¡ fQfL­IqPenmAtgwëtnw+§°f,c@£ltndAw�é�¥¦© v £l©Pf:jlf,§`£°jltgcL£ltgd~wë£ld�wPd~wPm~u>mAq>«
£ltgª�fimAeg¹~d�jlt®£l©Pk�§�tgw Þ ©Pf,d�jlf,k íitg§�f,§°§°f,w�£ltnmAe¶a>mAwPuµ¥�fÆq>jlf,§°f,w�£�£l©Pf¦£�¥�dQc,enmA§°§°fL§
d�¯2q>jldA¢Pegf,k�§Ó¯KdAj�¥¦©Ptgc[©ËmAuPmAqI£ltgªIt®£ v u>d�f,§�wPd�£�©PfLenqR´�oIf,ª�f@j[mAe¦fL­>mAk�q>enfL§�m�jlf
uItn§°cLpP§°§°f1u tgwô§°f,cL£ltgdAw ù ´¦Í�tgw�m�ege v a�£l©PfWjlf,enm�£ltndAwP§W¢sf@£�¥�fLf,w Þ ©PfLdAjlf,k í~a�£l©Pf
ªAm�jltnm�£ltgdAw u>tg§`£[m�wPc,fÇm�w�uÉ£l©Pf%jlf,§°pPe®£l§�dA¯Gå û çÆm�jlfÇuItg§°c,pP§°§°f1uïtgwÄ§°f,c@£ltndAw û ´ ^ w
qPm�j°£ltgc,pPenm�j1a�¥�f�§°©>d�¥Ã£l©�m�£:£l©Pf�k�fL£l©>dCu>§2dA¯2å û çza±¢�mA§°f,u�d~w�£l©>f�¢Pegd�c[³�§°f,w>§°t®«
£ltgªCt®£ v mAwPu%dAw%£l©>f � f,egentgw>¹~fLjÆuItn§`£[m�wPc,fAaPuIdÓw>dA£ v tgf,enuZm�w v wPd~w>c,d~w>§`£[mAw�£¨egd1¥�fLj
¢sdApPw�uµdAw�m2q>jld~¢>egf,kÃ¥¦©>tgc@©�tg§�m�§�§ v k�k�fL£°jltgc¦mA§�d~w>fik�tg¹~©�£E¥¦tg§°©-ã�£l©>fQí@«z£ldA«lí
ª�f@jl§°pP§¨è1«z£ldA«lí¦q>jldA¢Pegf,kW´ Þ ©>f,§°fÆk�fL£l©PdCuI§�m�en§°dGu>d2w>dA£ v tgf,enu�m�w v wPdAwPc,dAwP§`£[mAw�£
egd1¥�fLj5¢sd~p>w�uÄ¯KdAj+oCtgk�d~w-Ì §%q>jldA¢Pegf,k mAwPu � tnuPuIf,w Þ j[m�wP§°enm�£ltgdAw-a¨¥¦©Ptgc[© m�jlf
§°p>¢Pq>jldA¢Pegf,k�§¨d�¯�£l©Pfµí@«�£ld�«lí�ª�fLjl§°p>§iè�«z£ldA«lí2qIjld~¢Pegf,kW´

� �������ÄØ¤Ù �"!#�ÓÝ%$[Ý'&>×sÝ@Ü)( Û"�EØ�*,+ Ù2Ú��-$

¡ f�uIfL²�w>f �,¿g¼~½%.0/ ���1» �����
�,¿nº����+£ldï¢sf�qPm�j°£ltnmAe�¯KpPwPc@£ltndAwP§
P
¯Kjld~k [M ][N]

£ld [L] ai¥¦©PfLjlf N a M mAwPu L m�jlfêqsdA§°tg£ltgª�fêtgw�£lf,¹~f@jl§�m�w�u [n] §`£[m�w�u>§+¯·d�j



{0; 1; . . . ; n − 1} ´ ^ wW£l©PfQ§°f1¬�pPf,e L = 2 mAwPuÇ¥�fGc,mAege X £l©>fQ§°f@£2dA¯8¯·p>wPcL£ltgd~w
f ∈ [M ][N] §°pPc[©�£l©Pm�£

P(f) = 1 mAwPu Y £l©>fµ§°fL£QdA¯¨¯KpPw>cL£ltgd~w g ∈ [M ][N]

§°p>c@©ë£l©�m�£
P(g) = 0 ´±hifL­C£�¥�fµu>fL²PwPfÓdAp>j:k�dCuIf,eEdA¯¨m%q>jldA¢�mA¢>tgentg§`£ltgc%mAeg¹~d�«jlt®£l©PkW´PoCpPc[©WmAw5mAeg¹~d�jlt®£l©Pkàtg§*uIfL²�w>f1u%¢ v £l©Pfi¯·d~egegd1¥¦tgwP¹%uPm�£[mIãsmGq>jld~¢PmA¢>tnegt®£ v

uItn§`£°jltg¢>p>£ltgd~wÇdAw5£l©Pf2§°qPmAc,f Ω = {0, 1}t dA¯Etgw�£lfLjlw�m�e-j[m�w�u>dAkî¢Pt®£l§,aP¯KpPw>cL£ltgd~wP§
h1
¯KjldAk Ω £ld [N ] a h2

¯\jld~k Ω × [M ] £ld [N ] a-´n´g´ga hT
¯KjldAk Ω × [M ]T−1 £ld

[N ] mAwPu5²�wPmAege v m�¯KpPw>cL£ltgd~w O ¯KjldAk Ω × [M ]T £ld {0, 1} ´RÐ v u>fL²PwPt®£ltgd~w-a Ttg§i£l©>f:¬�pPfLj v c,d~k�q>egfL­Itg£ v dA¯ A ´��*w+mµ¢PenmAc[³%¢sd�­Z¯·p>wPcL£ltgd~w f a�£l©Pf:m�en¹AdAjlt®£l©Pk¥�dAjl³C§ÆmA§¦¯·d~egegd1¥¦§,ã

� ý�©>d�d~§°f2j[mAwPu>d~k�e v ω ∈ Ω ´� ý�dAk�qPp>£lf i1 = h1(ω) � ¬�pPfLj v i1
mAwPuZ§°fL£ j1 = f(i1)

´
� ý�dAk�qPp>£lf i2 = h2(ω, j1)

� ¬�pPfLj v i2
mAwPuZ§°fL£ j2 = f(i2)

´
� ´g´g´
� ý�dAk�qPp>£lf is = hs(ω, j1, . . . , js−1)

� ¬Cp>fLj v is
mAwPuZ§°fL£ js = f(is)

´
� �*pI£lqPp>£ O(ω, j1, . . . , js)

´

ÎÆ§Æ£l©>fLjlf:tn§ic,egf1m�jle v w>d�wPf,f,u5¯·dAj�mAw+m�en¹AdAjlt®£l©Pk#£ld�qsfLj°¯·d�jlk#£l©>f:§lmAk�fQ¬�pPfLj v
£�¥¦tncLf~a�¥�fÆ¥¦tnege¤m�eg¥�m v §�mA§°§°pPk�fAa�pPw>enfL§°§�fL­IqPegtgc,t®£le v §`£[m�£lf,u�d�£l©PfLj°¥¦tg§°f~a�£l©Pm�£�£l©Pf
¬�pPf@jltnfL§µm�jlf5u>tg§`£ltgwPcL£1´ Þ ©>tg§Ók�f1m�wP§G£l©Pm�£G¥�fZmA§°§°pPk�f hk (ω, j1, . . . , jk−1)

tn§
w>f,ª�fLj¦f1¬�pPmAe¤£ld h1(ω) a h2 (ω, j1)

aR´,´,´°d�j hk−1 (ω, j1, . . . , jk−2)
´

ÎÆw:mAeg¹~d�jltg£l©>k A §°d~egªCtgwP¹ P
¬�pPfLjltgf,§±m¦¢>enmAc[³C«�¢sd1­*¯KpPw>cL£ltgd~w2£ld*uIf,c,tnu>fE¥¦©Pf@£l©PfLj

t®£�¢sfLendAwP¹A§i£ld X d�ji£ld Y ´ Þ ©>fÓm�en¹AdAjlt®£l©Pk §°pPc,cLf,f1u>§id~w+m�¢Penm�c@³�«�¢sd1­ f ∈ Xt®¯�t®£¦uIf,c,tnu>fL§�£l©�m�£ f ∈ X aC£l©�m�£�tg§,aIt®¯�t®£l§�d~pI£lqPpI£�tg§¨f1¬�p�m�e�£ld%íA´>oItgk�tge\m�jle v a�£l©Pfm�en¹AdAjlt®£l©Pkì§°pPc,c,fLf1u>§�dAwëm%¢>e\m�c@³5¢sd�­ g ∈ Y t®¯�t®£�u>f,c,tnuIf,§*£l©�m�£ g ∈ Y as£l©�m�£tg§,a>tg¯�tg£l§¨dAp>£lq>p>£¨tg§¨f1¬�p�m�es£ld��I´ ^ ¯ A tg§ÆmGqIjld~¢PmA¢Ptgegtg§`£ltgc:mAeg¹~d�jltg£l©>kît®£l§Æ§°p>c,c,f,§°§
qIjld~¢�m�¢Ptgegt®£ v ε tg§2t®£l§*¥�d�jl§`£:c1mA§°f�§°p>c,c,f,§°§2qIjld~¢�m�¢Ptgegt®£ v as£l©�m�£�tg§�£l©PfGk�tgwPtgkÓp>kd�ª�fLjim�ene f ∈ X ∪ Y dA¯�£l©Pf*§°pPc,c,fL§°§iqIjld~¢�m�¢Ptgegt®£ v dA¯ A ¥¦tg£l©5¢PenmAc[³�«�¢sd1­ f ´sÐ vc,dAw�£°j[mA§`£1aP£l©>f2m1ª�fLj[m�¹~f:§°pPc,cLf,§°§iqIjld~¢PmA¢Ptgegt®£ v dA¯Em�wÇmAeg¹AdAjlt®£l©Pkàtg§ÆjlfLe\m�£ltgª�f�£ld�m
¹Atnª~f,wWq>jldA¢�m�¢Ptgegtg£ v u>tg§`£°jltg¢Pp>£ltgdAwWd~w5£l©>f�§°fL£ X ∪ Y ´¡ f*§lm v £l©�m�£¨mAwWm�eg¹~dAjlt®£l©>k A tg§ �����s¼
	�¼���¾�
��Aº2tg¯-£l©PfÆ¯·pPw>cL£ltgd~w>§ h2

ag´,´,´,a hs
uId

w>dA£EuIf,qsf,w�u�dAw j1, . . . , js
´�ÎÉw>d~w�mAuPm�q>£ltgª�f�mAeg¹~d�jltg£l©>kÈc1m�w:£l©Cp>§±¢sf8tnwI¯·d�jlk�mAege v

uIf,§°cLjltg¢sf1uÄtgwÄmë§°tgk�q>enf@jµ¥¨m v ãE²Pjl§`£�c[©Pd�dA§°f5£l©Pf5¬Cp>fLjltgf,§Ó£ld�¢sf5k�m~uIf~a�£l©>f,w
qsfLj°¯KdAjlkà£l©Pf,kWaPm�£ienmA§`£*u>f,cLt\uIf2£ld�mAc,c,fLq>£�d�jijlf�ä`f,cL£Æ£l©Pf:¢>e\m�c@³�«�¢sd1­5¢PmA§°f1uWdAw
£l©>fÓm�wP§`¥�f@jl§i£ld�£l©PfQ¬�pPfLjltgf,§*mAwPuWd~wÇ£l©Pf:ªAmAegpPf,§idA¯ v dAp>jÆj[mAw�uId~k#¢Pt®£l§,´ Þ ©>tn§
qsdAtnw�£Ed�¯�ªCtgfL¥êegf1m~uI§E£ldÆ£l©Pf8¯·d~egegd1¥¦tgwP¹2f1¬�pPtgªAmAegf,w�£EuIfL²�w>tg£ltgdAwÓdA¯�miw>d~w�mAuPm�q>£ltgª�f
m�en¹AdAjlt®£l©PkWa>¥¦©Ptgc[©Z¥¦tgege±¢sf2pP§°f,uZtgw+oIfLcL£ltgd~wWñC´ èC´
� ��� � �K���
������ �� ������¼
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 ��� qA

��� [N ]T × 2[M]T ��� ����¼�	�
��Aº�� qA � A
���>º��`¼A¾�º��G¼���� �A¿·¿ ��� ���
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��[¾ I �
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zº��5¼���	�¼ �Lº@¾ B ���Z¼�½l½[º ��¾�¼
�,¿nº

���C¾�½�����º��Q¼�½l½���� 	�
���	%¾ � qA
�

�� �Pº��[À i1, . . . , iT � �!
Pº��°º I = (i1, . . . , iT ) � ¼���	 �Lº@¾ J =
(f(i1), . . . , f(iT ))

�
�#" � J ∈ B � ���C¾ �$�C¾ 1 � ºL¿ �Lº ���C¾ �$�C¾ 0

�
] fL£QpP§2egd�d~³�m�£GmAw�fL­>mAk�q>enfAãR£l©>f�pPw>dAj[u>f@jlf1uë§°f,m�jlc[©(q>jldA¢Pegf,k

P %'&)(+*',.- ´ ] fL£
N ¢sf:mAw5tnw�£lf,¹AfLj*mAw�u M = 2 ´ Þ ©>f2§°fL£ X d~wPe v c,d~w�£[m�tnw>§Æ£l©>f2c,d~w>§`£[mAw�£ÆÏ,fLjld



¯KpPwPc@£ltndAw z ´ ] f@£ fi
¢sfÓ£l©PfQ¯·p>wPcL£ltgd~w�§°pPc[©�£l©Pm�£ fi(i) = 1 m�w�u fi(j) = 0 tg¯

j 6= i ´ ¡ fµ§°fL£ Y = {fi|i ∈ [N ]} ´�ý�d~w>§°tnu>fLj:£l©PfG¯·d~egegd1¥¦tgwP¹+§°tgk�qPegfL«�k�tgw�u>f,um�en¹AdAjlt®£l©PkWã�c@©>d�d~§°f i ∈ [N ] pPw>t®¯·dAjlk�e v m�£8j[mAw�uId~kWa�¬Cp>fLj v i mAwPuµ§°fL£ j = f(i) ´� fLc,tnu>f�£l©Pm�£ f ∈ X t®¯ j = 0 mAwPu�£l©�m�£ f ∈ Y t®¯ j = 1 ´ Þ ©>f�¬�pPfLj v c,d~k�q>egfL­Itg£ vd�¯�£l©Ptg§:mAeg¹AdAjlt®£l©Pk tg§µí~´ ^ £l§2§°pPc,c,fL§°§2q>jld~¢PmA¢>tnegt®£ v ¯KdAj:£l©PfQ¯·pPw>cL£ltgd~w z ∈ X tg§
í5mAwPuÉ¯KdAj�mÇ¯·p>wPcL£ltgdAw f ∈ Y tg§ 1/N aE§°dët®£l§µ§°pPcLc,f,§°§µqIjld~¢�m�¢Ptgegt®£ v tg§ 1/N ´¡ fµc1mAw�u>dZ¢sfL£°£lfLj�¥¦t®£l©(m�wPd�£l©PfLj�í@«�¬�p>fLj v q>jldA¢�mA¢>tgentg§`£ltgc�mAeg¹AdAjlt®£l©PkWã-c@©>d�d~§°f
i ∈ [N ] pPw>t®¯·dAjlk�e v m�£�j[mAwPu>d~kWaI¬�p>fLj v i mAwPuZ§°fL£ j = f(i) ´ ¡ t®£l©ZqIjld~¢�m�¢Ptgegt®£ v
(N −1)/(2N −1) uIf,c,tnu>f¨£l©�m�£ f ∈ Y � ¥¦t®£l©%qIjld~¢PmA¢Ptgegt®£ v N/(2N −1) uIf,c,tnu>f£l©Pm�£ f ∈ X t®¯ j = 0 m�w�u%£l©Pm�£ f ∈ Y t®¯ j = 1 ´ Þ ©>f�§°pPcLc,f,§°§Æq>jld~¢PmA¢>tnegt®£ v ¯KdAj£l©>f¦¯KpPw>cL£ltgd~w z ∈ X tg§ N/(2N −1) ´ Þ ©>fi§°p>c,c,f,§°§�q>jldA¢�mA¢>tgent®£ v ¯·d�j¨m�¯·p>wPcL£ltgd~w
f ∈ Y tg§ (N−1)/(2N−1)+1/(2N−1) aI£l©Pm�£�tg§ N/(2N−1) ´CoCdÆ£l©>f�§°pPcLc,f,§°§qIjld~¢�m�¢Ptgegt®£ v dA¯�d~pIj:mAeg¹AdAjlt®£l©Pk tg§ N/(2N − 1) as¥¦©Ptgc[©�tg§�kGpPc[©Ç¢sfL£°£lfLj*£l©PmAw
1/N ´�ý�m�wê¥�f5uIdÇ¢sfL£°£lfLj�� ¡ ©�m�£G©�m�qPqsf,w>§Gt®¯¦¥�fZmAegegd1¥îk�dAjlf%¬�pPf@jltnfL§�� ¡ f¥¦tgege¤¢sf�mA¢>egfÆ£ldGmAw>§`¥�fLj�£l©>f,§°f�¬�p>f,§`£ltgd~wP§�£l©�mAw>³C§8£ld:£l©Pf¦jlf,§°pPe®£l§�d�¯�oCf,cL£ltgd~w>§¨ñ
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egf,k�§*¥¦©>tgc@©�m�jlfÓ£°j[m�wP§°t®£ltgª�f,e v § v k�k�fL£°jltgc~´ � f@jlfµtg§2mZqIjlf,c,tg§°f�u>f@²�wPt®£ltgd~wR´ ] fL£
SN

m�w�u
SM

¢sf¦£l©>f¦qsfLjlkÓpI£[m�£ltgd~w>§�¹�jld~pPq�d�¯¤jlf,§°qsf,cL£ltgª�f,e v [N ] mAw�u [M ] ´ ¡ fc,dAwP§°tnu>f@jÆ£l©>f�¹AjldApPq
SN × SM

f,w�uId1¥�f1uZ¥¦t®£l©%£l©Pf�qIjldCu>pPc@£ (σ′, τ ′)(σ, τ ) =
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ÍPd�j¨fL­>mAk�q>egf~a
SN ×{ ^ u } m�cL£l§�£°j[mAw>§°tg£ltgª�fLe v dAw P %'&)(+*',.- ´ Þ ©>tn§�¯·mAcL£¨¥�mA§¨p>§°f1utgw+£l©PfGu>f,§°tg¹~wëdA¯�£l©Pf:£�¥�dWmAeg¹AdAjlt®£l©Pk�§�d�¯¨oCf,cL£ltgd~w�è�§°tnw>c,fÓ¥�fÓc[©Pd~§°f i ∈ [N ]p>wPt®¯·d�jlk�e v m�£Æj[m�w�uId~kW´] fL£

P
¢sf�mW¢Penm�c@³�«�¢sd1­�qIjld~¢>enfLkW´ ] fL£ I ¢sf�m5egtn§`£GdA¯Æ¬�p>fLjltgf,§QmAw�u B m5§°fL£

d�¯�qsd~§°§°tg¢>enfµmAwP§`¥�fLjl§,´ ^ ¯8£l©PfGenfLwP¹A£l©+d�¯ I tg§ T £l©>f,w B tn§�m%§°p>¢P§°fL£2d�¯ [M ]T ´¡ f�u>fL²PwPf P X
I (B) mA§2£l©PfµqIjld~qsd�j°£ltndAw(dA¯¨¯KpPw>cL£ltgd~wP§ f tgw X §lm�£ltn§`¯ v tnw>¹W£l©Pf

c,dAw�uItg£ltgdAw f(I) ∈ B ´ ] tg³�fL¥¦tg§°f~as¥�fGu>f@²�wPf P Y
I (B) £ld�¢sfQ£l©>f:q>jld~qsd�j°£ltgd~w+dA¯¯KpPwPc@£ltndAwP§ g tnw Y §lm�£ltg§`¯ v tgwP¹2£l©>f¨c,d~wPu>t®£ltgd~w g(I) ∈ B ´ ¡ f¦c1m�w�wPd1¥ï§`£[m�£lfÆd~p>jk�m�tnw%£l©Pf,d�jlf,kW´
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γ = min
0≤p≤1

max
I∈[N]T ,B⊆[M]T

pP X
I (B) + (1 − p)(1 − P Y

I (B)).

^ w�£l©Ptg§2¯·d�jlkÓpPenm5¯KdAj γ £l©Pf�k�m�­ItgkÓp>kìtg§:£[mA³�f,w�d�ª~fLjGmAege�egtg§`£l§Gd�¯Æ¬Cp>fLjltgf,§QdA¯
egf,w>¹A£l© T ´ ^ wZq�m�j°£ltgc,p>enm�j1aI£l©Pf2§lmAk�f�¬Cp>fLj v k�m v d�c,c,pIji§°fLª�fLj[mAe¤£ltgk�f,§¨tgw I ´ ^ £§°©>d~pPenuWc,dAk�f:mA§iwPdµ§°pIjlq>jltg§°fQ£l©Pm�£¦¥�f:c1m�wWjlf,§`£°jltgcL£�dAp>jim�£°£lfLwC£ltgdAwW£ld�entg§`£l§idA¯
T 	�
��l¾�
��s½L¾�¬�pPfLjltgf,§ I mA§G§°d�d~wêmA§ T ≤ N Á·¥¦©Ptgc[©(tg§Ód�¯¦c,d~pIjl§°f%£l©>f�c1mA§°f%dA¯
tgw�£lfLjlf,§`£@Â@´ ^ wPu>f,f1u¤aR§°pPqPqsdA§°fµ£l©�m�£Q¬Cp>fLj v i ∈ [N ] m�qPqsf1m�jl§Qm�£Qegf1mA§`£:£�¥¦tgc,f�tgw£l©>f¨entg§`£1´ ¡ f�jlf,qPenm�c,f¨£l©Pf¨§°f,c,dAw�u�¬�pPf@j v i ¢ v m�wµf,egf,k�f,w�£ i′ ∈ [N ] ¥¦©Ptgc[©�u>d�f,§w>dA£imAq>qsf1m�jitgw5£l©Pf2egtg§`£ I ´ Þ ©Ptg§ v tnfLe\uI§*mµw>fL¥óegtn§`£ I ′ d�¯ T ¬�p>fLjltgf,§,´¤ý�dAwP§°tnu>fLj
w>d�¥ m�§°f@£ B dA¯�egtn§`£�dA¯�mAwP§`¥�fLjl§ J ´ ¡ fQm�jlfÓegd�dA³Itgw>¹%¯KdAj:m�§°fL£ B′ dA¯�egtn§`£l§*dA¯m�wP§`¥�f@jl§2§°pPc[©+£l©Pm�£ f(I) ∈ B t � f(I ′) ∈ B′ aRmAwPu+£l©CpP§ P X

I (B) = P X
I′ (B′)m�w�u P Y

I (B) = P Y
I′ (B′) ´ ^ w5mÓegtg§`£ J ∈ B a>c,d~w>§°tnu>fLj¦£l©Pfi£�¥�dµmAwP§`¥�fLjl§ j1

mAwPu
j2
£ld�£l©PfÓ¬Cp>fLj v i ´ ^ ¯ j1 6= j2

£l©PfLwëw>d%¯KpPw>cL£ltgd~w f §lm�£ltg§`²�fL§ f(I) = J a-m�w�u§°dW§°p>qPqsdA§°fÓ£l©PfLjlfÓtn§2w>d5§°p>c@© J tgw B ´ ^ ¯ j1 = j2
£l©>f,w�jlfLqPenmAc,tgw>¹ j2

¢ v m�ege
f,egf,k�fLwC£l§�dA¯ [M ]

v tgf,enu>§�m:§°fL£ B′J
dA¯ M egtg§`£l§�d�¯�mAw>§`¥�fLjl§�§°pPc[©�£l©Pm�£ f(I) = Jt � f(I ′) ∈ B′J

´ ¡ fi£l©Pf,wZ©�m1ª�f*£l©>f�fL­Iqsf,cL£lf1u%q>jldAqsfLj°£ v ¯·d�j B′ = ∪J∈BB′J
´

Þ ©>tn§�jlf,k�m�jl³(¥¦tgenei¢sfWpP§°f,uÄenm�£lfLj%tgwÄ£l©>tg§�§°f,cL£ltgd~w tgwï£l©PfW§`£lpPu v dA¯�§°f,ª�fLj[m�e
§°qsf,cLtg²Pc2fL­>mAk�q>enfL§,´Þ ©>f,dAjlf,k#íÆc1mAw�¢sf¦ªCtnf@¥�f1u�mA§8£l©PfÆc,d~w�ä`p>wPcL£ltgd~w�d�¯±m�w�pPqPqsf@j�¢sdApPw�uZÁ·£l©�m�£�tg§,a
£l©>f2fL­Itn§`£lfLwPc,f:dA¯8m�wWfLá�cLtnfLwC£im�en¹AdAjlt®£l©Pk%Â¨m�w�u5d�¯8mµend1¥�fLj*¢sdApPwPuR´>h*dA£lf�£l©Pm�£
£l©>f¨end1¥�fLj�¢sdApPw�uQtg§�m�cL£lp�m�ene v mAwµp>qPqsfLj8¢sd~p>w�uQd~wµ£l©Pf¨§°p>c,c,f,§°§8q>jldA¢�m�¢Ptgegtg£ v γ am�w�u5ªCtgc,f�ª�f@jl§lmI´ ^ w5§°fLcL£ltgd~w+ñI´ èQ£l©>f2pPq>qsfLj¦¢sd~p>w�u%mAw�u%£l©Pf�egd1¥�fLjÆ¢sdApPw�uZm�jlf
uIfLjltgª�f1uµ§°tgkÓp>eg£[m�wPf,dApP§°e v ¯\jld~kÃ£l©PfÆu>pPmAegt®£ v £l©>f,dAjlfLkâd�¯±egtgwPf1m�j�qIjld~¹Aj[m�k�k�tgwP¹>´^ £2c1mAw+¢sfG§°©Pd1¥¦wë£l©Pm�£�£l©>fG§ v k�k�fL£°j v © v qsdA£l©PfL§°tn§*d~w

P
tn§*wPf,f1uIf1uW¯·d�j2£l©Pf

qIjld�dA¯EdA¯±£l©Pf2pPq>qsfLj¨¢sdApPw�u%d~w>e v ´
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� tgª�f,wÓmAwGmAeg¹~d�jlt®£l©Pk A a1¥�f¨u>f@²�wPf8£l©Pf�§ v k�k�f@£°jltnÏLf1u:mAeg¹~d�jltg£l©>k Ã m�§�¯·dAenegd1¥¦§,ã
Ã §°tnkGpPenm�£lfL§ A d~w%¯·p>wPcL£ltgd~w τfσ−1 ¥¦©>fLjlf (σ, τ ) tn§ÆmGj[m�w�uId~k�qsfLjlkGp>£[m�£ltndAwp>wPt®¯·d�jlk�e v u>tg§`£°jltg¢Pp>£lf,u(tnw Aut(P) ´EÍPd�jÓ£l©Ptg§GqPp>jlqsdA§°f%jlfLqPenmAc,f5¬�pPfLj v i d~w
τfσ−1 ¢ v ¬�p>fLj v σ−1(i) d~w f m�w�uZ£l©>f,w5m�qPq>e v τ ´ Å d�jlf�¯·dAjlk�m�ege v ã
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���µ¿ À ω ∈ Ω ¼���	 (σ, τ ) ∈ Aut(P)

�
��� ��� �$�C¾�º i1 = h1(ω)

�  �Pº��@À σ−1(i1)
¼���	 �Lº@¾ j1 = τfσ−1(i1)

�
��� ��� �$�C¾�º i2 = h2(ω, j1)

�  ��º��[À σ−1(i2)
¼���	 �Lº@¾ j2 = τfσ−1(i2)

�
� �'���
��� ��� �$�C¾�º is = hs(ω, j1, . . . , js−1)

�  �Pº��@À σ−1(is)
¼���	 �Lº@¾ js =

τfσ−1(is)
�

�
� �C¾ �$�C¾ O(ω, j1, . . . , js)
�



hidA£lf�£l©�m�£E£l©Pf�§°p>c,c,f,§°§8q>jldA¢�mA¢>tgent®£ v d�¯ Ã ÁzmA§�u>f@²�wPf,uGtgw�oIfLcL£ltgd~w�èAÂ�tg§�m�£8egf1mA§`£
f1¬�pPmAe¤£ldÓ£l©�m�£¦dA¯ A ´Î¨c,c,d�j[u>tgwP¹:£ld � fL²PwPt®£ltgd~wÇí~aIm:wPdAw�m~u>mAqI£ltnª~fim�eg¹~dAjlt®£l©>k A dA¯±¬Cp>fLj v cLd~k�qPegfL­C«t®£ v T tg§:u>f@²�wPf,uë¢ v mZqIjld~¢PmA¢Ptgegt®£ v u>tg§`£°jltg¢PpI£ltgd~w qA

d~w [N ]T × 2[M]T ´ Þ ©Pf
§°p>c,c,f,§°§Æq>jldA¢�mA¢>tgent®£ v d�¯�£l©Ptg§ÆmAeg¹~d�jltg£l©>kàd~w f ∈ X tg§ P

I,B/f(I)∈B qA (I, B) am�w�u P
I,B/f(I)/∈B qA (I, B) dAw f ∈ Y ´>ÍPdAjÆmQ£°j[mAwP§°t®£ltgª�f,e v § v k�k�fL£°jltgciqIjld~¢I«

egf,kWaR£l©Pfµ§°p>c,c,f,§°§Qq>jldA¢�m�¢Ptgegtg£ v d�¯ Ã dAwÉmAw v f ∈ X tg§Q£l©>f�m1ª�fLj[mA¹Af�§°pPc,c,fL§°§
qIjld~¢�m�¢Ptgegt®£ v dA¯ A d~w X � egtn³~fL¥¦tg§°f~a�£l©Pf�§°p>c,c,f,§°§±q>jld~¢PmA¢>tnegt®£ v d�¯ Ã d~wGmAw v f ∈ Ytg§E£l©Pf¨m1ª�fLj[m�¹~f¦§°pPcLc,f,§°§8q>jld~¢PmA¢>tnegt®£ v dA¯ A d~w Y ´ Þ ©Ptg§�k�f,mAwP§�£l©Pm�£E£l©Pf¨§°p>c,c,f,§°§qIjld~¢�m�¢Ptgegt®£ v dA¯ Ã tn§

min

 

X

I,B

qA (I, B)P X
I (B),

X

I,B

qA (I,B)
“

1 − P Y
I (B)

”

!

.

ÎÆ§5qsd~tgw�£lf1uôd~pI£Çm�¯K£lfLj � fL²�w>tg£ltgdAwôé>a¨¯·d�jÇf,ª�f@j v mAeg¹AdAjlt®£l©Pk A £l©>f�§°p>c,c,f,§°§
qIjld~¢�m�¢Ptgegt®£ v dA¯ Ã tg§¦m�£¦egf1m�§`£Æ£l©Pm�£¦d�¯ A ´ � f,wPc,fi¥�f�w>f,f1u�d~wPe v c,dAwP§°tnu>fLj¦§ v kµ«k�fL£°jltgÏ,f,uZm�en¹AdAjlt®£l©Pk�§�tnw%dAj[uIfLj�£ldQ²�w�uÓ£l©>f*k�m�­>tgk�m�e�§°pPc,cLf,§°§¨q>jldA¢�mA¢>tgent®£ v ¯·dAj
m�²P­If1uÇ¬�pPf@j v c,d~k�q>egfL­Itg£ v ´ Þ ©Cp>§ γ tg§*£l©>fG§°p>q>jlf,kGpPkàd�ª�fLji£l©PfQq>jld~¢PmA¢>tnegt®£ vuItn§`£°jltg¢>p>£ltgd~w>§ qA

d�¯�£l©Pf�m�¢sd�ª�fÓ¯·d�jlkÓp>e\mC´ ¡ fµk�m v £l©PfLjlf@¯·dAjlf%uIf,§°cLjltg¢sf γ mA§£l©>f2§°d~egp>£ltgd~w5dA¯�£l©>f�¯·d~egegd1¥¦tgwP¹�q>jltgk�mAe¤egtgwPf1m�j*qIjld~¹�j[mAk�k�tgwP¹Qq>jldA¢Pegf,kWã

Þ ©Pf2ªAm�jltnmA¢>egf,§Æm�jlf b m�w�u q (I,B) ¯KdAj (I, B) ∈ [N ]T × 2[M]T ´Å m�­Itgk�tgÏ,f b p>w�u>f@j¨£l©Pf,§°f2c,dAwP§`£°j[m�tnw�£l§,ã
í~´ P

I,B

q (I, B) = 1 a
èC´ b − P

I,B

q (I,B) P X
I (B) ≤ 0 a

ñI´ b − P

I,B

q (I,B)
`

1 − P Y
I (B)

´

≤ 0 aPmAw�u
é>´ ∀ (I, B) a q (A, B) ≥ 0 ´

¡ f8w>d1¥(pP§°fE£l©Pf8uIp�mAegt®£ v dA¯>egtnw>f1m�j±q>jldA¹Aj[mAk�k�tgw>¹�£ld¨fL­Iq>jlf,§°§ γ m�§±£l©PfE§°dAenpI£ltgd~wd�¯�£l©Pf*¯Kd~egegd�¥¦tgw>¹ZuIp�m�e-qIjld~¢Pegf,kWã

Þ ©Pf2ªAm�jltnmA¢>egf,§Æm�jlf a a pX mAwPu pY ´Å tgwPtgk�tgÏ,f a pPw�uIfLj¨£l©PfL§°f2c,d~w>§`£°j[mAtgw�£l§,ã
í~´ ∀I,B a a − pXP X

I (B) − pY
`

1 − P Y
I (B)

´

≥ 0 aèC´ pX + pY = 1 aPmAwPuñI´ pX , pY ≥ 0 ´

oCtnw>c,f pX + pY kGpP§`£µ¢sf%f1¬�p�m�e�£ld 1 a�¥�fZc1mAwï¹~fL£Ójlt\uêdA¯Æ£l©PfZª~m�jltnmA¢Pegf pY

m�w�uZjlf,q>enmAc,f:t®£¦¥¦tg£l© 1 − pX ¥¦tg£l©Z£l©Pf2mAuPu>t®£ltgd~wPmAe-c,d~w>§`£°j[mAtgw�£ pX ≤ 1 ´ Þ ©>f,w£l©>fQ§°dAegp>£ltgd~wW£ldµ£l©>tn§ÆegtgwPf1m�j�q>jldA¹Aj[m�k#tg§ifL­>mAcL£le v £l©Pf2¯·d�jlkÓpPenmµ¹Atnª~f,w5¯·d�j γ tgwÞ ©>f,dAjlf,k íA´
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^ wóegtg¹~©�£Çd�¯G£l©>fëjlfL§°pPe®£l§WdA¯µoIfLcL£ltgd~wóñIaÆt®£Wtg§WwPm�£lp>j[m�e�£ldïmA§°³ ¥¦©Pf@£l©PfLjZ£l©Pf
jlf,§`£°jltgcL£ltgdAw�£ld%wPd~wPm~u>mAq>£ltgª�fÓmAeg¹~d�jlt®£l©Pk�§�tg§:m�§°f,ª�fLjlfGd~wPfA´ Þ ©Ptg§2§°f,f,k�§*£ld%¢sf
mµ©Pm�j[u5qIjld~¢Pegf,kîtgwW¹Af,wPf@j[mAe¶´¤ÍPd�jitgw>§`£[mAwPcLf~asmÓ¯·mAk�d~p>§¦c,d~w�ä`f,cL£lpIjlf~a�§`£ltgege�dAqsf,w
£ld�£l©Ptg§*uPm v a�§`£[m�£lf,§i£l©Pm�£*£l©Pm�£*mAw v w>d~w�£°jltgªCt\m�e�k�d~w>dA£ldAwPf:¹Aj[m�qP©+q>jldAqsfLj°£ v tn§
f,egp>§°tnª~f%Á¶t¶´ f~´gasm�w v uIfL£lfLjlk�tgwPtg§`£ltgc:mAeg¹AdAjlt®£l©Pkàc[©Pf,c[³Ctnw>¹Ó£l©Ptg§¦q>jldAqsfLj°£ v kGpP§`£¦tgw
£l©>fÆ¥�dAjl§`£¦c1m�§°f�¬�pPfLj v mAege¤dA¯R£l©Pf `n

2

´ fLwC£°jltgf,§�dA¯R£l©Pfim~u�ä`mAc,fLwPc v k�m�£°jltg­µdA¯R£l©Pf
tgwPq>p>£2¹�j[mAq>©sÂ@´ Þ ©Ptg§2c,dAwAä�f,cL£lp>jlfÓtn§:m�£°£°jltg¢Pp>£lf,u+£ld%Ò:m�jlqë¢ vÇø dA§°f,wC¢sfLjl¹�å è�é~çz´Þ ©>fiw>d~w�mAuPm�q>£ltgª�fÆu>fL£lf@jlk�tnw>tg§`£ltnci¬�pPfLj v c,dAk�qPegfL­It®£ v d�¯-mAw v wPdAw�£°jltnªCtnmAeP¹Aj[mAq>©
qIjld~qsfLj°£ v tg§5f1¬�pPmAei£ld `n

2

´ ´¨Ò:m�jlqRÌ §%c,dAwAä`fLcL£lp>jlf+£l©PfLjlf@¯·dAjlf�mAk�dApPw�£l§�£ld(£l©Pf
§`£[m�£lf,k�f,w�£G£l©Pm�£µm~uPm�q>£ltgªCt®£ v uId�f,§Ów>dA£Ó©Pf,egq(¯·d�j�u>f@£lfLjlk�tgwPtg§`£ltgc1mAege v c[©Pf,c[³Ctnw>¹
k�dAwPdA£ldAwPf�¹�j[mAq>©Wq>jldAqsfLj°£ltgf,§,´
Îújlf,enm�£lf1u(Á¶wPdAwPk�d~w>dA£ldAwPf�Â�fL­>mAk�q>egf~aP£l©>f:jlfLc,d~¹AwPt®£ltgd~w+dA¯�mµ§°c,d�jlqPtgd~w+¹Aj[m�qP©Ra
§°©>d�¥¦§:£l©�m�£Q§`£°jld~wP¹5© v qsd�£l©Pf,§°f,§Qm�jlf�wPf,f1uIf1u�tgw Þ ©>f,dAjlf,k íA´�Îß¹�j[mAq>© G dA¯
d�j[u>fLj n tg§�c,mAegegf1u�m��L½���� ��
 ��� 	��°¼�� 
�t®¯Rt®£�c,dAw�£[mAtgwP§�m�ª�fLj°£lfL­ b d�¯±uIf,¹AjlfLf n−2 a£l©>f%dAwPe v ª~fLj°£lfL­(w>dA£Óm~u�ä°mAcLf,w�£Ó£ld b ¢sf,tgwP¹Çd�¯*uIf,¹AjlfLf 1 m�w�u(egtgwP³�f1u�¥¦t®£l©êmª�f@j°£lfL­ u aCt®£l§°f,e®¯�d�¯�uIf,¹AjlfLf 2 ´ Þ ©>fLjlf*f@­>tg§`£l§¨mQu>f@£lfLjlk�tgwPtg§`£ltgc*m�en¹AdAjlt®£l©Pkâjlf,c,d~¹�«w>tnÏLtnw>¹�§°c,dAjlq>tndAwÇ¹Aj[m�qP©P§idA¯E§°tgÏ,f n aspP§°tgwP¹�m�£*k�dA§`£ 6n ¬�p>fLjltgf,§,´sc,dAwP§°tg§`£ltgwP¹�dA¯m�§°³Itgw>¹i¥¦©Pf@£l©PfLj�£l©>fLjlf�tg§EmAwQf1uI¹~f�¢sfL£�¥�f,fLwÓmÆ¹~tgª�f,wQq�m�tgjEd�¯�f1uI¹~f,§,´AÍPd�j8miqIjld�dA¯
d�¯�£l©Ptg§¨jlf,§°pPe®£imAwPuWmÓwPtgc,f:q>tnc@£lp>jlf�d�¯�¥¦©�m�£imµ§°c,d�jlqPtgd~wÇ¹�j[mAq>©Wegd�d~³C§iegtg³�f~a>§°f,f
å �Açza�c[©�m�q>£lfLj�� ^°^°^ a>£l©>f,dAjlfLk�íA´ ù ´¤h*d1¥2a>²P­5mµk�tnw>tgk�mAeR§°c,dAjlq>tndAw+¹Aj[mAq>© G dAw
n ª�fLj°£ltgc,fL§,a�m�w�u%mAw5f,u>¹~f e dA¯ G ´ ] f@£ G′ ¢sf*£l©>f*¹Aj[m�qP©Zd~¢>£[m�tgwPf1u�¯Kjld~k G ¢ v
uIf,egfL£ltgwP¹ e ´ ] fL£ X ¢sf�£l©>fÆ§°f@£�d�¯R¹Aj[mAq>©P§8d~w n ª�fLj°£ltgc,f,§E¥¦©Ptgc[©�m�jlfÆtg§°d~k�d�jlqP©Ptgc£ld G a>m�w�u Y £l©>f�§°fL£¦dA¯�¹Aj[mAq>©P§¨¥¦©Ptgc[©Wm�jlf�tg§°d~k�dAjlq>©Ptgc�£ld G′ ´ Þ ©>f2q>jldA¢Pegf,kd�¯�uItn§`£ltgw>¹~pPtg§°©>tnw>¹:¹Aj[mAq>©P§�dA¯ X ¯\jld~kâ¹Aj[mAq>©P§�dA¯ Y tg§�£°j[mAw>§°t®£ltnª~f,e v § v k�k�fL£°jltgc
tgwÉ£l©Pf%§°f,wP§°fZdA¯ � fL²PwPt®£ltgd~wêñI´ ^ £l§Ów>d~w�mAuPm�q>£ltgª�fZu>fL£lfLjlk�tgw>tn§`£ltgcZ¬�pPfLj v c,d~kµ«
q>enf@­>t®£ v tg§�f1¬�pPmAe¨£ld `n

2

´ a�¢PpI£�mA§�fL­Iq>e\m�tgwPf1uÄmA¢sd�ª�fWt®£�c1m�wË¢sfW§°dAenª~f1uÄ¢ v m
uIfL£lfLjlk�tgwPtg§`£ltgc�mAeg¹~d�jlt®£l©Pk�dA¯¦¬�p>fLj v c,d~k�q>enf@­>t®£ v m�£Qk�d~§`£ 6n Á¶tgw�¯·mAcL£1a-£l©PfLjlf
tg§imµ§°tn¹AwPt®²�c,mAw�£le v §°tgk�qPegfLjÆegtgwPf1m�j*£ltgk�f2m�en¹AdAjlt®£l©Pkà¯·d�ji£l©>tg§ÆqIjld~k�tg§°f:q>jldA¢Pegf,k
£l©PmAw+¯·dAj:£l©>fG£ldA£[m�e�qIjld~¢>enfLk dA¯�§°c,dAjlq>tndAw(¹Aj[m�qP©ëjlf,c,d~¹AwPt®£ltgd~w�Â@´ � tg§`£ltgwP¹ApPtg§°©>«
tgwP¹É§`£[m�j%¹Aj[mAq>©P§�¯KjldAk §`£[m�j%¹Aj[mAq>©P§Zu>f,qIjltgª�f1uï¯\jld~k mAwËf1u>¹AfÇq>jld�ªCt\uIf,§ v fL£
m�wPdA£l©>fLjÆfL­>mAk�q>enfidA¯EmQ£°j[mAwP§°t®£ltgª�f,e v § v k�k�fL£°jltgciqIjld~¢Pegf,kîd�¯E¬�pPfLj v cLd~k�qPegfL­C«
t®£ v O(n) ¢>p>£ÆdA¯Ew>d~wPm~uPm�q>£ltgª�f:¬�pPf@j v c,dAk�qPegfL­It®£ v `n

2

´ 	 ´ Þ ©>f,§°f:d~¢>§°fLjlª~m�£ltgd~wP§
§°©>d�¥Ä£l©�m�£�mAuPm�q>£ltgªCtg£ v c,mAw�©PfLenqG¯·dAj�§°d~k�f�£°j[m�wP§°t®£ltgª�f,e v § v k�k�fL£°jltgc�qIjld~¢Pegf,k�§,a
m�w�u5£l©�m�£¦£l©Pf:wPdAw�m~u>mAqI£ltnªCt®£ v © v qsdA£l©>f,§°tg§Æ£l©>fLjlfL¯·d�jlfGc,mAw-Ì £i¢sf�jlf,k�d�ª�f1uZ¯\jld~kÞ ©>f,dAjlf,k í~´shidA£lf:£l©�m�£*£l©Pf:fL­C£lf,w�£Æ£ld�¥¦©Ptgc@©ëmAuPmAqI£ltgªIt®£ v c1m�wë©>f,egqÇ©�m�§�mAeg§°d
¢sf,fLw�§`£lp�uItgf1u�tgw�£l©>fÓjlf,enm�£lf,uë¯Kj[m�k�fL¥�d�jl³�d�¯ 	��°¼�� 
 ��� ���>º��[¾¶À+¾�º��l¾�
���	Aa-¥¦©PfLjlf
dAwPf�kÓp>§`£QmAc,c,fLq>£ZÁ¶tnw�£l©Pf�d~w>fL«�§°tnu>f1u(fLj°jld�jÓc,mA§°f�Â:mAege�¹�j[mAqP©>§2£l©�m�£G§lm�£ltg§`¯ v m
¹Atnª~f,wZqIjld~qsfLj°£ v aCmAwPu�jlf�ä`f,cL£¨¥¦t®£l©%©Ptg¹~©%q>jldA¢�m�¢Ptgegtg£ v mAege¤¹Aj[m�qP©P§�£l©Pm�£¦m�jlf õ ¯¶m�j°ö
¯\jld~kà§lm�£ltg§`¯ v tgwP¹µ£l©>tg§ÆqIjld~qsfLj°£ v å ü agí,é~çz´^ wÓ£l©Ptg§E§°f,cL£ltgd~wµ¥�f¨tnu>f,w�£lt®¯ v £�¥�d�§°tgk�qPegf¨c,enmA§°§°f,§�dA¯¤qIjld~¢Pegf,k�§�¯KdAj8¥¦©Ptgc[©�m~u>mAq>«
£ltgªCt®£ v u>d�f,§:w>dA£Q©Pf,egqRã-£l©>fµc,enmA§°§QdA¯¦qIjld~¢Pegf,k�§�£l©Pm�£Qm�jlf%tgwCªAm�jltnmAw�£:pPwPu>fLjQm�w
m�jl¢Pt®£°j[m�j v qsfLjlkGp>£[m�£ltgdAw%dAw%£l©>f�uId~k�mAtgw�dA¯-£l©Pfi¢PenmAc[³�«�¢sd1­�¯KpPwPc@£ltndAw-aIm�w�u�£l©Pf
c,enm�§°§*dA¯8c,dAegentg§°tgd~wëq>jldA¢Pegf,k�§¨£l©�m�£im�jlfQtnwCªAm�jltnmAw�£ÆpPwPu>fLjim�w+m�jl¢Pt®£°j[m�j v qsfLjlkGp>«
£[m�£ltndAwWd~wZ£l©Pf*j[m�wP¹~f2d�¯�£l©Pf�¢>enmAc[³C«�¢sd1­�¯·p>wPcL£ltgd~wR´

	 Îð§`£[m�ji¹�j[mAq>©5tg§ÆmÓ¹Aj[m�qP©5¥¦t®£l© n − 1 f1uI¹~f,§¨¥¦©Ptgc[©Wc,dAwPwPfLcL£ n − 1
õ fL­C£lfLjlwPmAe®öiª�fLj°£ltgc,f,§¨£ld

d~w>f õ c,f,w�£°j[mAe®öQª�fLj°£lfL­¤´ Þ ©>fÓq>jld�d�¯¨dA¯�£l©Pf O(n) pPqPqsf@j�¢sd~p>w�u+d~w+£l©PfÓ¬Cp>fLj v c,dAk�qPegfL­It®£ vdA¯�£l©>tn§¨qIjld~¢>enfLkîtn§¦§°tgk�qPegf:m�w�uZegfL¯\£¦£ldÓ£l©Pf*jlf,m~u>f@j1´
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¡ fZ©Pm�ª~fZm�e®jlf1m~u v u>fL²PwPf1u¤a±¯KdAj�m�wÄm�eg¹~dAjlt®£l©>k A a±t®£l§µ§ v k�k�fL£°jltgÏ,f1u�ª~fLjl§°tgd~w
Ã ´ ^ w%£l©>tg§�§°pP¢>§°f,cL£ltgd~w%¥�f�¹Atnª~f2mG§ v k�k�fL£°j v c,d~wPu>t®£ltgd~w5dAw P

¥¦©Ptgc[©5tgk�qPegtgf,§
£l©Pm�£ Ã tg§¦wPdAw�m~u>mAqI£ltnª~f~aC¥¦©�m�£lfLª�fLj A ´¡ f*uIf,wPd�£lfi¢ v PA(f, I) £l©>fiqIjld~¢PmA¢Ptgegt®£ v £l©Pm�£�mAeg¹~d�jlt®£l©Pk A k�m�³�f,§�¬Cp>fLjltgf,§ I¥¦©>f,w f tg§�£l©Pf*¢PenmAc[³�«�¢sd1­µ¯KpPw>cL£ltgd~w-´ ^ £¦tn§¦m�w5tgk�k�f1uIt\m�£lficLd~wP§°f,¬Cp>f,wPcLf�dA¯-£l©PfuIfL²�w>tg£ltgdAw5£l©�m�£�m�wÇmAeg¹~d�jlt®£l©Pk A dA¯�¬�pPfLj v c,dAk�qPegfL­It®£ v T c,mAwW¢sf2¥¨jlt®£°£lf,wÇtgw
mÓw>d~wPm~uPm�q>£ltgª�f*¥�m v t®¯Em�w�uZdAwPe v tg¯�a>¯KdAjif,ª�fLj v I d�¯E§°tgÏ,f:m�£Æk�d~§`£ T a PA(f, I)uId�f,§¦wPdA£iuIf,qsf,w�u%d~w f ´
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��l¾�� H ≤ S[N]
� �>½ 
�¾�
>¼A¾ H × {0} ≤

Aut (P) ¼���	 H ¼�½L¾�� k /z¾��°¼�����
K¾�
��AºL¿ À���� [N ]
� 9 
Pº�� � ���Zº��Aº��[À f ∈ X ∪ Y¼���	5º��Aº��[À I ��� ��
���ºQ¼A¾������l¾ k � PÃ(f, I) = 1

N(N−1)···(N−|I|+1)

�

ø f,c1m�ene-£l©�m�£ H mAcL£l§ k «z£°j[m�wP§°t®£ltgª�f,e v dAw [N ] t®¯8¹~tgª�f,wW£�¥�dµ£lpPq>egf,§ (a1, . . . , ak)m�w�u (b1, . . . , bk) a-f,mAc[©�k�m~uIfÓp>q�d�¯¦u>tg§`£ltgwPcL£:fLenfLk�f,w�£l§�dA¯ [N ] a-£l©PfLjlfGfL­Itn§`£l§
σ ∈ H §°p>c@©%£l©�m�£ σ(ai) = bi

¯·d�jimAege i = 1, . . . , k ´
� � � �
� � ] fL£:pP§2²>­ë£l©>fµªAmAegpPf�d�¯�£l©Pfµj[m�w�u>dAk ¢Pt®£l§ ω a�m�w�u+£l©Ip>§:mA§°§°p>k�fµ¯·dAjw>d�¥ £l©Pm�£ A tg§GmZu>fL£lf@jlk�tnw>tg§`£ltncµmAeg¹~d�jltg£l©>kW´-Îi§2fL­IqPenm�tnw>f1u+tnw�§°f,cL£ltgd~wÉèCa¤¥�f
m�en§°d�m�§°§°pPk�f�£l©Pm�£ A w>f,ª�fLj¦k�m�³�f,§�£l©>f�§lmAk�f:¬�pPf@j v £�¥¦tgc,f~´Þ ©>fµ²Pjl§`£:¬�pPf@j v tn§Qm�eg¥�m v §2£l©>fµ§lmAk�f~a i1 ´ Þ ©Pf�m�cL£lp�m�e8²>jl§`£Q¬�pPfLj v k�mAu>fÓ¢ v
Ã tg§ σ−1 (i1)

a�¥¦©>fLjlf (σ, τ ) tg§�c@©>d~§°f,wÄm�£Ój[mAw�uId~kÊtnw Aut(P) ´ ^ ¯ k ≥ 1 a
Aut(P) m�cL£�£°j[mAw>§°t®£ltnª~f,e v d~w [N ] a-§°d σ−1 (i1)

tg§�p>wPt®¯·d�jlk�e v u>tg§`£°jltg¢PpI£lf1uëdAw
[N ] a�§°dµ£l©Pm�£ PÃ(f, I) = 1

N
¥¦©>f,w |I| = 1 ´Î¦¯K£lfLj�£l©>fÆ²>jl§`£¦¬�pPfLj v a A ¥�d~wRÌ £¨mA§°³µ¯·d�j i1

m:§°f,c,d~wPu�£ltgk�f~a�§°dG¥�fic1mAw%§°f,fÆ£l©Pf
jlf,k�m�tgwPtgwP¹Qq�m�j°£�dA¯-£l©PfimAeg¹~d�jlt®£l©Pkîm�§¨mAwZmApI­>tgegtnm�j v m�en¹AdAjlt®£l©Pkâ£l©�m�£�¥�d�jl³I§¨dAw
P
mA§Et®¯s£l©Pf�¯KpPwPc@£ltndAwP§�¥�f@jlf¨d~wPe v u>fL²PwPf1uQd~w [N ]\{i1} ´ Þ d�qPpI£Et®£�tgw�m�wPd�£l©PfLj¥�m v a¤t®£i¥�d~p>enuëw>dA£�c[©�m�wP¹AfÓm�w v £l©>tnw>¹�tg¯�a¤¢sfL¯·d�jlfÓ£l©PfQ§°f,c,dAw�u+¬�pPfLj v a>¥�fQ¥�fLjlf

£ld%jlf,qPenmAcLf (σ, τ ) ¢ v mZw>fL¥ j[mAwPu>d~k (σ′, τ ) §°p>c@©ë£l©�m�£ σ′(i1) = σ(i1)
´±oIdIa

m�cL£lp�m�ene v aAf1mAc[©�¬�pPf@j v tn§Ec[©PdA§°f,w�m�£�j[m�w�uId~k¸mAk�dAwP¹Æ£l©Pf�§°fL£8d�¯¤¬�pPfLjltgf,§EwPd�£ v fL£
k�mAu>f~´ Þ ©Ptg§*qIjld�ª~f,§i£l©>f:jlfL§°pPe®£*¯KdAj2uIfL£lfLjlk�tgwPtg§`£ltgcQmAeg¹~d�jlt®£l©Pk�§,´RÎiwWm�jl¢Pt®£°j[m�j v
j[m�w�u>dAk�tgÏ,f1uÇmAeg¹AdAjlt®£l©PkÃä`pP§`£*c,d~w>§°tg§`£l§�dA¯Ej[mAwPu>dAk�e v qPtgc[³Itgw>¹�m%uIfL£lfLjlk�tgwPtg§`£ltgc
m�en¹AdAjlt®£l©PkWaP§°dÓ£l©Pfijlf,§°pPe®£¦jlf,k�mAtgw>§�£°jlpPf2tgwZ£l©>f�¹~f,w>fLj[mAe-c1mA§°fA´ ut
÷iw>¯·d�j°£lpPwPm�£lf,e v a�t®£µtg§�mW¥�f,ege¨³Iw>d1¥¦wê¯·mAcL£�� §°f,fZ¯KdAj�tgw>§`£[mAwPcLfëågí~íLç�aE§°fLcL£ltgd~w
íA´ní1è�� £l©�m�£8tg¯Rm�qsf@jlkÓp>£[m�£ltgd~wÓ¹�jld~p>q�mAcL£l§ 7 «z£°j[mAw>§°t®£ltnª~f,e v aA£l©>f,wµt®£�m�cL£l§ n−2 «£°j[m�wP§°t®£ltgª�f,e v ´ Þ ©Ptg§�egf,k�k�m5¥¦tgege¦£l©>f,wêd~w>e v ¢sfZpP§°fL¯KpPe�¥¦©>f,w H ©�m�qPqsf,w>§G£ld
¢sfÇ£l©PfW¯KpPege�§ v k�k�fL£°jltgcW¹�jld~pPq

S[N]
dAj%£l©Pf+m�e®£lfLjlw�m�£ltnw>¹ê¹Ajld~p>q

A[N]
´�ÍPdAj

tgwP§`£[m�wPc,fAaP¥�f2©Pm1ª�f�£l©Pf*¯Kd~egegd1¥¦tnw>¹ZcLdAjld~egenm�j v ¯·d�j
S[N]

Á¶t®£*m�eg§°dµ¯·d~egegd1¥¦§�tgk�k�fL«
uIt\m�£lf,e v ¯\jld~k ] fLk�k�m �Ód�¯�å û çKÂ@´

�"�P� �����K�P��� ��� º@¾
P

�[º*¼ � � �
�,¿nº�� � �P½ 
µ¾�
>¼A¾
S[N]×{0} ≤ Aut(P)
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P
¼��°º ������º°¼�.�º��:¾�
>¼���¼
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��AºG¼~¿ 	
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·¾�
 � � �

� � � �
� � ] fL£ A ¢sf�mWq>jldA¢�m�¢Ptgegtn§`£ltgc%mAeg¹AdAjlt®£l©Pk�¯·d�j
P
´�ÎÆeg¹~dAjlt®£l©>k Ã tn§:w>d~w>«

mAuPmAqI£ltgª�fG¢ v ÍPmAcL£2èCaRmAwPuÇtg£l§*§°pPc,c,fL§°§2q>jld~¢PmA¢>tnegt®£ v tn§�m�£2egf1m�§`£2f1¬�p�m�e±£ld%£l©Pm�£
d�¯ A ´ ut



^ £:c,d~p>e\u�§°f,f,k�m�£2²>jl§`£Q§°tn¹A©�£2£l©�m�£:£l©>fµ© v qsd�£l©Pf,§°fL§�¯·dAj Þ ©>f,dAjlf,k èZm�jlfµ£ld�d
§`£°jldAwP¹>aP£l©�m�£Æt®£itn§Æf,w>d~pP¹A©W£ld�§°pPq>qsd~§°f�£l©�m�£ Aut(P) mAc@£l§ k «z£°j[mAwP§°t®£ltgª�f,e v d~w
[N ] � £l©>f¦mAcL£ltgdAw%¢sfLtnw>¹Qu>fL²PwPf1uÓ¢ v (σ, τ ).i = σ(i) ´ � d1¥�f,ª�f@j1a~£l©Ptg§�k�m v wPd�£¢sfµ£l©>fµc1mA§°f�t®¯¨£l©>fLjlfµtg§:§°d~k�fµ³Ctgw�uëdA¯¨f,w�£[m�wP¹~egf,k�fLwC£:¢sf@£�¥�fLf,w�£l©>f σ Ì §QmAwPu£l©>f τ Ì §,´±ÍPdAjQtgwP§`£[m�wPc,f~a-c,dAwP§°tnu>fLj:£l©>fµ¯·d~egegd1¥¦tgwP¹+q>jldA¢Pegf,kWã N = M a X c,d~wI«
£[m�tnw>§�d~w>e v d~w>fQ¯KpPwPc@£ltndAw-as£l©>fQtnuIf,w�£ltg£ v a¤mAwPu Y c,d~w�£[m�tnw>§2mAege�£°j[m�wP§°qsd~§°t®£ltgd~w>§,´Þ ©>fë¹�jld~p>qP§%dA¯GmApI£ld~k�dAjlq>©Ptg§°k�§�dA¯2£l©>tn§%q>jldA¢Pegf,k tg§Z£l©>f+u>tnmA¹Ad~w�m�e�¹AjldApPqRa
˘

(σ, σ)/σ ∈ S[N]

¯ ´¤h*d1¥ egfL£ A ¢sfG£l©>fQ¯Kd~egegd1¥¦tnw>¹+mAeg¹~d�jlt®£l©Pk Á·¥�fÓ¹~tgª�fGd~w>e v
£l©>fë¢sfL¹~tgwPw>tnw>¹ÉdA¯:£l©PfÇ§°f,¬Cp>f,wPcLfëd�¯Q¬�pPfLjltgf,§,a¦m�§%¯KdAj5wPd1¥ £l©>tg§Ztg§�£l©Pf+d~w>e v
jlf,egf,ªAmAw�£¦£l©Ptgw>¹�Â@ã

� � p>fLj v i = 1, 2, 3, . . . pPw�£ltges²�w�uItgwP¹ i §°pPc[©Z£l©Pm�£ f(i) 6= i ´� ¡ ©>f,wZ£l©Pm�£¦©PmAqPqsfLwP§,a>enf@£Æ£l©>f*¯·dAegend1¥¦tgwP¹%¬�pPf@j v ¢sf f(i) ´

Þ ©>tn§Ætg§¨¥¦©�m�£ Ã end�dA³C§iegtg³�f~ã

� � p>fLj v j[mAw�uId~kîuItg§`£ltnw>cL£ i Ì §ÆpPw�£ltges²�wPu>tgwP¹ i §°p>c@©%£l©�m�£ f(i) 6= i ´� ¡ ©>f,wZ£l©Pm�£¦©PmAqPqsfLwP§,a>enf@£Æ£l©>f*¯·dAegend1¥¦tgwP¹%¬�pPf@j v ¢sf f(i) ´

Þ ©>fGc,dAwPc,egp>§°tndAwÇdA¯ Þ ©PfLdAjlf,kìèµtn§¦£l©CpP§¨¯¶m�eg§°fÓtgwW£l©Ptg§Æc1mA§°f~´sÍPdAj*tnw>§`£[mAw>c,f~a�egfL£
f ¢sf�£l©Pf (12) £°j[m�wP§°qsdA§°tg£ltgdAw � £l©>f,w PÃ(f, (1, 3)) = 0 ´
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^ w�£l©Ptg§:§°pP¢>§°f,cL£ltgd~w�¥�f�§°©Pd1¥¸£l©�m�£GmAuPmAqI£ltgªIt®£ v uId�f,§:wPdA£Q©>f,egq�¯·d�jµm5cLfLj°£[mAtgw
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Þ ©>f�tnu>f1m:tg§�£l©�m�£¨mGc,dAenegtg§°tgd~wWqIjld~¢>enfLk�tg§¨§°d~egª�f1u�¢ v mAw>§`¥�fLjltgwP¹G£l©Pf�¬�p>f,§`£ltgd~w-ãõ tg§8£l©>f¦¢PenmAc[³�«�¢sd1­Q¯·p>wPcL£ltgd~w�dAwPfL«z£ld�«�dAwPf ����´ ] tg³�f¨tgw�§°f,cL£ltgdAw%éI´gíidAp>j�m�jl¹ApPk�f,w�£
jlf,egtgf,§�dAw�£l©PfÆ§ v k�k�f@£°jltnÏLf1uÓm�en¹AdAjlt®£l©Pk Ã a�¢>p>£�tgw%cLd~w�£°j[mA§`£�¥¦tg£l©�£l©Pm�£�§°fLcL£ltgd~w¥�f:¥¦tgege±©Pm1ª�f*£ld�k�dCu>t®¯ v Ã ´Ph*mAk�f,e v aC¥¦©PfLwPf,ª�f@j Ã ²�wPu>§¦mÓc,dAegentg§°tgd~wRas¥�f�¥¦tgege
¯Kd�d~eEt®£2¢ v mAw>§`¥�fLjltgw>¹Zt®£l§2¬�pPf@jltnfL§i¥¦t®£l©�uItg§`£ltnw>cL£�fLenfLk�f,w�£l§ij[mAwPu>dAk�e v ³CwPd1¥¦w
¯\jld~kî£l©Pf*j[m�wP¹Af [M ] d�¯�£l©Pf*¢PenmAc[³�«�¢sd1­�¯·p>wPcL£ltgdAw-´
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P
¢sf2§°p>c@©5mµq>jldA¢Pegf,kWaIegfL£ A ¢sf:mAwÇm�eg¹~dAjlt®£l©>kà¯KdAj

P
d�¯8¬�pPfLj v

c,dAk�qPegfL­It®£ v T ´iÎi§°§°pPk�fë¯·d�j�tgwP§`£[m�wPc,f(£l©Pm�£ X c,dAw�£[mAtgwP§+d~w>e v dAwPfL«z£ldA«�dAwPf
¯KpPwPc@£ltndAwP§ � Y £l©>fLjlfL¯KdAjlfÇc,dAwC£[m�tgwP§�wPdAwPfWd�¯�£l©PfLkW´�oItgwPc,f Aut(P) c,d~w�£[mAtgw>§
{0} × S[M]

a X mAc@£lp�mAege v c,d~w�£[m�tnw>§+¼~¿·¿¦d~w>fL«z£ldA«�d~w>fZ¯KpPwPc@£ltndAwP§µ¯\jld~k [N ] £ld
[M ] ´



oCpPqPqsdA§°fZ£l©Pm�£ f ∈ X ´ ] fL£µpP§�uIf,wPd�£lf5¢ v J £l©>f5§°f1¬�pPfLwPc,f%dA¯�mAwP§`¥�fLjl§µ£ld
£l©>fÓ¬�pPf@jltnfL§�dA¯ Ã ¥¦©>f,wÇ£l©PfQ¢PenmAc[³�«�¢sd�­5¯·pPw>cL£ltgd~w+tg§ f ´±oItgwPcLf {0} × S[M] ≤
Aut(P) a�tgw Ã aAm�¯\£lfLj8f1mAc[©µ¬�p>fLj v σ−1(i) a τfσ−1(i) tg§EpPw>tg¯KdAjlk�e v u>tg§`£°jltg¢PpI£lf1um�k�d~wP¹Æ£l©Pf�f,egf,k�f,w�£l§�dA¯ [M ] ¥¦©Ptgc[©µm�jlf�wPd�£�jlf,§°pPe®£l§�d�¯sq>jlf,ªCtgd~p>§�¬�pPfLjltgf,§,´ Þ ©>tn§k�f1m�wP§¨£l©�m�£ J tg§ÆpPw>tg¯KdAjlk�e v u>tg§`£°jltg¢PpI£lf1uWmAk�dAwP¹Ó£l©>f2§°f1¬�pPf,w>c,f,§ÆdA¯E§°tgÏ,f T dA¯
uItn§`£ltgw>cL£Æf,egf,k�f,w�£l§¨dA¯ [M ] ´¡ fZw>d�¥�u>fL²PwPf%mAwêm�eg¹~dAjlt®£l©>k A′ ¢ v k�dCu>t®¯ v tgwP¹ Ã tgwÉ£l©Pf�¯·dAenegd1¥¦tgwP¹ë¥¨m v ã
¥¦©>tnegf�m%c,d~egegtg§°tndAw(tg§2wPd�£2¯·d~p>w�u¤as¥�f�m�qPqPe v Ã jlf,§°qsf,cL£°¯KpPege v ´±Ð�p>£1aRmA§:§°d�dAw(mA§
m�cLd~egegtn§°tgdAwótg§�¯·dApPw�uê¥�fÇegp>jlf Ã tgwC£ld�£l©PtgwP³CtgwP¹ë£l©�m�£�£l©>fLjlfWtg§Zw>d(c,dAenegtg§°tgd~w
p>wC£ltgeRm�¯\£lfLj¦£l©Pfie\m�§`£i¬Cp>fLj v a�¥¦©PfLw%¥�f�£[mA³�fic,d~w�£°jld~eRdA¯±£l©Pf*dAp>£lq>p>£¨d�¯ Ã tgwZtg£l§
q>e\m�c,f�mAwPu�uIf,c,enm�jlfµ£l©Pm�£2£l©PfÓ¢PenmAc[³�«�¢sd1­+¯·p>wPcL£ltgdAw�©�m�§QmZc,dAenegtg§°tgd~wR´ Þ dWk�m�³�f
Ã ¢sf,egtgf,ª�fZ£l©Pm�£�t®£�uIf1mAeg§Ó¥¦t®£l©ËmëdAwPfL«z£ldA«�dAwPfZ¯KpPw>cL£ltgd~w-a�¥�fGä�pP§`£%mAw>§`¥�fLjµtg£l§
¬�pPf@jltnfL§:¥¦t®£l©(j[m�w�u>dAk�u>tg§`£ltgwPcL£Qf,egf,k�fLwC£l§2d�¯ [M ] ¥¦©Ptgc@©(m�jlf�wPd�£Q£l©>fÓjlf,§°p>eg£d�¯GqIjlf,ªCtgd~pP§5¬�pPfLjltgf,§,´ Þ ©Ptg§5f,w>§°p>jlf,§%£l©�m�£5p>wC£ltgeÆ£l©Pf+enmA§`£Ç¬�p>fLj v a Ã c,mAwPw>dA£
£lf,ege�£l©>fGuIt �¤fLjlf,wPcLfG¢sfL£�¥�f,fLw+£l©>f2¯·pPw>cL£ltgd~w>§*dA¯ X ∪ Y ´ ^ w�uIf,f1uRa>¥¦©�m�£lf,ª�fLj f a£l©>f*m�wP§`¥�f@jl§�£ld2£l©PfÆ¬�pPfLjltgf,§�dA¯ Ã m�jlfiu>tg§`£ltgwPcL£�f,egf,k�f,w�£l§�uCj[m,¥¦w%p>wPt®¯·d�jlk�e v m�£j[m�w�u>dAk ¯Kjld~k [M ] ´ ^ wµqPm�j°£ltgc,p>e\m�j1a PA′ (f, I) tg§�tgw�uIf,qsf,wPu>f,w�£EdA¯ f a~§°d�£l©�m�£ A′c1m�w+¢sf:¥¨jlt®£°£lf,wÇtgwëmµwPdAw�mAuPmAqI£ltgª�f2¥¨m v ´ Å d�jlf,d�ª�fLj1as£l©Pf:§°p>c,c,f,§°§iq>jld~¢PmA¢>tnegt®£ v
d�¯ A′ tn§�m�£¨egf1m�§`£¨f1¬�p�m�eP£ldQ£l©Pm�£�dA¯ Ã aIm�w�uµ£l©PfÆ§°pPc,cLf,§°§�q>jldA¢�m�¢Ptgegtg£ v dA¯ Ã tg§�m�£egf1m�§`£*f1¬�pPmAes£ldÓ£l©�m�£ÆdA¯ A ´ ut
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] fL£ÆpP§�²Pjl§`£¦jlfL£lpIjlwZ£ldÓ£l©>f�q>jldA¢Pegf,k
P %'&)(+*',.- ¯KjldAk#oIf,c@£ltndAw+èC´ Þ ©Ptg§Æq>jldA¢Pegf,ktg§5§`£lpPu>tgf1uË¯\jld~k9mÉ¬CpPmAw�£lpPk qsdAtgwC£ZdA¯QªCpPf+tgw £l©PfW¯·mAk�dApP§5qPmAqsfLjZdA¯ ] d�ª

� jld�ª�fLj%ågí ù çz´�Îi§:wPd�£ltncLf1u�f1m�jlentgfLj1a±£l©Ptg§:q>jld~¢>egf,k�tn§:£°j[mAw>§°t®£ltnª~f,e v § v k�k�fL£°jltgc �
k�d�jlf,d�ª�fLj1a�t®£l§8§ v k�k�fL£°j v ¹Ajld~p>q�tg§

S[N]×{0} a~§°d:¥�f¦c1mAw�p>§°f ] f,k�k�m2è�m�w�uÞ ©>f,dAjlf,k íµ£ld5§`£lp�u v t®£1´�Í�t®jl§`£QegfL£QpP§2£[mA³~f�m5c,egd~§°fLjÓegd�d~³�m�£GmAeg¹~d�jlt®£l©Pk�§QdA¯
¬�pPf@j v c,dAk�qPegfL­It®£ v í~´�ÍPdAj�f,ª�fLj v q�m�t®j (I, B) £l©Pf@jlfÆtg§�m�egtnw>f ∆I,B

dA¯Rf1¬�p�m�£ltndAw
e = pP X

I (B) + (1 − p)(1 − P Y
I (B)) tgw�£l©>f (p, e) qPenmAw>f~´ ^ w�¯·mAcL£1aR¯·d�jGmAw v¬�pPf@j v ¥�f2d~¢I£[mAtgw5£l©Pf*§lmAk�f*¯Kd~p>jÆegtgwPf,§,a�u>f,q>tgcL£lf1uZtgwÇÍ�tg¹Ap>jlfµí~ã

� B = ∅ ã e = 1 − p ´� B = {0} ã e = p(1 − 1/N) + 1/N ´� B = {1} ã e = (1 − p)(1 − 1/N) ´� B = {0; 1} ã e = p ´
hidA£lf*£l©>f�§ v k�k�fL£°j v d�¯�£l©Ptg§�²�¹Ap>jlf*jlfLe\m�£ltgª�f,e v £l©>f�egtgwPf�d�¯�f1¬�p�m�£ltndAw e = 1/2 ã£l©>f2entgw>f,§ ∆I,B

m�w�u ∆I,P([N])\B
m�jlf2§ v k�k�fL£°jltgc~´¡ fÓ²�wPuë£l©�m�£ γ = N/(2N − 1) §°d5£l©>fµ§°f,c,dAw�u(m�eg¹~dAjlt®£l©>k ¯Kjld~kÊoCf,cL£ltgd~w(è

¥�mA§Æd~q>£ltgk�m�ez´
oCpPqPqsdA§°f:wPd1¥ð£l©Pm�£Æ¥�fQmAegegd1¥ k ¬�pPf@jltnfL§ÓÁ k ≤ N Â@´sÐ vWÞ ©Pf,d�jlf,k íAa�£l©Pf:¢sf,§`£
§°p>c,c,f,§°§Æq>jldA¢�mA¢>tgent®£ v £l©Pm�£Æc1m�w5¢sf:mAc[©Ptgf,ª~f1uZtg§ γ = N/(2N − k) ´÷i§°p�mAege v a�¥�fëm�jlfë¹~tgª�f,wôm(§°p>c,c,f,§°§Zq>jldA¢�mA¢>tgent®£ v ε > 1/2 mAwPuÄ¥�f+¥¨m�w�£%£ldc,dAk�qPpI£lf¦£l©>f¦k�tnw>tgk�mAePwCp>kÓ¢sfLj k dA¯-¬�pPf@jltnfL§�wPfLf1u>f1uÓ£ld:©Pm�ª~fim2qIjld~¢�m�¢Ptgegtg§`£ltncm�en¹AdAjlt®£l©Pk#¥¦t®£l© k ¬�pPfLjltgf,§imAwPuW§°pPc,c,fL§°§iqIjld~¢�m�¢Ptgegt®£ v ε ´ ^ wWdAp>jifL­>mAk�q>enf2£l©>tn§
ªAmAegpPf2c,mAw5¢sf2cLd~k�qPpI£lf1u�fL­>mAcL£le v ã k =

‰

N

„

2ε − 1

ε

«ı ´



f

1
q0

1

γ = N/(2N − 1)

1/N

1 − 1/N

f

1
q0

1

k/N

1 − k/N
γ = N/(2N − k)

� � �± ���  d~w>f:¬�pPfLj v m�w�u k ¬�pPfLjltgf,§¨¯·d�j¦£l©Pf2§°f1m�jlc@©WqIjld~¢>enfLk

� ��� � � " ' %�� � � 1 '���� !#"

ÍPd�j2oCtgk�d~w-Ì §¦q>jldA¢Pegf,kWa N = M = 2n ´ � d�¥�f,ª�fLj1aPt®£*tg§ÆwPdA£Æ§°d�c,dAwIª~f,wPtgf,w�£¨£ld
§°f,f2£l©>f2¢PenmAc[³�«�¢sd1­%¯·p>wPcL£ltgd~w>§*m�§ik�f@jlf�¯·pPw>cL£ltgd~w>§¦¯\jld~k [N ] £ld [M ] ´ ^ wP§`£lf,m~uRa¥�f�¥¦tgege�egd�d~³(m�£:£l©Pf,k m�§Q¯KpPwPc@£ltndAwP§:¯KjldAk�£l©>f�m~u>u>t®£ltgª�f�¹Ajld~p>q (Z/2Z)n £ld
t®£l§°f,e®¯�´ ¡ f:£l©PfLw�uIfL²�w>f Y m�§�£l©PfQ§°fL£2dA¯�d~w>fL«z£ldA«�d~w>fG¯·p>wPcL£ltgdAwP§�dAw (Z/2Z)n a
m�w�u X mA§�£l©>f¨§°fL£�d�¯¤¯·pPw>cL£ltgd~w>§ f §°pPc[©µ£l©�m�£8£l©Pf@jlfÆf@­>tg§`£l§ sf ∈ (Z/2Z)n \{0}§°p>c@©Ç£l©�m�£i¯KdAj:m�ege x, y ∈ (Z/2Z)n a f(x) = f(y) t®¯�m�w�uÇd~w>e v t®¯ x = y + sf

´
oCpPc[©(mAw sf

tn§:p>wPtn¬�pPf~aR©PfLwPc,fÓ£l©>fµwPd�£[m�£ltgd~wR´�Í>dAjGmZ§`£lpPu v dA¯�£l©>f�¬�p�m�wC£lp>k
¬�pPf@j v cLd~k�qPegfL­It®£ v d�¯s£l©Ptg§Eq>jld~¢>egf,kWa�§°f,f¦d~p>j�m�j°£ltncLenf2ågí û çz´�oItgk�d~wRÌ §8qIjld~¢>enfLk tn§
£°j[m�wP§°t®£ltgª�f,e v § v k�k�fL£°jltgc~ãIt®¯ H tn§¦£l©Pf:¹�jld~pPq5dA¯�mAege±egtgwPf,m�j*mAp>£ldAk�dAjlq>©Ptg§°k�§¦dA¯
(Z/2Z)n m�w�u H ′ £l©Pf�¹�jld~pPqQdA¯smAegeCqsfLjlkÓpI£[m�£ltgd~w>§�dA¯ (Z/2Z)n a�£l©Pf,w H×H ′ tn§§°p>tg£[m�¢Pegf~´ Å dAjlf,d�ª�f@j1a~§°tgwPcLf�t®£Etn§8mÆc,d~egegtg§°tndAw�q>jldA¢Pegf,k m�w�u:tg£l§�§ v k�k�fL£°j v ¹Ajld~p>q
c,dAw�£[mAtgwP§ {0} × S[N]

a¤¥�fµw>f,f1u�dAwPe v c,dAwP§°tnu>fLjQw>d~w�mAuPm�q>£ltgª�fµm�eg¹~dAjlt®£l©>k�§Q¢ vÞ ©>f,dAjlf,k#ñC´
oCtnk�dAw-Ì §*qIjld~¢>enfLkì©�m�§*jlf,c,fLtnª~f1u+m%¹�jlf1m�£QuIf1mAe�d�¯�m�£°£lf,w�£ltndAw+tnw+£l©PfG¬�p�m�wC£lp>k
c,dAk�qPpI£ltnw>¹�egtg£lf@j[m�£lp>jlfG¢sf,c1m�pP§°fQtg£i¥¨m�§�d~w>fGd�¯�£l©>f:²>jl§`£�qIjld~¢Pegf,k�§¦¯·d�j�¥¦©Ptgc[©
m�wóf@­>qsdAwPf,w�£ltnmAei§°qsf,f1uIpPqôd�ª�fLj5c,enmA§°§°tgc1mAe:c,dAk�qPpI£[m�£ltgd~w ¥�mA§5f@­>©>tg¢Pt®£lf1uR´ Þ d
uIf,k�d~w>§`£°j[m�£lf¨£l©Ptg§�§°qsfLf1u>p>q-aIoCtnk�dAw5å è ù a è û çs¹�m1ª�fimAw�fLáµc,tgf,w�£¨¬�p�m�wC£lp>kÃmAeg¹~d�«
jlt®£l©Pkà¯·d�j2©Ptg§iq>jld~¢>egf,kìm�w�uÇq>jld�ª�f,uÇmAw Ω

`√
2n
´ egd1¥�fLj2¢sdApPwPu+tgwëm�q>jldA¢�m�«

¢>tnegtg§`£ltgcÓk�dCuIf,e�dA¯�c,dAk�qPp>£[m�£ltgd~wÉÁ¶©Ptg§Æjlf,§°pPe®£2tg§*§`£[m�£lf1uÇtgw�m�§°egtg¹~©�£le v u>t �¤fLjlf,w�£
k�m�wPwPf@j1a�¢PpI£�£l©Pf Ω

`√
2n
´ egd1¥�fLj¨¢sdApPwPu%uId�f,§�¯Kd~egegd�¥ ¯KdAj¦m�en¹AdAjlt®£l©Pk�§�¥¦tg£l©Zm

¢sdApPw�uIf1uµq>jldA¢�m�¢Ptgegtg£ v dA¯RfLj°jld�j@Â@´ � d1¥�f,ª�fLj1aIoCtgk�d~w-Ì §�end1¥�fLj�¢sdApPw�uÓ¥�mA§�fL§`£[mA¢>«
egtg§°©Pf1u�dAwPe v ¯·d�j�£l©Pf¦§°f1m�jlc@©%ª�fLjl§°tgdAw%d�¯±©>tg§�q>jldA¢Pegf,kWaA£l©�m�£1a�tn§8¯·d�j�£l©PfÆq>jldA¢Pegf,k
d�¯±²�wPu>tgwP¹QmQc,d~egegtg§°tndAw(Á·£l©�m�£�tg§,aC£�¥�dµu>tg§`£ltgwPc@£¨f,egf,k�f,w�£l§�¥¦t®£l©�£l©Pfi§lmAk�fÆtnk�m�¹~f
¢ v f ÂQtgw(£l©Pf�c1m�§°f f ∈ X ´ Þ ©Pf%u>f,cLtg§°tndAwêq>jld~¢>egf,k�tn§ÓmWq>jltgdAjlt�f1mA§°tgfLj1a8m�w�u
£l©>fÆcLdAj°jlf,§°qsdAw�u>tgw>¹Gegd1¥�fLj�¢sd~p>w�uµk�dAjlfÆuItgáµc,pPe®£1´CÎ qIjld�dA¯R§°³�fL£lc[©�dA¯-m2q>jldA¢�m�«
¢>tnegtg§`£ltgc*egd1¥�fLj�¢sd~p>w�uG¯KdAj�£l©>tg§�u>fLc,tg§°tndAw�q>jld~¢>egf,k¸c1mAw�¢sf¨¯·dApPwPuµtnw�£l©>f¨enfLcL£lp>jlf
w>dA£lf,§¦dA¯8mQjlf,c,f,w�£¦c,dAp>jl§°f2d~wW¬CpPmAw�£lpPkâc,d~k�q>p>£ltgwP¹���´Þ ©>fÓ§lmAk�fÓm�jl¹ApPk�f,w�£l§2m�§�tg§2tnwë§°f,cL£ltgdAw ù §°©Pd1¥È£l©�m�£�£l©PfGqsfLj°¯·d�jlk�mAw>c,f γ dA¯£l©>fQ¢sfL§`£iqIjld~¢PmA¢Ptgegtg§`£ltgcµmAeg¹AdAjlt®£l©Pk#§lm�£ltg§`²�fL§ γ = max

I
1/[2 − P X

I (Λ)] a>¥¦©PfLjlf
Λ uIf,wPd�£lf,§ÆmA¹~mAtgwW£l©Pf�§°f@£id�¯�wPdAw>«�tgwAä�f,cL£ltgª�f2§°f1¬�pPfLwPc,f,§¨d�¯ T mAwP§`¥�fLjl§,´] fL£�pP§±c,d~k�q>p>£lf P X

I (Λ) ´�Îê¯KpPwPc@£ltndAw f ∈ X tg§�d~wPf@«�£ld�«�d~wPf�d~w I t®¯sm�w�u:d~w>e v t®¯¯KdAj¨m�ege x, y ∈ I a sf 6= x−y ´ ¡ ©>f,wµqPtgc[³Ctnw>¹:m�j[mAw�uId~k ¯·p>wPcL£ltgdAw f tgw X ¥¦tg£l©
� �C���
	���
�
������8�°}��>�-�z�>��
A���I�1�P�C|

��1�P|���
��I}���������
A��{C��	C�C�1����	����



p>wPt®¯·d�jlkâqIjld~¢�m�¢Ptgegt®£ v a sf
tn§�pPw>tg¯KdAjlk�e v uItg§`£°jltn¢>p>£lf1u�m�k�d~w>¹ (Z/2Z)n \{0} � §°d

P X
I (Λ) = |I−I|−1

2n−1
aA¥¦©PfLjlf I−I uIf,wPd�£lf,§8£l©>f Å tgwP³�d1¥¦§°³Ct�uIt �¤f@jlf,wPc,f¦d�¯ I m�w�ut®£l§°f,e®¯�a�tz´ f~´ I − I = {x − y/x, y ∈ I} ´ � f,wPcLf

γ = max
I

1

2 − |I−I|−1
2n−1

.

Þ ©>fW¢sf,§`£�m�en¹AdAjlt®£l©Pk p>§°tgwP¹ T ¬Cp>fLjltgf,§Ó£l©>f,wÄcLd~wP§°tg§`£l§�tgwïc@©>d�d~§°tgwP¹Ém�w I dA¯§°tgÏ,f T k�m�­Itgk�tnÏLtnw>¹ |I − I| aI¬Cp>fLj v tgwP¹ f d~w I m�w�uµ£l©Pf,w%m�qPqPe v tgwP¹Qd~w>f*dA¯-£l©Pf¯Kd~egegd�¥¦tgw>¹+£�¥�dW§°p>¢>jldAp>£ltgwPf,§,a¤£l©>fÓ²Pjl§`£:dAwPfÓ¥¦t®£l©(qIjld~¢�m�¢Ptgegt®£ v 1 − γ mAw�u+£l©Pf§°f,cLd~w�uZd~wPf�¥¦t®£l©WqIjld~¢PmA¢Ptgegt®£ v γ ã� � tg§°c1m�j[uZ£l©Pf:m�wP§`¥�f@jl§im�w�u5cLe\m�tgk�£l©�m�£ f tg§¦tnw X ´� ý�enmAtgkÈ£l©�m�£ f tg§�tgw X t®¯smAwPu2d~wPe v t®¯P£l©>f�§lm�k�f�mAw>§`¥�fLj�©�mA§�¢sfLf,wQjlf@£lp>jlwPf,u
£�¥¦tgc,fA´^ ¯2¥�fW¥¨m�w�£%£l©>f+mAeg¹~d�jlt®£l©Pk £ldÉ¢sfÇ§°pPc,cLf,§°§`¯·p>ei¥¦t®£l©ôq>jldA¢�mA¢>tgent®£ v m�£Zegf1m�§`£ ε¯KdAjGf,ª�fLj v ¢Penm�c@³�«�¢sd1­ë¯KpPw>cL£ltgd~w-aR¥�f�w>f,f1uë£ldZ²�w�u�mAw I §°p>c@©�£l©�m�£ |I − I| ≥

(2n − 1)
`

2 − 1
ε

´

+ 1 ´�ý�d~k�q>p>£ltgwP¹+fL­>mAc@£le v £l©Pf5§°tgÏ,fZdA¯i£l©Pf%§°k�mAegegf,§`£�§°pPc[©§°fL£�§°f,f,k�§�£ldQ¢sf�m2w>d~w�£°jltgªItnm�esc,d~kG¢Ptgw�m�£ldAjltnmAeR¬�pPf,§`£ltgdAw-´ � d�¥�f,ª�fLj1aCt®£¨tg§�f,mA§°tge v
qIjld�ª~f,w�Á¶§°f,f�¢sf,egd1¥iÂR£l©�m�£�¯·d�j8m¦²>­If1u ε a1£l©>f�§°tgÏ,f�dA¯P£l©>tg§�§°fL£¨Ázm�w�u�£l©PfLjlf@¯·dAjlf�£l©Pf¬�pPf@j v c,d~k�q>egfL­Itg£ v d�¯�dAp>j2dAq>£ltgk�mAeEm�en¹AdAjlt®£l©Pk%Â¦tg§ Θ

`√
2n
´ ´ ¡ fQd~¢I£[mAtgw+£l©Pf

egd1¥�fLj�¢sd~p>w�uQd~wG£l©>f¨§°tgÏ,f¨dA¯s£l©>f�§°k�mAegegf,§`£ I ¢ v w>dA£ltgc,tgwP¹i£l©�m�£�¥�fÆmAe®¥¨m v §E©�m1ª�f
|I−I| ≤ |I|2 ´ Þ ©Cp>§ |I| = Ω

`√
2n
´ ´ Å dAjlf,d�ª�f@j1a (Z2)

n = (Z2)
dn

2
e×(Z2)

bn
2
c

m�w�uµ£l©CpP§ (Z2)
n = A−A ¥¦©Pf@jlf A =

“

(Z2)
dn

2
e × {0}

”

∪
“

{0} × (Z2)
bn

2
c
”

m�w�u |I| = Θ
`√

2n
´ ´

� � � � % !�� ��'�� '*% ! � ! 1�� � � .�� '�����'�� '*%-!�� �-% � ��� '*%��
ÍPd�j¦£l©Ptg§¦q>jld~¢>egf,k�¥�f2©Pm�ª~f N = M = 2K ´ ¡ ©Ptgegf Y tg§¦§`£ltgeneR£l©Pf�§°f@£id�¯Ed~w>fL«
£ld�«�dAwPf�¯·p>wPcL£ltgdAwP§,a X tg§Ów>d�¥Ã£l©Pf�§°fL£GdA¯im�ene�£�¥�d�«z£ldA«�d~w>f�¯KpPw>cL£ltgd~wP§,a�§°d+£l©Pm�£
£l©>fLjlfZtg§µw>d+endAwP¹AfLj�mAw v m�eg¹~f,¢Ij[mAtgcW§`£°jlpPc@£lp>jlf~´ � pPmAw�£lpPk�egd1¥�fLjµ¢sd~pPwPu>§Q¯·dAj
£l©>tn§2qIjld~¢>enfLk m�jlfÓf,§`£[mA¢>entg§°©>f1u�tgwÄå èIa ù aní �Aç�mAwPu+£l©>fÓk�m�£lc[©Ptgw>¹Zp>qPqsfLj2¢sdApPwPu
tg§�tgw(ågí �~çz´ Þ ©>tn§*q>jld~¢>egf,k tg§Æ£°j[mAwP§°t®£ltgª�f,e v m�cL£lf1uÇpPqsdAwÇ¢ v

S2K × S2K
´¤ÎiwPu

dAwPc,f2k�d�jlf~a�m�c,c,d�j[u>tgwP¹µ£ld Þ ©>f,dAjlfLk ñCa>¥�f:wPf,f1u%d~w>e v c,dAwP§°tnu>fLjÆw>d~w�mAuPm�q>£ltgª�f
m�en¹AdAjlt®£l©Pk�§,´
ÎÆ§¦¯KdAj � tnuPuIf,w Þ j[m�wP§°enm�£ltgdAw+mAw�uWoItgk�d~wRÌ §¦qIjld~¢Pegf,kWaI£l©Pf2§°f@£ Λ d�¯E§°f1¬�pPf,w>c,f,§d�¯�mAw>§`¥�fLjl§�c,d~w�£[mAtgw>tnw>¹Óm�£¨egf1mA§`£¨£�¥¦tgc,fi£l©>fi§lm�k�f*f,egf,k�f,w�£�qPenm v §¨mGuItg§`£ltnw>cL£ltgª�f
jldAenfA´�ÎÆ¹�mAtgwRa~egfL£Ep>§�c,d~k�q>p>£lf P X

I (Λ) ´ Þ ©>tg§8tg§�£l©>f�q>jldA¢�mA¢>tgent®£ v £l©Pm�£EmÆj[mAw�uId~k£�¥�dA«z£ld�«�dAwPf�¯KpPwPc@£ltndAw f ¢sf�wPd�£8tnw�ä`f,c@£ltnª~f¨d~w�mi²>­If1uQ§°f@£ I ´ � pPmAege v a�£l©>tg§8tg§8mAeg§°d£l©>fGqIjld~¢�m�¢Ptgegt®£ v ¯·d�j�£l©Pf:jlf,§`£°jltgcL£ltgd~w�dA¯�m�²>­If1u5£�¥�dA«z£ldA«�d~w>fG¯KpPwPc@£ltndAw f d~wëmj[m�w�u>dAk §°f@£ I dA¯�m�¹~tgª�f,wÇ§°tgÏ,f:£ld�¢sfGw>d~wÇtgwAä�f,cL£ltgª�f~´ Þ ©>fLjlfGm�jlf `2K
T

´ §°fL£l§idA¯
§°tgÏ,f T ´¤hid�¥2as£ld%c,dApPw�£*£l©>fÓwCpPkG¢sfLjÆdA¯�§°f@£l§ I §°pPc[©Ç£l©�m�£�£l©Pf:jlf,§`£°jltgcL£ltgd~w�dA¯
f dAw I tn§2dAwPfL«z£ld�«�dAwPf~a¤cLd~wP§°tnuIfLj2£l©PfÓu>d~k�m�tgwëd�¯ f uItgªItnuIf1uëtgw�£ldZm%qPm�j°£lt®£ltgd~wd�¯-£�¥�dA«�f,egf,k�fLwC£�§°fL£l§�dAw�¥¦©>tgc@© f tg§�c,dAwP§`£[m�wC£1´IÍ�t®jl§`£1aCc[©Pd�dA§°f T d�¯-£l©>d~§°f*§°f@£l§,ã£l©>fLjlfÓm�jlf `K

T

´ qsd~§°§°tg¢Ptgegt®£ltgf,§,´ Þ ©>f,wÇ¯·d�j�f1m�c@©+£�¥�dA«�f,egf,k�f,w�£i§°fL£�c[©Pd�dA§°fG¥¦©Ptgc[©
f,egf,k�fLwC£ v d~pQ³�f,f,qRã1£l©PfLjlf�m�jlf 2T qsd~§°§°tg¢Ptgegt®£ltgf,§,´ � f,wPc,f P X

I (Λ) = 1−2|I|
(K
|I|)

(2K
|I|)
´

Þ ©>f2§lmAk�f:m�jl¹ApPk�f,w�£l§¨m�§itgwZ§°f,cL£ltgd~w ù egf1mAuZ£ldG£l©>f�¯·d�jlkÓpPenm

γ = max
|I|=T

1

2 − P X
I (Λ)

=
1

1 + 2T (K
T )

(2K
T )

.



Í>jldAkì£l©Ptg§*¯KdAjlkGpPenmZt®£2c1m�w�¢sfGtnwI¯·fLj°jlf,uë£l©�m�£1aRtnwëdAj[uIfLj2¯·d�jQmAw�mAeg¹~d�jltg£l©>kì£ld
§°dAenª~f¦£l©>tg§�q>jld~¢>egf,kÈ¥¦t®£l©�¢sd~pPwPu>f1u:q>jldA¢�m�¢Ptgegtg£ v d�¯¤fLj°jldAj ε a�£l©Pf�dAq>£ltgk�mAeIwCpPkµ«¢sfLj¦d�¯�¬�pPf@jltnfL§�tg§ Θ(

√
N) a>mAw�u�k�dAjlfiq>jlf,cLtn§°fLe v f1¬�p>tnªAmAegf,w�£�£ld 2

q

N ln( ε
1−ε

)
Á¶§°f,fµå èAè�ç-¯KdAj*u>fL£[m�tgen§[Â@´

� � � ��� 
 
-!#% .
13� %��
��� ����' %
Þ ©>fÆ©>tnuPu>fLwÓ£°j[mAw>§°e\m�£ltgd~w�q>jldA¢Pegf,k¸tg§�§`£lpPu>tgf1uG¯\jld~kâm2¬CpPmAw�£lpPkúqsd~tgw�£�d�¯¤ªItgfL¥
tgwêåní1è�ç�¯KdAj2t®£l§�c,dAwPw>f,cL£ltgd~w+£ld�£l©PfGu>tg©Pf1uCj[mAe�©>t\u>u>f,wÇ§°p>¢P¹�jld~pPq+qIjld~¢Pegf,kW´ ¡ f
§°fL£ M = N = 2K ´ ^ £Ætg§ic,dAwCª�f,wPtgf,w�£¦£ld�egd�d~³5m�£id~p>j¦¯KpPwPc@£ltndAwP§imA§¦¯·p>wPcL£ltgd~w>§¯\jld~kì£l©>fÓ§°fL£ {0; 1} × Z/KZ £ld%tg£l§°fLeg¯�´ ¡ fÓuIfL²�w>f Y m�§�£l©PfÓ§°f@£2dA¯�d~wPf@«�£ld�«
dAwPf�¯·pPw>cL£ltgd~w>§,a�mAwPu X m�§G£l©>f�§°fL£µd�¯Æ¯KpPw>cL£ltgd~wP§ f £l©Pm�£Óm�jlf%d~w>fL«z£ldA«�d~w>f%dAw
{0} × Z/KZ mAw�uï§°pPc[©ï£l©Pm�£�£l©>fLjlfWfL­Itg§`£l§�mAwÄf,egf,k�f,w�£ sf ∈ Z/KZ §°pPc[©
£l©Pm�£Ó¯KdAj�m�ege x ∈ Z/KZ ¥�f%©�m1ª�f f(1, x) = f(0, x + sf ) ´ Þ ©Ptg§ sf

tn§G£l©Pf
f,qsdAw v k�dApP§ 
�
 	
	�º��+¾��°¼�� �[¿g¼A¾�
 ���ëd�¯ f a�§°tgwPcLf2d~w5dAwPf2©PmAe®¯�d~w5tg£l§¦uId~k�m�tnw f tn§uIf1u>p>c,f1u*¯KjldAkðt®£l§Rª~m�egpPf,§-d~w�£l©PfEd�£l©PfLj-©�m�eg¯I¢ v m�£°j[m�wP§°enm�£ltgdAwGd�¯>qPm�j[m�k�fL£lfLj sf

´] fL£�p>§8u>f,w>dA£lf¦¢ v σ0, . . . , σK−1
£l©Pf¨fLenfLk�f,w�£l§8d�¯¤£l©Pf¦m~u>u>t®£ltgª�f¨¹AjldApPq Z/KZ ´¡ fÆc,mAw�k�mA³�f H mAcL£�d~w {0; 1}×Z/KZ mA§�¯Kd~egegd1¥¦§,ã σi(0, j) = (0, i+ j) mAwPu

σi(1, j) = (1, j) ´
�*p>j�qIjld~¢>enfLkÈtg§�£°j[mAwP§°t®£ltgª�f,e v mAc@£lf1uGp>qsd~wÓ¢ v H×S2K
m�w�uRa

¢ vZÞ ©Pf,d�jlf,k#ñIaPwPd~wPm~u>mAq>£ltgª�f:m�eg¹~dAjlt®£l©>k�§*m�jlfQdAq>£ltgk�mAe¶´ Þ ©Pf2qsfLj°¯KdAjlk�m�wPc,f γd�¯�£l©Pf�¢sf,§`£ÆqIjld~¢�m�¢Ptgegtg§`£ltncQm�en¹AdAjlt®£l©Pkîtg§¦£l©PfLjlf@¯·dAjlf2¹Atgª�f,wW¢ v%Þ ©PfLdAjlf,k í~´] fL£ I ¢sf¦m�§°f1¬�p>f,wPc,f¨d�¯ T uItg§`£ltnw>cL£�¬Cp>fLjltgf,§,a�m�w�u J m�§°f1¬�p>f,wPc,f¨d�¯ T m�wP§`¥�fLjl§,´
�i¯ic,d~pIjl§°f~a8t®¯ J £[mA³�f,§G£l©Pf5§lm�k�fZªAmAegp>fZ£�¥¦tgc,fZdAj�k�d�jlf~a�£l©PfLw P Y

I (J) tg§ 0 ´oCd>a�¥¦©>f,w(£°j v tnw>¹W£ldÇf,ªAmAegp�m�£lf γ a±¥�f%d~w>e v wPfLf1u�£ldÇc,d~w>§°tnu>fLjG£l©Pd~§°f B £l©Pm�£
tgwPcLenpPu>f�m�ege8£l©>fÓwPdAw>«�tgwAä�f,cL£ltgª�fÓ§°f,¬Cp>f,wPcLf,§,a¤£l©Pfµ§°fL£:d�¯�¥¦©>tnc[©�¥�fÓ¥¦tgege�c1m�ege Λ ´Þ ©>f*qsd~tgw�£¨tg§¨dA¯-c,dAp>jl§°f*£l©Pm�£�¥¦©>f,w�£�¥�dG¬�pPfLjltgf,§�m�jlf�¹Atnª~f,w�£l©Pf*§lm�k�f�m�wP§`¥�f@j1a
£l©>f2¢PenmAc[³�«�¢sd1­�¯KpPwPc@£ltndAwWtg§¦tnw X ¯·d�j*§°pIjlf~´
ÍPd�j�f,ª�f@j v q�m�tgj (I, B) £l©Pf@jlfZtg§�m+entgw>f ∆I,B

dA¯*f1¬�p�m�£ltgdAw e = pP X
I (B) +

(1 − p)(1 − P Y
I (B)) tnwÇ£l©>f (p, e) qPenmAw>f~´sh*d�£lf2£l©�m�£1aP¯·dAj�mÓ²P­If1u I aPwPf,t®£l©Pf@j

P X
I (J) wPdAj P Y

I (J) u>f,qsfLw�uQd~w J ¥¦©>f,w J tg§�m*§°f1¬�pPf,w>c,f�d�¯Ru>tg§`£ltgwPcL£Ef,egf,k�fLwC£l§Á·¯KdAj�tgw>§`£[mAwPcLf~a P Y
I (J) tg§*f1¬�pPmAe±£ld (N−T )!

N!
§°tgwPcLf N ! tn§Æ£l©Pf2£ldA£[m�e�wCpPkG¢sfLjÆdA¯dAwPfL«z£ldA«�dAwPfµ¯·p>wPcL£ltgdAwP§QmAwPu (N − T )! £l©Pf�wCp>kÓ¢sfLj2d�¯�£l©Pfµ£l©>d~§°fµ£[m�³Itgw>¹5£l©PfªAmAegpPfL§ J d~w I Â@´ ¡ ©Pf,w B c,d~w�£[mAtgw>§�d~wPe v d~w>fL«z£ldA«�d~w>f J Ì §,a P X

I (B) mAwPu P Y
I (B)m�jlfµ£l©PfLjlfL¯KdAjlfµegtgwPf,m�j:¯·p>wPcL£ltgd~w>§2dA¯�£l©>fµ§°tgÏ,fµd�¯ B ´ Þ m�³Ctnw>¹5tgw�£ldWm�c,c,d~p>w�£2£l©Pf¯·mAcL£�£l©Pm�£Æ¥�fQd~w>e v wPf,f,uÇ£ld�cLd~wP§°tnuIfLj*£l©>d~§°f B £l©�m�£ic,dAwC£[m�tgw Λ a�£l©Ptg§Æjlf,k�m�jl³tgk�qPegtgf,§¨£l©�m�£:Á·¯·d�j*dAp>j¨²P­If1u%§°fL£ I dA¯ T ¬�pPf@jltnfL§[Â¦m�egeR£l©>f*jlf,egf,ªAmAw�£Æentgw>f,§ ∆I,B¹AdW£l©>jld~p>¹~©�£l©>f�§lmAk�f�qsdAtnw�£ MI

´�ÎÆ§:§°©Pd1¥¦wÉtgwÉÍ�tg¹~p>jlfZè�a±£l©Ptg§Qqsd~tgw�£Qtn§Qtgw
qPm�j°£ltgc,pPenm�jµm�£Q£l©>fµtgw�£lfLjl§°f,cL£ltgd~w�dA¯¨£l©PfÓentgw>f,§:c,dAj°jlf,§°qsdAw�uItnw>¹W£ld B = Λ m�w�u
B = [M ]T Á¶tgw�£l©Pm�£GqPtgcL£lpIjlf~a Ξ mAw�u Ξ ′ m�jlf%§°f@£l§Gd�¯¦d~wPf@«�£ld�«�d~wPfµ¯KpPw>cL£ltgd~wP§jlf,§°qsfLcL£ltgª�f,e v c,d~w�£[mAtgw>tnw>¹(mëq>jld~qsd�j°£ltgd~w ξ m�w�u ξ′ dA¯i£l©Pf5§°f@£�dA¯:m�ene¦dAwPfL«z£ldA«dAwPf2¯·p>wPcL£ltgd~w>§[Â@´ ^ £l§Æc,d�d�j[u>tgw�m�£lf,§i£l©>fLjlfL¯·d�jlfG§lm�£ltg§`¯ v e = p = 1/[2 − P X

I (Λ)] ´^ £G§°©>d~p>e\uÉm�eg§°dÇ¢sf%cLenf,m�jQ¯Kjld~kÊÍ�tg¹~pIjlf5è�£l©�m�£1a±§°tgwPc,f�£l©Pf MI
m�ene�egtnf%d~w�£l©Pf

egtgwPfWd�¯2f1¬�p�m�£ltgd~w e = p a�¥�fWc1mAwÄ§`¥¦t®£lc@© min
0≤p≤1

mAw�u max
I

tgwê£l©Pf5¯KdAjlkGpPenm
¯KdAj γ ¹~tgª�f,wëtgw Þ ©Pf,d�jlf,kÊíA´ � f,w>c,f γ = max

I
1/[2 − P X

I (Λ)] ´ Þ d�²PwPtg§°©Ç£l©Pf
c,dAk�qPpI£[m�£ltgd~w+dA¯ γ ¥�fµuIfL²�w>fQ¯KdAjQm�¹~tgª�f,w I ⊆ {0; 1} × Z/KZ £�¥�dZ§°pP¢>§°fL£l§d�¯ Z/KZ a I0

mAwPu I1
a-§°p>c@©ë£l©�m�£ I = ({0} × I0) ∪ ({1} × I1)

´±ÎÃ¯KpPwPc@£ltndAw
f ∈ X tg§:wPdAw>«�tgwAä�f,cL£ltgª�fµdAw I t®¯¦mAwPu�dAwPe v tg¯�£l©PfLjlf�m�jlf x ∈ I0

mAw�u y ∈ I1§°p>c@©%£l©�m�£ f(x) = f(y + sf ) ´>Ð�pI£1aC¥¦©Pf,w f tg§¦pPw>t®¯·dAjlk�e v uItn§`£°jltg¢>p>£lf1u%d~w X a



e

1 p0

1

P X
I

(Λ)

P X
I (Λ ∪ Ξ)

P X
I

(Λ ∪ Ξ′)

1 − ξ′

1 − ξ

MI

e

1 p0

1

P X
I′

(Λ)

P X
I

(Λ)

� � � � ����� YRSÓBKHKM¤SA=
∆I,B � FIJ:<����sS~X I

NR<CM-X��2YRS�M
I 	 <IJ@HKSA=

sf
tn§8pPw>t®¯·dAjlk�e v u>tg§`£°jltg¢Pp>£lf,uÓtgw Z/KZ � ©Pf,w>c,f P X

I (Λ) = |I1−I0|
K

´�ÍPd�j�m�²>­>f,u
wCpPkG¢sfLj T dA¯�¬Cp>fLjltgf,§,aI¥�f�£l©Pf@jlfL¯·d�jlfQ©Pm1ª�f

γ = max
|I|=T

1

2 − P X
I (Λ)

= max
|I|=T

1

2 − |I1−I0|
K

1

2 −
max
|I|=T

|I1−I0|

K

.

¡ fQfLwPc,dApPw�£lfLjimµc,d~kG¢Ptgw�m�£ldAjltnmAe-q>jldA¢Pegf,kWã�¹Atgª�f,w T a�k�m�­Itnk�tgÏ,tgw>¹ A − B ¯·d�j
A, B ⊆ Z/KZ a�pPwPu>fLj¨£l©>f2c,d~wPu>t®£ltgd~w5£l©Pm�£ |A| + |B| = T ´ ^ £¦c1mAwÇ¢sf�§°©>d1¥¦w¯\jld~k £l©>tg§ifL­IqIjlf,§°§°tgd~wêÁ¶§°f,f�å èAè�çKÂ¦£l©Pm�£Æ¥¦tg£l©+¢sdApPw�uIf1u5qIjld~¢�m�¢Ptgegt®£ v d�¯�f@j°jldAj ε

£l©>f2d~q>£ltgk�m�eRwCp>kÓ¢sfLj¨d�¯E¬�pPfLjltgf,§¦tg§ ‰2
q

(2ε−1)N
ε

ı ´

� � � 
 '*" ��� ! ��! ��� �
��"$"$! � 1�� � � 13' ��� !#" �

ÍPd�jQmZ¢>e\m�c@³Ç¢sd1­ f : [N ] → [M ] aRegfL£ nf,i
uIf,wPd�£lfÓ£l©PfGwIp>kÓ¢sfLjidA¯ x Ì §�§°pPc[©£l©Pm�£ f(x) = i ´�Îàc,d~k�q>enf@£lf,e v § v k�k�f@£°jltnc�qIjld~¢Pegf,k tn§�më¢PenmAc[³�«�¢sd�­(q>jld~¢I«

egf,k
P
§°p>c@©ë£l©�m�£ Aut (P) ⊇ SN × {Id} a±t¶´ f~´ga-§°pPc[©ë£l©Pm�£ P(f) u>fLqsf,w�uI§dAwPe v dAw�£l©Pf�wCpPkG¢sfLjl§ nf,i

´�Îi§Qqsd~tgw�£lf1u�d~pI£µm�e®jlf1m~u v tgw�£l©Pf�tgw�£°jldCu>p>cL£ltgd~wRa
£l©>tn§�tg§�£l©>f�pP§°pPmAe�w>dA£ltgd~wGdA¯smÆ§ v k�k�fL£°jltgc8qIjld~¢>enfLkW´�Î¦cLc,dAj[uItnw>¹Æ£ld Þ ©Pf,d�jlf,k ñCa
¯KdAj8c,d~k�q>egfL£lf,e v § v k�k�f@£°jltnc8q>jldA¢Pegf,k�§,a�wPdAw�mAuPmAqI£ltgª�f�m�en¹AdAjlt®£l©Pk�§8m�jlf�d~qI£ltnk�m�e¶´
� d�¥�f,ª�fLj1a±mA§:§°d�dAwÉmA§ M ≥ 2 m�w�u N ≥ 4 a�mZqIjld~¢Pegf,k ¥¦©>tgc@©(tg§2£ldA£[m�e�m�w�u
c,dAk�qPegfL£lf,e v § v k�k�fL£°jltgc�c1mAw>wPd�£�¢sfZ£°j[m�wP§°t®£ltgª�f,e v § v k�k�fL£°jltgc���´ Þ ©>f,§°f5qIjld~¢>«
egf,k�§8c1mAw�w>f,ª�fLj°£l©>f,egf,§°§8¢sf¨k�m~u>f�£ld2²>£�dAp>j8¯Kj[m�k�fL¥�d�jl³G£l©>jldApP¹A©�m�jlf1u>p>cL£ltgd~w-´^ w�u>fLf1uRa1egfL£

P
¢sf�mÆqIjld~¢>enfLkð¥¦©Ptgc[©Gtg§±£ld�£[mAeImAwPu2c,d~k�q>enf@£lf,e v § v k�k�f@£°jltncAa1mAwPu

§°p>qPqsd~§°fGk�dAjlf,d�ª�f@j*£l©�m�£
P
tg§�wPdAwC£°jltgªCtnmAe�tgw+£l©PfÓ§°fLwP§°fG£l©Pm�£*tg£�©�mA§:m�£2egf1mA§`£

dAwPfQqsd~§°t®£ltgª�fGtgw>§`£[mAwPcLfÓm�w�uWd~w>fGw>f,¹�m�£ltgª�f:tnw>§`£[mAw>c,f~´ Þ ©PfLwW£l©PfLjlf:fL­Itg§`£�¢>e\m�c@³
¢sd1­If,§ f m�w�u g m�w�u j1, j2

tnw [M ] §°p>c@©2£l©�m�£ P(f) 6= P(g) a ng,j1 = nf,j1 +1 a
ng,j2 = nf,j2 − 1 mAwPu ng,i = nf,i

¯·dAjim�ene i 6= j1, j2
´ Þ dÓ²�wPuZmGend1¥�fLj*¢sdApPwPu

¯KdAj
P
as¥�fµc1m�wëjlfL§`£°jltnc@£

P
£ld�£l©PfGf1mA§°tgfLj:qIjld~¢>enfLk

P
′ f1¬�pPmAe�£ld

P
f@­>cLf,q>£

£l©Pm�£Et®£8tn§8uIfL²�w>f1uQdAwPe v ¯·d�j8£l©>f�¯·p>wPcL£ltgdAwP§ h §°pPc[©Q£l©Pm�£ nh,i = nf,i
¯KdAj�mAege i aAdAj

nh,i = ng,i
¯KdAj�mAege i ´ Þ ©>tg§�tn§8mÆ¹~f,w>fLj[mAegtgÏ1m�£ltgdAw�dA¯P£l©>f�pPw>dAj[uIfLjlf1u:§°f1m�jlc[©ÓqIjld~¢>«egf,k §`£lp�u>tgf1uWtgw�oIfLcL£ltgd~w ù ´gíZÁ·£[mA³�f M = 2 a j1 = 0 a j2 = 1 a nf,j1 = N − 1 a

nf,j2 = 1 a ng,j1 = N a ng,j2 = 0 Â@´ Þ ©>fiqIjld~k�tg§°fÆq>jld~¢>egf,k P
′ tg§�£°j[mAw>§°tg£ltgª�fLe v

§ v k�k�fL£°jltgc~a�m�w�u:c,d~p>enu:£l©>fLjlfL¯·d�jlf�¢sf�©PmAwPu>egf1u2¥¦tg£l© Þ ©PfLdAjlf,kßíA´ ^ £�tg§�©Pd1¥�f,ª�fLj
k�d�jlf�c,d~wCª�fLwPtgf,w�£�£ldÓk�m�³�f*p>§°f�dA¯±£l©Pf � f,egentgw>¹~fLjÆuItn§`£[m�wPc,f�Á¶§°fLf:oIf,c@£ltndAw û ´ ñ~Â@´

� Þ ©Ptg§¦¯·d~egegd1¥¦§*¯KjldAkî£l©Pf�¯¶m�cL£Æ£l©�m�£Æ¯·d�j M = 2 asmAwWmAp>£ldAk�dAjlq>©Ptg§°k (σ, τ ) f,t®£l©Pf@j*qIjlf,§°fLjlª�f,§
nf,0

Á¶tgwW£l©Pf:c1m�§°f τ = Id Â¨dAjijlf,qPenm�c,f,§*t®£i¢ v N − nf,0
´�ÍPdAj N ≥ 4 £l©PfLjlf:m�jlfÓm�£*egf1m�§`£ ùqsd~§°§°tg¢Pegf2ªAmAegpPfL§�¯·d�j nf,0

aI§°dÓdAwPf�d�¯±£l©PfÆ£�¥�dÓc,enmA§°§°fL§ikGpP§`£�cLd~w�£[mAtgw5¢>enmAc[³�¢sd�­If,§ f ¥¦t®£l©5ñu>t �¤fLjlf,w�£¦ªAmAegpPfL§¦¯KdAj nf,0
´



^ ¯ r = nf,j1
mAwPu s = nf,j2

a>£l©>f*qPm�j[mAk�f@£lfLj h0(P
′) uIfL²�w>f1u%tgw%£l©�m�£¦§°fLcL£ltgd~wtg§¦f1¬�p�m�eR£ld

h =

r

1

N

“

r + s −
p

r(r + 1) −
p

s(s − 1)
”

.

oCtnw>c,f h ≤
q

1
N
aÆmAw Ω(N) egd�¥�fLjÇ¢sdApPw�u ¯Kd~egegd�¥¦§Ç¯\jld~k f,¬CpPm�£ltgd~w¸Á`í1ÂZdA¯

oCf,cL£ltgd~w û ´ ñI´

� 
ËÙÆÖQÖ"�8Ü±×¤ÝlÙÆÖ ×sÙ ×
����� !�ØRÝ%!�×¤Ý[ÙÆÖ��¸Ý'&>×�!¨ÖGÜ ����×sÙ
� $lÙ2Ü	��� �8Ö"&�Ýl×sÝ �:Ý°× * !¨ÖQÚ ×sÙ ×
��� �)�-$'$[Ý@Ö�
 �EØ��ÃÝ%&>×�!�ÖGÜ �
Þ ©>fijlf,enm�£ltgdAwP§¨¢sfL£�¥�f,f,w Þ ©PfLdAjlf,k#í~a�£l©PfÆªAm�jltnm�£ltgd~w5u>tg§`£[mAw>c,f�m�w�uµ£l©Pf¦jlf,§°p>eg£l§
d�¯�å û ç-m�jlf:u>tg§°c,p>§°§°f1uZ©>fLjlf~´ ^ wZq�m�j°£ltncLpPenm�j1aI¥�f�§°©>d1¥ó£l©Pm�£¨£l©>f*k�fL£l©>dCu>§�d�¯�å û çza
¢PmA§°f1uµdAwÓ£l©Pf¨¢>end�c[³Ó§°fLwP§°t®£ltgªIt®£ v m�w�uµd~wG£l©Pf � fLenegtgwP¹AfLj¨uItg§`£[mAwPcLf~a�uId�wPd�£ v tgf,enu
m�w v w>d~w>c,d~w>§`£[mAw�£µegd1¥�fLj�¢sdApPwPuêdAwËm+q>jldA¢Pegf,k ¥¦©Ptgc@©ïtg§�mA§�§ v k�k�fL£°jltgc%mA§
dAwPf¦k�tg¹~©�£E¥¦tn§°©Rã�£l©Pf�í@«z£ldA«lí¦ª�fLjl§°p>§�è1«�£ld�«lí¦q>jld~¢>egf,kW´ Þ ©>f,§°fÆk�fL£l©PdCuI§�m�eg§°dGuId
w>dA£ v tgf,enu�mAw v wPdAwPc,dAwP§`£[m�wC£�egd�¥�fLj¦¢sd~p>w�uÓ¯KdAjioItgk�dAw-Ì §�qIjld~¢Pegf,kßmAwPu � tnuPu>fLwÞ j[m�wP§°enm�£ltgdAw-aP¥¦©>tgc@©Çm�jlf2§°pP¢>q>jld~¢>egf,k�§�dA¯�£l©>fÓíL«z£ld�«[í*ª�fLjl§°p>§*è1«z£ldA«lí�qIjld~¢Pegf,kW´


���� . , !�� � 1���� ����' %�� � ����� %�� !
^ wG£l©Ptg§�§°f,c@£ltndAwÓ¥�f¦uIfL²�w>f�¯KdAj8f,ª�fLj v ¢>e\m�c@³�«�¢sd1­:q>jldA¢Pegf,k

P
m*wPf@¥êq�m�j[m�k�fL£lfLj

α ¥¦©Ptgc[©�tg§�c,egdA§°f,e v jlf,enm�£lf,uÓ£ld�£l©Pf¨q�m�j[mAk�fL£lf@j γ d�¯ Þ ©Pf,d�jlf,kîí~´ ^ £l§8u>fL²PwPt®£ltgd~wtg§�§°dAk�fL¥¦©�m�£�§°tgk�qPegfLj±£l©PmAw2£l©�m�£�d�¯ γ a�m�w�u2tg§±¢PmA§°f1u:d~w2£l©Pf8ªAm�jltnm�£ltgd~wGu>tg§`£[m�wPc,fÁzmÓw>dA£ltgd~wZ¥¦©Ptgc@©Z¥¨mA§Æm�en§°d�p>§°f1u5tgw�å û çKÂ@´] fL£
P
¢sf�mÆ¢>enmAc[³C«�¢sd1­�qIjld~¢>enfLkð¯KjldAk [M ][N] £ld {0, 1} ´ ø f,c,mAege�£l©�m�£�t®¯ T tn§�mAwtgw�£lf,¹~f@j1a I ∈ [N ]T miegtg§`£EdA¯�¬Cp>fLjltgf,§�m�w�u B ⊆ [M ]T m¦§°fL£EdA¯Pqsd~§°§°tg¢Pegf¨m�wP§`¥�fLjl§,a¥�f�u>f,w>dA£lfµ¢ v P X

I (B) £l©>fµq>jldAqsdAj°£ltgd~w�dA¯�¯KpPwPc@£ltndAwP§ f ∈ X §lm�£ltn§`¯ v tnw>¹W£l©Pf
c,dAw�uItg£ltgdAw f(I) ∈ B � mAwPu(£l©�m�£G¥�f5u>f,w>dA£lf5¢ v P Y

I (B) £l©Pf%q>jldAqsdAj°£ltgd~wïdA¯¯KpPwPc@£ltndAwP§ g ∈ Y §lm�£ltg§`¯ v tgwP¹µ£l©>f�c,dAw�u>t®£ltgd~w g(I) ∈ B ´] fL£ αI
¢sf�£l©PfEªAm�jltnm�£ltgd~wQuItn§`£[m�wPc,f8¢sfL£�¥�f,f,w�£l©>f�q>jldA¢�mA¢>tgent®£ v u>tg§`£°jltg¢PpI£ltndAwP§ P X

Im�w�u P Y
I
´ ^ £Ætg§*¢ v u>f@²�wPt®£ltgd~w5f1¬�p�mAeR£ldµ£l©Pf2§°p>q>jlf,kGpPk�d�ª�fLj B dA¯ |P X

I (B) −
P Y

I (B)| ´ ^ £Wtg§WmÉ¥�fLene2³Cw>d�¥¦w Ázm�w�u f,egf,k�fLwC£[m�j v Â�¯·mAcL£W£l©Pm�£Z£l©Pf+ª~m�jltnm�£ltgd~wuItn§`£[m�wPc,f2tg§¦f1¬�p�m�eR£ldÓd~wPf2©PmAe®¯�d�¯�£l©Pf L1
«�u>tg§`£[mAw>c,f~´ ¡ f*£l©>fLjlfL¯·d�jlf2©�m1ª�f~ã

αI = max
B⊆[M]T

|P X
I (B)−P Y

I (B)| =
1

2
dL1 (P X

I , P Y
I ) =

1

2

X

J∈[M]T

|P X
I (J)−P Y

I (J)|.

Þ ©>f2q�m�j[m�k�fL£lfLj α tg§Æu>fL²PwPf1uZmA§¨£l©Pf*k�m�­ItgkÓpPkâdA¯�£l©>f αI
Ì §,ã

α = max
I∈[N]T

αI = max
I∈[N]T ,B⊆[M]T

|P X
I (B) − P Y

I (B)|.

¡ fÓwPd1¥¸§°©>d�¥ £l©Pm�£�£l©>tg§2wPfL¥ qPm�j[m�k�fL£lfLj2qIjld�ªCtnu>fL§:m�jlf1m�§°d~wPmA¢Pe v ¹~d�dCu�mAq>«
qIjld�­Itgk�m�£ltgdAw5dA¯ γ ´

� �������s���K���
�
� � � ����º��Aº��@À �,¿g¼�½%.0/ ���1» �����
�,¿nº��
P

��º 
I¼��Aº 1
2−α

≤ γ ≤
1
2

+ α
2

�



0 1

1

1+α
2
γ
1

2−α

1
2

1
2

e

p

(d)

� � �±  :R 
γ m�w�u%£l©>f2ª~m�jltnm�£ltgd~wÇuItg§`£[mAwPcLf

� � � �
� � ] fL£¦pP§¦c,dAwP§°tnu>f@jÆ£l©>f�c,dAwIª~fL­�¯·pPw>cL£ltgd~w

E : [0; 1] →
ˆ

1
2
; 1
˜

p 7→ maxI∈[N]T ,B⊆[M]T pP X
I (B) + (1 − p)(1 − P Y

I (B))
.

ÎÆenk�dA§`£*¢ v u>fL²PwPt®£ltgd~w-a
E
`

1
2

´

= 1+α
2
´ � f,w>c,f γ ≤ 1

2
+ α

2
§°tnw>c,f γ = min E

´
oCpPqPqsdA§°f2£l©�m�£Æ£l©Ptg§ik�tnw>tgkÓpPkßdA¯

E
tg§�m�£°£[mAtgwPf1u5¯KdAj p ∈

ˆ

0; 1
2

˜ � £l©Pf:d�£l©PfLj
c1m�§°fµtg§2dA¯�c,d~pIjl§°f�¬�pPt®£lfQ§°tnk�tgenm�j1´ Þ m�³Ctnw>¹ B = ∅ §°©Pd1¥¦§�£l©Pm�£ E (p) ≥ 1 − p ´ÍPpIj°£l©PfLjlk�d�jlf~as£l©PfÓc,d~wCª�fL­It®£ v dA¯

E
¹Atnª~f,§QmAwPd�£l©PfLj2jlfLe\m�£ltgd~w-a±mA§:c1m�w�¢sfG§°f,f,w

dAw�Í�tg¹~pIjlf�ñI´Rh*mAk�f,e v a�¯KdAj p ∈
ˆ

0; 1
2

˜ as£l©PfG¹Aj[mAq>©�d�¯
E
kGpP§`£�¢sfÓmA¢sd�ª�fQ£l©Pf

egtgwPf (d) qPmA§°§°tgwP¹µ£l©Ijld~p>¹~©Z£l©>f�qsd~tgw�£l§ ` 1
2
; 1+α

2

´ m�w�u (1; 1) ´ Þ ©Pf*f1¬�p�m�£ltgdAwWdA¯
(d) ¢sf,tgw>¹ e = (1 − α)p + α a-£l©Pfµ£�¥�dWk�tgwPd�j[m�£ltgd~w>§Gd�¯ E

dAw ˆ0; 1
2

˜ tgk�qPe v
£l©Pm�£ γ ≥ 1

2−α
´ ut

Þ ©>f,§°f+tnw>f1¬�p�m�ent®£ltgf,§%m�jlfÇdAq>£ltgk�mAe¶´ ^ wPu>f,f1u¤a8¹~tgª�f,w λ ∈ [0; 1) ∩ Q mAw�u µ ∈
ˆ

1
2
; 1
´

∩ Q §°p>c@©É£l©Pm�£ 1
2−λ

≤ µ ≤ 1+λ
2
aEdAwPf5c,mAwïc,d~w>§°t\uIfLj�£l©Pf�¯·dAegend1¥¦tgwP¹

qIjld~¢Pegf,kW´ Þ mA³�f M = 3 m�w�u N §°p>c@©(£l©Pm�£ λN m�w�u (2−λ)µ−1
µ−λ

N m�jlfZ¢sd�£l©
tgw�£lf,¹Aj[m�e¶´ _ p>£%tgw X mAegei£l©>f5¯·p>wPcL£ltgdAwP§�¥¦©Ptgc[©Ë£[mA³�f (2−λ)µ−1

µ−λ
N £ltnk�fL§µ£l©Pf

ªAmAegpPf 0 mAwPuRa±¥¦©>tgc@©êwPfLª�fLjQ£[mA³�f�£l©Pf%ªAmAegpPf 2 ´ _ pI£µtgw Y m�ene�£l©>f�¯·pPw>cL£ltgd~w>§
¥¦©>tnc[©µ£[mA³~f¦£l©>f¦ª~m�enp>f 2 fL­>mAcL£le v λN £ltgk�f,§,a�mAwPuG¥¦©Ptgc[©�wPf,ª�f@j�£[m�³�f�£l©Pf¦ªAmAegpPf
0 ´PÎóc1m�jlf@¯·pPe¤§`£lpPu v dA¯-£l©Ptg§�qIjld~¢Pegf,kâ¯·dAj T = 1 Á¶t¶´ f~´gaI¯·dAjÆm�eg¹~dAjlt®£l©>k�§¨k�mA³CtgwP¹dAwPe v d~w>f�¬�pPfLj v Âs§°©Pd1¥¦§�£l©�m�£ α = λ m�w�u γ = µ ´ � fLjlf8tn§EmÆ¬�pPtgc[³�ä`p>§`£lt®²�c1m�£ltndAw-´Í�t®jl§`£1aAwPdA£lf�£l©�m�£±£l©Pf�cLd~wP§`£°j[m�tgwC£l§EdAw λ m�w�u µ fLwP§°p>jlf�£l©�m�£ 0 ≤ (2−λ)µ−1

µ−λ
≤ 1 ´Þ ©>f,w-a~tg£�tg§�m�¢>t®£8£lf,u>tgd~p>§�¢>p>£8§`£°j[mAtg¹~©�£°¯KdAj°¥¨m�j[uµ£ld2c@©>f,c@³:£l©�m�£�£l©>f¨¹Aj[m�qP©µd�¯

Etg§8k�m~u>f�dA¯s£�¥�d�egtgwPf¦§°f,¹~k�fLwC£l§,ã�£l©Pf�²Pjl§`£8d~w>f¨c,dAj°jlf,§°qsdAw�uI§8£ld*£l©>f¦¬�pPf,§`£ltgd~w õ tg§
f(i) f1¬�pPmAes£ld 0 �,öla>mAwPu�£l©>f�§°f,c,dAw�u%d~wPfi£ldQ£l©>f2¬�pPf,§`£ltgd~w õ tg§ f(i) tnw {0; 1} �Löl´Þ ©>f�k�tnw>tgkÓpPkàd�¯�£l©PfµcLd~wCª�fL­Ç¯KpPwPc@£ltndAw(tg§:mAc[©Ptgf,ª�f,u�m�£2£l©>fµtgw�£lfLjl§°f,cL£ltgd~w�dA¯
£l©>f,§°f8£�¥�d¨egtgwPf8§°f,¹~k�fLwC£l§,a,mAwPu�tg£l§-ª~m�egpPf�£l©PfLjlfEtg§±tgwPu>f,f1u�f,¬CpPmAe~£ld µ ´�Í>dAj p = 1

2£l©>fÓ©Ptg¹A©PfLj:egtgwPfGtn§�£l©>fÓdAwPf�m�§°³Itgw>¹5t®¯ f(i) tg§2tgw {0; 1} a-mAwPuët®£l§2ªAmAegpPfQ£l©PfLjlftg§ λ ´ _ jldA¢�mA¢>e v £l©>fµ¢sf,§`£2¥�m v £ldZpPw�uIfLjl§`£[mAwPu+£l©Pm�£2tg§2£ld5§`£[m�jlf�m�£QÍ�tg¹~pIjlfµé¯KdAjQm�§°p>á�c,tgf,w�£le v egd~w>¹%£ltgk�f~´RÍPd�j2f1m�c@© B ⊆ {0; 1; 2} as£l©>fÓegtgwPfÓd�¯�f1¬�pPm�£ltgd~w
e = pP X

{i}(B)+(1−p)P Y
{i}(B) tg§�uCj[m,¥¦w�mAw�uÓ£[m�¹~¹Af1uµ¥¦tg£l© B a�§°d2£l©Pm�£8£l©PfLjlfm�jlf2f,tg¹~©�£Æentgw>f,§icLdAj°jlf,§°qsdAw�u>tgw>¹Ó£ldÓ£l©Pf*f,tg¹~©�£Æ§°pP¢P§°f@£l§Æd�¯ {0; 1; 2} ´



1

10
0

1
2

e

(2−λ)µ−1
µ−λ

1
2

p

λ

1+λ
2

µ

1 − λ

{1; 2}

{2}

(1−λ)(1−µ)
µ−λ

{0; 1}

{1}

{0; 2}
{0}

∅

{0; 1; 2}

� �
�±  	-  �*q>£ltgk�mAegt®£ v dA¯ _ jldAqsd~§°t®£ltgd~w(í
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^ wï£l©>f5wPf@­I£G£�¥�d�§°p>¢P§°f,cL£ltgdAwP§µ¥�fZ¥¦tnegeÆu>tg§°c,p>§°§µ£l©Pf%jlf,enm�£ltgd~w>§%¢sf@£�¥�fLf,wÄdAp>j
jlf,§°p>e®£�mAwPuê£l©>f%jlf,§°p>e®£l§µdA¯Gå û çz´ ^ wêq�m�j°£ltgc,p>enm�j1a�¥�f5§°©Pd1¥�£l©�m�£Ó£l©>f5k�fL£l©>dCu>§
d�¯¨£l©�m�£QqPmAqsfLjGu>d5wPdA£ v tgf,enuÉmAw v wPdAwPc,dAwP§`£[mAw�£Qegd1¥�fLjG¢sd~p>w�u�¯KdAjQ£l©PfµqIjld~¢>«
egf,k dA¯�oIf,cL£ltgdAw ù ´ ñ+Ázu>tg§`£ltgwP¹ApPtg§°©Ptgw>¹ZdAwPfL«z£ldA«�dAwPf:¯·pPw>cL£ltgd~w>§*¯KjldAk £�¥�dA«z£ldA«�dAwPf
¯KpPwPc@£ltndAwP§[Â@´Þ ©>f5wPd�£ltgd~wïdA¯�¢>egd�c@³É§°f,w>§°t®£ltnªCt®£ v ¥�mA§�uIfL²�w>f1uÉ¢ v h*tg§lmAw å èAñAç¨¯KdAj%Ð�d�dAegf1mAw
¯KpPwPc@£ltndAwP§ÆmAwPu5¹~fLwPfLj[m�entgÏ,f,u5tgw�å û ç-¯KdAjÆ¹~fLwPfLj[m�e-²�w>t®£lf2u>dAk�mAtgwP§¦m�w�uZj[m�wP¹~fA´
Í�t®jl§`£�¥�fÇ¹Atnª~f5£l©PfÇuIfL²�w>t®£ltndAwP§�d�¯ õ mAqPqIjld1­>tgk�m�£ltndAw>öZmAwPu õ u>tg§·ä�d~tgw�£�tnw>qPpI£l§`ö[a
¥¦©>tnc[©�m�jlfQ§°tnk�q>egtg²Pf1uÇª�fLjl§°tgd~w>§�dA¯8£l©PfQuIfL²�w>tg£ltgdAwP§�tgwÉå û çz´ ] fL£

P
¢sfµmµ¯·p>wPcL«

£ltgd~wë¯KjldAk�mZ§°pP¢>§°fL£ Z dA¯ [M ][N] £ld [L] a¤¥¦©>fLjlf N a M mAw�u L m�jlfµqsdA§°tg£ltgª�f
tgw�£lf,¹~f@jl§,´RÐ v uIfL²�w>tg£ltgdAw-aP£l©>f:¢PenmAc[³�«�¢sd1­Z¯·pPw>cL£ltgd~w>§itgw Z m�jlfQ§lmAtnuW£ldµjlf,§°qsf,cL£
£l©>f2q>jld~k�tg§°f~´
� ��� � �K���
�����R �� �%¼��
�����1»�
���¼�¾�
 ��� � ���

P

��¨¼�� � �s½L¾�
 ��� C : Z → 2[L] � 9 � �

�,¿g¼�½%.0/ ���1» � � �s½L¾�
 ����� f, g ∈ Z ¼��lº �@¼�
 	G¾ � �[º C / 	�
���� ��
��>¾ 
 � C(f)∩C(g) = ∅ �

Þ ©>fµ£°jltnªCtnmAe�mAq>q>jld1­Itgk�m�£ltgd~wë¯·pPw>cL£ltgd~w(tg§ C(f) = {P(f)} ¯·dAjQf,ª~fLj v f m�w�uk�d�jlf�¹~fLwPfLj[m�ene v a�¥�f�c@©>d�d~§°f�¯·d�jEf,ª�fLj v f ∈ Z mÆ§°fL£ C(f) £l©Pm�£Ec,dAwC£[m�tgwP§ P(f) ´hid�¥â¥�f%m~u>mAqI£Ó£l©Pf%uIfL²�w>tg£ltgdAw(dA¯i¢Pegd�c[³�§°f,w>§°tg£ltgªCt®£ v £ld+m+qPm�j°£ltnmAe�¯·pPw>cL£ltgd~wR´^ w+£l©>fG¯Kd~egegd�¥¦tgw>¹Çu>fL²PwPt®£ltgd~wÇ¥�fÓu>f,w>dA£lfG¢ v f (I←Q) £l©>fG¢>enmAc[³C«�¢sd1­W¯KpPwPc@£ltndAw
dA¢>£[mAtgw>f1uê¯\jld~k f ¢ v c@©PmAwP¹AtgwP¹�£l©>f5tgk�mA¹Af,§ f(I) dA¯Æ£l©Pf5fLenfLk�f,w�£l§Ótgw I ⊆
[N ] £ld�£l©PfZª~m�egpPf,§ Q ∈ [M ]|I| ´ Þ ©>f5¯·p>wPcL£ltgd~w f (I←Q) tg§�wPd�£�wPf,cLf,§°§lm�jltge v
jlf,§°qsfLcL£ltgwP¹µ£l©Pf*q>jld~k�tg§°f~´
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�����¤ 
P


�� C / �Lº�����
K¾�
��Aº�¾ �Ë¼ � � � �Lº@¾ �
� ��¼���
z¼
�,¿nº�� I ⊆ [N ] ���

� � ��½L¾�
 ��� f ∈ Z 
 �*¾�
Pº��lºGº°»�
��l¾�� Q ∈ [M ]|I| � �>½ 
Z¾�
>¼A¾ f ¼���	 f (I←Q) ¼��lº C /
	�
�� � ��
��P¾8¼���	 f (I←Q) ∈ Z

� 9 
Pº C / �,¿ �1½%.��Lº�� ��
·¾�
�� 
·¾¶À��
�
P

��� f � bsC(P, f) �

��G¾�
Pº �µ¼1»�
�� ��� ��� � �[º�� t �
� �I¼�
�� � 
��Lº 	�
���� ��
��P¾ � ��� �Lº@¾�� I1, . . . , It ⊆ [N ] �
� �>½ 
%¾�
>¼A¾

P

�� C / �Lº�� ��
·¾�
��Aº2¾ ��º°¼�½ 
 �
�Æ¾�
Pº�� ��� f

� 9 
Pº C / �,¿ �1½%.��Lº�� ��
·¾�
�� 
·¾¶À
�
�

P � bsC(P) � 
��i¾�
Pº �µ¼1»�
�� ��� ��� bsC(P, f) ���Aº��G¼~¿·¿ f ∈ Z
�

Þ ©>f2¢Pegd�c@³%§°f,w>§°tg£ltgªCt®£ v ¹~tgª�fL§imGend1¥�fLj*¢sdApPwPu%¯·d�j¦£l©Pf:¬�pPfLj v cLd~k�qPegfL­It®£ v ´
� ��� � �K���
�����R �� �5¼A¿ 	
����
K¾�
 � 
�� �@¼�
 	�¾ � (C, ε) /�¼��
��� �,»�
���¼A¾�º P


 � � ���¦º��Aº��@À
�,¿g¼�½%.0/ ���1» f ∈ Z ¾�
Pº ��� � �[¼ � 
¶¿ 
·¾¶ÀW¾�
>¼�¾i¾�
Pº ���C¾ �$�C¾ �
�G¾�
Pº�¼~¿ 	
����
·¾�
 � �[ºL¿ ����	��
¾ � C(f) 
��Ó¼A¾Æ¿nº°¼��l¾ ε

� 9 
Pº�� �����[¾ /�½l¼��Lº ���Pº��@ÀÇ½���� �s¿nº°»�
·¾¶À �
�G¾�
Pº�¼~¿ 	
����
·¾�
 �

��2¾�
>º���¾�
Pº �µ¼1»�
�� ��� � �����[º������ ���Pº���
zº�� �
�Q¾�
PºG¼~¿ 	
����
·¾�
 � ���(¼ �,¿g¼�½%.0/ ���,»
� � ��½L¾�
 ��� f ∈ Z

� 9 
Pº (C, ε) � �����[¾ /�½l¼��Lº ���Pº��[À�½���� �s¿nº°»�
·¾¶À ��� P

��¨¾�
Pº ��
���/


�� � � � �����l¾ /�½l¼��Lº ���Pº��@ÀZ½���� �s¿nº°»�
·¾¶À �
�Q¼��(¼A¿ 	
����
K¾�
 � (C, ε) /�¼�� ��� �1»�
���¼A¾�
���	
P � ��º 	�º�����¾�º 
·¾ Sw

C,ε(P)
�

^ ¯ C tg§*£l©Pf2£°jltgªCt\m�eEmAq>q>jld1­Itnk�m�£ltgd~wW£l©PfLw Sw
C,ε(P) tg§*£l©>fQ¬Cp>fLj v cLd~k�qPegfL­It®£ vd�¯±£l©PfÆ¢sf,§`£�q>jld~¢PmA¢>tnegtg§`£ltgc2mAeg¹AdAjlt®£l©Pk�§°dAegªItgw>¹

P
¥¦t®£l©%q>jld~¢PmA¢>tnegt®£ v d�¯±§°p>c,c,f,§°§

m�£�egf1mA§`£ ε ´ Þ ©Pf¦w>fL­C£8£l©>f,dAjlfLkWa�mA§8£l©PfÆmA¢sd�ª�fÆuIfL²�w>tg£ltgdAwP§,a�tg§8jlf,enm�£ltgª�f¦£ld2§°d~k�fm�qPq>jld1­Itgk�m�£ltgd~w C ´

� ��� ������� 	 � ���Gº��Aº��[À 1 ≥ ε ≥ 1/2 � P : Z ⊆ [M ][N] 7→ [L] ¼���	�¼��
� � �1» /

��µ¼A¾�
 ��� C �
�

P
��º 
>¼��Aº �

Sw
C,ε(P) ≥ (2ε − 1) bsC(P).

^ wïå û çE£l©>tn§i£l©Pf,d�jlf,kì§°f,fLk�§*£ldZ¢sfG§`£[m�£lf1uÇ¯·d�j2£ldA£[m�e�¯·pPw>cL£ltgd~w>§2d~wPe v Á¶t¶´ f~´ga¤¯·dAj
£l©>fÓc1m�§°f Z = [M ][N] Â@a¤qIjld~¢�m�¢Pe v ¢sf,c,mApP§°fG£l©PfQfL­>mAk�qPegf,§Æ£l©�m�£�£l©PfGmApI£l©PdAjl§
©Pm�ª~f�tgwWk�tgw�u+Á¶§°pPc[©5m�§*m�qPq>jld1­Itgk�m�£ltgwP¹:£l©Pf*k�f1u>tnmAwRaC£l©Pf�k�f1m�w-a>mAwPu5©Ptg¹A©PfLj
§`£[m�£ltn§`£ltgc1m�e�k�d~k�f,w�£l§[Â�m�jlf2£ldA£[mAe¶´ ^ w5¯·mAcL£1a>£l©Ptg§Æ£l©>f,dAjlfLkîtn§Æ§`£ltgege±£°jlpPf�¯KdAjiq�m�j°«
£ltnmAeE¯·p>wPcL£ltgdAwP§,a-mAwPu�c1m�w�¢sfµqIjld�ª~f,wÇ¥¦tg£l©�f,§°§°f,w�£ltnmAege v £l©>fµ§lmAk�fGq>jld�d�¯¦mA§:tgw
£l©>fÓ£ldA£[m�e�c1m�§°f~´ � fLjlfÓ¥�f�qIjld�ª�fµt®£Q¢ v fL­C£lf,wPu>tgwP¹

P
´ ] fL£

P
′ ¢sf�mAw v £ldA£[m�e

fL­C£lf,w>§°tgd~w�d�¯
P
´ ¡ fµuIfL²�w>fµm�w(mAq>q>jld1­Itgk�m�£ltgd~w C′ ¯KdAj P

′ ãRt®¯ f ∈ Z £l©>f,w
C′(f) = C(f) m�w�u%tg¯ f /∈ Z £l©>f,w C ′(f) = 2[L] ´
Þ ©>fG²Pjl§`£*jlf,k�m�jl³Wtg§�£l©Pm�£2t®¯ f /∈ Z m�w�u g ∈ [M ][N] £l©>f,w f mAwPu g m�jlfµw>dA£
C′ «�uItg§·ä`d~tgw�£1´ Þ ©Ip>§ bsC′ (P ′) = bsC(P) ´ Å d�jlf,d�ª�fLjZmAwËmAeg¹~d�jltg£l©>k (C, ε) «m�qPq>jld1­Itgk�m�£lf,§

P
t �Zt®£ (C′, ε) «�mAq>q>jld1­Itgk�m�£lf,§ P

′ ´�oId Sw
C,ε(P) = Sw

C′,ε(P
′)m�w�uZ£l©>f*£l©Pf,d�jlf,kîtg§¦q>jld�ª�f,wR´

ÍPd�jÓ£l©>f%¯Kd~egegd�¥¦tgw>¹(mAq>qPegtgc1m�£ltgdAwP§Ó¥�fZ¥�d�jl³�¥¦t®£l©É£l©Pf�£°jltnªCtnmAe�mAqPqIjld1­>tgk�m�£ltndAw
¯KpPwPc@£ltndAw-a-¥�f�£[mA³�f L = 2 mAw�u�mA§Ótgw�£l©>fµjlf,k�mAtgwPu>fLjQdA¯¦£l©>f�q�mAqsf@jG¥�f%c,mAege
X £l©Pf:§°fL£2d�¯�¯KpPwPc@£ltndAw f ∈ [M ][N] §°pPc[©Ç£l©�m�£

P(f) = 1 mAw�u Y £l©>fG§°fL£*dA¯
¯KpPwPc@£ltndAw g ∈ [M ][N] §°pPc[©5£l©�m�£

P(g) = 0 ´ Þ ©>fLjlfL¯KdAjlf~a Z = X ∪ Y ´Í�t®jl§`£±¥�fEc,d~w>§°t\uIfLj±£l©>fEq>jld~¢>egf,k
P %�& (+*',.- ¯\jld~kúoIf,cL£ltgdAwQèC´ Þ ©>f8¢>egd�c@³�«�§°f,wP§°t®£ltgªCt®£ vd�¯-£l©>fic,dAwP§`£[m�wC£�Ï,fLjld:¯·p>wPcL£ltgd~w�tg§ N mAwPu�£l©>fi¢>egd�c@³�«�§°f,wP§°t®£ltgªCt®£ v d�¯-£l©>fÆd�£l©PfLjl§

¯KpPwPc@£ltndAwP§Gm�jlf 1 ´ Þ ©CpP§2£l©Pf�¢>end�c[³�§°fLwP§°t®£ltgªIt®£ v d�¯ P %�& (+*',.- tg§ N mAw�uë¥�f�¹~fL£
£l©>f2end1¥�fLjÆ¢sd~pPwPu N(2ε − 1) ¥¦©>tgc@©Wtg§¦f1¬�p�m�e-p>qZ£ld�mQ¯¶mAc@£ldAj ε £ldG£l©Pf�dAwPf2dA¯oCf,cL£ltgd~w ù ´gí~´



ÍPd�j¦£l©Pf*dAwPfL«z£ld�«�dAwPf�ª~fLjl§°pP§�£�¥�dA«z£ld�«�dAwPf�qIjld~¢>enfLk Á¶§°f,f:oIfLcL£ltgd~w ù ´ ñ~Â@asoCtgk�d~w-Ì §
qIjld~¢Pegf,k mAw�uÇ£l©PfG©PtnuPuIf,w+£°j[mAwP§°enm�£ltndAw(q>jldA¢Pegf,kì¥¦©>tgc@©�m�jlfµ§°p>¢PqIjld~¢Pegf,k�§*dA¯
£l©>f2d~wPf@«�£ld�«�d~wPf2ª~fLjl§°pP§¨£�¥�dA«z£ldA«�dAwPf2q>jldA¢Pegf,kWaI£l©Pf2¢>end�c[³�«�§°f,wP§°t®£ltgªCtg£ v tg§ièµmAwPu
§°dQ¥�f�dA¢>£[mAtgwZmGc,dAwP§`£[m�wC£�end1¥�fLjÆ¢sd~pPwPuR´ Þ ©>f�egd1¥�fLj¦¢sdApPw�uI§�dA¯�oIf,c@£ltndAw ù m�jlf
d�¯Ec,d~pIjl§°f2kÓpPc[©%©Ptg¹~©>fLj1´


�� � . , ! � ! � � � %��*! 1 � � ����� %�� !

oCpPqPqsdA§°f¨£l©�m�£8qIjld~¢Pegf,k
P
Ázm*¯·pPw>cL£ltgd~wµ¯\jld~k [M ][N] £ld {0; 1} Â�tg§�½���� �s¿nº@¾�ºL¿ À

�lÀ�����º@¾���
z½µtgw+£l©PfÓ§°fLwP§°fG£l©Pm�£
SN × {Id} ≤ Aut (P) ´-Îi§2m%c,d~w>§°f1¬�pPf,w>c,f~a

P(f) uIf,qsf,wPu>§Rd~wPe v dAw2£l©Pf8wIp>kÓ¢sfLjRd�¯ x ∈ [N ] §°pPc[©�£l©�m�£ f(x) = y a,¯KdAj�f1m�c@©
y tgw [M ] ´ Þ ©PfLw+£l©>f Þ ©>f,dAjlfLk ü dA¯Æå û çE¹~tgª�f,§*m%egd1¥�f@j2¢sd~p>w�uÇd~w Sw

C (P, ε) ´ø f,c1m�ene>£l©�m�£8£l©Pf � f,egentgw>¹~fLj�u>tg§`£[mAw>c,f¦¢sfL£�¥�f,f,wµ£�¥�dQu>tg§`£°jltg¢Pp>£ltgdAwP§ P m�w�u Q d~w
mG²PwPt®£lf�§°fL£ Ω tg§Æu>f@²�wPf,u5mA§¨¯Kd~egegd�¥¦§,ã

h(P, Q) =

s

1 −
X

ω∈Ω

p

P (ω)Q(ω).

ò8mAc[©5¯·p>wPcL£ltgdAw f tgw [M ][N] tgw�uIpPc,fL§¦mÓq>jldA¢�mA¢>tgent®£ v uItg§`£°jltn¢>p>£ltgd~w Pf
d~w [M ] ´hid�¥2a hC(P) ¯·d�j¦mAw�m�qPq>jld1­Itgk�m�£ltgd~w C dA¯

P
tg§�uIfL²�w>f1uµmA§8£l©PfÆk�tgwPtgkÓp>kÈdA¯

£l©>f � fLenegtgwP¹AfLjiu>tg§`£[mAw>c,f,§¨¢sfL£�¥�f,fLw Pf
mAw�u Pg

¯·d�j f mAwPu g ¢sfLtnw>¹ C «�u>tg§·ä�d~tgw�£1´Î¨c,c,d�j[u>tgwP¹µ£ldµ£l©>f�£l©Pf,d�jlf,k ü dA¯¦å û çzaP£l©>f�¯·dAenegd1¥¦tgwP¹%egd�¥�fLj�¢sdApPwPuZ©PdAenu>§Æq>jldA«
ªCtnu>f1u�£l©�m�£ ε > 3

4
a hC(P) ≤ 1/2 asm�w�u Sw

C (P, ε) ≤ N/4 ã

Sw
C,ε(P) ≥ 1

4h2
C(P)

ln
1

4(1 − ε) + O
`

1
N

´ . Á`í�Â
Þ ©>fWq�m�j[mAk�fL£lfLj hC(P) tg§�uIfL²�w>f1uïdAwPe v tgwï£lfLjlk�§ÓdA¯*£l©>f Pf

Ì §,a�mAw�uÉ£l©CpP§
uId�f,§�wPd�£�§°f,fLkÃ£ld:£[mA³�fÆtgw�£ldGm�c,c,dApPw�£�£l©>fiqsdA§°§°tn¢>e v c,d~k�q>egfL­µf �¤fLcL£l§�£l©�m�£�c1m�w
©PmAqPqsfLwê¥¦©>f,w(£l©Pf%¢sf,©Pm�ªCtgdAjl§GdA¯i¢PenmAc[³(¢sd1­If,§Ótgw X mAw�u Y m�jlfZc,dAk�q�m�jlf1u
dAw �Lº��Aº��°¼A¿�tgwPq>p>£l§,´ Þ ©>tg§�qsf,c,p>entnm�jltg£ v k�m v fL­IqPenm�tnwë§°d~k�fQdA¯8£l©PfQegtgk�tg£[m�£ltgd~wP§
d�¯iegd1¥�f@jÓ¢sdApPw�uÄÁ`í�Â@´ ^ £GmAeg§°dÇk�mA³�fL§Qt®£Q¯¶m�tgjle v f1mA§ v £ldÇc,d~k�q>p>£lf hC(P) d~w§°qsf,cLtg²Pc2fL­>mAk�q>enfL§,´] tn³~fG£l©PfG¢Pegd�c[³Ç§°f,wP§°t®£ltgªCtg£ v end1¥�fLj:¢sd~p>w�uRa�end1¥�fLjQ¢sd~pPwPuÉÁ`í�Âitg§2§`£[m�£lf,uëtgwÄå û ç
¯KdAjÆ£ldA£[mAeRq>jldA¢Pegf,k�§¨dAwPe v ´�Í>dAj°£lpPwPm�£lf,e v aC£l©Pf*§lmAk�f�£lf,c[©Pw>t\¬�p>f�mA§ÆtgwZ£l©>f2¢Pegd�c@³
§°f,w>§°t®£ltnªCt®£ v §°f,cL£ltgd~wQ§°©Pd1¥¦§-£l©Pm�£-£l©PfE£l©Pf,d�jlf,kðtg§±mAeg§°dÆ£°jlp>f8¯KdAj±q�m�j°£ltnm�e�¯·pPw>cL£ltgd~wR´¡ fGuIfL²�w>fQmÓ£ldA£[mAe±fL­C£lf,wP§°tgd~w

P
′ dA¯

P
m�w�uZ£l©>fQmAqPqIjld1­>tgk�m�£ltndAw C′ ¯·d�j P

′
§°p>c@©+£l©�m�£�t®¯ f ∈ Z £l©>f,w C′(f) = C(f) mAwPuët®¯ f /∈ Z £l©Pf,w C ′(f) = 2[L] ´Þ ©>f,w Sw

C,ε(P) = Sw
C′,ε(P

′) a hC(P) = h′C(P ′) mAw�u�£l©Pf�egd1¥�f@j*¢sdApPw�uëÁ`í�Âtg§¨£°jlpPf�¯KdAj
P
´^ wG£l©Pf�¯Kd~egegd1¥¦tnw>¹>a C tg§E£l©Pf�£°jltgªCtnmAe�m�qPqIjld�­Itgk�m�£ltgdAw-´AÎi§8mi²>jl§`£EfL­>mAk�qPegf~aAegfL£8pP§§°f,fQ¥¦©�m�£µÁ`í�Â¦§lm v §�mA¢sd~pI£

P %'&)(+*',.- a�£l©>fGp>wPd�j[u>fLjlf1uW§°f,m�jlc[©�qIjld~¢Pegf,k#§`£lp�uItgf1utgw�oIf,cL£ltgdAw ù ´níA´ Þ ©PfLjlfµtg§�dAwPe v d~w>fG¯KpPwPc@£ltndAw�tgw X as£l©PfGÏ,fLjld�¯·p>wPcL£ltgd~wR´ Þ ©Pfc,d�j°jlf,§°qsd~wPu>tgwP¹�uItg§`£°jltn¢>p>£ltgd~w P tn§¦¹Atnª~f,w5¢ v

P (0) = 1; P (1) = 0.

^ w Y a¤¥�fµ²�wPu+£l©>fG¯KpPwPc@£ltndAwP§ fi
§°p>c@©ë£l©�m�£ fi(i) = 1 m�w�u fi(j) = 0 ¥¦©Pf,w

j 6= i ´ Þ ©Pf*c,dAj°jlf,§°qsdAw�uItnw>¹�u>tg§`£°jltg¢PpI£ltndAwP§ Qi
m�jlf2¹~tgª�f,w5¢ v £l©>f*¯·d�jlkÓpPenm

Qi(0) = 1 − 1

N
; Qi(1) =

1

N
.



Þ ©>f � f,egegtgwP¹~f@j*uItg§`£[mAwPcLf�¢sfL£�¥�f,f,w P mAw�u Qi
¢sfLtnw>¹

r

1 −
q

1 − 1
N
aI¥�f�²�wPu

m�w Ω(N) egd1¥�f@ji¢sdApPwPuR´
�*pIj�§°f,c,dAw�u�fL­>mAk�q>enf¦tg§�£l©>f õ d~w>fL«z£ldA«�d~w>fiª~fLjl§°pP§8£�¥�d�«z£ldA«�d~w>fLöÆq>jld~¢>egf,kW´�hid�¥
X tn§5k�m~u>f+p>qód�¯µm�ege2d~wPf@«�£ld�«�d~wPf+¯·p>wPcL£ltgdAwP§,a¦§°dê£l©�m�£Z£l©Pfëc,dAj°jlfL§°qsd~w�uItgwP¹
uItn§`£°jltg¢>p>£ltgd~w P §lm�£ltg§`²�f,§

P (j) =
1

2K
¯·d�j*m�ege j tgw [2K].

ÍPd�jimG¯·p>wPcL£ltgd~w f tgw Y aI£l©Pf�cLdAj°jlf,§°qsdAw�u>tgw>¹�u>tg§`£°jltg¢Pp>£ltgdAw Qf
tg§iuIfL²�w>f1uZ¢ v

Qf (j) =

8

<

:

1
K
t®¯ j ∈ im(f);

0 d�£l©PfLj°¥¦tg§°f~´
Þ ©>f � f,egentgw>¹~fLj:uItg§`£[mAwPcLfG¢sfL£�¥�f,fLw P mAwPuÇmAw v Qf

tn§ q1 − 1√
2

a�¥¦©>tnc[©ëu>d�f,§
w>dA£:uIf,qsf,w�uWdAw K a¤§°d�£l©�m�£2tgwÇ£l©Ptg§�c1m�§°fWÁ`í�Â¦d~wPe v qIjld�ª~f,§�m�c,d~w>§`£[mAw�£2egd1¥�fLj¢sdApPw�u¤´ Þ ©Ptg§¦tg§¨d~wPe v £ldG¢sf�fL­Iqsf,cL£lf1u¤aC§°tgwPc,f*£l©>tg§¨end1¥�fLjÆ¢sd~pPwPu%k�f@£l©PdCu�u>d�f,§
w>dA£ õ §°fLfLö�£l©�m�£E£l©Pf¦tgk�mA¹~fL§�d�¯¤¢PenmAc[³�«�¢sd1­Q¯·p>wPcL£ltgd~w>§�m�§�¥�f,ege�mA§8£l©Pf¨f,w�£°jltgf,§�m�jlf
qsfLjlkGp>£[m�¢Pegf~´�ÎÆ§�m¦jlfL§°pPe®£1a1£l©Ptg§�k�fL£l©>dCu�c1mAw>wPd�£Eu>tg§`£ltgwP¹ApPtg§°©G¢sf@£�¥�fLf,wQ£l©>f�dAwPfL«
£ld�«�dAwPfÆª�fLjl§°p>§8£�¥�dA«z£ld�«�dAwPf¦q>jldA¢Pegf,kâmAwPu�m�k�dCu>t®²�f1uGª�fLjl§°tgd~w�dA¯¤£l©>tn§�q>jldA¢Pegf,k
¥¦©>fLjlf�¥�f¦m�jlf�q>jldAk�tn§°f,uQ£l©�m�£�£l©Pf�j[m�wP¹Af�dA¯�£l©>f�£�¥�dA«z£ldA«�dAwPf�¯·p>wPcL£ltgdAwP§�tg§E§°d~k�f
²>­>f,u+§°p>¢P§°fL£�dA¯ [2K] a±§lm v [K] ´ �*¢CªCtgd~p>§°e v as£l©>tg§�k�dCu>t®²�f,u+qIjld~¢>enfLkìtg§:m%egd�£
f1m�§°tgfLj��Çtnwë¯¶m�cL£1a�t®£l§Q¬�pPfLj v c,dAk�qPegfL­It®£ v ¯·d�jGm5¹~tgª�f,w�mAegegd1¥�f1u(fLj°jld�j 1 − ε tg§c,dAwP§`£[m�wC£1´����� � ��� � ����� � � �¤�,��� Þ ©PmAw>³I§Ó¹~d�£ldëÍ>jlr,u>rLjltgc Å m�¹~w>tnfLÏ5¯·d�j�qsd~tgw�£ltnw>¹�dAp>£
jlfL¯KfLjlf,w>c,f,§:å ñIa û ç�m�w�uZ¯KdAjÆpP§°f@¯·pPe-u>tg§°c,p>§°§°tgd~wP§,´
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hG´ _ d�j°£ltgfLj1´ Î4¬�pPmAw�£lpPk egd1¥�fLj
¢sdApPw�u ¯KdAj £l©>f ¬�pPfLj v c,d~k�q>egfL­Itg£ v d�¯ oItgk�dAw-Ì § qIjld~¢Pegf,kW´
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